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Representations of SU(p, ¢) and CR geometry I

By

Wei WANG

Abstract

The CR geometry is applied to the representation theory of the
group SU(p, ¢). We prove that the kernel of the CR Yamabe operator on
a CR manifold M is a representation of the conformal CR automorphism
group of M. So we can construct a representations of SU(p,q) on the
kernel of the CR Yamabe operator on the projective hyperquadric @pyq.
This is a complex version of Kobayashi-Orsted’s model of the minimal
irreducible unitary representation w?? of SO(p,q) on SP~! x §771,

1. Introduction

Conformal geometry on pseudo-Riemannian manifolds can be applied to
the representation theory of the group SO(p, q) (cf. [3], [13], [14], [15], [16] and
references therein). Kostant used the conformal invariance of the vanishing of
scalar curvature on 6 dimensional manifolds to explore the minimal represen-
tation of SO(4,4) in [16]. Recently, T. Kobayashi and B. Orsted [13], [14], [15]
gave a geometric and intrinsic model of the minimal irreducible unitary repre-
sentation w4 of SO(p,q) on SP~! x S9=1 and on various pseudo-Riemannian
manifolds which are conformally equivalent, by using the Yamabe operator.
They also gave branching formulae and unitarization of various models. In this
paper, we use CR geometry to realize representations of SU(p, q).

The geometry of strictly pseudoconvex CR manifolds has many parallels
with Riemannian geometry [1], and there is a far reaching analogue between
conformal geometry and CR geometry. Jerison and Lee gave a table [11] sum-
marizing some important parallels. More generally, strictly k-pseudoconvex CR
manifolds correspond to the pseudo-Riemannian manifolds. A nondegenerate
contact form on a CR manifold plays the role of a metric in pseudo-Riemannian
geometry. In CR geometry, there is a natural connection, called the Webster
connection, associated to a contact form 6 on a CR manifold. We can define
conformal contact forms in CR geometry and develop conformal geometry on
CR manifolds. For example we can define a CR Yamabe operator and have
similar transformation formula [11]. The kernel of the CR Yamabe operator
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on a CR manifold M is proved to be a representation of the conformal CR au-
tomorphism group of M. The group SU(p, q) can be realized as the conformal
CR automorphism group of the projective hyperquadric @177 4 and so the space
of solutions to the CR Yamabe equation on the projective hyperquadric is a
representation of SU(p, q).

In Section 2, we collect some basic facts about CR geometry and the
Heisenberg group. In Section 3, we prove a transformation formula for the
CR Yamabe operator under CR transformations and so the kernel of CR Yam-
abe operator on a CR manifold M is a representation of the conformal CR
automorphism group of M. In Section 4, we find some solutions to the CR
Yamabe equations. In Section 5, we show SU(p,q) acting as conformal CR
transformations on the projective hyperquadric Qp’q and construct a represen-
tation of SU(p, q) on the kernel of CR Yamabe operator on it. Its connection
to the degenerate principal series representations is mentioned. Representation
of SU(p, q) on the Heisenberg group HP~1¢~1 is also considered.

The Heisenberg group HP~14~1 (or equivalently, the hypersurface Q;’q)
and its compactification, the projective hyperquadric _p’q, correspond to the
Euclidean space RP~14~! and its compactification SP~1 x S971, respectively.
Compared to the Yamabe operators on S?~! x S9~1 and on the Euclidean space,
the analysis of the CR Yamabe operators on the projective hyperquadric @p, q
and on the Heisenberg group is much more complicated. Unitarization and
other properties of these representations will be given in the second part.

For other rank-1 Lie groups Sp(1)Sp(n+1,1) and F; ?°, there exist quater-
nionic and octanionic CR geometries. For example, we have corresponding
Webster connections, corresponding conformal geometry, corresponding
Yamabe operators, etc. (cf. [2]). It is interesting to study the representa-
tion theories of Sp(1)Sp(n + 1,1) (more generally, of Sp(p,q)) and F;2° by
using corresponding conformal geometries.
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I would like to thank Professor Toshiyuki Kobayashi for his hospitality and
for valuable discussions. This work is supported by National Nature Science
Foundation in China.

2. Preliminaries on CR Geometry

We collect some basic facts about CR geometry and the Heisenberg group
in this section (cf. [11] and [17]).

Let M be areal (2n+1)-dimensional orientable C* manifold. A CR struc-
ture on M is an n-dimensional complex subbundle T4 oM of the complexified
tangent bundle CT'M satisfying Ty oM N Ty 1M = {0}, where Ty 1 M =T1 oM,
and the integrability condition: [Z1,Z2] € C*°(M,T1,0M) whenever Zy,Z; €
COO(M, TL()M). Set

(2.1) H = Re{Th oM & Ty M},
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the 2n-dimensional real horizontal subbundle of TM. H carries a complex
structure J : H — H satisfying J? = —idy and T1 o = ker(J — i - idcn),
To1 = ker(J + ¢ - idcy). When M is a codimension-1 submanifold of the
complex manifold W, M has an induced CR structure defined by

(2.2) Ty oM = CTM N Ty oW,

if dim(Ty oM ), =const. for each x € M, where T} oW is the holomorphic
tangential space of the complex manifold .

