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NEW CHARACTERIZATIONS OF BESOV AND
TRIEBEL-LIZORKIN SPACES VIA THE T1 THEOREM

FANGHUI LIAO, YANCHANG HAN AND ZONGGUANG LIU

ABSTRACT. The main purpose of this paper is to provide new
characterizations of Besov and Triebel-Lizorkin spaces on spaces
of homogeneous type with the “reverse” doubling property. To
achieve our goal, the key idea is to prove a T'1 theorem with only
half the usual smoothness and cancellation conditions.

1. Introduction and statement of main results

In the earlier of 1970s, Coifman and Weiss [1] introduced spaces of ho-
mogeneous type in order to extend the Calderéon-Zygmund singular operator
theory to a more general setting. These spaces have no dilations, translations
and analogues of the Fourier transform. Let us recall briefly spaces of homo-
geneous type in the sense of Coifman and Weiss. A quasi-metric p on a set X
is a function p: X x X — [0,00) satisfying (i) p(x,y) =0 if and only if x = y;
(ii) p(z,y) = p(y,z) for all z,y € X; (iii) There exists a constant A € [1,00)
such that for all z,y and z € X,

(1) p(z.y) < Alp(z,2) +p(2,y)].

Any quasi-metric defines a topology, for which the balls

B(z,r)= {y eX:py,x) < 7"}

for all x € X and all » > 0 form a basis. We say that (X, p,u) is a space of
homogeneous type in sense of Coifman and Weiss if p is a quasi-metric and p is
a nonnegative Borel regular measure on X satisfying the doubling condition,
that is, for all x € X, r > 0, then 0 < u(B(z,r)) < 0o and

(2) w(B(z,2r)) < Cu(B(z,r)),

Received September 8, 2016; received in final form November 8, 2016.
2010 Mathematics Subject Classification. 42B20, 42B35.

(©2017 University of Illinois

391


http://www.ams.org/msc/

392 F. LIAO, Y. HAN AND Z. LIU

where p is assumed to be defined on a g-algebra which contains all Borel sets
and all balls B(z,r), and the constant 0 < C' < oo is independent of x € X
and r > 0.

Macias and Segovia [8] showed that the quasi-metric p can be replaced
by another quasi-metric d such that the topologies induced on X by p and
d coincide. Moreover, d has the following regularity property: there exist
constants C' >0 and 0 < 6 < 1 such that for all z,z",y € X,

(3) |d(z,y) —d(z',y)| < Cd(x,x’)e [d(z,y) +d(z',y)] e
Moreover, if B(x,r), the ball defined by the metric d, then
(4) w(B(z,r)) ~r.

Note that the condition (4) is much stronger than the doubling property (2).

In [9], Nagel and Stein developed the product theory on Carnot—
Carathéodory spaces with a smooth quasi-metric d and a measure p sat-
isfying the condition (2) and the “reverse” doubling condition, that is,
there exist constants ag,C € (1,00) such that for all z € X and all 0 <7 <

Supa:,yEX d(xu y)/G'Ou
(5) Cu(B(z,r)) < p(B(z,aor)).

We point out that the doubling condition (2) and “reverse” doubling con-
dition (5) implies that there exist positive constants w (the upper dimension
of ), k € (0,w] (the lower dimension of u) and ¢ € (0,1], C' > 1 such that for
allz e X, 0<r <sup, ,cxd(r,y)/2 and 1 <A <sup, ,cyd(z,y)/2r,

(6) A u(B(z,r)) < p(B(z,Ar)) < CAXu(B(z,1)).

Spaces of homogeneous type include many important examples, such as Eu-
clidean space, Ahlfors regular metric measure spaces, Lie groups of polynomial
growth and Carnot—Carathéodory spaces with doubling measures. All these
examples fall under the scope of the study of RD-spaces introduced in [5]. To
be more precise, a RD-space (X, d, 11) is a space of homogeneous type in sense
of Coifman and Weiss where the quasi-metric d satisfies regularity (3) and the
measure p satisfies the “reverse” doubling property (6).

On the other hand, the seminal work on spaces of homogeneous type is the
T1 theorem. More precisely, in order to study the L? boundedness of gener-
alized Calderén—Zygmund singular integral operators, David and Journé 2]
proved the remarkable T'1 theorem on R™. David, Journé and Semmes [3]
provided the T'1 theorem on (X, d, 1) where d satisfy the regularity in (3) and
the measure p satisfy the property in (4). Han and Sawyer [6] established the
T1 theorem for the Besov and Triebel-Lizorkin spaces on such spaces of ho-
mogeneous type. Moreover, they gave new characterizations of the Besov and
Triebel-Lizorkin spaces with only half the usual smoothness and cancellation
conditions on the approximate to the identity. See [6] for more details and
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[4] and [7] for the related results. A theory of the Besov and Triebel-Lizorkin
spaces on RD-spaces was established in [5], where these spaces were charac-
terized by the family of operators whose kernels satisfy the usual smoothness
and cancellation conditions and the 71 theorems with the usual smoothness
and cancellation conditions were proved. See [5] for more details.

