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Finite homological dimension and primes
associated to integrally closed ideals, 11
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Abstract

Let R be a Noetherian local ring with the maximal ideal m. Assume
that R contains ideals I and J satisfying the conditions (1) I C J, (2)
I:m ¢ J, and (3) J is m-full, that is mJ : z = J for some z € m.
Then the theorem says that R is a regular local ring, if the projective
dimension pdgrI of [ is finite. Let q = (a1,az2,...,a:)R be an ideal in
a Noetherian local ring R generated by a maximal R-regular sequence
ai,az,...,a; and let § denote the integral closure of q. Then, thanks to
the theorem applied to the ideals I = q : m and J = 7, it follows that
I? = qI, unless R is a regular local ring. Consequences are discussed.

1. Introduction

Let R be a commutative Noetherian ring. For each ideal I in R let pdzI
and I denote respectively the projective dimension and the integral closure of
I. This paper is a continuation of [GH] and the present purpose is to prove the
following theorem.

Theorem 1.1.  Let R be a Noetherian local ring with the mazimal ideal
m. Assume that R contains ideals I and J satisfying the following three condi-
tions:

(1) 1CJ,

(2) I:m & J, and

(3) J is m-full, that is mJ : x = J for some x € m.
Then R is a regular local ring, if pdrl < oo.

Theorem 1.1 is closely related to [B, p. 947, Corollaries 1 (ii) and 2], al-
though the proof is totally different. Our method of proof is applicable to
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explore the primes associated to integrally closed ideals of finite homological
dimension of many different kinds (cf. Theorem 2.2 and [GHI, Theorem 2.1].
For example, in [GH] the authors studied the primes associated to integrally
closed ideals I in R and showed that the local ring R, is regular (resp. Goren-
stein) for all p € Assg R/T if pdpI < 0o (resp. G-dimy I < oo and I contains a
non-zerodivisor in R, where G-dim stands for the Gorenstein dimension). The
results can be deduced also from Theorem 1.1. In fact, in order to show the
regularity, passing to the local ring R,, we may assume that (R, m) is a local
ring and m = p € Assg R/I. Then, since integrally closed ideals are m-full (|G,
Theorem 2.4)), applying Theorem 1.1 to the case where I = J, we get that R
is regular (Corollary 2.4).

Let R be a Noetherian local ring with the maximal ideal m. Let q =
(a1,as2,...,a:)R be an ideal in R generated by a maximal R-regular sequence
ai,as,...,a;. Let us apply Theorem 1.1 to the specific ideals I = g : m and
J = 7. Then we have I = q: m C q, if R is not a regular local ring, whence
the ideal q is a minimal reduction of I with I? = qI (Proposition 3.1). This
observation will lead us to the following.

Theorem 1.2.  Let R be a Noetherian ring and let q be an ideal in R
generated by an R-reqular sequence. Let p € Assgp R/q and assume that p is
mazimal in Assg R/q with respect to inclusion. We put I = q : p. Then the
local ring Ry, is regular and m =qRy, if I? #ql.

Theorem 1.2 is a generalization of [CP, Theorem 2.3] and is originated in
[CPV, Theorem 2.1]. Our proof of Theorem 1.2 is based on Theorem 1.1 and is
rather different from that of [CP], although we will follow in the steps developed
by [CP]. Here we note that the equality I? = qI with I = q : m holds true for
many parameter ideals q in a huge class of (not necessarily Cohen-Macaulay)
local rings R, which we shall study in the forthcoming papers [GS1], [GS2].

Theorem 1.1 will be proven in Section 2. We shall prove Theorem 1.2 in
Section 3. Let us confirm in Section 3 that, unless R, is a regular local ring with
qR, = qR,, as for the ideal I = q : p the graded ring G(I) = @,,~, ["/I" !
is Gorenstein if and only if R/p is a Cohen-Macaulay ring with p = q : p,
provided that R is a Gorenstein local ring, q is a complete intersection in R,
and p € Assg R/q (Corollary 3.5 (3)). This is a consequence of [GI, Theorem
5.3, Corollary 5.4] and will lead to the analysis of good prime ideals in the sense
of [GIK], which we shall perform in Section 4.

