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Introduction

Let G be a finite group and p a prime. Let (K, R, k) be a p-modular system.
We assume that K contains the |G|-th roots of unity and that k is algebraically
closed. Suppose we are given a normal subgroup N of G such that G/N is a
p-group and a G-invariant block b of N such that N = QCn(Q) for a defect
group @ of b. Then, as is well-known, b has (up to isomorphism) a unique
projective indecomposable RN-module V. It seems natural to ask whether
there exists an extension U to G of V such that a vertex of U intersects N
trivially. Let B be a unique block of G covering b. In Section 3, we obtain two
necessary conditions such a module U must satisfy. Let P be a vertex of U and
W a P-source of U. Then

(1) PQ is a defect group of B;

(2) W is an endo-permutation module, which is identified with a lift of a
source of a unique simple kG-module in B.

(cf. Proposition 3.3, Corollary 3.17.)

In Section 4 we study the case where G/N is cyclic (and (1) holds for a
p-subgroup P with PN = 1) and show that any indecomposable RG-module
in B with vertex P and a P-source W as in (2) is actually an extension of V.

(Although we have mentioned only RG-modules, we also obtain similar
results for kG-modules.)

In Section 1 we define an action of the group of capped endo-permutation
modules over p-groups P (Dade [1, 2]) on the set of indecomposable P-modules.
In Section 2 we determine vertices and sources of certain indecomposable mod-
ules.

Notation and convention

Let o denote R or k. For oG-modules V; (i = 1,2), V; ® V5 stands for
V1 ®, Va. Also for a direct product G = G1 x Gy and oG;-modules V; (i = 1,2),
V1 x V5 stands for the external tensor product V; ®, V. We denote by 14 the
trivial oG-module of rank one. For an RG-module U, let U* = U/nU, where
7R is the maximal ideal of R. For a kG-module X, an RG-module L such that
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L* = X is said to be a lift of X. For an oG-module U, let U" be the dual
module of U. For a subgroup @ (# 1) of G, let H(Q) be the set of all proper
subgroups of Q. Let I(oG) be the augmentation ideal of oG. Throughout this
paper all oG-modules are assumed to be o-free of finite rank. Since we often
use such expressions as “a unique module (up to isomorphism)” we suppress
for brevity the words “(up to isomorphism)” in most cases.

1. Groups of capped endo-permutation modules

Let P (# 1) be a p-group. For a set X of subgroups of P and oP-modules
U, V, we write U = V @ O(X), if there exists an X-projective oP-module W
(or 0) such that U 2 V @ W. (In particular, U = O(X) means that U is X-
projective.) An oP-module V is called (Dade [1]) an endo-permutation module
if V@V is a permutation module, where V” is the dual module of V. An endo-
permutation oP-module V is said to be capped, if V has an indecomposable
summand with vertex P. In that case, such a summand is determined up to
isomorphism and is denoted by cap(V) ([1, p. 470]). Let Ep(oP) be the set
of (isomorhism classes of) indecomposable endo-permutation oP-modules with
vertex P. (In [1], Ep(oP) is denoted by Indp(oP).) As in [1, Corollary 3.13
and Proposition 6.5], Ep(oP) forms an abelian group:

For U,V € Ep(oP), the product U-V is a unique indecomposable summand
with vertex Pof U®V. SoU®V =U -V @ O(H(P)). (In Dade’s notation
[1], U -V =2 cap(U ® V).) In Ep(oP) the identity is 1p (the trivial oP-module
of rank one) and the inverse of V is V. So V @ V" = 1p @ O(H(P)).

Let Ind(oP) be the set of (isomorhism classes of ) non-projective indecom-
posable oP-modules. In this section we define a vertex-preserving action of
the group Ep(oP) on the set Ind(oP). Let Q be a set of representatives of
P-conjugacy classes of all subgroups (# 1) of P. For any Q € Q, let Ind(oP|Q)
be the set of (isomorphism classes of) indecomposable o P-modules with vertex
Q. Then we have

Ind(oP) = U Ind(oP|Q) (disjoint).
QeQ

Thus it suffices to define an action of Ep(oP) on Ind(oP|Q) for each @ € Q.
We begin with the case where Q) = P.

Lemma 1.1.  For W € Ep(oP) andV € Ind(oP|P), let WV =, X;
be a decomposition of W ® V into indecomposable summands X;. Then there
is a unique X; with vertex P.

Proof. Tensoring with W", we get @, W" @ X; =V & O(H(P)), since
WAQW =1p @ O(H(P)). Thus, for some i, W* @ X; =V & O(H(P)) and
then P is a vertex of X;. On the other hand, if j # i, W" @ X, = O(H(P)).
Tensoring with W, we get that X; = O(H(P)), as required. O

Let us denote the summand X; in the above lemma by W -V. (If V €
Ep(oP)(C Ind(oP|P)), two definitions of W -V are at hand, but they coincide
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with each other, of course.) So we have W@V = W -V & O(H(P)) with
W -V € Ind(oP|P). This defines an action of Ep(oP) on Ind(oP|P). Namely
we have:

Proposition 1.2.  Let W, W' € Ep(oP) and V € Ind(oP|P). Then
i w-w-v)yWw- -w')-V, and
(i) 1p -V V.

Proof. (i) Since W@ (W' @ V) = (W @ W) ® V, the result follows.
(ii) This is obvious. O

To define an action of Ep(oP) on Ind(oP|Q),Q € Q, we need the following
proposition. We note that for any W € Ep(oP), Wq is capped and cap(WWg)
is well-defined ([1, Proposition 3.10]).

Proposition 1.3. Let Q € Q. For W € Ep(oP) and V € Ind(oP|Q),
let WV = @, X; be a decomposition of WRV into indecomposable summands
X;. Then there is an X; with vertex (Q and the isomorphism class of such X;
is uniquely determined. In fact, X; is then isomorphic to (cap(Wgq) - X)¥ for
a Q-source X of V.

Proof. Let X be a Q-source of V. Since V = X by Green’s theorem,
we get W@V = (Wo ® X)¥. Since

Wg =m x cap(Wg) & O(H(Q))
for a positive integer m, we have
W®V =mx (cap(Wop) - X)¥ © O(H(Q)),

where cap(Wg) - X is defined by the action of Ep(oQ) on Ind(oQ|Q). Since
(cap(Wg)-X)? is indecomposable with vertex @ by Green’s theorem, the result
follows. O

Definition 1.4. Let Q € Q. For W € Ep(oP) and V € Ind(oP|Q), put

WV = (cap(Wg) - X)T

where X is a Q-source of V.