A natural question arises: Can one characterize the Besov and Triebel—-
Lizorkin spaces on spaces of homogeneous type of RD-spaces as established
in [5] by only half the usual smoothness and cancellation conditions on the
approximate to the identity?

The main purpose of this paper is to answer this question. The key tool
to achieve our goal is to prove a new T'1 theorem for the Besov and Triebel—-
Lizorkin spaces on spaces of homogeneous type of RD-spaces, where, however,
the kernel of T satisfies only half the usual smoothness and cancellation condi-
tions. To state the main results in this paper, throughout this paper, (X, d, 1)
are spaces of homogeneous type of RD-spaces. We use C' to denote positive
constants, whose value may vary from line to line. Constants with subscripts,
such as C7, do not change in different occurrences. We denote by f ~ g that
there exists a constant C' > 0 independent of the main parameters such that
C7lg< f<Cg. M is the Hardy Littlewood maximal operator. For any
1 < g < oo, we denote by ¢ its conjugate index, that is, 1/¢+ 1/¢'=1. We
also denote min{a,b} by a Ab for any a,b € R. For all z € X and all r > 0, we
use the abbreviations

V(@) := p(B(z,1)), V(z,y) =V (z,d(z,y)).

Now we begin with recalling the definition of an approximate to the identity,
which plays the same role as the heat kernel H(s,z,y) does in [9)].

DEFINITION 1.1 ([5]). Let 6 be the regularity exponent of X. A sequence
{Sk}rez of linear operators is said to be an approximation to the identity if
there exists a constant C' > 0 such that for all k€ Z and all z,2’,y,y’ € X,
Sk(x,y), the kernel of Sk, is a function from X x X into C satisfies

(i) Sk(x,y) =0 if d(x,y) > C27F and |Sk(x, y)\ <C
(i) [Sk(z,y) — Sk(a,y)| < O2¥d(z,2")° m,

(iii) |Sk(z,y) — Sk(x,9)| < C2¥d(y,y')* m7

|[Sk(, y) Sk, y)] = [Se(@',y) — Sk (2, )] < C22Md(z,2")d(y,y')"
V,— k(l)-‘rV k(y)’

(Vi) fSk(x,y) du(x) =1

To define the Besov and Triebel-Lizokin spaces, we need the following
spaces of test functions and distributions.

1 .
Vok (@) +V,—k (y)?

AN NG NG

(iv
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DEFINITION 1.2 ([5]). Let 6 be the regularity exponent of X and 0 <
B,7 <6. A function f defined on X is said to be a test function of type (3,7)
centered at x¢p € X with width r» > 0 if f satisfies the following conditions:

~

@) /()| < C v v oratrao
(i) [f(z) — fy)] < C(,«fffﬁfio))ﬁ Vr(ro)Jer(zo,z) (Ter(r;mo))v for d(z,y) <
34 (1 +d(z,20));
(ii) [ /(@) dyu(2) = 0.
If f is a test function of type (8,7) centered at xzy with width r > 0, we
write f € M(zg,r,[,7), and the norm of f in M(zq,r,S,7) is defined by

I flA(zo,rp,4) = inf{C >0 (i) and (ii) hold}.

We denote by M(8,~) the class of all f € M(xg,1,53,7). It is easy to see
that M(x1,7,8,7) = M(B,7) with the equivalent norms for all z; € X and
r > 0. Furthermore, it is also easy to check that M(f3,~) is a Banach space
with respect to the norm in M(8,~).

Let M(B,’y) be the completion of the space M(#,0) in M(B,~) with 0 <
5,7 < 6. 1 £ € M(B.), we then define || i) = 1 lugs.

We define the distribution space (M(/3,7))" by all linear functionals £ from
M(B,7) to C with the property that there exists a constant C > 0 such that
for all f e M(8,7),

O] < ClIF Il 5,0

Now the Besov space B;’,‘*q and the Triebel-Lizorkin space Fﬁ’q are defined
as follows.

DEFINITION 1.3 ([5]). Suppose that {Sy}rez is an approximation to the
identity and Dy = S — Sk—1. Let -0 <a <0 and 1 < p,q < oco. The Besov
space B;"q is the collection of all f € (M(B,v)) with 0 < 8,7 <@ such that

T {Z(2ka|\Dk<f>||Lp)"}q <o

keZ

The Triebel-Lizorkin space is the collection of all f € (M(B,7))" with 0 <
B,7 < 0 such that

ez = H{Z@’“‘IDk(f)!)q};

kEZ

< 00.