2. Proof of Theorem 1.1

The purpose of this section is to prove Theorem 1.1. We begin with the
following.

Lemma 2.1.  Let R be a Noetherian local ring with the mazimal ideal
m. Let I,J be ideals in R and x € m. Assume that

(1) ICJ,

(2) I:m & J, and
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B)ymJ:xz=J.
Then R/m is a direct summand of I/xI.

Proof. Let V= ([I:m]+J)/J and £ = £g(V), where £r(x) denotes the
length. Then ¢ > 0 since I : m ¢ J. Choose elements y1,y2,...,y¢ € I : m
so that {y; mod J}i<;<¢ forms an R/m-basis of V. The elements {zy; }1<i<s
are a part of a minimal basis of the ideal I. In fact, let a; € R and assume
that Zf:l a;(zy;) € mI. Then since x~Zf:1 a;y; = Zle a;(zy;) € mJ, we
get Zle a;y; € mJ :x = J so that a; € mfor all 1 < ¢ < ¢. We write
IT=(2y; |1<i<{l)+(z;|1<j<m)with z; € I and pr(I) = ¢+ m, where
1r(x) denotes the number of generators. We will show that

4
I/sI =) RTH @ zm: R7Z.
i=1 j=1

Let {a;}1<i<¢ and {b;}1<j<m be elements in R and assume that

14 m
Zaz(xyz) + ijZj cxl.
i=1 =

Then since {zy;}1<i<¢ and {z;}1<j<m form a minimal basis of I, we have
a;,b; € m for all 4 and j, so that a;y; € I for 1 < ¢ < £. Consequently
Zle a;(zy;) € I, whence ZT:l bjz; € oI too. Thus I/x] = Zle R -7y, &
Z?:l R-Z;. Since m-(xy;) C I, this argument also shows that m- Zle R-Ty;
= (0) and KR(EleR -Zy;) = £ > 0. Hence R/m is a direct summand of
I/l O

Proof of Theorem 1.1.  We firstly notice that I # (0) because (0) : m C
mJ : xz = J; hence (0) # I C J C R. Therefore, since pdpl < oo, the
ideal I contains a regular element, say f, and so we may choose the element
x so that x is a non-zerodivisor in R. In fact, since f2 € (z) +mJ, we have
() + mJ € U,cassrP- Choose y € mJ so that @ +y ¢ U,casgp- Then
z+y €mand mJ : (x+y) = mJ : . Hence we may assume that = is R-
regular. Consequently, pdpI/xl < oo, whence by Lemma 2.1 pdzR/m < o0
too. Thus R is a regular local ring. O

Let idr(*) (resp. G-dimpg(*)) denote the injective (resp. Gorenstein) di-
mension. Then the argument in the proof of Theorem 1.1 works also to show
the following. Let us leave the details to the readers.

Theorem 2.2.  Let R be a Noetherian local ring with the mazimal ideal
m. Assume that R contains two ideals I and J satisfying the following three
conditions (1) I C J, (2) I :m & J, and (3) J is m-full. Then R is a regular
(resp. Gorenstein) local ring, if idgl < oo (resp. G-dimp I < 0o and I contains
a non-zerodivisor in R).
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We now summarize a few consequences of Theorem 1.1.

Corollary 2.3 ([GH, Remark 3.3]).  Let R be a Noetherian local ring
with the mazximal ideal m. Then R is a regular local ming, if R contains an
m-full ideal I such that pdgpl < co and m € Assp R/1.

Proof. Take I = J and apply Theorem 1.1. d

Corollary 2.4 ([B, p. 947, Corollary 3|, [GH, Theorem 1.1 (1)]).  Let
R be a Noetherian ring and let I be an integrally closed ideal in R. Then
the local ring Ry is reqular for all p € Assg R/I if pdrl < cc.