This defines an action of Ep(oP) on Ind(oP|Q). Namely we have:

Theorem 1.5. Let W, W' € Ep(oP) andV € Ind(oP|Q), where @ € Q.
Then

Q) W (W' V)= (W W)V, and
(i) 1p-V V.
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Proof. (i) Let X be a Q-source of V. We have
W (W V)W - (cap(W) - X)¥
= {cap(Wo) - (cap(Wg) - X) }

o {(cap(WQ) 'CaP(Wég)> 'X}
= {eap((W - W)q) - X},

P

P

since the map sending W to cap(Wg) is a group homomorphism from Ep(oP)
to Ep(oQ) ([1, Proposition 3.15]). Hence W - (W' . V)= (W -W')-V.
(ii) This is obvious. O

2. Extensions of indecomposable modules and the Green correspon-
dence

In this section, G is a group and N is a normal subgroup of G such that
G/N is a p-group. Suppose we are given an indecomposable oG-module U such
that Uy is indecomposable. Let Ind(o[G/N],U) be the set of (isomorphism
classes of) all indecomposable o[G/N]-modules W such that Inf(W) ® U is
indecomposable, where Inf denotes the inflation via the natural homomorphism
G — G/N. We have:

Lemma 2.1.  Fvery indecomposable k[G/N]-module belongs to
Ind(k[G/N],U) and every indecomposable endo-permutation R[G/N]-module
belongs to Ind(R[G/N],U).

Proof. The first assertion is proved in [5, Theorem VII 9.12]. If W is an
indecomposable endo-permutation R[G/N]-module, then W* is indecompos-
able ([1, Corollary 6.3]). So the second follows from [8, Lemma 1.1(i)]. O

In the following we assume that our U satisfies:

For a vertex P of U, it holds that G = PN, PN N = 1 and a P-source of
U is an endo-permutation oP-module.

In this situation we shall determine the vertices and sources of Inf(W) ®@ U
for W € Ind(oP,U). (Here P is naturally identified with G/N.) Let W, be a
P-source of U. Since Ng(P) = P x Cn(P), the Green correspondent of U with
respect to (G, Ng(P), P) is of the form Wy x Y for a projective indecomposable
oCn(P)-module Y. We begin with a special case.

Lemma 2.2.  For every W € Ind(oP,U) with vertex P, Inf(W) @ U is
the Green correspondent of (Wo - W) x Y with respect to (G, Ng(P), P). Here
Wy - W is defined as in Section 1.

Proof. Clearly (Wy-W) XY | (W@Wy)xY and (W@Wy) xY | (Inf(W)®
U)ng(p)- Here Inf(W) @ U is P-projective and (Wy - W) x Y has vertex P, so
P is a vertex of Inf(W) ® U and the result follows. O
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Theorem 2.3.  For every W € Ind(oP,U), Inf(W) ® U has a vertex
and a source in common with Wy - W.

Proof. We claim that for any subgroup @ of P, Ugn has vertex () and
source cap((Wp)g). Indeed, we have that cap((Wo)g) | (Ugn)g = Ug and that
Uon | (Wo)%)on = (Wo)g)®N. So the claim follows.

Now let W € Ind(oP,U). Let @ be a vertex of W and let X be a @-source
of W. By the above, the Green correspondent of Ugxy with respect to (QN, @ x
Cn(Q),Q) is of the form cap((Wy)g) x Y’ for a projective indecomposable
oCn(Q)-module Y'. Now (Inf(X) ® Ugn)® = Inf(XF) @ U = Inf(W) ®
U. Hence Inf(X) ® Ugn is indecomposable and has a vertex and a source
in common with Inf(W) ® U. By Lemma 2.2, Inf(X) ® Ugn has vertex @
and the Green correspondent of it with respect to (QN,Q x Cn(Q),Q) is
(cap(Wo)g) - X) x Y' = (W, - W) x Y. Thus the result follows. O

3. Sources of extensions of projective indecomposable modules

In this section, by (G, N,b), we mean the following data:

(#) G is a group, N is a normal subgroup of G, b is a G-invariant block of N
such that N = QCn(Q) for a defect group @ of b.

Given such data, clearly @ is normal in G. Let V' be the unique projective
indecomposable o N-module in b. (In an earlier version of the present paper, the
author treated the case when ) was central in N. The possibility of relaxing
this condition to the one as above was pointed out by the referee.)

The following extends slightly a result of Dade, cf. [2, Theorem 13.13].

Theorem 3.1. With the notation above, suppose that there is an exten-
sion U to G of V.. Let P be a vertex of U and W a P-source of U. Then the
following conditions are equivalent.

(i) PNN=1.

(i) PNQ=1.

(ili) UM @ U is a trivial source oG-module.

(iv) Up is an endo-permutation oP-module.

(v) W is an (indecomposable) endo-permutation oP-module (with vertex
P).

(vi) rank, W is prime to p.

Proof. (i)« (ii): Let B be the block of G to which U belongs. Let D be
a defect group of B with P < D. Since b is a G-invariant block covered by B,
we have Q = DN N. So PNQ =PNDNN = PNN. Thus the result follows.

(i)= (v): Clearly Upy has vertex P and P-source W, so we may assume
G = PN. We show that we may assume (@ is central in N. We first note that
Cn(Q) is a normal subgroup of G with |G/Cn(Q)| a power of p. Let by be the
unique block of Cn(Q) covered by b. Then by is G-invariant. Clearly by has
defect group Z(Q), which is central in Cn(Q). Let L be an indecomposable
o[PCx(Q)]-module such that L|WFEN(@) and that U|L. Then, by Green’s
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theorem, U = L% since PCy(Q) is a subnormal subgroup of G' with |G :
PCn(Q)] a power of p. So L has vertex P and W is a P-source of L. By
Mackey decomposition, V = Uy = (L) y =2 (LCN(Q))N, since PCy(Q)NN =
(PN N)Cn(Q) = Cn(Q). This yields that L, gy is the unique projective
indecomposable oCny(Q)-module in by. Thus we may assume G = PCn(Q)
and @ is central in N.