A mapping f : (My, Ty 0M;1) — (Ma, Ty o My) is called a Cauchy-Riemann
mapping (or a CR mapping ) if

(2.3) [iT10My C ThoMa,

where f, is the tangential mapping of f. If f is invertible, f and f~! are both
CR mappings, f is called a CR diffeomorphism.

Let E C T*M denote the 1-dimensional real line bundle H+. Namely, any
section of E annihilates H. Because we assume M to be orientable and the com-
plex structure J induces an orientation on H, E has a globally non-vanishing
section 6. A globally non-vanishing section 6 of E is called a pseudohermitian
structure on (M, Ty oM). We call the triple (M, Ty M, 0) a pseudohermitian
manifold. An 1-form 0 on M is called a contact form if OA(d@)™ is non-vanishing
on M. B ~ s

We say 0 is conformal to 6 if 6 = ¢@-26 for some positive smooth function
¢ on M, where Q = dim M + 1 is the homogeneous dimension of M. A CR
mapping between two pseudohermitian manifolds, f : (My,T1,0M1,61) —
(M3, Ty 9 Ms, 02), is called conformal if f*0s = qbﬁ 01 for some positive smooth
function ¢ on Mj.

If fis a CR diffeomorphism, then f,H; = Hsy, where H; and Hs are
real horizontal subbundles of T'M; and T Ms, respectively. Then, f*05 is a
globally non-vanishing section of E; = Hi if 5 is a globally non-vanishing
section of Fy = Hs . Note that F is 1-dimensional. Thus, given any globally
non-vanishing section #; of Fy, we have

(2.4) [ 02 = ¢ty

for some non-vanishing function ¢ on M;. So, a CR diffeomorphism f is con-
formal up to a sign and the CR geometry is the complex counterpart of the
conformal geometry.

We can define a Hermitian form on T} oM associated to a pseudohermitian
structure 6 by

(2.5) Lo(V,W) = —id0(V A W),
which is called the Levi form of €. This can also be written as

(2.6) Lo(V,W) =do(V A JW).
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In this form Lg(-,-) extends by complex linearity to a symmetric form on CH
which is real on H. If the Levi form has k positive eigenvalues and n—k negative
eigenvalues, (M,T1oM,0) is said to be strictly k-pseudoconvex. The inner
product Lgy(-, ) determines an isomorphism H* 2 H, which in turn determines
a dual form Lj(-,-) on H*. Lj(-,-) can be naturally extended to T*M. This
defines a norm |w|p on the space of real 1—forms w by

(2.7) wlf = Lj(w,w) =23 |w(Z;)I%,

=1
where 71, ..., Z, form an orthonormal basis for 77 oM with respect to the Levi
form Lg(-,-).

In [21], Webster showed that there exists a natural connection on the
bundle T} oM adapted to a pseudohermitian structure . For a pseudohermitian
structure 6 on a strictly k-pseudoconvex CR manifold (M, 17 oM, ), there is a
unique vector field T', which is transversal to H, defined by

(2.8) OT)=1, dO(TA-)=0.

Let 6% be an admissible coframe, i.e. (1,0)—forms §* form a basis for 77" such
that 0%(T) =0 for all & = 1,...,n. The integrability condition implies

(2.9) do = ig,;0° N O°

for some Hermitian matrix of functions (gaﬁ), which is nondegenerate and has
k positive eigenvalues and n — k negative eigenvalues if (M, T} oM, 0) is strictly
k-pseudoconvex. In this case, 6 is a contact form, i.e. 6 A (df)™ is nowhere
vanishing. Here and in the following, we will use the convention that sum over
repeated indices. Webster showed that there are uniquely determined 1-forms
w,® and 77 on M satisfying

doP =0 ANw,” +0 TP
(2.10) wog twg, =d9,5

Ta N =0,

where we use (g,7) to raise and lower indices, e.g. w,5 = w,”g. 5. Let

(2.11) Q" = dws”™ —wg” Aw, .

Webster showed that €25% could be written as

(212) Q5% = R 507 NO7 + W32 07 NO — W 07 N0 +ifg AT — iz A O

The Webster-Ricci tensor of (M, Ty M, 0) has components R5= RppaB'

The Webster scalar curvature is

(2.13) Ro = g¢*’R_-.
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The CR Yamabe problem is to find a contact form 0 = uﬁ&u > 0,
which is conformal to the given contact form 6, such that R; =constant. This
problem is considered by D. Jerison and L. Lee [11] for strictly pseudoconvex
CR manifolds and completely solved recently by N. Gamara and R. Yacoub [7],
8]

A pseudohermitian manifold (M, T} oM, #) has a natural volume form
(2.14) Yo = (—1)" %0 A (dO)™,

which is nowhere vanishing because M is strictly k-pseudoconvex. It induces
an L? inner product on functions

(2.15) (u,v)y = / uTYy,
M
and an L? inner product on sections of H*,

(2.16) (. = /N L (w, n)o.

For u € C*(M), we define a section dpu of H* by
(2.17) dpu = pr o du,

where pr : T*M — H* is the restriction map. We can define the SubLaplacian
[y associated to a strictly k-pseudoconvex contact form 6 by

1
(2.18) <|:|9u, ’U>.9 = §<dbu, dbv>9.

