Illinois Journal of Mathematics
Volume 56, Number 3, Fall 2012, Pages 731-757
S 0019-2082

LATTICE POINTS IN LARGE CONVEX PLANAR DOMAINS
OF FINITE TYPE

JINGWEI GUO

ABSTRACT. Let B be a compact convex planar domain with
smooth boundary of finite type and By its rotation by an angle 6.
We prove that for almost every 6 € [0,27] the remainder Pg, (t)
is of order Og(t2/3fg) with a positive number ¢ independent of
the domain.

1. Introduction

If B is a compact domain in R?, the number of lattice points Z? in the
dilated domain tB is approximately area(t8) and the lattice point problem is
to estimate the remainder, Pg(t), in the equation

Pg(t) = #(tBNZ*) —area(B)t*> for t > 1.

It is geometrically evident that P(t) = O(t). See [11] for the history and
fundamental results and methods of this problem.

If B has sufficiently smooth boundary with nonzero curvature the standard
estimate is Pg(t) = O(t%/%). With various sophisticated methods this bound
has been improved and the best known bound is due to Huxley [6]. See [5] for
an introduction to his method. Notice that the conjecture Pg(t) = O(t'/2%)
is still open.

If we weaken the curvature condition on the boundary, the remainder may
become much larger. For instance, if the boundary is of finite type w, w > 3,
(i.e. the maximal order of vanishing of the curvature is w — 2), Colin de
Verdiere [2] showed that

Pg(t)=0(t71/%).
At an earlier time, Randol [20] proved the same bound for a particular do-
main {(x1,x2): 2 + 25 <1} with w >4 an even integer. Furthermore, he
showed that the exponent is the best possible. The sharpness of this bound
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is due to the fact that for this particular domain the normals at boundary
points with curvature zero are parallel to the coordinate axes. If we con-
sider By, the rotation of B by an angle 6 € [0, 27| about the origin, however,
we expect a substantially better estimate for most choices of 6. Colin de
Verdiere [2] showed that if 6 satisfies a certain Diophantine condition then
Pg, (t) = Op(t?/3). Moreover, he showed as a consequence of the Diophantine
condition that

(1.1) Pg,(t) =0y (t2/3) for a.e. 6.

Tarnopolska-Weiss [25] obtained the same bound for almost every rotation of
a planar domain of finite type which is star-like with respect to the origin.

Tosevich [7] further developed this type of results by weakening the curva-
ture condition, and proved

Pg,(t) =0y (t2/3 logé(po)(t)) for a.e. 0,

with d(po) > 1/po for a given pg > 1, for a certain class of convex planar do-
mains whose curvature is allowed to vanish (at isolated points) to infinite
order. His result was extended, in the paper [1] by Brandolini, Colzani, To-
sevich, Podkorytov, and Travaglini, to arbitrary convex planar domains with
no curvature or regularity assumption on the boundary.

One can also develop Colin de Verdiere’s result in another direction—to
improve the exponent 2/3 under certain curvature conditions. The first result
of this kind can be found in Miiller and Nowak [16], where they considered a
compact planar domain bounded by a closed smooth Jordan curve determined
by an analytic function. They evaluated the contributions of boundary points
with curvature zero to the remainder Pg(t) and distinguished the cases where
the tangent at such a point has rational or irrational slope (see also Nowak [18],
[19]). Under certain assumptions about the Diophantine approximation of
irrational slope, the asymptotic formula they gave for Pg(t) contains an error
term of order O(t7), v < 2/3 unspecified. As a consequence they obtained

Pg,(t)=04(t") for a.e. 0,

where the v < 2/3 depends on the order of vanishing of the curvature, but not
on 6.

Later on, Miiller and Nowak [17] improved their previous results by using
more sophisticated methods from analytic number theory. In particular, they
obtained

(1.2) | Ps, ()| < Cy max(t'Y(‘”),t7/11(logt)45/22) for a.e. 6,

where v(w) =2/3 —1/(9w — 12) and w — 2 is the maximal order of vanishing
of the curvature.

Note that y(w) tends to 2/3 as w goes to infinity. The goal of this paper is
to prove a bound Pg, () = Op(t?/3~¢) for almost every rotation with a ¢ > 0
that does not depend on w. In exchange, we have to give up some information
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in terms of the Diophantine condition as given in those papers by Miiller and
Nowak. Specifically we obtain the following theorem.

THEOREM 1.1. Let ( =1/3831. If B is a compact convexr planar domain
with smooth boundary of finite type which contains the origin as an interior
point, then

Pg,(t) =0y (tz/s—g) for a.e. 6.

This bound is better than (1.1), and it is better than (1.2) if w > 427.
Theorem 1.1 follows easily from the following theorem, which contains an
improved but more technical statement.