Proof. Passing to the local ring R,, we may assume that (R, m) is local
and m € AssgpR/I. In order to see R is regular, enlarging the residue class
field, we may also assume that R/m is infinite. If I = (0), then /(0) = (0)
since I = I. Thus m = (0) since m € Ass R. Let I # (0). Then I contains a
non-zerodivisor of R, since pdp] < co. Consequently, by [G, Theorem 2.4] I is
m-full, so that by Corollary 2.3 R is a regular local ring. O

3. Proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. Let us begin with the
following.

Proposition 3.1.  Let R be a Noetherian local ring with the mazimal
ideal m and t = depth R. Let ay,as,...,a; be a maximal R-regular sequence.
We put q = (ay,az,...,a;) and I = q: m. Then I? = ql if R is not a regular
local ring.

Proof. Enlarging the residue class field, we may assume that R/m is in-
finite. If t = 0, then I = (0) : m # R since R is not regular. Thus I% = (0).
Suppose t > 0. Then q is m-full ([G, Theorem 2.4]), so that by Theorem 1.1 we
get I Cq. Consequently, q is a minimal reduction of I, whence mI N q = mq.
Therefore mI™ = mq™ for all n € Z, since mI C q. Let x € 12 and write
T = 22:1 a;x; with z; € R. Let « € m. Then axr = 22:1 a;(az;) and
ar € mI? = mq2 - q2. Hence ax; € q for all 1 <14 < ¢, because the sequence
ai,as,...,a; is R-regular. Thus z; € [ = q : m whence I = ql. O

The following result is known (cf. [G, Theorem 3.1] and [CHV, Corollary
3.12]). Let us note a brief proof in our context.

Proposition 3.2.  Let R be a regular local ring with the maximal ideal
mand d =dim R > 1. Let I be an m-primary ideal in R. Then the following
three conditions are equivalent.

(1) I =1 and R/I is a Gorenstein ring.

(2) I is a parameter ideal of R with I = I.

(3) (/1) < 1.
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When this is the case, the equality I = (a1,as,...,aq4—1,a2) holds true for
some 0 < q € Z and some reqular system ai,as, ...,aq of parameters in R.

Proof. (1) = (3) Enlarging the residue class field if necessary, we may
assume that R/m is infinite. Thus I is m-full (|G, Theorem 2.4]). Choose
x € m so that mI : # = I. Then since I : m = I : z ([W, Lemma 1]),
considering the exact sequence

0— (I:2)/I— R/ISR/I— R/(I+(2))—0,

we see that (g(R/(I+ (x)) = £r((I : m)/I). Hence {r(R/(I+ (z)) = 1 because
R/I is a Gorenstein ring. Thus m = I + (z) and pr(m/I) < 1.

(3) = (2) Because pr(m/I) < 1, we have I = (ai,as,...,a4-1,a)) for
some 0 < ¢ € Z and some regular system aq,as,...,aq of parameters in R.
Hence I is integrally closed (|G, Theorem 3.1]) and the ring R/I is Gorenstein.

The last assertion and the implication (2) = (1) are clear. O

The following result generalizes [CHV, Corollaries 3.2 and 3.12].

Corollary 3.3.  Let I be an ideal in a Noetherian ring R.

(1) Suppose that R/I is a Gorenstein ring, pdpl < oo, and I = I. Then
Ry is a regular local ring and pg, (pRy/IR,) <1 for all p € Assg R/I.

(2) Suppose that R/T is a Gorenstein ring and pdgl < oo. Then I = I if
Assgp R/I = MingrR/I.

Proof. (1) The local ring R, is regular by Corollary 2.4. Hence
pr, (PRy/IR,) < 1 by Proposition 3.2.

(2) Assume that I # I and choose p € Assg R/I so that IR, # IR,. Then
since p € MingR/I, we have p € MingR/I too, so that by Corollary 2.4 the
local ring R, is regular. Because R, /pr is Gorenstein, by Proposition 3.2 the
ideal m = TRp is a parameter ideal in 17, so that TRp is a unique reduction
for itself. Hence YRP = IRy, which is absurd. 1

The following result is the key for our proof of Theorem 1.2.

Proposition 3.4 ([CP, Theorem 2.2]).  Let R be a Cohen-Macaulay lo-
cal ring with the mazimal ideal m and let q be a parameter ideal in R. Let I =
q:m and assume that I2 # qI. Then R is a reqular local ring, pr(m/q) < 1,
and q = q.

