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SOME RESULTS ON COMPACT ALMOST RICCI SOLITONS
WITH NULL COTTON TENSOR

A. BARROS AND I. EVANGELISTA

Abstract. The aim of this paper is to prove that a compact al-
most Ricci soliton with null Cotton tensor is isometric to a stan-
dard sphere provided one of the following conditions associated

to the Schouten tensor holds: the second symmetric function is

constant and positive; two consecutive symmetric functions are

non null multiple or some symmetric function is constant and the
quoted tensor is positive.

1. Introduction

The concept of almost Ricci soliton was introduced by Pigola et al. in [15],
where essentially they modified the definition of a Ricci soliton by permitting
to the parameter λ to be a variable function. More precisely, we say that
a Riemannian manifold (Mn, g) is an almost Ricci soliton if there exist a
complete vector field X and a smooth soliton function λ :Mn →R satisfying

(1.1) Ric+
1

2
LXg = λg,

where Ric and L stand for the Ricci curvature tensor and the Lie derivative,
respectively. We shall refer to this equation as the fundamental equation of
an almost Ricci soliton (Mn, g,X,λ). We say that an almost Ricci soliton is
shrinking, steady or expanding provided λ > 0, λ = 0 or λ < 0, respectively,
otherwise we say that it is indefinite. When X =∇f for some smooth function
f onMn, we say that it is a gradient almost Ricci soliton. In this case, identity
(1.1) becomes

(1.2) Ric+∇2f = λg,
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where ∇2f stands for the Hessian of f . Further, an almost Ricci soliton is
trivial provided X is a Killing vector field, otherwise it will be called a non-
trivial almost Ricci soliton. We point out that when X is a Killing vector
field and n≥ 3, we have that M is an Einstein manifold since Schur’s lemma
ensures that λ is constant.

We highlight that Ricci solitons also correspond to self-similar solutions of
Hamilton’s Ricci flow, for more details about Ricci soliton see, for example,
[8]. In this perspective, Brozos-Vázquez, Garćıa-Ŕıo and Valle-Regueiro [6]
observed that some proper gradient Ricci almost solitons correspond to self-
similar solutions of the Ricci–Bourguignon flow, which is a geometric flow
given by

∂

∂t
g(t) =−2

(
Ric(t)− kR(t)g(t)

)
,

where k ∈R and R stands for the scalar curvature. This flow can be seen as
an interpolation between the flows of Ricci and Yamabe. For more details on
Ricci–Bourguignon flow, we recommend [9].

It is important to emphasize that the round sphere does not admit a (non-
trivial) Ricci soliton structure. However, Barros and Ribeiro Jr [3] showed an
explicit example of an almost Ricci soliton on the standard sphere. For this
reason, it is interesting to know if, in the compact case, this is the unique ex-
ample with non-constant soliton function λ. In this sense, Barros and Ribeiro
Jr [3] proved that a compact gradient almost Ricci soliton with constant scalar
curvature must be isometric to a standard sphere. Afterward, Barros, Batista
and Ribeiro Jr [2] proved that every compact almost Ricci soliton with con-
stant scalar curvature is gradient. In [5], Costa, Brasil and Ribeiro Jr showed
that under a suitable integral condition, a 4-dimensional compact almost Ricci
soliton is isometric to the standard sphere S

4. While Ghosh [10] was able to
prove that if a compact K-contact metric is a gradient almost Ricci soliton,
then it is isometric to a unit sphere. We recall that Barros, Batista and
Ribeiro Jr [1] proved that under a suitable integral condition a locally confor-
mally flat compact almost Ricci soliton is isometric to a standard sphere S

n.
For more details see, for instance, [2], [1], [10], [13] and [16].

When M is a compact manifold the Hodge-de Rham decomposition theo-
rem (see for instance [17]) asserts that X can be decomposed as a sum of a
gradient of a function h and a divergence-free vector field Y , that is,

X =∇h+ Y,

where divY = 0. From now on, we consider h the function given by this
decomposition.

Henceforth, we denote by Mn, n≥ 3, a compact connected oriented mani-
fold without boundary. Now we remember some basic facts about symmetric
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functions. Let A be the Schouten tensor and σk(A) be the symmetric func-
tions associated to A defined as follows

det(I + tA) =
n∑

k=0

σk(A)tk.