THEOREM 1.2. Let ( =1/3831. If B is a compact convexr planar domain
with smooth boundary of finite type w which contains the origin as an interior
point, then

sup log b (t)t=2/3+¢Ho() |Pg, (t)] € L*(S"),
t>2

where b>1 and
832

o) = o770 — 2296)

In this paper, we focus on the remainder for rotated planar domains. For
other interesting related results (like the mean square lattice point discrepancy
for rotated planar domains, or the remainder for rotated high dimensional
domains), see [9], [10], [22], [8], etc.

Notations: We use the usual Euclidean norm |z| for a point z € R%
B(x,r) C R? represents the Euclidean ball centered at x with radius r. The
norm of a matrix A € R?*2 is given by ||A| = SUp|y=1 |Az|. We set e(f(z)) =
exp(=2mif(x)), Z2 =72\ {0} and R? = R2 \ {O} The Fourier transform of
any function fELl(R2 ) is f(& =[f(z) )) da.

We fix xo to be a smooth cut off functlon Whose value is 1 on B(0,1/2)
and 0 on the complement of B(0,1). For a set E C R? and a positive number
a, we define F(,) to be the larger set

By ={zeR?: dist(E,z) <a}.
We use the differential operators

|v]
Dy = W (V = (11,) € Ng, vl =11 + VQ)
and the gradient operator V,. We often omit the subscript if no ambiguity
occurs.

For functions f and g with g taking nonnegative real values, f < g means
|f| < Cg for some constant C. If f is nonnegative, f 2 g means g < f. The
Landau notation f = O(g) is equivalent to f < g. The notation f = ¢ means
that f <gand g < f.
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Structure of the paper: After giving some geometric facts related to con-
vex planar domains of finite type, we will study the support function of such
domains in Section 3. We will establish the nonvanishing of certain 2 x 2
determinants. This result is a two dimensional refinement to Miller’s [15,
Lemma 3] with more precise bounds given. We will then prove in Section 4
our main analytical tool, the asymptotic formula of the Fourier transform of
certain indicator functions. In Section 5, we give an estimation of exponential
sums under certain hypotheses that can be verified (in the lattice point prob-
lem) based on the results from Section 3. One important difference between
the results (from Sections 3-5) and their analogues in the nonvanishing cur-
vature case is that we keep track of the curvature terms in all bounds given
here. In Section 6, we put all these ingredients together to prove our main
theorem. In the Appendix, we collect several standard results mainly from
the oscillatory integral theory.

2. Some geometric facts

In the rest of this paper, unless otherwise stated B will always denote a
compact convex planar domain with smooth boundary of finite type w. In
particular we assume, only in Section 6, that it contains the origin as an
interior point.

Since 9B is compact and of finite type, it is easy to see that OB can contain
only finitely many points with curvature zero. Assume {P;}Z; are all such
points and the curvature of 9B at P; vanishes of order w; — 2. Each w; must
be an even integer greater than three due to the convexity of 5.

The Gauss map of 9B, denoted by 77, maps each boundary point =z € 0B
to a unit exterior normal 7i(x) € S'. It is bijective since B is convex and
of finite type. At each boundary point with nonzero curvature, there exists
a neighborhood on which the Gauss map is a diffeomorphism. Denote by
t(z) the unit tangent vector at € 9B such that {f(z), —7i(z)} has the same
orientation as {e1,ea}.

When we express 08 by a parametric equation, we always assume the orien-
tation is counterclockwise. Hence, the signed curvature is always nonnegative.

For each nonzero ¢ € R?, there exists a unique point x(£) € OB where the
exterior normal is £&. Denote by K¢ the curvature of 0B at z(§). Denote the

2 x 2 rotation matrix by
cos) —sinf
Ry = (sin@ cos >

and its transpose by RY. Then By = RyB. Define 2%(¢) = Ryx(R5E) and
K g = Kpgt¢. Then 2%(€) is the unique point on By where the exterior normal
is £ and Kg is the curvature of 9By at x%(¢).
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If v; and vy are vectors € R?, denote by 2,, ., the angle between them
that is in [0, 7]. By Taylor’s formula, it is easy to prove

LEMMA 2.1. For each 1 <i <Z there exists a ball' B; in OB about P, such
that for any P € B;

w;—1
w; —2
T

(2.1) APy = (Ki(p))
where the implicit constants depend only on B.
A consequence of this lemma is the following result which will be needed in

Section 3. This result is proved for ¢ € S', however, it can be easily extended
to R2 since K¢ is positively homogeneous of degree zero.