Since evidently, |0]g = 0, Lj(-,-) is degenerate on T*M and so the operator Oy
is a degenerate ultrahyperbolic operator. Let {W7,..., W, } be a local basis of
Ty oM dual to an admissible coframe {6}, i.e. 8%(Wp) = do3. Denote covari-
ant differentiations u, = Wau, ug = Wgu, U,z = WaWou — w, W(WE)WVU,
Uag = WgWau — w 7(I/Vg)I/Vgu, u, ¥ = uaBgWB, ua7 = uzpg”7, where (gaﬁ)
is the inverse of (g,73).

Proposition 2.1 (Proposition 4.10 in [17]).  Ifu € C3°(M), then,

(2.19) Oou = —u, & —ug .

Define a product on C**2 by

n+1 B
(2.20) (€ 8)pg = Z%‘ija‘v
=0
where n + 2 = p+ ¢, and
1, for j=0,1,...,p—1,

2.21 €=
( ) / {1, for j=p,...,p+q—1.
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We denote (¢,¢)p,q by ]2, for ¢ € C™*2. Similarly, we define a product on
C" by

n

(2.22) (z,W)p—1,g-1 = Z CaZalWe.

a=1

We also denote (2, 2)p—1,4-1 by |2[2_, ,_; for z € C™.

The simplest CR manifold is the Heisenberg group HP~14~1 whose un-
derlying manifold is CP*972 x R, with coordinates (z,t). Its multiplication is
given by

(2.23) (z,8) - (2, 1) = (z+ 2"t +t' + 2Im(2, 2" )p—1,4-1) -
It’s obvious that (z,t)~! = (=2, —t). On the Heisenberg group HP~1:9~1 there
are the following CR. transformations:
(1) dilations:
(2.24) 0a(z,t) = (az,azt), a > 0;
(2) left translations:
(2.25) T ¢ (2, 1) — (2,1) - (2, 1), (z,1), (2, ') e HP~1a~ 1,
(3) unitary transformations:
(2.26) Uy : (2,t) — (Az,t), AeU(p—1,q—1);

and the inversions. The vector fields

0 . _ 0
(2.27) Ta= o +icaFay
a =1,...,n, are left invariant vector fields on HP~1:¢='. The standard CR

structure on the Heisenberg group HP~ 14! is given by the subbundle

(2.28) Ty oHP~ 197 = spanc{Z1, ..., Zu}-

Let

(2.29) Oo-1a-1 = dt + Y _ iga(20dZ0 — Zadza)
a=1

be the standard contact form on HP~194~! which is also left invariant. Note
that Oyp—1.0-1 (Z4) = 0 for each a. Since 630pp—1.0-1 = A20gp-1.4-1,

(2.30) 0% (Ogr—1.a-1 A (dOgp—1,0-1)") = )\2n+2(9Hp—1,q—1 A (dOgp—1,a-1)",
which means the homogeneous dimension of HP~1:471 is

(2.31) Q=2(p+q—2)+2=2n+2.
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Since dfygp-1,4-1 = 2i Z 1 €adzq N dZq, we can choose {0* = dz®} as an
admissible coframe (7' = 2), and s0 (9,5) = (2¢adap). Then, {Z,}, defined
by (2.27), is a dual frame since %(Zg) = dqop3. Then, by the formula for the
SubLaplacian in Proposition 2.1,

1 p—1 . . 1 p+q—2 . .
(232) Doy =5 ;(Zaza +ZaZa) + 5 ;p (ZaZia + ZaZs).

Let us consider a real hypersurface @), , in C"*t! defined by equation

(2.33) Imzo = |2[7_1 41, zeC", 2z €C,

which is the boundary of the Siegel upper half space
(2.34) S ={(20,2) € C x C™; Imzo>|z\p 1q— 1}
The Cayley transformation C is defined by

—1 2
(2.35) wo=2"2 gy, = L
2o+ 1 2o+ 1

which transforms the hypersurface @, , into the hyperquadric @, 4,

(2.36) Qp.qg = {w— (wo, w');wy € C,w’ € C™, |wo|* + |w|p lgo1= 1}

Now introduce homogeneous coordinates (;, j = 0,...,n + 1. By equations
_ G C_
(2.37) Zj = =, i=0,...,n,
CnJrl

C"*1 is embedded as an open subset of the complex projective space CP™?

of dimension n + 1. In the homogeneous coordinates, ) 4 is embedded as an
open subset of the projective hyperquadric

(2.38) Qpg = 1¢=(Cos -1 Gupr) € CPMHL (P =0}

Projective hyperquadric @pyq is the compactification of @, 4 in CP"!. The
hypersurface @}, , and the projective hyperquadric @p’q have induced CR struc-

tures by (2.2) from complex manifolds C"*!and CP" !, respectively.
In C"*2, let

={C € C"[(¢,)pg = 0},

2.39
(2:39) V_:{gecn+2|(g,<p,q<o}.