Since A is symmetric, then
(
n
k

)
Sk(A) = σk(A) coincides with the kth elemen-

tary symmetric polynomial of the eigenvalues λi(A) of A, that is,

(1.3) σk(A) = σ
(
λ1(A), . . . , λn(A)

)
=

∑
i1<···<ik

λi1(A) · · ·λik(A),

for more details about symmetric functions see, for instance, [12]. It should
be emphasized that the assumption of constant scalar curvature is equivalent
to require that the trace of the Schouten tensor is constant. Indeed, if we
denote by A the Schouten tensor, then trA = 1

2
n−2
(n−1)R, where R stands for

the scalar curvature of M . Since nS1(A) = trA, this is in turn equivalent
to require that the first symmetric function of A is constant. Inspired by
the historical development on the study of compact almost Ricci soliton. In
this paper, we investigate which geometric implication has the assumption
that the second symmetric function S2 associated to the Schouten tensor is
constant and positive on a compact almost Ricci soliton. More precisely, we
have the following result.

Theorem 1. Let (Mn, g,X,λ) be a non-trivial compact oriented almost
Ricci soliton such that the Cotton tensor is identically zero. Then, Mn is
isometric to a standard sphere S

n provided that one of the next condition is
satisfied:

(1) S2(A) is constant and positive.
(2) Sk(A) is nowhere zero on M and Sk+1(A) = cSk(A), where c ∈ R\{0},

for some k = 1, . . . , n− 1.
(3) Ric≥ R

n g, with R> 0, and
∫
M

Sk(A)Δh≥ 0 for some 2≤ k ≤ n− 1.
(4) Sk(A) is constant for some k = 2, . . . , n− 1, and A> 0.

We highlight that the symmetric functions associated to the Schouten ten-
sor were used by Hu, Li and Simon [12] to study locally conformally flat
manifolds. By assuming that the Weyl tensor vanishes, then the conclusion
of item (4) in Theorem 1 follows directly from Theorem 1 obtained in [12]. In
this direction, we point out that item (1) and item (4) of Theorem 1 improve
Theorem 1 in [12] for compact almost Ricci solitons under the hypothesis of
Cotton tensor identically zero.

The paper is organized as follows: in Section 2, we present some basic nota-
tions and definitions; Section 2.2 is devoted to define Newton transformations
associated to a symmetric (0,2) tensor and to compute the divergence of such
transformations whereas in Section 2.3 we establish some integral formulae
for compact oriented almost Ricci soliton associated to the Schouten tensor.
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Finally, in Section 3, we prove our main result as an application of the integral
formulae obtained in the previous section.

2. Preliminaries

2.1. Notations. Let (Mn, g) be a smooth, n-dimensional Riemannian mani-
fold with metric g. We denote by Rm(X,Y )Z the Riemann curvature operator
defined as follows

Rm(X,Y )Z =∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z,

and we also denote by Ric(X,Y ) = tr(Z →Rm(Z,X)Y ) the Ricci tensor, and
R= tr(Ric) the scalar curvature. We have the well-known formula

(2.1) (divRm)(X,Y,Z) =∇X Ric(Y,Z)−∇Y Ric(X,Z).

Let A=Ric− R
2(n−1)g denote the Schouten tensor, which is a (0,2) symmetric

tensor. The Weyl tensor is given by

(2.2) Rm=W +
1

n− 2
(A� g),

where �means the Kulkarni–Nomizu product defined by the following formula

(2.3) (α� β)ijkl = αilβjk + αjkβil − αikβjl − αjlβik,

where α,β are (0,2) tensor. Finally we define the Cotton tensor as follows

(2.4) Cijk =∇iAjk −∇jAik.

It is well known that

(2.5) ∇lWijkl =
n− 3

n− 2
Cijk.

From identities (2.4) and (2.5), we see that for n≥ 4 if the Weyl tensor van-
ishes, then the Cotton tensor also vanishes. We also see that when n= 3 the
Weyl tensor always vanishes, but the Cotton tensor does not vanish in general.
We say that a manifold has harmonic Weyl tensor provided that divW = 0,
where div means the divergence of the tensor. By (2.5) we also have that for
n≥ 4, the Cotton tensor is identically zero if and only if the Weyl tensor is
harmonic.