LEMMA 2.2. There exists a constant c; >0 such that for any & € St with
Kg >0
K, = K¢ ifneB(&ei(Ke)¥?).
The constant c¢1 and implicit constants depend only on B.
Proof. Tt suffices to prove this result for £ € S such that x(¢) is in a small
neighborhood in 0B about a boundary point with curvature zero, say, P;. Oth-

erwise it follows easily from the mean value theorem. If n € B(&,c1(K¢)3/?)
then

T ™ wi=1
A, e < 5 sin(RAy.¢) < 501(K§)“i—2.
To get the last inequality, we use K¢ <1 and w; > 4. But (2.1) implies
w;—1
Q‘gyﬁ(Pi) = (Kg) wi=2,

Hence, if ¢; is sufficiently small then 2, ¢ < ¢ j7(p,)/2, which implies 1/2 <
A7) /e mpy < 3/2. By (2.1) again, we get K, /K¢ < 1. O

3. Nonvanishing 2 x 2 determinants

In this section, we will give lower bounds of determinants of certain 2 x 2
matrices (see Lemma 3.4 below). This result is a refinement to Miiller’s [15,
Lemma 3] in two dimensional case with more precise bounds given. It is
obtained based on Miiller’s original proof.

The support function of B is given by H({) = sup,¢5(§,y) for any nonzero
¢ €R2. Then H(&) = (¢,2(€)). Tt is positively homogeneous of degree one,
ie. H(AE) =AH(&) if A > 0. Denote

H=R*\{rii(P):Vr>0,i=1,...,E}.

1 The balls in 8B are the intersection with 85 of the usual balls in the space R2.
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LEMMA 3.1. H is smooth in H and for every £ € H
H(&) < 1€l
D"H(§) S1  for|v|=1,
and
D H(&) S (Ke)* 21 for |v] > 2.
All implicit constants may depend only on |v| and B.
Proof. Assume 7(s) = x1(s)ex + x2(s)ez is a parametrization of 0B by

arc length s. For every £ # 0, there exists a unique s(£) such that z(§) =
x1(s(€))er + x2(s(€))ez, which leads to

H (&) = &1 (5()) + Eawa(s(8))-
Since
&/1€l = z3(s(8))er — 21 (s(8)))ez,
we get &121(s(€)) + &b (s(€)) = 0. Note that if € € H then
Ke = (s(8)) a3 (s(6)) — 27 (s(€)) 5 (s(€)) #0.
It follows from the implicit function theorem that s = s(£) is smooth at &.
Hence H is smooth in #H.

We can now estimate derivatives of H by the implicit differentiation. As-
sume £ € S NH. Differentiating &2} (s(€)) + &axh(s(€)) = 0 yields

95 0 2)(s(6)
98> T B (s(©)a5(5(©) — a1 (5(©)h(5(0))

Continuing differentiating these two formulas, we get, by induction,

(3.1) DYs(€) S (K™ for v] > 1,

(i=1,2).

where the implicit constant depends only on |v| and B. Differentiating H
gives
OH
S~ @) S1 (=1.2)

Hence, the bounds for H follow from (3.1) and the homogeneity of H. O

REMARK 3.2. The support function of By is given by Hy(§) = sup,eg, (§;¥)-
Denote Hg = RgH. Since Hy(£) = H(R,E), we can easily get bounds for Hy
in the same form as in Lemma 3.1 (with H and K replaced by He and Kg).

The following result is concerning the Hessian matrix of H and will be
needed in the proof of next lemma. The proof is easy and we omit it.

LEMMA 3.3. For any & € H, the matriz VggH(f) has two eigenvalues 0 and
(161 Ke) "
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Given vectors vy, v3 € R?, by writing V = (v1,v2) we mean V is the matrix
with column vectors vy,ve. If y # 0 define Fy(ui,us) = Hy(y + ujv1 + ugvs),
u1,us € R. For g € N let

hZ(y,vl,vz) =det(gi,j)1<i j<2,

where
0112 F,
= (0).

Ouy Ou; Ouj Oug

The main estimate in this section is the following lemma—the key pre-
liminary for our (later) application of the method of stationary phase with
nondegenerate critical points. This result is proved for £ € S' N Hy, but can
be easily extended to Hg due to the homogeneity of Hy.

9i,j =

LEMMA 3.4. For every & € S'NHy, there exist two orthogonal vectors v (£),
v3 (&) € Z2 such that

(3.2) vil=lv3| =< (K™ and |(v5,03) || < (K™Y,

and a constant co >0 (depending only on q and B) such that for any n €
B(&, ca(K{)*at?)

% —8¢%—16q—2
(33) ’hg (777U17U2)| Z (Kg) / ? )
(3.4) D"Hy(n) S1 for0<|v| <1,
and
(3.5) D" Ho(n) S (KO)* M1 for ] > 2.

The constants implicit in (3.2) and (3.3) depend only on q and B. Those
implicit in (3.4) and (3.5) depend only on |v| and B.

Proof. We will follow the proof of Miiller’s [15, Lemma 3] (with some mi-
nor modification) and establish these inequalities through four steps for an
arbitrarily fixed & = (&1,&)" € ST NH,.