Proof. By Proposition 3.1 the ring R is regular. Hence by Proposition 3.2
we see that pr(m/q) <1 if and only if § = q. Since the ring R/q is Gorenstein
and I? # gl, the equality § = q readily follows from [CHV, Theorem 3.7].
However, because the proof of [CHV, Theorem 3.7] contains some confusion, let
us note a brief proof for completeness (cf. Proof of [CHV, Lemma 3.6]). We may
assume d = dim R > 1. Let n = pgr(m/q) and write m = (21, 22,...,2,) + q
with 2; € m. Let A € I such that I = (A) + q and choose the elements
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{y;j}1<j<n of R so that z;y; = 0;;A mod q for all 1 < 4,5 < n (this choice is
possible, thanks to [CHV, Lemma 3.5]). Hence x;y; € I and x;y; € q if i # j.
Let A = x;y; + a; with a; € q. Suppose now that n > 2. Then, because

A? = (z1y1 + a1)(z2y2 + a2) = (21y2) (T2y1) + a1-2y2 + az-1y1 + araz,

we get A2 € qf whence I? = qI, which is impossible. Thus n=mg(m/q) <1.
O

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Let q = (a1,as,...,a;) with the sequence ai,
as,...,a; regular. Hence depth R, =t. Let 7 = Assg R/q. Then Assg R/I C
F, since I = q : p. Because q/ql = R/I ®g q/q*> = (R/I)!, the R/I-module
q/ql is free. Hence, thanks to the exact sequence

0—gq/ql - R/qIl - R/q— 0

of R-modules, we get Assg R/ql C F too. We claim that Assg I?/ql C {p}.
To see this, let P € Assg I?/ql. Then since P € F and I?Rp # qRp-IRp, we
have IRp # qRp so that P D p (recall that I = g : p). Thus P = p, since
p is maximal in F. Consequently, I?R, # qR,-IR, because I? # qI, so that
by Proposition 3.1 the local ring R, must be regular. We have qR, = qR, by
Proposition 3.4. O

For a given ideal I in a Noetherian local ring R let G(I) = €, I"/I" !
be the associated graded ring of I. B

Corollary 3.5. Let R be a Cohen-Macaulay local ring and let q be an
ideal of R generated by a subsystem of parameters of R. Let p € Assg R/q and
put I = q :p. Assume that (1) R, is not a reqular local ring, or (2) Ry is a
regular local ring but qR, # qRy. Then the following assertions hold true.

(1) ([CP, Theorem 2.3]) 12 = qI but I # q.

(2) ([CP, Corollary 2.4]) G(I) is a Cohen-Macaulay ring if and only if
R/I is Cohen-Macaulay. Consequently, G(I) is a Cohen-Macaulay ring, if R
is Gorenstein and R/p is Cohen-Macaulay.

(3) G(I) is a Gorenstein ring if and only if R is Gorenstein, R/p is Cohen-
Macaulay, and p = q : p.

Proof. (1) See Theorem 1.2.

(2) This is well-known. Recall that I is equi-multiple.

(3) The ring G(I) is Gorenstein if and only if R is Gorenstein, R/I is
Cohen-Macaulay, and I = q : I ([GI, Theorem 5.3 and Corollary 5.4]). When
R is a Gorenstein local ring, the condition that R/I is Cohen-Macaulay and
I = q : I is equivalent to saying that R/p is Cohen-Macaulay and q : p = p
(notice that q: (q:p) =p). O
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4. Good prime ideals

Let us note in this section a few remarks on good prime ideals in the sense
of [GIK]. Let R be a Gorenstein local ring and let I be an ideal in R of height
t. Then, following [GIK], we say that I is a good ideal in R if I contains a
reduction ¢ generated by ¢ elements in R and the associated graded ring G(I)
of I is a Gorenstein ring with a(G(I)) = 1 — ¢, where a(G([)) denotes the a-
invariant of G(I) ([GW, Definition 3.1.4]). We denote by X%, the set of good
ideals I in R of height t.