Lp

The authors [5] proved that Definition 1.3 is well defined, namely Defini-
tion 1.3 is independent of the choice of Dy. To state the main results in this
paper, we also need the following definitions.
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For n € (0,6], let C/(X) be the set of all continuous functions f on X with
compact support such that

[f(z) = f(y)]
n =8up ——————— < 0Q.
1flleg WP )
Endow C{J(X) with the natural topology and let (CJ(X))’ be its dual space.
DEFINITION 1.4. A continuous complex-valued function K (z,y) defined on
Q={(z,y) e X xX:x#y}

is called a standard kernel if there exist constants € € (0,6] and C; > 0 such
that

1
(7) |K(z,y)}§C’1V(x’ )
(8) |K(z,y) —K(xﬂy)! <Clcfl((g;’7y)€ V(l m for d(z,2') < d(z,y)/2A

’ d(y,y')* 1 ’

Calder6on—Zygmund singular integral operators are given by the following.
DEFINITION 1.5. A continuous linear operator T': CJ(X) — (Cf/(X))' is a

Calderon—Zygmund singular integral operator if there exists a standard kernel
K such that

(Tt,9) //K 2,9) £ (9)9(x) du() da(y)

for all f,g € CJ(X) with disjoint supports.
We also need the notion of the weak boundedness property.

DEeFINITION 1.6 ([3]). A Calderén—Zygmund singular integral operator T
is said to have the weak boundedness property, if there exist constants Cy >0
and 71 € (0, 6] such that for all g € X and 7 >0

(T1,9)] < CaVilwo)r™lgllcy I fll ey
where f, g € Cf(X) with supp f,g C B(xo,7), [|fllec <1, llgllec <1, [ flleg <

r~" and ||g|lcn <r77, and if T' satisfies the weak boundedness property, we
denote by T'€ WBP.

The main results in this paper can be stated as follows.

THEOREM 1.1. Suppose that T is a Calderéon—Zygmund singular integral
operator with the kernel satisfying (7), (8), T(1)=0 and T € WBP. Then T
can be extended to a bounded linear operator on B;"q and Fﬁ"q for0<a<e
and 1 <p,q < oo.
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THEOREM 1.2. Suppose that T is a Calderéon—Zygmund singular integral
operator with the kernel satisfying (7), (9), T*(1) =0 and T € WBP. Then T

can be extended to a bounded linear operator on By? and Fg’q for —e<a <0
and 1 <p,q < oo.

We would like to point out that, as mentioned, the 71 theorem where the
kernel of T' in [5] satisfies (7), (8), (9) and T(1) =T"*(1) =0. As a consequence
of the above T'1 theorems, we give new characterizations of the Besov and
Triebel-Lizorkin spaces with only half the usual smoothness and cancellation
conditions on the approximate to the identity.

THEOREM 1.3. Let 0 < a <@ and 1 < p,q < oo, {Sk}rez be an ap-
proximation to the identity satisfies (i), (ii) and (v) of Definition 1.1 and
E,=5,—5,_1.

(i) For f € By, then

Szl ~ s

kez
(ii) For f e F;’q, then

H{%(MEM)DQ}"

THEOREM 1.4. Let —0 < a <0 and 1< p,q < oo, {Sk}rez be an ap-
prozimation to the identity satisfies (i), (iil) and (vi) of Definition 1.1 and
Ep =5, — Sk_1.

(i) For f € By, then

{180} ~ 15153

kEZ

~ 1 fl e
Lr

(ii) For f e Fﬁ"q, then

1

H{é@’“’!&(f)!)q}q

We remark that Theorem 1.1 and Theorem 1.2 generalize the similar results
proved in [6] on spaces of homogeneous type with the measure p satisfies the
condition (4).

~ L e
p

2. Proof of Theorem 1.1 and Theorem 1.2

In this section, we show the T'1 theorem of the Besov and Triebel-Lizorkin
spaces on RD-spaces. We first give Calderén’s reproducing formula which is
a main tool in this paper.
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LEMMA 2.1 ([5]). Let {Sk}rez be an approximation to the identity defined
in Definition 1.1 and Dy = S — Sx_1. Then there exist families of linear

operators Dy, and Dy, for k € Z such that for oll f € M(B,’y) with 0 < B,y < 6,
(10) f=>_DiDi(f)=>_ DiDy(f)

keZ kEZ

where the series converges in both the norms of M(ﬁ’,v’) with 0 < ' < B
and 0 <+ <=, and LP with 1 <p<oo. When f € (M(B,7)), the series
converges in the norm of (M(B',v")) with B < <0, v<~v' <8. Moreover,
for any 0’ € (0,0), Dy(z,y) and Dy(z,y), the kernels of Dy, and Dy, satisfy
the similar estimates but with x and y interchange in (ii):

(i)
~ 1 2=k’

11 Dy(z,y)| <C -
) D) < Oy e+ V) B+ A

(12)  |Di(.y) — Di(x ’y)l
f 1 9—k0’
( -k +d (2,y) ) Vo-r(z) + V(2,y) (2% + d(2,y))"
- for d(z,2") < 35 (27F + d(z,y));
(13) /Dkxyd,u /Dk:cydu) 0.