Step 1. Denote v; = (—&2,&1)! and vy = (£1,&2)%. We will first prove

(3.6) hy(€ v1,v9) = g (K¢)

For y = (y1,y2), set Hy(y) = Hg(My) where M = (vq,v1) is an orthogonal
matrix. Since Hy is smooth at &, so is Hy at e;. The Hessian matrix of Hy is

V2 Hy(y) = M'V?Hy(My) M.
Since V2Hy(€) has two eigenvalues 0 and (Kg)_1 by Lemma 3.3, so does
V2Hg(e;). Note that

Ho (& + uiv1 +ugve) = ﬁ9(€1 + ures + ugeq).
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We use the latter expression to compute hg (&,v1,v2) since the following two

equalities (derived from the homogeneity of Hy; see the proof of Miiller’s [15,
Lemma 3]) can simplify the computation:

(3.7) (Ho)1j(er) = (Ho)ji(er) =0 (1<j<2);
q+2 17 N
B grm(e) = (()alH)yle) (1<ij<)

The equality (3.7) implies that (Hg)z(e1) = (Kg)*l. This, combined with
(3.8), implies
at?

Ouq Ou; Ous aug‘l

where §;; is the Kronecker notation. This equality easily leads to (3.6).

Step 2. For any N € N there exist two integers N; (I =1,2) such that
‘fl — Nl/N| S 1/N Denote 51 = (—NQ/N, Nl/N)t and 172 = (Nl/N,NQ/N)t
Then |v; —0;| < V2/N. If N >2/2 then 1/2 < [01| = |U2] < 3/2. By the mean
value theorem and Lemma 3.1 we get

(He(f +ujvy + UQUQ)) (O) = 51i(_1)qq! (Kg)—l’

—4q9—2

’hZ(€751752)_hg(€)v17v2)‘SCIN_l(Kg) 3
where C depends only on ¢ and B. Let N be the smallest integer not less
than ZClq!_Q(Kg)_4q. Then
IO -2
|hg (€, 01, T)| = ¢! (K¢) /2.

Step 3. Set vi = Nv; and v5 = Nvs. Then v} and v3 are two orthogonal
integral vectors such that |vf| = |v3| =48 (Kg)_4‘1 and

‘hg (571};’”;) —8112—16(]—2.

Since (vf,v3) = N(91,02) its inverse matrix is

= NP (€, 50, 52) | 2.5 (K)

(v’f,v;)_l = N~'(adjugate matrix of (7;,%2))/ det(d,02),

followed by || (v, v3) || Sq. (K¢)*.

Step 4. Assume n € B(&,cz(Kg)‘lq“‘z) with cp chosen below. If ¢y is suf-
ficiently small, Lemma 2.2 implies Kg = Kg. Recalling also Remark 3.2 we
immediately get (3.4) and (3.5).

By the mean value theorem and the assumption |n —¢&| < ¢o (Kg)‘hl"’2 we
get

W .07, v3) = R (6,07, 03)| < Caca(KE) ™02
where Cy depends only on ¢ and B. The inequality (3.3) follows if ¢y is
sufficiently small. This finishes the proof. O

b
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4. The Fourier transform of certain indicator functions

If B is a compact convex planar domain with smooth boundary and posi-
tive curvature, Hormander’s [4, Corollary 7.7.15] gives an asymptotic formula
for the Fourier transform of the indicator function xz for every & € St (see
Lemma A.4). If 9B contains points with curvature zero, however, the error
term of that formula is not good (although the leading terms are).

Randol [21] studied the Fourier transform of the indicator function of a
compact (not necessarily convex) planar domain B of finite type. In particular,
he gave an upper bound for

o(¢) = Slilgrwb?s(r&)!, ¢esh.

His Theorem 1 says that ®(£) is always bounded, except in neighborhoods
of those points of S! corresponding to exterior or interior normals to 9B at
points with curvature zero. In a neighborhood of such a point & € S*,

(4.1) B(E) S (Aeg,) To0-T,

where wyq is the largest type at those points of 9B at which the exterior normal
is either &, or —&y. For convex domains of finite type, (4.1) also follows easily
from Lemma 2.1 and the argument on [24, p. 19].

In the rest of this section, we will consider slightly more general planar do-
mains and prove an asymptotic formula for xg,. We first prove a preliminary.

LEMMA 4.1. Let B be a compact strictly convex planar domain with smooth
boundary. Then there exist two positive constants ¢ and cs (both depending
only on B) such that, for any £ € S' and r < c3,

(4.2) |(7i(2),€)| < 1= er? (min(Ke, K_¢))"
if x is in OB\ (B(z(§),rK¢) U B(z(=£),rK_¢)).

Proof. Note that there exists a Cy > 0 such that, for any ¢ € S!, the bound-
ary OB in a neighborhood of (&) can be parametrized by

43) 7w =(&) +ut(x(€)) + h(w,6)(=€), uel=[-Co,Col,

where h(-,£) € C°°(I) for all £ € St such that h(0,£) =0. Note that (4.3)
implies A}, (0,£) =0 and h]/(0,§) = K¢. Since the map

ge St = h(,¢)
is continuous and its domain is compact we have
(4.4) |8ﬂh(u,§)|§Cl for any &£ € S*,j € Ny, and u € I.