Let m: C"*2\ {0} — CP""! be the canonical projection onto the complex
projective space. Then, Hg“ = w(V_) is the complex hyperbolic space and
the group U(p, q) is a subgroup of GL(n + 2, C) whose elements preserving the
Hermitian form (-,-), 4 defined by (2.20). The action of U(p, ¢) on V_ induces
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an action on HE™ with kernel isomorphic to S. Set PU(p, ) = U(p, ¢) /kernel.
SU(p, q) is the group of unimodular transformations preserving the Hermitian
form (2.20). Its center K consists of n + 2 transformations:

(2.40) G—mn¢, n"P=1,  j=0,....n+1

Then SU(p, q)/ K acts on 7(Vy) = Q, , effectively and PU(p, q) = SU(p, q)/ K.
It is well known that Autcrm(Vy) = PU(p, q) [5].

3. Representations realized as conformal CR diffeomorphisms

The transformation formula for the Webster scalar curvatures under con-
formal changes of pseudohermitian structures is proved by L. Lee in Proposition
5.15 in [17] for any nondegenerate pseudohermitian structure.

Proposition 3.1 ( Proposition 5.15 in [17]).  Let (M,Tio0M,0) be a
pseudohermitian manifold with dim M = 2n+1. The Webster scalar curvature
Ry associated with the pseudohermitian structure 0 = e2f0 is

(3.1) R;=e 1 (Rg+2(n+ 1)0of — dn(n +1) fo f*).

Let @ = 2n+2. If we take f = ﬁ log u for u > 0 in the above proposition,
we can write the transformation formula in the following form.

Corollary 3.1.  Let (M, Ty oM,0) be a pseudohermitian manifold with
dim M = 2n+1. The Webster scalar curvature Ry associated with the pseudo-
hermitian structure 6 = u@=20 satisfies
(3.2) b,Ogu + Rou = Rgu%,
where b, = 2 + %

Proof. By the definitions of covariant differentiations, we have that

a

(33) fa=zl2,  pe= L

and

(3.4) Oof = ! (l (ug “+ug¥) — % (uqu® +uaua)> ,
n \u u

by the formula for the SubLaplacian in Proposition 2.1. Substituting (3.3) and

(3.4) into (3.1) and noting that

(3.5) ugu® = gagu’gua = uﬁUg = uqu®

by using (gag) to raise and lower indices, the result follows. O
The following is a transformation formula for the SubLaplacians under

a conformal CR transformation. See [18] for the corresponding transforma-

tion formula for Laplacian under a conformal transformation in the pseudo-
Riemannian case.
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Proposition 3.2.  Let (M1, T1 oM1) and (Ma,T1,0M2) be two CR man-
ifolds with strictly k-psedoconver pseudohermitian structure 61 and 02, respec-
tively. Suppose ® : (M, Th gM1) — (M, T1,0Ms) is a CR diffeomorphism

with ®*05 = uﬁ 01 for some positive smooth function uw on My. Then
* M * *

(36) Del(u'q) f)—uQ*Z(I) (D92f):|:|91u'¢) f7

for any smooth real function f on Ms.

Proof. For real 1-forms wy and wq, we have the symmetry Lj(wi,ws) =
L} (wg, wi) and so (wi,wa)g = (wa,wi)g by the definition of inner product
(2.16). Note that
(3.7)
2 (g, (u® ), 9)0, = (dp(u®” f), dbg)y,
= <dbu7 (I)*f ' dbg>91 + <db(q)*f)a Udbg>91
= (dvu, dp (" f - 9))g, — (dou; dp (D" f) - 9))g, + (do(P"f), udsg)y,
= 2 <|:|91u7 (I)*f ! g>91 + <db(¢)*f)7Udbg - gdbu>91 9

for any smooth real function g on M;. Let us calculate the second term in the
right side of (3.7). Since

(3.8) O (dha) = d(D*02) = uT2 df)y + —— QUﬁ—ldu A6y,
we find that
(3.9)

4(n+1) 2Q

O g, = (—1)" TR0 (2 A (db)") = (—1)" " FuT=2 01 A (dB)" = ue=2

by 61 A du A 01 = 0. Consequently,

(3.10) (@ f1. 0" o)y, = ((wo @) T fi, o)

2

for two smooth functions f; and fa on Ms.
Since @ is a CR diffeomorphism, we have ®,H, = H,, where H; and Hy
are real horizontal subbundles of T'M; and T'Ms, respectively. Dually, we have

(3.11) " o pry = pry o 7,

where pr; is the restriction mapping 7"M; — H7, j = 1,2, and so
(3.12)  dp(®*u) = pri(d(®*u)) = pri(®*(du)) = ®*(pra(du)) = ©*(dpu).
By using (3.8), we have

Lo, (D,V, 8, W) = —idfs (. V A W) = —i®*(d6)(V A W)

(3.13) ) _ \ _
= —iu?-2do1 (VA W)=ue-2Ly (V,IW)
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for any V,W € Ty oM;. Consequently, Lg, (P.V1, ®.V2) = ua-z Ly, (V1,Vs) for
any Vi, V5 € Hy, the real horizontal subspace of T'M;. Dually, we get

(3.14) Lj, (" (1), 9 (w2)) (x) = u @ L, (w1, w2) (B(x)),

for wy,ws € Hy and any x € M;. Now by using the pull back properties (3.9),
(3.10), (3.12) and (3.14), we find that