2.2. Newton transformations. Let T be a symmetric (0,2) tensor and
σk(T ) be the symmetric functions associated to T defined as follows

det(I + sT ) =

n∑
k=0

σk(T )s
k,
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where σ0 = 1. Since T is symmetric, then
(
n
k

)
Sk(T ) = σk(T ) coincides with

the kth elementary symmetric polynomial of the eigenvalues λi(T ) of T , that
is,

(2.6) σk(T ) = σ
(
λ1(T ), . . . , λn(T )

)
=

∑
i1<···<ik

λi1(T ) · · ·λik(T ), 1≤ k ≤ n.

For simplicity, we do not distinguish between the (0,2) tensor T and the op-

erator T̃ :X(M)→X(M), that is a (1,1) tensor, such that T (X,Y ) = 〈T̃X,Y 〉.
Introduce the Newton transformations Pk(T ) : X(M)→ X(M), arising from
the operator T , by the following inductive law

(2.7) P0(T ) = I, Pk(T ) =

(
n

k

)
Sk(T )I − TPk−1(T ), 1≤ k ≤ n

or, equivalently,

Pk(T ) =

(
n

k

)
Sk(T )I −

(
n

k− 1

)
Sk−1(T )T + · · ·

+ (−1)k−1

(
n

1

)
S1(T )T

k−1 + (−1)kT k.

Using the Cayley–Hamilton theorem, we get Pn(T ) = 0.
Note that Pk(T ) is a self-adjoint operator that commutes with T for any k.

Furthermore, if {e1, . . . , en} is an orthonormal frame on TpM diagonalizing
T , then

(2.8)
(
Pk(T )

)
p
(ei) = μi,k(T )pei,

where

μi,k(T ) =
∑

i1<···<ik,ij �=i

λi1(T ) · · ·λik(T ) =
∂σk+1

∂xi

(
λ1(T ), . . . , λn(T )

)
.

Moreover, we have the well-known formulae

(2.9)

{
tr(TPk(T )) = ckSk+1(T ),

tr(Pk(T )) = ckSk(T ),

where

ck = (n− k)

(
n

k

)
= (k+ 1)

(
n

k+ 1

)
.

The divergence of Pk(T ) is defined as follows

divPk(T ) = tr
(
∇Pk(T )

)
=

n∑
i=1

∇eiPk(T )(ei),
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where {e1, . . . , en} is a local orthonormal frame on M . Our aim is to compute
the divergence of Pk(T ). The following definition is important in the sequel.
Introduce the tensor D by

(2.10) Dijk =∇iTjk −∇jTik.

Note that when T is the Ricci tensor, then by equation (2.1) D = divRm, and
when T is the Schouten tensor, then D is just the Cotton tensor.

Lemma 1. Let Pk(T ) be the Newton transformations associated with T
above defined and let {e1, . . . , en} be a local orthonormal frame on M . Then,
for all Z ∈X(M), the divergence of Pk(T ) are given recursively as

(2.11)

divP0(T ) = 0,〈
divPk(T ),Z

〉
=−

〈
T
(
divPk−1(T )

)
,Z

〉
−

n∑
i=1

D
(
ei,Z,Pk−1(T )ei

)
,

or equivalently

(2.12)
〈
divPk(T ),Z

〉
=

k∑
j=1

n∑
i=1

(−1)jD
(
ei, T

j−1Z,Pk−j(T )ei
)
.

Proof. Since P0(T ) = I , then divP0(T ) = 0. By the inductive definition of
Pk(T ), we have

∇ZPk(T )Y =
〈
∇σk(T ),Z

〉
Y −∇Z

(
T ◦ Pk−1(T )

)
Y

=
〈
∇σk(T ),Z

〉
Y −

(
∇ZT ◦ Pk−1(T )

)
Y −

(
T ◦∇ZPk−1(T )

)
Y,

so that

divPk(T ) =

n∑
i=1

(
∇eiPk(T )

)
ei

=∇σk(T )−
n∑

i=1

(∇eiT )
(
Pk−1(T )ei

)
−
(
T divPk−1(T )

)
.