In order to prove Theorem 1.1, we need the following estimates.

PROPOSITION 2.1. Suppose that T satisfies the hypotheses of Theorem 1.1
and { Dy }rez be given in Definitions 1.3. Then there exists a constant C >0
such that

(14)  |DiTDi(z,y)|

1+ (—1Nk) 2~ (kADe
Vo-wnn () + V(@,y) (275D +d(z, y))

Proof. We need to consider four cases.

Case 1: [ <k, d(z,y) > 4A3C27 L,

We first make the following observations: note that if d(z,u) < C27! and
d(v,y) < C27F, then

d(z,y) < Ad(z,u) + Ad(u,y) < Ad(z,u) + A%d(u,v) + A%d(v,y)

< 242027 + A%d(u,v),

<% D= A1)
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so d(u,v) > dgj;/) and 5 d(u,v) > d(z,u); since d(z,y) > 443C27!, we have
Vo-i(x) + Vo-i(y) < OV (z,y).

Using the above facts, the smoothness condition on the kernel K(u,v) and
the moment property of D;(z,u), we obtain

[ [ Do a0 D) dut) o)
= ‘//Dl(x,u) [K (u,v) — K(z,v)] D(v,y) du(u) du(v)
SC//|DZ($’“)|3EZ Z;:mwk(v,y)!du(w du(v)

<Ol Vi)
o-le 1
27+ d(x,y))° Vomi () + V(z,y)

Case 2: [ <k, d(z,y) <4A3C27 L.
Suppose that a smooth cut-off function ¢y € C*°(R) satisfies that ¢o(x) =1
when |z| <1 and ¢g(z) =0 when |z| > 2. Set ¢p1 =1 — ¢ and write

’//&@MKWMMWMWMMM@

<|[ [ ookt pi o B ))d<><>
| e i (22

=11 + Is.
For I, set 1 (v) = Dy (v, )0 (LEY). Since T € WBP, then

Cg2-1t
L= (Di(z,), Tyr())| < OVa-t(2)27 2[4kl o || Da(z, )|

It is easy to verify that [|Dy(z,-)|lcn < C2M[Va—i(2)] " and

[vrllcy < C2[Va-i(y)]

From the above estimates, we get

1 2-le 1
I <C <C .
L T V(@) T @7+ d(w,y)f Vami(2) + V(a,y)
We now deal with term I,. Note that d(x,u) < 027! and that by the support
of ¢1, d(x,v) > C327!, where Cs is large enough such that d(x,u) < Cd(u,v),

<C

.
C40

-1
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and then
V(u,v) > CVo-i(u) ~ CVa-i ().

Thus, we have

I, <C’//|Dl z,u)||Dr(v,y | )d w(u) du(v)
<C 27l 1
Vw( ) T2 4 d(z,y)T Vori(2) + Vi, y)

Case 3: | >k, d(z,y) > 4A3C27F.
In this case, using the fact that D;(1) =0, we get

<C

‘//Dl(x’u)K(“aU)Dk(v,y)du(u) dp(v)
_ ‘ / / Di(w,u) [K(u,v) _ K(2,0)] De(v,y) du(u) diu(v)

,u)f 1
<c / / i) G s | D) | ) i)
9—le
< 077
T d(w,y) Vixy)
which implies (14) for the case whenever | >k, d(z,y) > 4A3C27F.

Case 4: | >k, d(z,y) < 4A3C27F.
Using the facts that D;(1) =T(1) =0, we have

‘//DZ(I’“)K(“MDk(v’y)du(u) du(v)

(z,v)

‘//Dz z,u) K (u,v)[Dr(v,y) — Dy(, y)]¢0<4A3C2 )du(u) dp(v)

+ ‘//Dl(x,u) (K (u,v) — K (x,0] [Di(v,y) — Di(x,y)]

x 6 (ﬁ) dp(u) dp(v)
= 13 + I4.

