J. Math. Kyoto Univ. (JMKYAZ)
44-2 (2004), 451-456

An application of unstable K-theory

By

Hiroaki HAMANAKA and Akira KoNoO

Abstract
In [1] and [2], we introduced and investigated “unstable K-theory”
U,(X) = [X,U(n)] and showed the relation with the Adams e-invariant.
In this paper, we offer a theorem relating to U, (X) and show an appli-
cation in connection with stable splittings of Ga.

1. Introduction

In this paper, we work in the pointed category, i.e., assume all spaces are
base-pointed and all homotopy sets are base-point preserving homotopy sets.

Let U(n) be the unitary group and X be a pointed finite CW-complex.
Then the homotopy set U,(X) = [X,U(n)] forms a group by the point-wise
multiplication. We call this group as the “unstable K-theory” of X, for the
reason that U,(X) is isomorphic to K!(X) for sufficiently large n. When
dimX < 2n, this group U, (X) fits in the next exact sequence (1.1) where
O(X) maps a € K9(X) to s, () = nlchpa (see [1] for detail).
(1.1) Rox)2n2n (x:72)* Py, 0" MR x) - o0,
This group U,(X) is, even if dimX < 2n, not commutative in general. But
we use the notations of abelian groups for this group, i.e., write its unit 0 and
denote its operation by +.

Now we consider a suspended map Xf : XY — XX where finite CW-
complexes XX and XY satisfy:

(1.2) dim¥Y =2n — 1, dim¥X < 2n — 1.
(1.3) KY(Y)=0, K°X) =0.

Also let £ be an integer and we denote the k-fold map ¥ X — XX by k. Then
we have a commutative diagram:

>
(1.4) sy —Le yx c—Ls 2y
R A
XY s 2 X ¢ %Y
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where C' and C’ are mapping cones of X f and ko X f respectively and two rows
are usual cofibrations. Then our main result is the following.

Theorem 1.1.  The induced map 7* : U,(C") — U,(C) is surjective
and for any o € Kern™*, ka = 0.

From this theorem, we deduce Corollary 2.1 which estimates the order of
a suspended map by means of unstable K-theory.

On the other hand, as an application, we consider the exceptional Lie
group G2. G2 has the cell decomposition like

(1.5) Gy~ S3ueluceluedue®uell uel
We denote the i-skeleton of Gy by G2, In [3], S. Oka showed the next result.

Theorem 1.2. Gg6) is not stable retract of Ggll).

In this paper we offer another simple proof of this result using the unstable
K-theory UG(ZGSU).

In the following, we always use Z as the coefficient ring of cohomology and
we omit to write them. Also we do not distinguish maps and their homotopy
classes.

2. Main result

We consider the suspended map ¥f : ¥Y — XX under the assumption
(1.2), (1.3) and prove Theorem 1.1.
First we observe that from (1.3)
KY(C) = KYC") = 0.
Also from (1.2),
,0* . H2n (22y) iHZn (Cv)7 p/* . H2n (22y) iHQn (C/)

are isomorphisms. Therefore 7* = H*" () : H2" (C") — H?" (C) is an isomor-
phism as well.

Applying the short exact sequences obtained from (1.1) to C' and C’, we
have the following commutative diagram:

~ oC
0 RO(C) /Ker®(C) 2L 127 () Un(C) 0
KU—(Tr)T Hzn(ﬂ)T Tr*T
7 o) 2n ’ /
0= RO(C) /Ker®(C = B2 (C7) = Un(C") >0,

where K0(7) is the induced map obtained from K°(r) : K°(C') — K9(C). This
diagram implies that 7* is surjective. Moreover, since H?"(r) is isomorphic,
we see Coker K0(w) = Kerm* by the snake lemma.




An application of unstable K-theory 453

Now, applying K-theory to the diagram (1.4), we have

0 — K°(22Y) — K°(C) — K9(2X) —=0

—T KO(TF)T Ko(k)kT

0 — K°(3?2Y) —= K°(C") —= K°(2X) —=0

and, by the snake lemma again, we see CokerK°(w) = Cokerk. This map k
is just the map multiplying k. Therefore, for any element o € CokerK°(r),
ka = 0. Since CokerKO(r) is a factor group of CokerK(), the same is true
for the element of CokerK°(w) = Kern*. O

Now we offer a corollary. As above, we consider a suspended map Xf :
3Y — XX under the assumptions (1.2) and (1.3), and the cofibration sequence

sy Lex - CEfLEQY. Apply the exact sequence (1.1) to ¥X and we see
Un(2X) =0 and p* : U, (3?Y) — U,(Csy) is surjective.