Consider the block ideal b as an oG-module via the conjugation action. We
claim Invg (U ®@U) 22 b as oG-modules. Indeed, let p : b — End,(U) 2 UN@U
be the representation of b on U. Clearly p induces an oG-homomorphism,
say p/, from b to Invg(End,(U)) = End,q(U). It suffices to show that p’
is an isomorphism. Clearly p’ is injective, since Uy is a unique projective
indecomposable module in b. To prove that p’ is surjective we first consider the
case when o = k. Put Ug = n(kQ) for an integer n. Then dimy Endgo(U) =
n?|Q|. On the other hand, dimyb = (dimy U)?/|Q|. So dimy Endyg(U) =
dimy b. Hence p’ is surjective. This shows that when o = R, Endgrq(U) =
Imp’ + mEndgg(U), so Endgg(U) = Imp’ by Nakayama’s lemma. Thus the
claim is proved.

Put D = PQ. For the P-source W of U, we claim WP |Up. Indeed, since
W|Up, there is an indecomposable summand X of Up such that W|Xp. Then
P is a vertex of X and W is a P-source of X. Hence X = WP by Green’s
theorem. So the claim follows. We also have WP = Inf(W) ® (1p)?, where
Inf(W) is defined through the natural isomorphism D/Q = P. Hence

Inf(W)" @ (1p)P @ Inf(W) @ (1p)P (UM @ U)p.
By Mackey decomposition, (1p)”](1p)P @ (1p)", so
Inf(W)" @ Inf(W) @ (1) | (U" @ U)p.
Since Inf(W)" @ Inf(W) is trivial on @,

Invg (Inf(W)" @ Inf(W) ® (1p)?) = Inf(W)" @ Inf(W) ® Invg((1p)”)
= Inf(W)" @ Inf(W) ® 1p
= Inf(W)" @ Inf(W),

as oD-modules. So, by the above,
Inf(W)" @ Inf(W) |IHVQ((U/\ ®@U)p) = bp,

as oD-modules. Since b is a direct summand of oN, we get that Inf(W)" ®
Inf(W) is a permutation oD-module by Green’s theorem. Restriction to P
shows that W ® W is a permutation oP-module, as required.

(i) and (v) = (iii): Put H = PN. It suffices to show U;; ® Uy is a trivial
source module. We have Uy |[WH = Inf(W) ® (1p)¥, where Inf(W) is defined
through the natural isomorphism H/N = P. Thus

Uit @ Ug |Inf(W)" @ (1p)" @ Inf(W) @ (1p)",
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which is a permutation module. So (iii) follows.

(iii) = (iv): Since (U™ ® U)p must be a permutation module by Green’s
theorem, the result follows.

(iv) = (v): This is clear.

(v) = (vi): This follows from [1, Lemma 6.4].

(vi) = (i): As a direct summand of Upny, Wpnp is projective, so PON =
1. ]

The following follows from Green’s theorem ([9, Problem 6(iii) on p.302]).

Lemma 3.2.  Let M be a normal subgroup of a group H. Let X be an
oH -module such that X is indecomposable. Then vx(X)M contains a p-Sylow
subgroup of H.

Proposition 3.3.  Let U, P be as in Theorem 3.1. Let B be the block of
G to which U belongs. Then PQ is a defect group of B.

Proof. Let D be a defect group of B such that D =2 P. By Lemma 3.2,
|G : PN| is prime to p, so DN = PN. Hence D = P(DN N) = PQ, since
DN N =Q. Thus PQ is a defect group of B. O

Hereafter we consider exclusively (G, N, b) satisfying (f) for which G/N is
a p-group. We are interested in the existence of extensions to G of the unique
projective indecomposable oN-module in b which satisfy the condition (i) of
Theorem 3.1. So in view of Proposition 3.3, we add an assumption on defect
groups of the unique block of G covering b, and consider (G, N, B, b, P) such
that:

(#f) (G, N, b) satisfies the condition (f) above, B is a unique block of G covering
b, P is a p-subgroup (# 1) of G with G = PN and PN N =1, and PQ is a
defect group of B.

Given such data, we let D = PQ. Let V be the unique projective indecompos-
able RN-module in b as before.

We begin by determining all indecomposable oG-modules with vertex P
in B and similar modules in a (unique) block of G/Q dominated by B. First
we prepare some group-theoretical facts.

Lemma 3.4. With the notation above, we have
OP(Ng(D)) = Cn(D) = Cn(P) = Ng(P) = Ng(D).

Proof. Tt suffices to show OP(Ng(D)) £ Cn(D), the rest being obvious.
Let = be a p’-element of Ng(D). Then [D,z] £ DN N = @ and [Q,z] = 1,
since € Cn(Q). As is well-known, this implies [D, 2] = 1. So z € Cn(D), as
required. O

Let B be the Brauer correspondent of B in Ng(D). Let {b;;1 < i <t} be
the set of blocks of Ng(P) such that b,¢ = B. Since Ng(P) = P x Cn(P),
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each b; covers a unique block b, of C(P). Let {8} be the set of blocks of

Cn(D) covered by B (note that Cy(D) < Ng(D)). For a block 3, let 1(3) be
the number of irreducible Brauer characters in 4. We have the following.

Lemma 3.5. (i) Fach b;,1 < i < t, covers some B, .

ii) 1(B 1 and (b)) =1 for alli,1 < i < t.
1 =1an i or all 151

Proof. (i) By the First Main Theorem b,* = B if and only if biNG(D) = B.
On the other hand, since Ng(D)/Cn (D) is a p-group by Lemma 3.4, Brp(ez) =
e € kCn(D), where ej is the block idempotent of kNg(D) corresponding to
B and Brp : ZkNg(D) — ZkNg(P) is the Brauer homomorphism. Thus

doe =2 =) e,

and the result follows.

(ii) As is well-known, D N Cy(D) is a defect group of f§,,. Clearly
D N Cn(D) is central in Cy(D). Thus 1(8,,) = 1. Then 1(B) = 1, since
N¢g(D)/Cn(D) is a p-group. Similarly 1(b;) = 1 by (i). O

Let 1 < ¢ < t. By Lemma 3.5, b} has a unique projective indecomposable
RCN(P)-module. This module is denoted by Y;. For every W € Ind(RP|P),
let U;(W) be the Green correspondent of W x Y; with respect to (G, Ng(P), P)
(note that W x Y; is indecomposable and has vertex P [9, Problem 9 on p.302]).
For every W € Ind(kP|P), let U/(W) be the Green correspondent of W x Y, *
with respect to (G, Ng(P), P). For these modules, we have the following.

Proposition 3.6.  The set {U;(W);1 < ¢ <t,W € Ind(RP|P)} is a set
of representatives of the isomorphism classes of all indecomposable RG-modules
with vertex P in B. Further, for 1 £ i <t and W € Ind(RP|P), U;(W)x is a
multiple of V.