399

Since [[[Dx (-, y) = Di(y,)]do (i)l oy < C[Va-r ()] 7'28=2712"7, then,

by the fact that '€ WBP,

I3 < CVyi(2)27 2 [Vy ()] 128527122120 [V i ()]

< 20DV, ()],
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which is dominated by the right-hand side of (14) whenever I >k, d(z,y) <
443027k,
Using the smoothness of K (z,y) in x, we have

I < C2_l6/ d(z,v) " [V (z,v)] -
A3C2-1<d(z,v)< g5 27 F

X ’Dk v,y) — Di(x,y ’d,u v

+02_l€/d( )> k2 d(a?,v)_g[V@va)}_l‘Dk(U’y)_Dk(x’y>‘du<v)

A

< c2tk=hey, [V (z,v)] “du(v)

AA:‘C'Z l<d(m,w) <5527 F
O [V ()] / d(e,0)= [V(z,0)] " du(w)
d 2

<C(1+(1-k)2% D [Vyu(2)

which completes the proof of Proposition 2.1. O
We now are ready to give the

Proof of Theorem 1.1. Lemma 2.1, Proposition 2.1 and Hélder’s inequality
are enable us to get

ITf1 gg-a

[ imen), )

leZ

(s (2 Sornbunl,)

leZ keZ

o{ (2 X0+ a-nm s aa Bl ) )

leZ keZ

~ 1/q
S0+ = 1nm) @ At D],

keZ leZ

<o{Semmun,) )

kEZ
<C|fll gy,

IN

IA

IN

where 0 < a < 6.
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Applying Lemma 2.1, Proposition 2.1, Holder’s inequality and Fefferman—
Stein’s vector-valued maximal inequality, we also have

1T f | o
1/q
~[{Z o)
ez L
ay 1/q
< { ( 2l“|DzTDka(f)|) }
I€Z “kEZ Ly
~ qy 1/q
< { ( > 2k 1+(l—l/\k;))(2(kl)s/\l)M(Dk(f))>}
I€Z “keEZ Ly
~ 1/q
< [{E 30 0wy aygeoneas Bucsy) )
I€Z kel Le
1/q
< { D2k ( Dk(f>))q}
kEZ L»
~ 1/q
< [{Ze1puni]
kezZ L»
SO\ fllpgoas
where 0 < o < 8, and which concludes the proof of Theorem 1.1. O

Similar to the proof of Proposition 1.1, we can get

PROPOSITION 2.2. Suppose that T satisfies the hypotheses of Theorem 1.2
and {Dy}rez be the same as in Definition 1.3. Then there exists a constant
C >0 such that

(1+ (k—1Ak)) 2~ (knDe
Voo () + V(@,y) (27*AD +d(z,y))

Combining Lemma 2.1 with Proposition 2.2, by an analogous argument to
Theorem 1.1, it is immediate to obtain Theorem 1.2. Here we leave the details
to the interested reader.

| DT Dy, (z,y)| < C (207 A1)

3. Proof of Theorem 1.3 and Theorem 1.4

Before we verify Theorem 1.3 and Theorem 1.4, we state the duality prop-
erties of the Besov and Triebel-Lizorkin spaces as follows.

LeMMA 3.1 ([5]). Let -0 <a <6 and 1 <p,q < oo, then
(i) (Bpa(X))' =B, (X);

(il) (Eoo(X)) =E,*7(X).
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We also need Calderén’s reproducing formula where the series converges in
the norms of the Besov and Triebel-Lizorkin spaces.

PROPOSITION 3.1 ([5]). Let all notation be the same as in Lemma 2.1, then
Calderdén’s reproducing formula (10) converges in both norms of By»? and Fg
with |a| <0 and 1 < p,q < 0.

We also need the following almost orthogonal estimates.

PROPOSITION 3.2. (i) Suppose that Sy, satisfies (i), (i) and (v) of Defi-
nition 1.1 and Ey, = Sk, — Sk,—1 for k; € Z, i =1,2. Then there exists a
constant C > 0 such that

(15) ’EklEk2(x7y)|

< C(2k2=k1)0 A 1 1 2~ (kanka) ’
—R1 /\ .
<C( )VQ_WMIQ) () + V(z,y) \ 2= (k1rk2) 4 d(x,y)

(ii) Suppose that Sk, satisfies (i), (ili) and (vi) of Definition 1.1 and Ej, =
Sk, — Sk,—1 for ki € Z, i =1,2. Then there exists a constant C >0 such
that

(16) ’EklEkz(xvy)’

1 27(1(,‘1/\]62) 0
< C(2tk=k)? A1) :
‘/2*("1N€2)($) +V($>y) 2~ (ki/kz) —|—d(x,y)

Proof. We only verify (15) and the proof of (16) is similar to (15). When
ki > ko, if d(z,2) < C27% d(z,y) < C27%2 or d(x,y) < C27%2 implies that
d(z,y) < C27%2. Thus, by the cancellation condition of Ej, (x,z), we have

|Ek1Ek2 (1'7:'-/)’

= ’/Ekl ('T’Z) [Ek2 (Zay> - Ek2 (‘Tﬂy)] dﬂ(z)
2—k29
=T i)y

" / k20 d(zx,z)?
(ld(z,z)<c2-k1} Voia (2) + V (2, 2) Vomrs () + V(2,y)
1 271{,‘20
Vo-rz () + V(2,y) (27 +d(2,y))?’