Denote by K,ax the largest curvature of 0B. Let

c3 = min o i 2v/6
3 Kupax C1 ' 9K2

max
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and r < ¢3. Due to the symmetry and monotonicity it suffices to prove (4.2)
for a fixed x € 90BN OB(x(§),rK¢). Since r < Cy/Kmax there exists a u, € I
such that o = #(u,) with rK¢(1+CF)™Y/2 < |u,| < rK.
Since r < 1/Cy, Taylor’s formula and the size of u, yields
45)  rEZ(1+02) P2 < wnKe/2 < W (u.,6)| < Bu.Ke/2 < 3rK2/2.
By Taylor’s formula again,
(7i(2),€) = (1+ 1, (us, €)°) 1= hy(us,€)*/2+ R

with a remainder |R| < 3., (us,&)*/8 < 1/, (u.,€)?/4. The last inequality fol-
lows from (4.5) and r < 2v/6/9K2,. . By (4.5) again we get

<ﬁ(x),§> <1-— C’I"QKg,
where ¢ =1/(16 + 16C%). O

—-1/2

THEOREM 4.2. Let B be a compact strictly convex planar domain with
smooth boundary, s the arc length on 9B, and n; (I =1,2) the lth component
of the Gauss map of OB. For £ € S* with 6¢ = min(K¢, K_¢) >0, we have

mds(\E) = (e™i/Ag, (K)~1/2e~2mirH (&)
e (=) (K _g) V22T (-6)) \1/2
+O(>\_3/2(5£)_7/2+)\—N(55)—4N) for A> 0,
where N € N and the implicit constant depends only on N and B.

Proof. As in the proof of Lemma 4.1, the boundary 0B in a neighborhood
of (&) can be parametrized by (4.3) with a uniform upper bound as in (4.4)
and we assume Cy, Cq, c3, and K, are constants appearing there. Let

¢4 = min o 3 2c
T Kmax’ZCl(l—i_CO), )

Decompose n; as a sum n; =1 + 12 + Y3 where

Y1(2,€) = nu(x)xo (a:;_}x((j)) and  2(x,€) = (z)xo (

)

We first estimate @ and by (4.3)
(4.6) ?m(/\f) — e 2miNE(8)) /T(u’g)EQﬂ-iAh(u,g) du,
where 7(u, &) = 11 (F(u), €) (1 + R, (u, £)?)*/? such that

T('?f) € Cgo(_c‘leaC‘lKE)

and ‘ ‘
|077(u,€)| < C(x0,C1)(caKe) ™.
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Denote the integral in (4.6) by A(&). By a change of variable,

A(¢) = Kg/T(Kgu,g)e%Mh(K&“’g) du.
By Taylor’s formula,
h(Keu,&) = (Ke)’u®(1+e(u,€)) /2, u€[—ca,cd,
where e(u, &) = ufol O3h(Keum,&)(1 —m)?dm. Since 1/2 <1+ e(u,&) <3/2
(due to ¢4 < 3/(2C})), we can define v =u(1 + £(u, &))Y/2. Since dyv(u,§) >
V2/4 (due to ¢y < min(Cp/Kmax,3/2C1(1 + Cp))), then v+ v is a smooth

invertible mapping from (—c4,¢4) to a neighborhood of 0 in v-space such that
|0iv] < C(Co, Cy), |83u| < C(Cy,C1), and

B(Keu,€) = (Ko)*? 2.
Then
A(©) = Ke [ 70.9e%" 2,
where A = 27(K¢)?A and 7(v,€) = 7(Keu(v),€)dpu. Applying Lemma A.3

(with k = 1 there) to the integral above yields an asymptotic expansion, which
in turn gives

1@()\5) _ em'/4§l(KE)—1/26—2m,\<5,x(5)))\—1/2 + O()\_3/2(K5)_7/2),

where the implicit constant depends only on B.

Since @ is similar, it remains to estimate 1@ Assume 7: s € [0, L] —
7(s) € OB is a parametrization of 9B by arc length and 7(0) = z(£). Then

lZJgdS()\g) /Tl(s ) —2miXf(s ’5)ds

where 71 (s,£) = ¥3(7(s),€) and f(s,£) = (7(s),£). Note that
Fi(s,8) = (H(7(5)),€)-

5)),€)[? =1 and Lemma 4.1 (with ¢4 < 2¢3) yields,
) # 0, that

[(7i(7(s)),&)| <1-— cci(6¢)* /4.
Hence, |(7i(7(s)),&)|> <1 — cc3(0¢)* /4. Tt follows that
|£2(5:6)| = Veea(9¢)* /2.
Note that 87 f <1 and 927y < (8¢) ™7, thus by Lemma A.2 we get
Pads(2§) SAN (3e) 4,
where the implicit constant depends only on N and B. O

But [(£(7(s)),€)|* + (7 (Fé

for any s such that 74 (

As a consequence of the Gauss—Green formula, we get the following corol-
lary.
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COROLLARY 4.3. Let B be a compact strictly convex planar domain with
smooth boundary. For € € St with (52 = min(Kg,ng) >0, we have
B, () = ((277)—163771'/4 (Kg)—l/Qe—zm,\He(g)
+ (27r)—1€—3m/4 (ng)—1/2627ri/\H9(—5))>\—3/2
+OA2 () TP AN ()TN for Ao,
where N € N and the implicit constant depends only on N and B.