Proposition 3.6'. The set {U/(W);1 < i < ¢, W € Ind(kP|P)} is a set
of representatives of the isomorphism classes of all indecomposable kG-modules
with vertex P in B. Further, for 1 £i <t and W € Ind(kP|P), U/(W)n is a
multiple of V*.

Proof. We prove only Proposition 3.6; the proof of Proposition 3.6’ is
similar. Let L be an indecomposable RG-module with vertex P in B. Let W
be a P-source of L. Then, since Ng(P) = P x Cx(P), we have WNe(P) =~
W x RCn(P), so the Green correspondent of L with respect to (G, Ng(P), P)
is of the form W x Y for a projective indecomposable RCy (P)-module Y.
Then Y 2 Y; for some i by the Nagao-Green theorem [9, Theorem 5.3.12]. So
L = U;(W). It also follows from the Nagao-Green theorem that modules of the
form U;(W) lie in B. Thus the first assertion follows.

Since PN N =1, U;(W)y is projective. So the second follows. O
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We also need to consider certain o[G/Q]-modules. Let us introduce some
notation. Put G = G/Q and for every H < G put H = HQ/Q. As is well-
known, B contains a unique simple kG-module, say S, so there is a unique block
B of G which is dominated by B. Let S be the unique simple kG-module in B.
Clearly B has defect group D = P. Let b be the unique block of N dominated
by b. Of course b has defect 0. _Clearly (@ N, B,b, P) satisfies (4#). Let B’
be the Brauer correspondent of B in Ng(P). We have Nz(P) = P x Cx(P).
So if ¥’ is the block of C5(P) covered by B’ bV has defect 0 and b’ contains
a unique projective indecomposable RC57(P)- module Z (with Z* simple). Via
the natural isomorphism P = P, Ind(oP) may be identified with Ind(oP)
and we denote by W € Ind(oP) the module corresponding to W € Ind(oP).
Clearly P is a vertex of S. Let Wy be a P-source of S. So Wy = W, for
Wy € Ind(kP|P). Since S is the unique simple module in b, Wy is an endo-
permutation module by Theorem 3.1. The following lemma characterizes W
inside G.

Lemma 3.7. Wy, or Wy, is unique up to isomorphism and Wy is (up
to isomorphism) a unique indecomposable summand of Sp with vertex P.

Proof. Since Ng(P) = P x C(P), we see W is uniquely determined ([9,
Theorem 3.3.6]). Of course, P is a vertex of Wy. If W = Inf(W), where Inf is
taken via the natural homomorphism D — D/Q = P, then W is a D-source of
S and Wp = Wy. So Wy|Sp. Conversely, let L be an indecomposable summand
of Sp with vertex P. Then L|S5 and P is a vertex of L. So L is a P-source
of S and we get L = W, by the above. Thus L = W;,. This completes the
proof. O

For every W € Ind(RP|P), let U(W) be the Green correspondent of W x Z

with respect to (G, Ng(P), P). For every W € Ind(kP|P), let UI(W) be the
Green correﬂ)o_ndgnt_oiW x Z* with respect to (G, Ng(P), P).

Since (G, N, B, b, P) satisfies (#t), applying Proposmons 3.6, 3.6’, and the
First Main Theorem, we get the following.

Proposition 3.8.  The set {U(W); W € Ind(RP|P)} is a set of repre-
sentatives of the isomorphism classes of all indecomposable RG-modules with
vertex P in B.

Proposition 3.8'. The set {U/(W);W € Ind(kP|P)} is a set of repre-
sentatives of the isomorphism classes of all indecomposable kG-modules with
verter P in B.

The indecomposable modules under investigation are closely related to
each other. To see this, we need some general facts. In the following Lemmas
3.9, 3.10 and 3.11, let M be a normal subgroup of G. Let 6 : G — G /M be the
natural homomorphism. We define a functor 8* as follows: For a subgroup H
of G with H 2 M and an oH-module U, we set 8*(U) = U/UI(oM). So 6*(U)
is an o[H/M]-module. (We note that 6*(U) may be 0 or may not be o-free in
general.)
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Lemma 3.9.  We have the following isomorphisms.

(i) (U V)=2o<(U)®6*(V) for oG-modules U and V.

(ii) 0*(U @ Inf(W)) =2 0*(U) @ W for an oG-module U and an o[G/M]-
module W.

(iii) 0*(U/7U) =2 0*(U)/m0*(U) for an RG-module U.

(iv) {0*(U) Yy = 0*(Un) for an oG-module U, where G 2 H 2 M.

(v) {0*(U)}6/M = 0=(US) for an oH-module U, where G > H > M.

In particular, if U is an H-projective oG-module for a subgroup H of G,
then 0*(U) is HM /M -projective.

Proof. For the proof, we use a well-known isomorphism: 0*(U) 2 U Q.
o[H/M] for an oH-module U, cf. [9, Theorem 1.9.17(i)]. We extend 0 to an
algebra homomorphism from oG onto o[G/M] and denote the image of o € oG
by @.

(i) This is obvious.

(ii) Define f: (U @ Inf(W)) ®oq o|G/M] — (U ®,q o|G/M]) @ W by

fluw)@a)=(utelew)a, ueUweW,acoG.
Then f is an isomorphism; the inverse of f is given by
(uea)@w — (utu@w)®1l, weUweW,acoG.
(iii) Define f : (U ®g k) Qg k|G/M] — (U @re R[G/M]) @r k by

fllueod)@p(a) =ua® A, wvelUAeckacRG,

where ¢ : RG — kG is the natural map. Then f is an isomorphism.
(iv) Define f : U ®o¢ 0o[G/M] — U ®ou o[H/M] by

fluea) =ua®1, u €U a € oG.
Then f is an isomorphism; the inverse of f is given by
uRa — uRaQ, ue U, acoH.

(V) Define f : (U®0H O[H/MD(X)O[H/M] O[G/M] - (U®0H OG)®OG O[G/M]
by
fluea)@pf)=wel)®af, uecUacoH,SEoG.
Then f is an isomorphism; the inverse of f is given by
uw®ad)®8 — wel)eal, uwecUapfcoG.

The last assertion follows from (i) and (v). This completes the proof. [

Lemma 3.10.  Let U be a projective indecomposable oG-module and let
T be a simple kG-module corresponding to U. Then 6*(U) is isomorphic to the
projective indecomposable o[G/M]-module corresponding to T, if M < Ker T
a zero module, otherwise.
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Proof. We first consider the case when o = k. If 8*(U) # 0, then there
is a surjection 6*(U) — T, since the head of U is simple and isomorphic to T
Thus M £ Ker T. Conversely, if M < Ker T, then the required conclusion
follows by Landrock [6, IT 11.15].