Now, by using (2.10), we get〈
(∇eiT )

(
Pk−1(T )ei

)
,Z

〉
=
〈
(∇eiT )Z,Pk−1(T )ei

〉
= (∇eiT )

(
Z,Pk−1(T )ei

)
=D

(
ei,Z,Pk−1(T )ei

)
+∇ZT

(
ei, Pk−1(T )ei

)
=D

(
ei,Z,Pk−1(T )ei

)
+
〈
(∇ZT )ei, Pk−1(T )ei

〉
=D

(
ei,Z,Pk−1(T )ei

)
+
〈(
Pk−1(T ) ◦∇ZT

)
(ei), ei

〉
.

Therefore, letting ρ=
∑n

i=1D(ei,Z,Pk−1(T )ei), we deduce

(2.13)
〈
divPk(T ),Z

〉
=
〈
∇σk(T ),Z

〉
− tr

(
Pk−1(T ) ◦∇ZT

)
−
(
T divPk−1(T )

)
− ρ.
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Now we just need to prove that

(2.14) tr
(
Pk−1(T ) ◦∇ZT

)
=
〈
∇σk(T ),Z

〉
.

We prove the above equation using a local orthonormal frame that diag-
onalizes T . We point out that such a frame does not always exist, since
the multiplicity of the eigenvalues may change. Therefore, we will work in a
subset MT ⊂M consisting of points at which the multiplicity of the eigen-
values is locally constant. We recall that such subset is open and dense in
M , and in every connected component of MT the eigenvalues form mutually
smooth distinct eigenfunctions and, for such a function λ, the assignment
p→ Vλ(p)(p) ⊂ TpM defines a smooth eigenspace distribution Vλ of T (con-
sult [4], Paragraph 16.10). Therefore, for every p ∈MT there exists a local
orthonormal frame defined on a neighborhood of p that diagonalizes T , that
is,

(∇ZT )ei = Z(λi)ei +
∑
j �=i

(λi − λj)ω
j
i (Z)ej ,

where we use the standard notation ωj
i (Z) = 〈∇Zei, ej〉. Using (2.8) we get

tr
(
Pk−1(T ) ◦∇ZT

)
=

n∑
i=1

μi,k−1Z(λi)

=

n∑
i=1

Z(λi)
∑

i1<···<ik,ij �=i

λi1 · · ·λik−1

= Z

( ∑
i1<···<ik

λi1(T ) · · ·λik(T )

)
=
〈
∇σk(T ),Z

〉
.

This proves the statement on MT , and by continuity on M . Substituting
(2.14) into (2.13), we get (2.11). In order to arrive at (2.12) it suffices to use
an inductive argument. �

In particular we have the following.

Corollary 1. If D = 0, then the Newton transformations are divergence
free: divPk(T ) = 0 for each k.

2.3. Integral formulae. Let (M,g,X,λ) be an almost Ricci soliton. Now
take T to be the Schouten tensor, that is, T = A. Note that ∇Y Pk(A) is
self-adjoint for all Y ∈X(M). A straightforward computation shows that

(2.15) div
(
Pk(A)X

)
=
〈
divPk(A),X

〉
+

n∑
i=1

〈
∇eiX,Pk(A)ei

〉
,

where {e1, . . . , en} is a local orthonormal frame. If we take such a local or-
thonormal frame that diagonalizes A, then by (2.8) we have〈

∇eiX,Pk(A)ei
〉
= μi,k〈∇eiX,ei〉= 〈∇Pk(A)eiX,ei〉.
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By the almost Ricci soliton equation (1.1), we get

(2.16) 〈∇Pk(A)eiX,ei〉= λ
〈
Pk(A)ei, ei

〉
−Ric

(
Pk(A)ei, ei

)
=

(
λ− R

2(n− 1)

)〈
Pk(A)ei, ei

〉
−
〈
APk(A)ei, ei

〉
,

hence, using equations (2.16) and (2.9), equation (2.15) becomes

div
(
Pk(A)X

)
=
〈
divPk(A),X

〉
+

(
λ− R

2(n− 1)

)
trPk(A)− tr

(
APk(A)

)
=
〈
divPk(A),X

〉
+

(
λ− R

2(n− 1)

)
ckSk(A)− ckSk+1(A).