REMARK 4.4. In Section 6, we will apply this result (N =1) to convex
planar domains of finite type. The error term becomes O()\*z(ég)"l).

Proof of Corollary 4.3. This result follows easily from
T, = s (VRSe).
2mINGRB(AE) = —muds(A),
and Theorem 4.2. O

5. Estimate of exponential sums

Let M, >1 and T > 0 be parameters. In this section, we consider two-
dimensional exponential sums of the form

S(T,M;G,F)= Y G(m/M,)e(TF(m/M.,)),
meZ?
where G : R? = R is C™ smooth, compactly supported, and bounded above

by a constant, and F : 9 C RZ = R is C* smooth on an open convex domain
Q such that

supp(G) C Q C ¢oB(0,1),

where ¢g > 0 is a fixed constant. Here we quote the author’s [3, Lemma 2.2]
(d=2), that is, Miiller’s [15, Lemma 1] (in a slightly different form).

LEMMA 5.1. Let e N, Q =29, and r1,...,74 € Z2 be nonzero integral
vectors with |r;| S 1. Furthermore, let H be a real parameter which satisfies

1<HS<M,. Set H=H,, =H? " forl=1,...,q. Then

M*QQ M*Q(Q—l) -
H +H1 ..... H, Z |S(‘%0TM* qu*QGqu)’a
1<h;<H;

|S(T, M.; G, F)|° <

where A =T]}_, hi and functions Gy, F, are defined as follows:

q
h
Gy(@) = Gylz, b, ... .hg) =[] G<x+§ M’um>
=1

uiE{O,l}
1<i<q
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and

Fy(x) =Fy(x,h1,...,hy)

q
hy
= (r1,Vy---(rq, V) F :I:—&-E wry | duy -+ - dug.
/(‘071)41 1 =1 M* e

The integral representation of Fy is well defined on the open conver set
Qy=Qq(h1,....hg) ={zeQ:z+X ] (/M )wr €Q for allu; € {0,1},1 =
1,...,q9}. Moreover, supp(G4) C Qy C Q.

PROPOSITION 5.2. Let ¢ €N, Q =29, and K <1 be a positive parameter.
Assume that

(5.1) dist(supp(G),Qc) > [gat?,
and that for all v € N% and y €
(5.2) DYG(y) < K~ Uat2vl
(5.3) D"F(y) < { }:{372|u\ ZZ ?y|§2|1/2| =1
and for p=(1,q—1)
(5-4) |det (V2D F(y))| 2 K2

If M, > K=4972 and T is restricted to
(5.5) T > K(Ba+8)/Q=5 ) pa-1+2/Q
then
(5.6) S(T,M,; G, F) < (K207 p0Q-1=6)1/(3@=2) | pp
where
(5.7) R = K~ (20a+4)/Qp2-2/Q [K—(12q+4)/Q

+ (K12q+1T—1Mq+2)1/(3Q—2)
% ((K—Q(]q—?T—lMg)l/Q + (IOgM*)l/Q)] .

The constant implicit in (5.6) depends only on q, co, and constants implicit
in (5.1), (5.2), (5.3), and (5.4).

REMARK 5.3. This result is similar with [15, Theorem 2] and [3, Proposi-
tion 2.4 and 2.5, but here there is an extra parameter K in various bounds.

Proof of Proposition 5.2. Let 1 < H < csK**t2M, with ¢5 < 1 chosen
(later) to be sufficiently small. Then H < M,. We use Lemma 5.1 with
ri=ep and rj =e2 (j=2,...,q). Applying to Sy:=S(H#TM,? M,;Gy, F,)
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the Poisson summation formula followed by a change of variables x = K2 M,z
yields