Now assume o = R. Since 0*(U) | 0*(RG) = R[G/M] by Lemma 3.9, 6*(U)
is projective or 0. Then, since 6*(U)/m0*(U) = 0*(U/nU) by Lemma 3.9, the
conclusion follows from the first paragraph. 1

Lemma 3.11.  Let H be a subgroup of G with H =2 M. Put G=G/M
and H = H/M. Let B (resp. b) be a block of G (resp. H). Assume the
following conditions: B (resp. b) dominates a unique block B (resp. b) of G

(resp. H); b€ is defined and equals B; b s defined. Then = B.

Proof ([3, Proposition 1.2.16]). Let f : ZkG — ZkG be the algebra
homomorphism induced by the natural homomorphism G — G. Define g :
ZkH — ZkH similarly. Define sy : ZkG — ZkH by sy(K) =Y, cnn
where K are conjugacy classes of G. Define s7: Z kG — ZkH similarly. Then
sgof=gosy. From this and our assumption that b = B, we see that B

dominates EG. Thus l_)G = B. O

Now we return to our original situation. Let b be a block of Ny(D) (=
Ng(D) N N) covered by B. It is easy to see that Ny (D) is the inverse image

Lemma 3.12. (i) B’ is a unique block of Ng(D) which is dominated by
B.
(ii) b dominates b’ and YZ-NN(D) is a projective indecomposable RNy (D)-

module in b.

Proof. (i) By Lemma 3.5, B contains a unique simple kN¢(D)-module,

so B dominates a unique block B” of Ng(D) = Ng(P). Clearly B” has defect

group D = P, and B”® = B by Lemma 3.11. So B” = B’ by the First Main
Theorem. Thus the result follows. _

(ii) Since Ng(D) = DNy(D), we see that b is a unique block of Ny (D)
which is covered by B. This yields the first assertion.

By Lemma 3.4 and Green’s theorem Y; Ny (P) and Y, Ne(D) are projective
indecomposable. By Lemma 3.5, b, covers some [,,,. Then, by Mackey de-
composition, (Y NG(D))CN(D) has a summand in f3,,. Since Ng(D)/Cn(D) is
a p-group, it follows that YiNG(D) belongs to B. Then we see that YiNN(D)
belongs to b by the first paragraph. This completes the proof. 1

In the rest of this section, let § : G — G/Q be the natural homomorphism.
Let 0* be the functor defined as above. Now we prove the following.

Theorem 3.13.  For every W € Ind(RP|P) and i,1 < i < t, we have

0*(U;(W)) X UW) @ M;(W) for an H(P)-projective RG-module M;(W).
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Theorem 3.13'. For every W € Ind(kP|P) and i,1 < i < t, we have
0*(U/(W)) = UI(W) @ M[(W) for an H(P)-projective kG-module M!(W).

Proof. Here we give only the proof of Theorem 3.13; Theorem 3.13" is
proved in a similar way. Put Y = Y; and Y = 1p x Y. First we claim that

P acts trivially on 0*(YN¢(P)). Let u € P,z € Ng(D) and y € Y. Put
zur~! = vz with v € P,z € Q. Then

(yo)(u-1)=yRuvzr-—yer=(y@z)(z 2z - 1),

since P acts trivially on Y. Thus the claim follows .
Now

9*(37NG(D))N oy = 9*(()7NG(D))NN(D)) (by Lemma 3.9)
= g*(y Vv (D)) (by Mackey decomposition).

Thus
0" (YNeP)) =2 15 % 0 (YN (D)),
By Lemmas 3.10 and 3.12(ii), 6* (Y¥~(?)) = Z. Hence
(1) = (YNeD)) = 15 x Z.
Put W = W x lo_p)- Let Inf(W) be the inflation of W via the natural
homomorphism N¢ (D) — Ng(P). Then
2) 0 (W x Y)NoP)) = 0% (Inf(W) wo (py © V) V)
> 0" (Inf(W) @ Y Ne(P))
~ W g*(y Ne(P)) (by Lemma 3.9)

~TW x Z (by (1)).
Thus
(3)  O(WxY)F) =0 ({(W x Y)NeP)E)
> 0" (W x Y NG<D>)}G (by Lemma 3.9)
= (W x 2)¢ (by (2))
=U(W)e M,

where M is an H(P)-projective module.
On the other hand, (W xY )% = U;(W)@® L, where L is an H(P)-projective
module. So

(4) 0" (W x Y)%) = 0*(U;(W)) @ 0"(L)
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and, by Lemma 3.9, 6*(L) is H(P)-projective. Comparison of (3) and (4) yields
the result. This completes the proof. O

Let V be the unique projective indecomposable RN-module in b. We
determine the extensions to G of V. Let V be the unique projective indecom-
posable RN-module in b, as before. Let T be the unique simple kN-module in
b. Clearly S is a unique extension of T to G.

Lemma 3.14. We have the following isomorphism.
yeo(vy=v.
(ii) 0*(V/7V) = T.

Proof. (i) Since the simple kN-module corresponding to V' is trivial on
Q, the assertion follows from Lemma 3.10. o
(ii) By Lemma 3.9 and (i), 0*(V/7V) 2 0*(V)/m0* (V) 2V /7zV =T. O

Lemma 3.15. An RG-module L is an extension of V if and only if L
is a lift of S.

Proof. Let L be an extension of V. Then Le= T, so L* = S. Conversely
if L is a lift of S, then L*N =~ T. Hence Ly = V. O

Let Lf(Wp) be a set of representatives of the isomorphism classes of all
indecomposable endo-permutation RP-modules W with vertex P such that
W* = W.

Theorem 3.16.  The set {U(W); W € Lf(Wy)} is a set of representa-
tives of the isomorphism classes of all extensions of V' to G. In particular, the
number of isomorphism classes of such extensions equals |Lf(Wy)| = |P/P’| >

0, where P’ is the commutator subgroup of P.

Proof. Let L be an extension of V to G. By Lemma 3.15, L is a lift of .S.
So, since L lies in B, we see that L has vertex P. If W is a P-source of L, then
W € Ep(RP) by Theorem 3.1. Clearly we have W | Ls = S5. Since W s
indecomposable with vertex P (cf. [1, Corollary 6.3] and [2, Proposition 12.1]),
we get W' =W, by Lemma 3.7. By Proposition 3.8, we get L = U (W).