which implies (15) for the case whenever ky; > ky. When ki < ko, we only use
the size condition, we also have

| Ey, B, (z,y)|

= ‘/Ekl(z,z)EkQ(%y) du(z)

dp(z)

< O9k2—k1)0
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<C ! ! du(z)
< w(z
{z|d(z,2)<C2=F1 d(y,z)<C2- 2} Vot () Vora (z) + V(2,9)

—k16
<c ! 2

- Vv2*k1 (x)+V(w7y) (27}cl +d(1’,y))0’

which finishes the proof of (15). d

PROPOSITION 3.3. (i) Let Ej, be the same as in Theorem 1.3 for k € Z and
Ey(xz,y) is the kernel of Ex. Then Ex(z,y) € Bg’q and E(z,y) € F;"q
for any fixted x € X, -0 <a <0 and 1 <p,q < 0.

(ii) Let Ej be the same as in Theorem 1.4 for k € Z and Ey(z,y) is the
kernel of Ey. Then Ey(z,y) € Bg"q and Ey(z,y) € F;"q for any fized
yeX,0<a<band1l<p,qg<oo.

Proof. We begin with the following estimate: for given z € X and D; is
the same as in Definition 1.3 for [ € Z, then

‘/[DZ(Z»ZJ) — Dy(z,2)| B (z,y) du(y)

1 27l0
Vo-i(2) + V(z,x) (27 +d(2,2))?’

< OZ(lfk)G

where | < k and Ej be given in Proposition 3.3 (i). The above inequality
follows from (16).

We now return to prove (i). By [ Ex(z,y)du(y) =0 and the above fact,
we have

(e toe,}

<k

C{Z;(Qla ( / ‘ / [Di(2,9) = Di(z,2)] Bi(x, y) du(y)
< C{Z(zl%(l’“)"

<k

i </ <V2‘Z(Z>iV<Z7x) (27 f:zl(i«,a:»e)pd“(ﬁf))l/p)q}l/q

1
I<k VQ*l(x)l_E

p du(z)> 1/17) q}l/q

< OZQ(H)(MQ)Q;@Q% <O < 0,
1<k Vo-r(z) "7
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where —0 < o < 0. When [ > k, using the size conditions of D;(z,y) and
Ej(z,z2), then

IS eeome )}

1>k

:C{g(zla (/|[ B pdu(z))l/p)q}l/q

= C{g (21& </ </ Vot (2) i V(zy) (27 +2 dl<:w>9

Vo) —1|- Viy,z) (2-F idk(gy,x))a dﬂ(y))pdﬂ(z)> 1/p)q}1/q
—ko » o an /g
< C{Z (2l0‘ (/ <V2—k($) i— V(z,z) (27F 42_ d(z,:z:))9> du(z)) ) }

1>k

< 0221(1 .
>k Voo k( )
1
< 0222”—“@2’“*ﬁ < O < 00,
1>k Vo-r(z) ">

where —0 < a < 0 and which concludes the proof of Ey(z,y) € B;"q for any
fixed z € X. We also can deal with that Ey(z,y) € F;’q for any fixed z € X,
—0<a<0and 1<p,qg<oo. Here we omit the details.

To verify (ii), for any fixed y € X, 0 < a <6 and 1 < p,q < oo, we only
consider Ey(z,y) € F;“q, and Ey(z,y) € B;"q can be handled similarly. When
I <k, we get

H{Z@l“wl(ffkc,y))|>q}1/q

<k

-zl )} )

<o ([(vrmiveg e :zzs,y»@)pd“(””)) N

1<k
1
<oy L
1<k szl(y)l_;

< CZZ(Z_’“)O‘ZM% < O < 00,
1<k Vor(y) »

Lp

/Dz (z,2)E(z,y) du(z)
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where 0 < a < §. When [ > k, by an analogous argument to (15), then

an) [ D1t B - B du)

< k=)0 1 2—k6 .
- Vo (z) + V(z,y) (27F + d(z,y))?

Using the estimate (17), we obtain

“{g@la’&(&(»y))r)q}l/q

Lr
p 1/p

-ye(f ’ [ Pr(e 2 Eu(esn) ~ Bt o) dut))

I>k

Loy (k—1)6 1 2—k:0 p 1/p
< 20X\ d
2 (rrmrvenerraway] )
1

S Z 2[042(]6—”9 .

1>k szk(y)l_z

1
<C Y 2Dkt — — <0 <o,
1>k ‘/2%‘(9)17;
where 0 < a < 6 and the proof of (ii) is finished. O

We now prove the following proposition.