(dp(®* f), udpg — gdpu),,

- / L, (®° (dyf), udsg — gdyu) (x) o, (z)

1

= [ g, (0. (07 (udag — g (2(2)) (@) (0
My
1) = [ o) LG, (df.(87) (g — gdi) v

_ <dbf, d ((cb—l)* (u—lg))>
2

02

Equation (3.6) follows from (3.7) and (3.15). The proposition is proved. O
Now define the CR Yamabe operator to be
(3.16) 0o = by + Ry,

where b, = 2 + %, Ry is the Webster scalar curvature (2.13). This operator in
the positive-definite case has already appeared in the work [19] of N. Stanton.
The transformation formula for the CR Yamabe operator is a consequence of
Corollary 3.1 and Proposition 3.2 as follows.

Proposition 3.3. Under the same assumption as in Proposition 3.2,
we have that

(3.17) By, (- f) = w07 (5, 1),
for any smooth function f on Ms.

Suppose (M, Ty oMi,61) and (Ma, Ty 0Mos,02) are two pseudohermitian
manifolds of homogeneous dimension . Let conformal CR mapping ¢ :
(Ml, Tl,OMla 91) — (MQ, TL()MQ, 92) be a local diffeomorphism such that

(3.18) P 0y = Q%0
for some positive function 2 on M;. We can define twisted pull back

(3.19) % 1 C°(My) — C(My), fr— QN f),
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and write the twisted pull back for A = % as O* = DG,

Let G be a Lie group acting as conformal CR diffeorznorphisms on a pseu-
dohermitian manifold (M,ThoM,0). We write the action of h € G as Ly, :
(M, ThoM,0) — (M, Ty oM, 0), © — Lpz. There exists a positive valued
function Q(h,z) for h € G and x € M such that

(3.20) L0 = Q(h,-)?0.
We have the cocycle formula for Q(-,-).
Proposition 3.4.  For hi,hy € G and x € M, we have
(3.21) Q(hiha, ) = Q(hy, Lp,x)Q(he, ).
Proof. By the definition of ), we have

(3.22)
Q(htha )29 = Lzlhﬁ = 22 210 = LZQ (Q(hla )29) = Q(hQa ')2Q(h1a Lhz')29'

The proposition follows. |

Now for A € C, we can define a representation w, of the group G on
C>*(M) as follows. For h € G, f € C*°(M) and x € M, let

(3.23) (@a(h™1)f) (2) = Q(h,2)* f(Lna).

Proposition 3.4 assures that wy(hihs) = wx(h1)wa(hs), i.e., w) is a represen-
tation of G. By Proposition 3.3, we have

Q+2 Q

(3.24) 0% o (ﬁgf) -0, (Q 52<I>*f).

for a conformal CR diffeomorphism @ : (M,Ty oM,0) — (M,T1 oM, 8) and
any smooth function f on M. Thus, ﬁgf = 0 if and only if O (Q% @*f) =0.

In summary, we have the following theorem.

Theorem 3.1.  Suppose G is a Lie group acting as conformal CR dif-
feomorphisms on a pseudohermitian manifold (M, Ty 0M,0) of homogeneous
dimension Q. Then, B

(1) the CR Yamabe operator Oy is an intertwining operator from wa2 to
wWe+2 .

2
(2) The kernel ker Oy is a subrepresentation of G through we-2.
2

We can obtain the functoriality of our representations as in the pseudo-
Riemannian case in Proposition 2.6 in [13]. We omit the details.
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4. The CR Yamabe operator on the hypersurface @}, ,

Let £ — € denote the canonical projection of Cn+2 \ {0} into the complex
projective space CP"1. It is easy to see that the transformation

(41) I(Z05217"'7Zn):(ZO_Z7ZazO+Z> )

2 2

maps the hypersurface @}, , defined by (2.33) into the projective hyperquadric

Q, 4 (2.38). Define a 1-form

(4.2) o — 3520 e iﬁ_jfifj — &;d¢;)
> =0 1§17

on C"T2\ {¢ € C""2; ¢y = --- = §,_1 = 0}. Since this form is invariant under
the homogeneous transformation (o, ...,&+1) — (¢&o, ..., c&ny1) for ¢ € C,
it induces a 1-form on an open set CP"*1\ {¢ € CP"" ¢y = ... = ¢, | =
0}. So it induces a 1-form on the projective hyperquadric @pyq in (2.38) since
@pyq Nn{¢ e CP" g = = &p—1 = 0} = 0. This is actually a contact form
on Gp’q (see Remark 5.1). We denote it by 951) p The hyperquadric @, , in

)

(2.36) has a contact form

n
(4.3) 0g,, =Y ita(2adZa — Zadza),
a=0
(here we use variables z, instead of wq, @ =0,...,n, in the definition of @, 4

in (2.36)) and the hypersurface @, , in (2.33) has a contact form

n

. o 1,
(4.4) GQL,q = Z i€ (2adZo — Zadza) + §(dzo + dz).

a=1
Contact forms (4.3) and (4.4) are actually
(4.5) i(@—9)r

for corresponding defining functions r of @, , and @, ,, respectively. Let

To,1Qp,q and To1Q,, , be the induced CR structures, i.e., To1Qp,q = To1C" N
CTQpq: T01Q,, = To,CP"T ' NCTQ, .