Now let L; be an R-form of an irreducible character of height 0 in B.
Then it is easy to see that L; is an extension of V to G. By the above,

Ly =2 U(W,) with Wy € Lf(Wy). Let W € Lf(Wp). By Lemma 2.2, U(W) =
Inf(WlA W) ® Ly. Since W1 - W has R-rank 1 (cf. [2, Proposition 12.1]),
U(W) also is an extension of V. The equality |Lf(W)| = |P/P’| also follows
from [2, Proposition 12.1], since K contains the |G|-th roots of unity. This

completes the proof. O

Now we obtain a necessary condition for an indecomposable RG- (resp.
kG-) module in B with vertex P to be an extension of V' (resp. V*).
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Corollary 3.17. Let W € Ind(RP|P) and 1 < i < t. If U;(W) s
an extension of V', then W € Lf(Wy). Furthermore, for W € L{(Wy), the
following are equivalent.

(i) Ui(W) is an extension of V.

(if) 0*(Us(W)) = U(W).

Proof. Assume that U;(W) is an extension of V. Then we have

0 (U(W))y = 0°(Ui(W) ) = 0°(V) 2 V.

In particular, 6*(U;(W)) is indecomposable. Hence, by Theorem 3.13,
0*(U,(W)) = UW). So U(W) is an extension of V and W € Lf(W,) by
Theorem 3.16.

Let W € Lf(Wp). (i) = (ii): This follows from the first paragraph.

(ii) = (i): Put U;(W)n = nV for an integer n. Then

0" (U;(W))x 2 nV.
Since U (W) is an extension of V by Theorem 3.16, we get n = 1. This completes
the proof. O

Corollary 3.17'. Let W € Ind(kP|P) and 1 < i < ¢. If U/(W) is an
extension of V¥ then W = Wy. Furthermore, the following are equivalent.

(i) U(Wy) is an extension of V*.

(i) *(Ui(Wo)) = 5.

Proof. Assume that U] (W) is an extension of V*. Then we have

Thus 0*(U/(W)) = S. Hence, by Theorem 3.13', 0*(U/(W)) = U (W). So
U'(W) =8 and W = W,.

(i) = (ii): This follows from the first paragraph.

(ii) = (i): Put U/(Wy)ny = nV* for an integer n. Then
Son =1 and (i) follows. O

As the following corollaries show, the existence of an extension of V' (resp.
V*) to G with vertex P is equivalent to a statement neater than Theorem 3.13
(resp. Theorem 3.13').

Corollary 3.18. Let 1 < i < t. The following are equivalent.
(i) UZ(W) is an extension of V for every W € Lf(Wy).

(ii) U;(W) is an extension of V' for some W € Lf(Wy).

(iil) 0*(Us(W)) is indecomposable for some W € Lf(Wy).

(iv) 0*(U;(W)) = U(W) for some W € Ep(RP).

7
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Proof. (i) = (ii): This is trivial.

(if) = (iii): This follows from Corollary 3.17.

(iii) = (iv): Assume that 6*(U;(WW1)) is indecomposable for Wy € Lf(Wy).
By Corollary 3.17 (and Theorem 3.13), U;(W;) is an extension of V. Let
W € Ep(RP). By Lemma 2.2,

UZ(W) = Inf(WlA . W) ® UZ(Wl)
So

O*(U;(W)) = Inf(W,™ - W) @ 0*(U;(W1)) (by Lemma 3.9)
=~ Inf(W, - W) U(W) (by Theorem 3.13),
where Inf is taken via the natural isomorphism G/N = P = P. Since U(W) is
an extension of V' by Theorem 3.16, 6*(U;(W)) is indecomposable by Lemma

2.1. Thus the result follows from Theorem 3.13.
(iv) = (i): This follows from Corollary 3.17. |

Corollary 3.18'. Let 1 <i <t. The following are equivalent.
(i) U!(Wy) is an extension of V*.
(i) 0*(U!(W)) 2 T (W) for every W € Ind(kP|P).

Proof. (i) = (ii): Let W € Ind(kP|P). We have
U/(W) =2 Inf(W," - W) @ U/ (W)
by Lemma 2.2. So

0 (U/(W)) = Inf(W," - W) @ 0" (U] (Wy)) (by Lemma 3.9).

K2

By Corollary 3.17', 0*(U}(Wy))7 = T, which is simple. Thus we get the result
by Lemma 2.1 and Theorem 3.13’.

(ii) = (i): We have 6*(U/(Wy)) = UI(WO) =~ S. So we get the result by
Corollary 3.17". |

4. The case where P is cyclic

In this section, by (G, N, B,b, P) we mean the following data:
(tt) (G, N, B, b, P) satisfies the condition (4f) in Section 3 and P is cyclic.
We retain the notation introduced in Section 3. We shall prove the follow-

ing.

Theorem 4.1.  For every i (1 £ i < t) and every W € LE(Wy), U;(W)
is an extension of V.
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We postpone the proof for a while and give consequences of Theorem 4.1.

Theorem 4.1'. For every i (1 <i < t), U/(Wy) is an extension of V*.

Proof. Let W € Lf(Wy). By definition,
(W xY;)¢ 2U;(W)a L,

where L is an H(P)-projective module. Reducing modulo p,

(1) (Wo x Y;*)C 2 U;(W)* @ L*.
On the other hand, by definition,
(2) (Wo x Y;*)¢ = U](Wo) & M,

where M is an H(P)-projective module. By Theorem 4.1, U; (W) is an extension
of V. So U;(W)3 = V*, and U;(W)* is indecomposble. Clearly there exists a
vertex A of U;(W)* with A £ P. By Lemma 3.2, G = AN. Thus A = P. So
by (1) and (2), we get U;(W)* =2 U/(Wy). Therefore U/(Wy) is an extension of
V. O

From Theorem 4.1, Proposition 3.6 and Corollary 3.17, we obtain the
following.

Corollary 4.2.  The set {U;(W);1 < i = t,W € LE(Wy)} is a set of
representatives of the isomorphism classes of all extensions of V. to G with
vertex P.

Also, from Theorem 4.1’, Proposition 3.6" and Corollary 3.17', we obtain
the following.

Corollary 4.2". The set {U/(Wy);1 < i@ St} is a set of representatives
of the isomorphism classes of all extensions of V* to G with vertex P.

Proof of Theorem 4.1. First we show that it suffices to consider the case
when @ is central in V.