Sy = Z G (z/M)e(ATM "Fy(x/M,) — (p,z)) dx

peL?
= > K*'M? / Uy (2)e(ATM;9F,(K?z) — K*M.(p, z)) dz,
pez?
where ¥, (z) = G,(K?2z). It is obvious that
(5.8) supp(¥,) € K2Q, C cgK2B(0,1).
By (5.1), we also have
(5.9) dist (supp(¥,), (K_zﬁq)c) > K%,
By the assumption (5.3), there exists a constant A; such that
|V.(Fy(K?2))| < (A1/2) K>,
We split Sy into two parts
Sy = Z + Z =: 55+ Rs.
|pl<A1K1=2a2TMI9""  |p|>A; K1-2a¢TM; 91
We will prove the following lemma (later) by integration by parts.
LEMMA 5.4.
Ry S K 7OM
Next, we will estimate S5. Define A\; = K37 29T M, ¢ and
D (z,p) = (HTM;F,(K*2) — K*M,(p,z)) /A1,
then
(5.10) S5 = K*M? > / Ty (2)e(M®y(z,p)) dz.
|pl<Ay K1=2a2TM; 97! o
For all z € K~2Q,, by (5.2), (5.3), and (5.4),

(5.11) DYW,(2) S K,
K2 forv=0
v < ’
(5.12) D7®,(2,p) S {1 for [v| > 1
and
519 (V2. 2.)| 2 K%

To prove this lower bound (5.13) we first note, by using the definition of
F, and the mean value theorem, that for = (1,¢ — 1)

& 9q11 O°DMF » H
8211 azlz ((I) ( )) K axll 63;‘l2 ( ) + O<K M, > '
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The two terms on the right are < 1 and c5 K9, respectively. Thus,
det(VZ, (®4(2,p))) = K12 det(VED"F(K?2)) + O(cs K*7).
By (5.4), we get (5.13) if we pick a sufficiently small cs.

With (5.8), (5.9), (5.11), (5.12), and (5.13), we can estimate the integrals in
sum Ss. Let us fix an arbitrary |p| < A; K'=29.2TM, 9" We first estimate
the number of critical points of the phase function ®,. Denote p= K2M,p/\
and F(z) = K173V (F,(K?z2)), then V.®,(z,p) = F(2) — p and the critical
points are determined by the equation

F(z)=p forze K2?Q,.
The bounds (5.12) and (5.13) imply that the mapping F' = (F}, F,) satisfies
D'F;(z) <1 for |v] <2,j=1,2,
and
|det(V.F(2))| 2 K.

By (5.9), we know that supp(¥,) is strictly smaller than K20, and the
distance between their boundary is larger than a; K*? for some positive con-
stant a;. Let ro = a;K*?/2. By Taylor’s formula, there exists a positive
constant ap (< a1/2) such that if Z is a critical point in (supp(¥y))(,,) then
(5.14) |V.®,4(z,p)| 2 K*|z—%|, for any z € B(%,a2K).

Applying Lemma A.1 to F' with ry as above yields two positive constants a3
(< ay/2) and a4 such that if r; = a3 K4, 7y = a4 K89, then F is bijective from
B(z,2r1) to an open set containing B(F'(z),2rz) for any z € (supp(¥y))(ry)-
It follows, simply by a size estimate, that the number of critical points in
(supp(¥q))(ry) is S (K72/r1)? S K574

Let Z; (j=1,...,J(p)) be all critical points in (supp(¥g)),) correspond-
ing to the p we fixed. Let x;(z) = x0((# — Z;)/(c671)) with ¢g chosen (below).
Then

J(p)
(5.15) /\I/q(z)e(/\lq>q(z,p)) dz = Z/X‘j(z)\l'q(z)e()q@q(z,p)) dz + Re,

where
J(p)
RG:/P—ZXJ 2)e(M®y(z,p)) dz.
For each j=1,...,J(p), we consider a new phase function ¢;(z,p) =

D, (z,p) — ®,(Z;,p) satisfying DY ¢;(z,p) <1. By Lemma A5 (with § = K49),
if ¢g is sufficiently small then

(5.16) ‘/Xj(z)\llq(z)e()\l@q(z,p)) dz

\ [ @) d| S A7 K
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We will prove (later), by integration by parts, that
LEMMA 5.5.

(5.17) Re S K32978)\ 2,
Using (5.10), (5.15), (5.16), and (5.17), we get

—1g-—2 -2
S5§K4M*2(1+(A1K1Qq%TM*q1)2)<>‘1 K= M >

K 8at4 K 32q+8
< K291 2T M9 + Ry,
where
Ry = K—8973 ()~  Ma+2 4 K—289-10( pp) =2 2042 4 =328,
Recall that Rs < K~129760~1 hence Rs < K328 and
Sy =854+ Rs SK 27V TM; 7 + Ry.
Plugging this bound into the inequality in Lemma 5.1 gives
(5.18) |S(T,M.;G,F)|? S M2QH ' + K120\ T\2Q 922~ 2/Q 4
where
E= M@ (K—Sq—3T—1M£+2H—2+2/Q log H
4 K 3208 _|_K—28q—1OT—2M*2q+2H—2+2/Q).

In order to balance the first two terms on the right-hand side of (5.18), we
let

H = s (K12q+1T_1M3+2)Q/(3Q_2).