Proposition 4.1.

1
(4.6) I'eg = : b,
P Ao =P+ S P

on the hypersurface Q, .
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Proof. This can be checked by simple calculation. O
The vector fields
0 0
4.7 Za = a 21 aco )
(4.7) o + 2ienZ, o7
a = 1,...,n, are complex tangential vectors of hyperquadric @), , in (2.33),

namely, Z r =0, where r = Imzy — |z\p 1,4—1, the defining functlon of hyper-
surface @, ;. They span T1,0(Q;, ;) (note that 71,0(Q;, ;) C kerfg, ).

Note that diq, = =Y 2ieqdzg N dZ,, ie., (9a5) = (2€a0ap). We can
choose an admissible Coframe 0“ = dz,. It is easy to see the corresponding
1-forms w,” = 0 and 77 = 0. So @}, , has vanishing curvature. Then, {Z,},
defined by (4.7), is a dual frame since 0%(Zg) = d3. Hence,

1= 1 _
(4.8) Oog, , =75 (ZoaZo + ZoZs) + 5 Z (ZoaZio + ZaZs),

a=1 a=p
by the formula for the SubLaplacian in Proposition 2.1.

Proposition 4.2.  Let Sy = Z;L:& a;jlé;|? with a; =e; or 0, but ag = 1
and ap4+1 = 0. Then the function

(4.9) S(z0,2) = So (ZO I Z)

3 z?
2 2
on hypersurface Q), , satisfies where it is positive

n

~ _e—2 n+l _Q+2
(4.10) DQQ;)JIS 4 = 5 ZQajEj—’I’L S 4,

where Q = 2n + 2.

Proof. Direct manipulation gives

- n 1
(4.11) 7,875 = —gs—rl (52'5]-2]-(20 +1) +ajzj> :
7j = dlEJ — 22'5]‘2’]‘% and
(4.12)
— _ Q-2 n _n_q 1. o 1 2
Z;7;5 1 2—55 2 §z€jz0—§€j+aj+|zj\

n/ n _n_of1. _ _ _ 1. ,
-3 (—5 — 1) S22 (§z€jzj(zo +1i)+ aij) <_§7/Eij(ZO —1i) + aij>
N _n 1. 1
:—55_5_1 (525]20 25] +aj+|zj| )

n/n _n_o (1 )
t3 <* + 1) S22 <4zj|2|zo —il?+ a?|zj|2 —ajejlzi? + aj5j|zj|21mzo> .
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Since aje; = a? for each j by the definition of a;, the bracket in the second
sum in the right hand side of (4.12) is §|z;|?|z0 — i|* 4 a;e;]2;]?]22_, ,_1 by
the defining equation of @}, , and

n

1 .
(4.13) Zaj <Z|Zj|2|20 - Z|2 + aj5j3j|2|2127—1,q—1) = |Z|12)—1,q—1S(ZOaz)7

Jj=1

by the definitions of S and |z|p 1,g—1- Thus, by multiplying ¢; in both sides of
(4.12), summing over j and adding its conjugate, we find that

(4.14) ZEJ ZiZ;+ Z;Z; )S 22(1]5] —n|STEY
j=1
which is equivalent to (4.10) by (4.8) and ‘ng, =bylg,, - O

If we choose a; so that Z?Zl 2a;e; = n, then S=% is a solution of the
CR Yamabe equation on hypersurface @, ,

Corollary 4.1.  The scalar curvature of the projective quadric aznq with

contact form HQM 18 "—H(p q)-

Proof. Since R(;Q, = 0, we have R.g_ — 592 ﬁgQ, S—47 with

p,q P q
ap=-=ap_1=1,ap, = = aps1 = 0 by the transformatlon formula (3.2)
and the conformal relation in Proposmon 4.1. Then the result follows from
Proposition 4.2. ]

See [18] for the corresponding proposition in the Euclidean case.

5. Representations on the projective hyperquadric @p)q

Define open subsets of CP™ !

(51) Oj - {52 (€0a7§n+1) € CPn+1a§7 #0}7

j=0,....,n+1 Then {Oq,...,0n,11} is a covering of CP"*!. Define a
diffeomorphism

(52) Ij . Oj e CnJrl,
given by
(5.3) £—z=(21,---,2n), 2 =&/&;, 1=0,...,5—1,j+1,...,n+1.

Then, I, maps @pﬁq N Op41 to @p,q isomorphically. The inverse Ij_1 of I;
provides the embedding

(54) Ij_l : Cn+1 — CP“+1, Z = (ZQ,...,Zj_l,l,Zj+1,...,Zn+1).
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Thus, under the identification In+1, SU(p, q) acts on C™*! and so on the hy-
perquadric Q4 as

(5.5) g(z)z( 900 9(z1n )

g(zvl)n-l-l g(Z,l)n+1

for g € SU(p, ¢) and z € @y, 4, where we denote by g(z,1); the j-th component
of g(z,1) € C"2. Let us calculate the conformal factors of elements of SU(p, q)
acting on the hyperquadric @, ,. We have calculated the conformal factors of
elements of SU(n + 1,1) acting on the unit sphere S2"*+1 in [20].