Taking trace in (1.1) we get R+ divX = nλ. Since S1(A) = (n−2)
2n(n−1)R we

obtain

(2.17) div
(
Pk(A)X

)
=
〈
divPk(A),X

〉
+

(
S1(A) +

1

n
divX

)
ckSk(A)

− ckSk+1(A).

When M is a compact manifold and h is the function given by the Hodge-de
Rham decomposition theorem it is easy to see that identity (2.17) becomes

(2.18) div
(
Pk(A)X

)
=
〈
divPk(A),X

〉
+

(
S1(A) +

1

n
Δh

)
ckSk(A)

− ckSk+1(A).

Lemma 2. Let (M,g,X,λ) be a compact oriented almost Ricci soliton. For
each k, the following integral formula holds:

(2.19)

∫
M

〈
divPk(A),X

〉
dVg

+ ck

∫
M

((
S1(A) +

1

n
Δh

)
Sk(A)− Sk+1(A)

)
dVg = 0.

Note that when the Cotton tensor vanishes Corollary 1 implies that

(2.20)

∫
M

〈
divPk(A),X

〉
dVg = 0.

Therefore, we obtain the next corollary.

Corollary 2. Let (M,g,X,λ) be a compact oriented almost Ricci soliton
such that the Cotton tensor vanishes. Then,

(2.21)

∫
M

((
S1(A) +

1

n
Δh

)
Sk(A)− Sk+1(A)

)
dVg = 0.
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3. Proof of the main results

Remark 1. Before presenting the proofs of the results, we recall that the
symmetric functions satisfy Newton’s inequalities:

(3.1) Sk(A)Sk+2(A)≤ S2
k+1(A) for 0≤ k < n− 1,

which is a generalized Cauchy–Schwarz inequality. Moreover, if equality oc-
curs for k = 0 or 1 ≤ k < n with Sk+2(A) �= 0, then λ1(A) = λ2(A) = · · · =
λn(A). As an application, provided that λk(A)> 0 for 1≤ k ≤ n, we obtain
G̊arding’s inequalities

(3.2) S1 ≥ S
1
2
2 ≥ S

1
3
3 ≥ · · · ≥ S

1
n
n .

Here equality holds, for some 1≤ k < n, if and only if λ1(A) = λ2(A) = · · ·=
λn(A). Note that (3.2) implies that S

k+1
k

k ≥ Sk+1 for 1≤ k < n. For a proof

see for instance [11], Theorem 51, p. 52 or Proposition 1 in [7].

3.1. Proof of Theorem 1.

Proof. In item (1), we suppose that S2(A) is constant and positive.
Thereby, choosing k = 2 in (2.21) we obtain

(3.3)

∫
M

((
S1(A) +

1

n
Δh

)
S2(A)− S3(A)

)
dVg = 0.

Since S2(A) is constant we deduce

(3.4)

∫
M

(
S2(A)S1(A)− S3(A)

)
dVg = 0.

On the other hand,

(3.5) S2
1(A)− S2(A)≥ 0,

by Newton’s inequality (3.1). Moreover, equality in (3.5) holds if and only if
λ1(A) = · · · = λn(A), which means that A is umbilical (a multiple of g). In
this case, it is easy to check that

(3.6) A=
(n− 2)

2n(n− 1)
Rg.

We know from (3.5) that S2
1(A)≥ S2(A)> 0, then S1(A) does not vanish, this

means that either S1(A)< 0 or S1(A)> 0. Now we prove that S2(A)S1(A)−
S3(A) is positive or negative, according to the sign of S1(A).

Indeed, from (3.1) we get S2
2(A)− S1(A)S3(A)≥ 0. Supposing S1(A)> 0

we obtain

(3.7) S2(A)S1(A)− S3(A)≥ S2(A)S1(A)− S2
2(A)

S1(A)

=
S2(A)

S1(A)

(
S2
1(A)− S2(A)

)
≥ 0.



538 A. BARROS AND I. EVANGELISTA

On the other hand, if S1(A)< 0 we have

(3.8) S2(A)S1(A)− S3(A)≤ S2(A)S1(A)− S2
2(A)

S1(A)

=
S2(A)

S1(A)

(
S2
1(A)− S2(A)

)
≤ 0.