PROPOSITION 3.4. Let 0 < a <8 and 1 <p,q < oco. Suppose that {S}rez
is an approzimation to the identity satisfying (i), (i) and (v) of Definition 1.1
and Ey, = Sy — Si_1. Then there exists a constant C' >0 such that

(18) {Z(zk“HEk(f)HLp)q}q <CIfllpgo,
kEZ

and

(19) H{Z(?’WEM))‘]}Q <Ol
kezZ P

Proof. Suppose that f € Bg‘*q with 0 < a <6 and 1 < p,q <oco. By
Lemma 3.1 and Proposition 3.1, we can write

(20) Ei(f) = Bk (Z f)lDl(f>> =Y ExDiD(f).

I€Z I€Z
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Applying (20), (15), Minkowski’s inequality, Young’s inequality and Holder’s
inequality, we have

@ el )
(£ (Simanml,))

kEZ IEZ

IN

1

keZ NeZ

C{%%(Z(Wk)e A1)20-Dagia | D7) ||Lp> q};

leZ

IN

IN

1

C{ZZ(g(l—k)e A 1)2(k—l)a(2m”Dl(f)HLP)q} ¢

kEZ I€Z

<e{s e,

IEZ

= Cllflggn

IN

with 0 < a < 6. When fEFI?’q with 0 < a< @ and 1< p,q < oo, (19) can be
dealt with similarly, and which finishes the proof of Proposition 3.4. O

To finish the proof of Theorem 1.3, we need to show the reverse inequalities
(18) and (19). For this purpose, we will use Theorem 1.1 and Coifman’s idea.
To be precisely, let I be the identity operator and Ej be the same as in
Theorem 1.3 for k € Z, then I =3}, _, Ey in L?. Applying Coifman’s idea,
we rewrite

(22) I= ZzElEk = Z Z B v By + Z Z Bk Ex

kez ez kEZ|I|<N kEZ|l|>N
N
= E E, By + E E B 1By =Ty + Ry,
kez kEZ |[|>N

where E,]CV = ZIHSN Eik.
Similar to the proof of (17), we observe that for given integer N, let Ej
and E}N be as in (22) for k,l € Z, then

(23) |EEN(f)] < Cn (2P AL M(f)(2),

where constant C'y depends only on V.
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Using (23), by an analogous argument to (21), for f € L?N Bg"q, we have

@) Tl ={ SO

(Z(geraol,)’}
SC{;Z(%%@U_WA1)2TQHM(Ez(f))HLP>q}q
SC{§<2Z“||Ez<f>;|M)Q}q.

We first assume that T’y ! exists and is bonded on B;?q for large integer N.
For f€ L?N Bg"q, then

(25) 171150 = ITR T (Dl oo < CITN )] s
e e aml,) "}
leZ

For f e B;"q and {ZleZ.(QlaHEl(f)”Lp)q}% < 00, we can choose a sequence
{fa}p2, with f, € L? N By such that

nlgrolo ”fn - f”Bg‘*q =0,
since L2 N Bg"q is dense in Bz‘j’q. Thus, using the above fact and (18), then

1/q
153 = Jim 1l <€ Jim { S 2|0 £)],.)°

keZ

< C lim {Z@kO‘HEk(an - f)HLp)q}

n— 00
kEZ

re{Seemml))

keZ

<C i 12~ flgz0 + C{ BN}

kEZ

~ofsemm),)

kEZ

1/q

1/q
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This finishes proof of the reverse inequality of (18). We can similarly get the
desired result for f € F;"q.

We now need to verify that T&l exists and is bonded on Bg’q and Fpo"q
for a fixed large integer N. By the fact that ' = (I — Ry) "' =3 _0v_ R%,
it suffices to prove that Ry is bounded on B;"q and Fg"q with an operator
norm less than 1. We write Ry = Z\l—k\>N FEE}, and consider the sums for

k—1> N and | — k > N, respectively.

PRrROPOSITION 3.5. Let E; be the same as in Theorem 1.3 forl € Z. Suppose
that 0 < a <6 and 1 <p,q < oo. Then there exists a constant C' >0 such that

(26) ) E@(f)\ <O fll
k—I>N Bp?
and
(27) > ElEk<f>\, < C2 N e
Fga

k—I>N

Proof. We only prove (26) and the proof of (27) is similar. By the definition
of By, Proposition 3.3, Holder’s inequality and the fact that 0 < a <6, then
we get

@) | X BRG]
_ {;(w D, (k;NElE’“(”) Lp)q}é
<o{B( 2 e NGRS
) C{f% (k—lzw(zu_j)a A1)207 Dok By ( f)HLPY}%
) C{;“;N(Z(lm A1) b By (1), )
<cre (el

< C27% fl g,

where the last inequality follows from Proposition 3.4 and this is a desired
result. O

Now we prove the following proposition.
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PROPOSITION 3.6. Let E; be the same as in Theorem 1.3 forl € Z. Suppose
that 0 < <@ and 1 < p,q <oo. Then there exist constants C,§ >0 such that