Proposition 5.1.  For g € SU(p,q) and z € Q. 4, we have

(5.6) 9"0q, ,(2) = meczp,q(z)~

Proof. Note that

(5.7) dg(z) = < 9(dz,0);  g(z,1);9(dz, 0)n+1,m>’

9(2, 1)nt1 g(Z 1)n+1

by the linearity of g. We have, for z € @4,

(5.8)
: legdZO g;lg(z,1);*9(dz, 0)pn11
gjg(z = )
jgo Al Z K Jnt1l? Z 19(2, 1)nt179(Z, Dnga
Z (2,1),;9(dz,0);
= (2 Dpga|?
by

n
(5.9) > eilg(z, 1) = 1g9(z, Dnga Z:€JIZJ|2 =
§j=0

for z € Qp,4 and g € SU(p, ¢), which preserves the Hermitian product (2.20).
By differentiation the first equation in (5.9), which holds for any z € C"*!
with respect to z, we get

(5.10) Zejg(z, 1);9(dz,0); — 9(2,1)n4+1G(dZ, 0) 11 = Zejzjdz]
j=0
Then,

n —
> j=0Ej%idZ;

(5.11) ;gﬂ'g(z) 7996); = Ty D P
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. ollows from the definition o m (4.3). 1s complete the proof o
5.6) foll f he definiti fog,, in (4.3). Thi 1 h f of
the proposition. O

Define the light cone to be

(5.12) 2= {£e C"% ¢l = 01\ {0},

and
p—1 p+q—1

(5.13)  Ti=QEeCEY |GP= Y G =1, =8P x g2
Jj=0 Jj=p

The multiplicative group R acts on Z as a dilation and the quotient space
2/R7 is identified with X. By definition, 2/C* ~ X/S' ~ Q,, .. Because the
action of SU(p, ¢) on C"*2 commutes with that of C*, we can define the action
of SU(p, ¢) on the quotient space =Z/C*, and also on @, , through the above
diffeomorphism. This action will be denoted by

(5.14) Ly:Qpq — Qpg & Li&,

for h € SU(p,q),€ € Gp’q.
For a € C, denote by S*(Z) the space of smooth function on = homoge-

neous of degree a, i.e.

(5.15) SUE) ={f € CT(E); f(tg) =t (), £ € E;t e RY}.

A character ¢ of C* has the form

t m
(5.16) vo =1 (5)
for some a € C*, m € Z, which can be formally written as

(5.17) b(t) = P (t) = t°F,

with a4+ 3 = a and a — f = m. We see that a pair («, 3) can occur if and only
if & — 3 is an integer. For such a pair, we define S*#(Z) C S%(Z) to be the
P eigenspace for C*. Then, we have a decomposition

(5.18) sU == Y S*E).

a+p=a,
a—[BEZ

Let v : 2 — R4 be defined by

-

2 pt+q—1

(5.19) v(©) = [DIGP] =1 D I
§=0

N

J=p
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Proposition 5.2.  For g € SU(p,q) and £ € @WP we have

(5.20) 0'tg, (O = 7t (€

if we require the coordinates of £ satisfying Z?;é €12 =

Proof. Note that
n+1
(5.21) Q0=UJ (0;n
Jj=p

We only show (5.20) for £ € On11N@Q,,. For £ € 0;NQ,, j =p,-..,n,
(5.20) follows just by the permutation of coordinates z; <> z,41.
By the deﬁnitions of 65 in (4.2) and 0, , in (4.3) and the definition of

the embedding I}, in (5.4), we find that I, )}, (Qpq) = Ons1NQ,, and

(5.22) (k) 0g, ) () = > :

00 (2)

for z € Qp 4. By the formula for g*fq, , in Proposition 5.1 and the definition
of group SU(p, ¢) acting on @, 4 in (5.5), we have

1 1 1
0q,, | (2) = : 0q,.,(2)
(z 5P ) Zy—llﬂQ 19(zs Dt P 7
"

=0 |g(2,1)n+1
1
(5.23) = i 300,.(2)
S o lg(z1)507
Sl 6g,,(2)

= -1 2 —1 :
Z?:o l9(2,1)] Z?:o |251?

Consequently, by substituting z; = &;/§n+1 = Int1(§),

>E o 1612
(5.24) 905 (&) =05 (9),
Y0 lg(€)*
for £ € Onq1. Now (5.20) follows from this equation. The proposition is
proved. ]

Remark 5.1.  (5.22) implies 05 (£) being a contact form for { €

Ont1 N Q,, since g, is a contact form on Q4. This is because fg, , A
(dfg, )™ is non-vanishing on Q, 4 by dfq, , = >\ _ 2ieqdzq AdZa by the def-
inition of g, , in (4.3). Similar formulae show 05 () being a contact form

for £ € 0;N @p,q’ j=mp,...,n. Therefore, BQM is a contact form on prq.
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A
2