Corollary 2.1. If Xf has its order k in [XY,XX], the order of any
element of Ker(p* : U, (X%Y) — U,(Cxy)) is a factor of k.

Proof. Apply Theorem 1.1 to Xf and its order k. Then C' = Cixny =~
X VEYY and p* 1 U, (22Y) — U, (C') is an isomorphism. Since 7*p'* = p* :
Un(2%Y) — U,(Csy), the statement follows. O

3. Application

In [3], some spaces were considered, whose K-groups are isomorphic to
those of spheres, but whose homology groups are not isomorphic to those of
spheres. Namely, for given element « in the stable homotopy group of spheres
71 (S%) where k is even and the order of «a is ¢, the following spaces are
introduced:

(3.1) Xh=5"U, enthk Ug en it

(3.2) Y= gn—k=1 Uq ek u, en.

And it was showed that

(3.3) KX (XI) = K*(S"),  K*(Y)=K*(S")

as additive groups. Also these spaces are related to the exceptional Lie group
G2. Take the cellular decomposition (1.5) of G3. Then

(3.4) GO~ X3 G, /G,O =y

where 7 is the generator of 7§ (S%) 2 Z/27Z (see [3]).

Now we shall prove Theorem1.2 using “unstable K-theory”.

Since H? (G2) = H'! (Gy) =2 Z, we take their generators x3, x1; respec-
tively. The K-theory of G5 and its Chern character are known as follows (see

[5])-
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Theorem 3.1.

K*(Ga) = N\(a.B), B € KY(G),

2 50
(3.5) ch(a) = 2x3 + EEalE ch(B) = 10x3 — Fri

Thus ch(af3) = x1123 is a generator of H* (Gy). Consider the cofibration
Gén) — Gy — S and the naturality of the Chern character implies that
K9(8'4)=5K9(G5). Then we obtain the exact sequence

0 — K1(Gy) — K{(GSY) — KO(§™)=5K0(Gy) — KO(GS™) — 0,
ie., KO(2GM) = KO(£G,) and K1(2G5™) = 0.

Theorem 3.2.
Us(SGSY) = 7/127.

Proof. Apply above results to the exact sequence (1.1) and we obtain
Us (RG4S = Coker (s6: K (v68V) — 12 (x6{V)) .
From the naturality of s¢ and (3.5), the statement follows. O
Proposition 3.1.
U6(Y,712) =~ 7,/360Z.
Proof. By (1.1) and (3.3), we have
Us(Y,12) 2 Coker(sg : K0(Y,12) — H'2 (V,12)).

Let 7 : Y1712 — S12 be the map which smashes the 11-skeleton. The

generators 7/ € IN(O(YUM) and v € K°(S'2) are related as 7*(v) = 29 ([3,
Proposition 1.4]). Therefore, from the naturality of sg,

6!
s¢(v') = 56/ = 360¢/,

where ¢ is the generator of H'? (Y,!?).

RK0(512) ., I?O(Ynm)

g2 (512) = H2 (Yn12>



An application of unstable K-theory 455

From (3.4), we have the cofibration sequence:
XT;; - G(Qu) - YUHLXf] R EG(QH)~

Now we set that the order of f = X%k in [E2iYn11, EziX;L] is k and prove k # 1.
First we observe that the mapping cone C; is homotopy equivalent to

»2i+1GEY | Also,
dim¥*Y,"t =2(6414) — 1, dimX* X, < 2(6+1) — 1,
Kl(ZZi_lYnH) =0 and KO(EZi_le]) =0.
Therefore we can apply Corollary 2.1, i.e., there exists a surjective homomor-
phism
U6+i(22iyn12) _ U6+i(22i“G§u))

and any element « of its kernel satisfies ka = 0.
On the other hand, from Theorem 3.2 and Proposition 3.1, we have

. N
Us4s(52Y,2) = 7,/ (360 x (62;” > z,

) N
Usis (211G = 7/ (12 659 ) Z

6!
(we used Corollary 4.1 of [1]). Therefore & must be a multiple of 30. Thus A is
not stably null-homotopic and Xf;’ is not stable retract of Géll). |
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