(Reduction) Assume that the theorem is true under the assumption that
Q is central in N. Then it is true in general.

To see this, put Go = PCn(Q) and Ny = Cn(Q). Clearly Ny is a normal
subgroup of G with |G/Ny| a power of p. Let by be the unique block of Ny
covered by b. Then, since b is G-invariant, by is G-invariant. Clearly by has
defect group Z(Q), which is central in Ng. Let By be the unique block of
Go covering bg. Then, as is well-known, (for examaple, cf. [7, Lemma 4.13]),
PZ(Q) is a defect group of By. Thus (G, No, By, by, P) satisfies (£fiff).

Let Sy be the unique simple kGp-module in By. We claim that Sj is a
summand of Sg,. Let U (resp. Up) be the unique projective indecompos-
able kG- (resp. kGo-)module in B (resp. Bp). By Green’s theorem, U, is
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projective indecomposable. Now G = GoN and Gy N N = PCn(Q) N N =
(PN N)CN(Q) = Ng. So, by Mackey decomposition, U,% lies in a block of
G covering b, namely B. Thus U," = U. So, by Nakayama relation Sy is a
constituent of Si,. Then a repeated use of Clifford’s theorem proves the claim.
Let W7 be an indecomposable summand of (Sp)p with vertex P, cf. Lemma
3.7. By the claim, we see W1 = W, by Lemma 3.7.

Let 1 £ ¢ < tand W € Lf(W,). Let L be an indecomposable RGp-module
such that L|W & and that U;(W)|L%. Then, by Green’s theorem, U;(W) = LS.
Thus L has vertex P and W is a P-source of L. Since LE = U;(W) lies in B,
we see that L lies in By by Mackey decomposition. Thus by Proposition 3.6
(applied to (Go, No, By, b, P)), there exist a block § of Ng, (P) and a projective
indecomposable RCy, (P)-module Y in the block of Cy,(P) covered by /3 such
that 8° = By and that L is the Green correspondent of W x Y with respect to
(Go, Ng, (P), P). Hence, by our assumption, Ly, = Vo, where Vp is a unique
projective indecomposable RNy-module in by. Then U;(W)y = (L%)y = VN
by Mackey decomposition and V™ = V by Green’s theorem. Thus U;(W) is
an extension of V', as required.

Hereafter we consider only the case when @ is central in N. We argue by
induction on |G|. Let |P| = p",n 2 1. Fix ¢ and put By = b;, V) = Y;. Let
W e LE(Wp). Put M =W x Y; and U = U;(W).

Let P; be the unique subgroup of P of order p. We distinguish two cases:

(CASE 1) Ng(P1Q) =G, (CaSE 2) Ng(P1Q) #G.

(CAsE 1) Put G; = Ng(Py) and let By = B0G1. Let D; be a defect group
of By such that P < D;. Put Ny = G1 NN and let b; be a block of N; covered
by Bi. We have :

(l.a) (G1, N1, B, by, P) satisfies the same assumption as (G, N, B, b, P).

Clearly G; = PN; with PN Ny = 1. We have D; = P(D; N Ny). Since
B% = B, we get DN N; ¢ DN N = Q. Since Q is normal in G, we get
DiN Ny = DiNQ. So Dy N Ny is central in N; and, since P mormalizes
Dy NNy, D;N Ny is normal in G;. Thus D; N NV; is a defect group of b;. Then,

since |D1/Dy N Ni| = |G1/N1|, by is Gy-invariant. Thus (1.a) is proved.

We prepare a group-theoretical fact, which enables us to reduce the proof to
the case of (G1, N1, By, by, P) by arguments similar to those used in (Reduction,).

(1.b) OP(G) £ Ny.

Let 2 be a p’-element of G. Since P;Q is normal in G by assumption and
x € N,[z,P,Q] £ PLQN N = Q. Since @ is central in N, [z,Q] = 1. As is
well-known, this implies [z, P;Q] = 1. Thus 2 € Cg(P;) NN < N; and (1.b)
follows.
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Let X be the Green correspondent of M with respect to (G1, Ng(P) =
Ng,(P),P). So X belongs to By by the Nagao-Green theorem [9, Theorem
5.3.12]. Let V; be the unique projective indecomposable RNj-module in b; and
let S7 be the unique simple kG1-module in B;. Let W; be an indecomposable
summand of (S1)p with vertex P.

1)
2) Sy is a direct summand of Sg;, .
3) If XN1 = Vl, then UN >V,

4) Wy = W.

X¢ is indecomposable by (1.b) and Green’s theorem. Then P is a common
vertex of X and X%, so (1) follows. By (1)

dimy, Homg(U /U, S) = dimy, Homg, (X/7X, Sa, )-

On the other hand, by (1.b) and a repeated use of of Clifford’s theorem, we get
Sa, =2 mS; @ L for some integer m and a semi-simple module L not involving
Sy. Since Homg(U/wU,S) # 0, we get m # 0 and (2) follows. Then Sy,
involves (S1)n, and hence V' | V¥ by Nakayama relation. By Green’s theorem,
we get V™V = V. Then (3) follows from (1) and Mackey decomposition. (4)
follows from (2), cf. the proof of (Reduction).

By (1.¢)(3), it suffices to show that X is an extension of V;.

Clearly S; is trivial on P;. Hence by (1.c)(4), Wy is trivial on Py. So, if
n = 1, then Wy is the trivial module and W has R-rank one. Thus X = M
is an extension of V7 = Vj. Thus we may assume n = 2. In the following put
H = HP,/P; for any subgroup H of G;. We write G; and N; for G; and
Ny, respectively. Let By be the unique block of Ng(P) dominated by By. Let
B, be the unique block of G; dominated by B;. Let b; be the block of N
identified with b; via the natural isomorphism N; = N;. Let V1 be the module
in by identified with V; via the same isomorphism.

(1.d) (1) (G1, Ny, By, by, P) satisfies the same assumption as (G, N, B, b,
P). B
S

(2) By B B
V1 is a unique projective indecomposable RN ;-module in b;.

(3)

Indeed, (1) follows from (1.a). (2) follows from Lemma 3.11. (3) is clear.

~ As we have shown, W, is regarded as a P-module, which we denote by
Wy. Also, S; is regarded as a Gi-module, which we denote by S;. Then the

following is clear:

(l.e) Sp is a unique simple kGi-module in By, Wy |(S1)5, and P is a
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vertex of W.