Proposition 5.3. S~ _%(E) is isomorphic to (wA,COO (§p7q)) as

U(p, q) modules.
Proof. For f e S~22(2), g€ U(p,q)and £ € Q,,, With Zf;é 112 =1,

9(§)
v(g(€))

since (g, €) = v(g(¢))~* by (5.20), where 37

(5.25) f(9()) = (u<g<5>> ) = U(g(€) P F(Lg€) = (w2 (97Y) 1) (€,

9(8);

seen| =1 -

Define the representation (cw?:?, VP:?) to be (wu,ker ﬁga )
2 p,q

Let us identify S%#(Z) with degenerate principal series representations
in the standard notations (cf. [6]). Let G = U(p,q) and let K be maximal
compact subgroup U(p — 1) x U(g — 1) of G and let H = U(1) x U(p — 1, ¢).
Let

00 1
(5.26) L=|0 0, 0|,
10 0

where O, is the zero matrix of size n. Let A denote the group of matrix
a; = exp(tL), t € R, and let M be its centralizer in H. The Lie algebra g of
G can be decomposed into a direct sum 252_2 g;, where g; are eigenspaces
of the operator adL : adL|g, = j -id. Denote by N = expn, where n is the
nilpotent subalgebra n = g; + go, generated by positive roots. Then,

(5.27) PR = MAN
is a maximal parabolic subgroup of G. Let x;, [ = 0,1,..., be the one-
dimensional representation of the group M given by
e 0 0 _
(5.28) 0 v 0 — e 0,
0 0 ¢

with v € U(p — 1,¢ — 1), 8 € R. We define F to be the C* or D’ valued
degenerate principal series by

(5.29)
F —IndGmax (X1 ® Cx) = {f € F(G); f(gmasn) = xi(m~ e~ A f(g)},

where p=p+q— 1.

Let My be the subgroup of M, consisting of the matrices as in (5.28) but
with @ = 0. Then, G/MyN can be identified with the light cone =. We have
an isomorphism of G—modules

(5.30) F = TndSma (i ® Cy) ~ S~ 5775 (5),
Since (w9, VP9) is a subrepresentation of St - () by Proposition
5.3 and % = p%l, we have
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Corollary 5.1. (w9, VP) is a subrepresentation of S’_P%l’_pT_l(E),

or equivalently, of C* — IndGmax (xo ® C_1)
Now consider representations on the Heisenberg group HP~%4-1,

Lemma 5.1. Under the Cayley transformation C (2.35), we have

. 4
(531) C anrq (Z) = meQ;ﬁ (Z)
forzeQ,,
Proof. Direct calculation gives

W duw. — 4z dzg, B 4| zq |2d2o

(5.32) TN oot fzo+il (20 +1)
' _ 2Z‘(EO + Z)dZQ
’wod’wo =

|20 + |2 (20 +4)’

by the Cayley transformation (2.35). Noting that >0 | ea|zal? = 2 (20 — Zo),
and summing (5.32) over «, we find that

Z 10 (WadWy, — Wedwy,)

(5.33) =0 .
4 , . 1
— m <o; i€a(2adZ0 — Zadza) + §(dz0 + dEo)> ,
by direct calculation, which is exactly (5.31). (]

We can identify HP~19~1 with the hypersurface Q)4 by the map

(5.34)
n
7P La-! _>Qp’q, (2150 vy 2n,t) — <t+i25a|2a2,217~-~,2n>-
a=1

Denote ¢t = C o : HP~1471 — @, .. where C is the Cayley transformation
(2.35). We can calculate the conformal factor €2 (g, z; Hp_l’q_l), defined by

(5.35) g Omp—1.4-1(2) = Q (g, z;]HIp_l’q_l)2 Op—1.a-1(2),

by using Lemma 5.1 and Proposition 5.1. We omit the details.
Since HP~1:4~! is flat, i.e. it has vanishing curvature, its CR Yamabe
operator is

(5.36) Oy = Z (X2 +Y2),

HP—1,9—1
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where

0 0
20404_7 Ya:—_Qaa_7
Tl T

5.37 X, =
( ) * 7 Oxg
Zo = To + o, @« = 1,...,n. Then, Z, = %(Xa + 4Y,,) for each a. Since
group SU(p, q) acts on HP~14~1 as “meromorphic” CR transformations (the
inversions are not continuous), we obtain a ‘representaion’ with parameter A €

C
(538 wamorei () () = QB (L),

C°°(HP~1971) is not a real representation since it is unstable under the action
@y mr-1.a-1 (¢71). The maximal parabolic subgroup is

(5:30) P = AmNNTR = (R x SU(p— 1, — 1))« B b,

When restricted to its maximal parabolic subgroup P™ax  the representation
has a simple form as follows

(@) f)(2) = a*f(3,'2),  a€Ry,
(5.40) (@A (Ua)f)(z) = f(U3"'2),  A€SU(p—1,q-1),

(@ () )(2) = f(rp'2),  weHPThL
Remark 5.2.  When Xo = 50 +2Xa¥a by, Ya = 50 — 2Xalay; with
Ao > 0 for each o, the Green function of the “wave operator” Zi;ll(Xg +
Y2) = > (X2 +Y7) has been constructed by T. Godoy and L. Saal in [9]
and also by D.-C. Chang and J. Tie in [4]. Their method can be applied to our
SubLaplacian Og, (5.36)—(5.37) with small modifications.
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