Theorem 4.1.  Let R be a Gorenstein local ring and let p be a prime
ideal in R with htgp = t. Assume that p contains a reduction q generated by t
elements. Then the following two conditions are equivalent.

(1) p € X%.

(2) R/p is a Cohen-Macaulay ring and p =q : p
When this is the case, p? = qp and the local ring Ry, is an abstract hypersurface
of multiplicity 2.

Proof. (1) = (2) See [GIK, Proposition 2.3].

(2) = (1) It suffices to show p? = gp (cf. [GIK, Proposition 2.3]). Assume
that p? # gqp. Then by Corollary 3.5 (1) the local ring R, is regular and
qR, = qR,. Since q is a reduction of p, this forces pR, = qR,, which is
impossible (recall that p = q : p). Hence p? = qp.

To see the last assertion, notice that p?R, = qR,-pR, but pR, # qR,.
Hence (g, (R,/qR,) = 2 because R, is a Gorenstein ring, so that R, is an
abstract hypersurface of multiplicity 2. O

Corollary 4.2.  Let R be a regular local ring. Then X% N SpecR = 0
forallt € Z.

This assertion (4.2) is no longer true, unless R is regular. The simplest
example is as follows. Let P = k[[X,Y, Z]] be the formal power series ring in
three variables over a field k. Let R = P/(Z?—XY) and m the maximal ideal in
R. Then R is a 2-dimensional rational singularity and G(m) = k[X,Y, Z]/(Z*—
XY). Hence m € X%, because G(m) is a Gorenstein ring with a(G(m)) = —1
([GW, Remark 3.1.6]).

In order to produce more examples, let A be a Cohen-Macaulay local ring
with the maximal ideal n and assume that A possess the canonical module K 4.
Let R = A x K4 be the idealization of K4. Hence R = A ® K4 as A-modules,
the multiplication in R is given by (a,z) - (b,y) = (ab,ay + bx), and R is a
Gorenstein local ring with the maximal ideal m = n x K ([R]). The structure
of good ideals in R = A x K4 is completely known ([GIK]). Here let us add
the following.

Proposition 4.3. Let 0 <t <dim A. Then

XL NSpecR={p x Ky | p € Spec A such that ht 4p = pa(p) = t}.
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Proof. Let P € Spec R and write P = p x K4 with p € Spec A. Then
by [GIK, Theorem 1.1] we see that P € X} if and only if (i) htap = ¢, (ii) p
contains a reduction q = (ai,as,...,a:)A generated by t elements such that
p2 = gp and K4 = qK4 :x, p, and (iii) A/p is a Cohen-Macaulay ring. If
htap = pa(p) = ¢, then the ideal p certainly satisfies conditions (i), (ii) and
(iii), whence P € X},. Suppose that conditions (i) and (ii) are satisfied. Then by

(i) the sequence aq,as,...,a; is A-regular. Consequently, because K 4/qK 4 =
K 4/q is a faithful A/q-module ([BH, Proposition 3.3.11]), by ((ii) we get p = q,
so that ht ap = pa(p) =¢. O

Corollary 4.4.  Let A be a regular local ring and put R = Ax A. Then
XENSpecR # 0 for any 0 <t < d = dim A.

We close this paper with the following.

Example 4.5. Let P = k[[X,Y, Z]] be the formal power series ring in
three variables over a field k. Let 1 < ¢ € Z. Let n = 20+ 1 and R =
P/(Z% — X"Y™). We denote by x, y and 2z the reduction of X, Y and Z mod
(Z? — X"Y™) respectively. Then the good prime ideals in R are exactly (x, 2),
(y,2) and m = (x,y, 2).

Proof. Notice that R is an integral domain of dim R = 2 and G(m)
k[X,Y,Z]/(Z?). Hence G(m) is a Gorenstein ring with a(G(m)) = —1 ([GW,
Remark 3.1.6]), so that m € X3. Let p be a good prime ideal in R wit
htgp = 1. Then since X} = {(z'y7,2) | 0 <i,5 < ¢ and i+ j > 1} ([GK
Example 3.2]), we get either p = (z,z) or p = (y, z) as was claimed. O
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