For the group Ng, (P), the following are clear:

(1.f) (1) Ng(P) = Ng, (P) =P x Cy(P).

(2) Cn(P) = O, (P).
(3) There is a natural isomorphism: Cy(P) = Cn(P).

Let Vi be the Cy(P)-module identified with V via the natural isomor-
phism in (1.f)(3). The following is clear:

(1.g) Vo isa (unique) projective indecomposable RCx (P)-module in the
block of C, (P) covered by By.

By (1.d)(1) and (1.e), we can choose W’ € Lf(Wy). Put M’ = W' x
Vo. By (1.g), M’ belongs to By. Let X’ be the Green correspondent of M’
with respect to (Gi, Ng, (P),P). By applying the induction hypothesis to
(G1,N1,By,b1, P), we get that X’ is an extension of V. Thus:

(L.h) Inf(X’) is an extension of V;.
On the other hand, we have:

(1.i) Inf(X’) is the Green correspondent of Inf(M’) with respect to
(G1,Ng(P), P).

Now, since Inf(W') € Ep(RP) and Inf(W’)* = Wy = W*, there exists
an RP-module L of rank 1 such that Inf(W') =2 L @ W, cf. [2, Proposition
12.1]. Let Inf(L) be the inflation of L to Gy via the natural homomorphism
G1 — Gl/Nl ~ P. Then

Inf(M')“

IR

(Inf(W') x V)<

=~ (Inf(L)NG(p) ® 1\4)61
>~ Inf(L) @ M

~ (Inf(L) ® X) & A,

where A is an H(P)-projective module. Thus, by (1.i), Inf(X’) =2 Inf(L) ® X.
Then, by (1.h), Xy, = V1. Thus the proof is complete in (CASE 1).

(CASE 2) Put G2 = Ng(P1Q). Since @Q <1 G and P is a cyclic p-group, we
have the following.

(2.a) Ng(P) £ Ng(D) < Go.

Put By, = BOG2 and let by be a block of Go N N covered by Bs. We have
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G2 :PN2 with N2 ZGQON
(2.b) (Ga, N3, Ba, bs, P) satisfies the same assumption as (G, N, B, b, P).

It suffices to show that D is a defect group of Bs. (Indeed, if this is the
case then by is Go-invariant and D N No = @ is a defect group of by.) Since
By = (BéVG(D))G2, D is contained in a defect group of Bs. On the other hand,
since B® = B and Bg > = By, BY = B. Thus a defect group of By is contained
in a G-conjugate of D. Hence the result follows.

Let X be the Green correspondent of M with respect to (G2, Ng(P), P).
(2.c) X% =U @ L for a projective RG-module L.

Clearly U is the Green correspondent of X with respect to (G, G2, P) and
X¢ =~ U @ L, where L is an X-projective module. Here X = {P N P%;z €
G \ G2}. Then it is easy to see X = {1}, because P is a cyclle p-group. Thus
(2.c) follows.

In the following we put H = HQ/Q for any subgroup H of G. By the in-
duction hypothesis applied to (Ga, Na, Ba,bs, P) and Corollary 3.18,
X/XI(RQ) is indecomposable with vertex P. So, as in (2.c), we get the fol-
lowing.

(2.d) (X/XI(RQ))Y =2TU @ L for an indecomposable RG-module U and
a projective RG-module L.

We now show the following, cf. the proof of Lemma II1.5.13 in Feit [4].

(2.) Homg o(U*,S) = 0. Here the left hand side denotes the k-vector
space of Q-projective kG-homomorphisms from U* to S.

Let ¢ : U" — S be a @Q-projective kG-homomorphism. Let I be the
injective hull of U* and let e : U* — I be the essential homomorphism. Since
Ug is projective, 0 — Uf — I splits. Take a kG-homomorphism [ : I — U
such that fe = idy«. Choose a k@Q-homomorphlsm ¢ : U* — S such that
¢ = Tr§(¢¥) and let g = Tr§(¥f). Then ¢ = ge. Put I = @, P, with P,
projective indecomposable. If e(U*) projects onto some P, then Ps|U*. This
shows U has a projective summand (Feit [4, 1.17.11]), a contradiction. Thus
e(U*) C 1J(kG), where J(kG) is the radical of kG. Hence ¢(U*) = 0, as
required.

(2.f) U/UI(RQ) is projective-free.
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Indeed,

0 = Homg (U™, S) (by (2.e))
= Homg 5(U"/U1(kQ),S) (since S is trivial on Q)
— Homg 1(U* /U I(kQ), S).

Thus U*/U*I(kQ) is projective-free. By Lemma 3.9,
U*JUI(kQ) = (U/UI(RQ))".
Thus U/UI(RQ) is projective-free.
From (2.¢) and Lemma 3.9, we get
(2.8) (X/XI(RQ))® = U/UI(RQ) ® L/LI(RQ).
Thus, by (2.f), comparison of (2.d) and (2.g) shows that
(2.h) U/UI(RQ) =T,

which implies that U is an extension of V. Indeed, (2.h) shows that the condi-
tion (iii) of Corollary 3.18 holds, so by Corollary 3.18(i), U is an extension of
V. This completes the proof of Theorem 4.1. O

Let (G, N, B,b, P) be as above. Put |P| = p™ and let
J(n) = {j; j is an integer prime to p and 1 < j < p"}.

For every j € J(n), let W; be the unique indecomposable kP-module of di-
mension j. Let 1 <4 < t. Let Wy be as above. Define U;(W;),j € J(n), and
U/(Wy) as above. We have U/(W;)y = n;;V* for an integer n;; (cf. Proposi-
tion 3.6"). The following shows, in particular, Wy (and hence a D-source of S)
is determined if we know the Green correspondent of W; x Y, * with respect to

(G,Ng(P), P).

Corollary 4.3. Let 1< i<t and j € J(n). Then we have

(i) UL(W,) = Tnf(Wy - W) @ UZ(Wh).

(ii) nyj € J(n); in fact, for a fized i, the map j — n;j is a permutation on
J(n) of order at most 2.

(111) dimk WO = Nj1-

Proof. We note that Wy = W.

(i) By Theorem 4.1’, U/(W)y) is an extension of V*. So the result follows
from Lemma 2.2.

(ii) By (i), niy = dimgp(Wo - Wj). So ny; € J(n). If n;; = m, then
WO . Wj = Wm. Thus Nim = dlmk(Wo . Wm) = dimk(WO . (WO . W])) = j

(iil) We have n;; = dimg(Wy - Wh) = dimy (Wy).
This completes the proof. O
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