In both cases S2(A)S1(A)− S3(A) has a sign. Using this fact together with
equation (3.4), we get S2(A)S1(A)− S3(A) = 0, and hence equality in (3.1),
obtaining identity (3.6). Therefore (Mn, g) is an Einstein manifold, and by
equation (1.1) we have that X is a conformal vector field on M . If R ≤
0, since every conformal vector field on a connected compact manifold with
nonpositive scalar curvature is Killing (see, for instance, Theorem 6 in [14]),
we contradict the assumption that (M,g,X,λ) is a non-trivial almost Ricci
soliton. Then, R is constant and positive. Therefore, we are in position
to make use of Corollary 1 in [2] to conclude that (Mn, g) is isometric to a
standard sphere Sn, which concludes the proof of the first point of Theorem 1.

Proceeding, in item (2) we assume that Sk(A) is nowhere zero on M and
Sk+1(A) = cSk(A), where c ∈ R\{0}, for some k = 1, . . . , n− 1. Thus we can
use Corollary 2 to infer

(3.9)

∫
M

((
S1(A) +

1

n
Δh

)
cSk(A)− cSk+1(A)

)
dVg = 0

and

(3.10)

∫
M

((
S1(A) +

1

n
Δh

)
Sk+1(A)− Sk+2(A)

)
dVg = 0.

By hypothesis Sk+1(A) = cSk(A), whence using (3.10) and (3.9) we deduce

(3.11)

∫
M

(
cSk+1(A)− Sk+2(A)

)
dVg = 0.

Using once more that Sk+1(A) = cSk(A) we invoke inequality (3.1) to get
Sk(A)(cSk+1(A)−Sk+2(A))≥ 0. We recall that Sk(A) is nowhere zero on M
by hypothesis, and by connectedness it does not change sign on M . Hence,
cSk+1(A) − Sk+2(A) also does not change sign on M . This fact together
with equation (3.11) gives cSk+1(A)−Sk+2(A) = 0, which implies S2

k+1(A)−
Sk(A)Sk+2(A) = 0 and consequently Sk+2(A) �= 0 on M . Then equality in the

inequality (3.1) implies that A= (n−2)
2n(n−1)Rg and g is an Einstein metric on M

and we conclude the proof reasoning as in the previous case.
We suppose in item (3) that Ric≥ R

n g, with R > 0, and
∫
M

Sk(A)Δh≥ 0

for some 2≤ k ≤ n− 1, hence A≥ (n−2)
2n(n−1)Rg, which implies that A> 0. This

allows us to use all inequalities presented in Remark 1. By identity (2.21), we
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have

(3.12)

∫
M

((
S1(A) +

1

n
Δh

)
Sk(A)− Sk+1(A)

)
dVg = 0.

Taking into account that
∫
M

Sk(A)ΔhdVg ≥ 0, we deduce from the last iden-
tity

(3.13)

∫
M

(
S1(A)Sk(A)− Sk+1(A)

)
dVg ≤ 0.

Next, we make use of (3.2) to arrive at

(3.14) S1(A)Sk(A)− Sk+1(A)≥ S1(A)Sk(A)− Sk(A)
k+1
k

= Sk(A)
(
S1(A)− Sk(A)

1
k

)
≥ 0.

Hence, using (3.13) and (3.14) we obtain S1(A)Sk(A)− Sk+1(A) = 0. Since
A > 0 and hence Sk(A), Sk+2(A) > 0, using (3.14) again we obtain S1(A) =

Sk(A)
1
k . By equality in (3.2) we get A = (n−2)

2n(n−1)Rg and g is an Einstein

metric on M . Now, in order to complete the proof it suffices to use once more
Corollary 1 in [2].

Finally, we assume in item (4) that Sk(A) is constant for some k =
2, . . . , n− 1, and A > 0. Hence, applying the same argument used to prove
item (3) we conclude that S1(A) = Sk(A)

1
k > 0 and Sk+2(A) > 0, which im-

plies that g is an Einstein metric on M . Since S1(A) = (n−2)
2n(n−1)R, we get

R > 0. The result follows by the same argument used to conclude item (3),
completing the proof of the theorem. �
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