(20) > B <.
I—k>N Byt

and

(30) > EE(f ‘ SCTN‘SHJCHF;}»Q-

I—k>N

Proof. Let Ry = > ks EiEy and INEN(x,y) be the kernel of Ry. We

claim that for 0 < 0’ < 0, there exist constants C, § > 0 such that Ry satisfies
Rn(1)=0, Ry € WBP and the kernel Ry(x,y) satisfies

~ _ 1
(1) Rn(o)] <02y
(32) | B (2,y) — R (') S02_%0[((%, ))ef v(1 )

for d(z,2") < 55d(z,y).
To show the claim, we rewrite

Z EE, = Z ZEkHEk-

l—k>N I>N keZ

Let Ry = > rez Ervi By and Rn(z,y) be the kernel of Ry. Proposition 3.3
and [5, Lemma 3.5] imply

(33) ’RN z,y)| = Z/EkH x,2)E(z,y) du(z)
kEZ
1 2—k9
,CEEZZ Vai(z) +V(z,y) (27F +d(,y))’
1
SOy —
- V(z,y)
Thus, we have
1 1
34 Ry (z )| <C D 27 1o <02 N0 ——
3 [ g;v V(w,y) Viz,y)
which implies (31). When 27'd(z,y) < d(z,2’) < 3d(z,y), by (34), we have
= = 1 1 1
35) |Rn(z,y) — Ry (2, gcz—”( + ) RO L —
(89) [fiw (o) = Fin (0] Ve V) V)
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When d(z,z') < 27'd(z,y), using the kernel of Ej;, for large N, we get

1

<02~ < —o=k,
(36) d(z,z) <C2~ 2A2

Thus, we obtain

|Rn(.y) — Rn(a'9)|

< S|t )~ Bl ) By )

kEZ

=2

keZ

/ Eryi(2,2) — B (27, 2) | [Er(2,y) — Ex(,y)] du(z)

2 k0 d(x,z")?
<02 Vo-r(x) + V(x y) 2% +d(z,y))’ / (24D + d(, 2))?

kEZ
1 2~ (k+0)o d(z,2) o
X — du(z)
‘/2*(’““)(‘%) +V(.’E,Z) (2_(k+l))+d(x7z)9 2 k-’-d(:[,”y)
1 2~ k0

<C @+ Vi) O Ay

d(z,2))? 1
T d(@y)? V(zy)
where we use the fact Fy4;(1) =0. By the geometric mean of (35) and (37),
we can get

0 1
) d(z,y)?

sd(z,2’

)< 24
sd(z,a)? 1
Ry (z,y) ooy)| <oy 27l kel y
[ ) ZN e Ve

d(w y) V(z,y)

Obviously, ﬁN(l) = 0. Fix two functions ¢ and 1 with supp ¢, supp
¢ € B(wo,7) for 20 € X and 7> 0, [[¢lloc <1, [[¥]loo <1, [|p[lcy <77 and
[¥]ley <r~". We have

‘(ézv(b ¥)|

<.

I>N keZ

/ / / Eppa(z, 2) By (2, 9)6()0() du(z) dpu(y) du(z)
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<> S|/ [ [ Bee ) B - Eute)]

I>N2—k>p

x ¢(y)(x) du(z) du(y) du(z)

P>

I>N2-k<p

x W(x) dp(2) duly) du(z)
= Il + 12.

/ / / Erai(@,2) [Eu(z,9) — Eulz,)] [6(y) — 6(2)]

In order to estimate Iy, since supp ¢ C B(zg,7), we have d(z,z¢) <r <27F,
and then

Vo () ~ Vo-i (o).

Thus, we get

d(z, z)?
38) L<C> Y ///|Ek+l(x7z)’m

I>N2-k>p
1 27](70

S TV (2_k+d(x’y))9|¢(y)}|’¢1(x)|du(Z)du(y)du(x)
1

SCZ Z 2*(k+l)02k07[v7‘(x0)]2

I>N2-Fk>p Va-r (o)

< 027NV, ().

For I, by the fact d(z,y) < C27% and (36), we obtain

d(z, 2)?
(39) L<CY > ///\wwrm

I>N2-k<r
y 1 2—k€
Var(x) + V(z,y) (27F +d(z,y))?
X d(z,y)"|pllcp | (z)| du(z) duly) du(x)
<O Y o 0gogEn, -y ()
I>N2-k<r
< C27NV, (w0).

Combining (38) with (39), then

[(Rno, )| < C27 NV, (x0),
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which shows Ry € WBP. By Theorem 1.1, for all f € B;"q, then

For all f € F;"q, we also have

Z EEL(f)| QSCTNJHJCHB;N-

k>N Bp°

Y BE(|  <C2Nfppa

I—k>N Ed

We finish the proof of Proposition 3.6. O

From Lemma 3.1, Propositions 3.1, 3.2 and 3.3, the proof of Theorem 1.4

is similar to Theorem 1.3 with necessary modification. We leave the details

to

the interested reader.
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