The assumption (5.5) implies H < c5 K492 M,. We also have 1 < H since we
can assume
12+1 2
T < ep K120+ )0+

with a sufficiently small ¢7 (otherwise the trivial bound of S(T', M,; G, F), i.e.
M2, is better than (5.6)). With the choice of H as above, (5.18) leads to
(5.6). O

Proof of Lemma 5.4. Let Ay = Aa(p) = M. |p| and
Dy(z,p) = (ATM;F,(K?z) — K*M.(p,z)) /X2,
then
Rs = K*M? Z /\I/q(z)e()\qu(z,p)) dz.

lp|> A1 K1—2a 2T M7 !
For z € K~2Q,, we have D"¥,(z) < K%l and D*T',(2,p) <1. We also
have
[V.Ty(zp) + K%p/|p|| < K?/2,
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which implies |V,.T(z,p)| > K?/2. By Lemma A.2, we have for any N € N
[ a0y o) de S KNS A N .

The case N =3 gives the desired bound for Rjs. O
Proof of Lemma 5.5. Denote A\3 = K2\, g(z,p) = K?*®,(2,p), and

J(p)

u(z) = [1 -3 %()

U, (2).

By (5.12), we have
D7g(z,p) S1.
Since supp(u) is away from critical points, we get |V, ®,(z,p)| = K8 if z €
supp(u) by (5.14) (see the proof of the author’s [3, Proposition 2.4] for more
details), which gives
|V.g(z,p)| Z K**? if 2 € supp(u).
Since x;’s have disjoint support and D"x; < K%l we get
D¥u(z) S K4l
By Lemma A.2 for any N € N

Ro= [ u(2)e(aglz,p) d S KON,
In particular, we get (5.17) if we let N =2. O

6. Proof of Theorem 1.2

Let p € C§°(R?) such that [;,p(y)dy =1. The central question in the
lattice point problem is how to estimate the sum

(6.1) S R (th)lek).
kez?

If OB has positive curvature, by Hormander’s formula in Lemma A.4, the
estimate of (6.1) is reduced to an exponential sum. Then one can use the
classical Van der Corput methods for exponential sums. For such treatment
the reader could consult, for example, Krétzel and Nowak [12], [13], Miiller
[15], the author [3], etc.

If the curvature is allowed to vanish, this cannot be done directly. One
may then replace B by By and consider the integral of (6.1) over all rotations,

namely )
s
J

For example Tosevich [7] estimated such an integral by putting absolute value
on each term in the sum. Rather than doing that, we properly split the sum

> R (th)p(eh)| a0

kez?
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into two parts: one with more terms, one with less. We put absolute value
on each term in the latter part. To the former part, we apply the asymptotic
formula of X, (&) away from those points £ corresponding to small curvature.
This is where we need Corollary 4.3 with an error term containing curvature
explicitly. Then the estimate is reduced to an exponential sum, to which we
can apply similar methods used in [12], [13], [15], and [3]. The former part is
where we gain and the reason why we achieve a sharper bound. We carry out

this idea in the proof of the following lemma.

LEMMA 6.1. Let ¢ =1/3831 and p € C§°(R?) such that [4, p(y)dy =1. If
B is a compact convex planar domain with smooth boundary of finite type w

which contains the origin as an interior point, then for j € N we have

27
/ sup (B3I ST g (k) plek) [ dB S 1,
0 27-1<t<2i+2 kez2
where € = e(j,w) =277
426w — 832 832
a(w) d and o(w)

T 1277w — 2496 T 1277(1277w — 2496)

Before we prove this result, we first apply it to prove the following lemma,
which easily implies Theorem 1.2 (see Iosevich [7, p. 27] for this argument).

LEMMA 6.2. Under the same hypothesis as in Lemma 6.1, for j € N we

have )
/ sup  t7/3HCHoWw) | Pg, (t)|d6 < C,
0 2<t<2it!
where C' is independent of j.

1

Proof. Define p.(y) =c 2p(e~y) and

Ne,@(t) = Z XtBy * pe(k)
kez?
By the Poisson summation formula
Neo(t) =17 X, (tk)p(ek) = area(B)t* + Re (1),
keZ2
where
Reg(t) =12 Xm, (tk)p(ck).
kez?
Miiller proved in [14] that if C; > 0 satisfies B(0,1/Cy) C B then
Neo(t — Cre) S#{Z*NtBy} = > xus, (k) < Ne(t + Che),
keZ?
which implies
Py (1) S

~

|R€’9(t + C15)| + |R679(t - C16)| +te.
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Then
sup t72/3+c+o(w)|PBe(t)|< sup /3@
21 <t<2i+1 ™ i<t<oitt
+ sup  tTAHHI@|R_g(t £ Ce)l.
2i <t<2i+1

The first term on the right-hand side is bounded by a constant, and the second
one is in L'(S1) due to Lemma 6.1. O

Proof of Lemma 6.1. Let t € [277127%2] and

w—2
T 1277w — 2496
For any 6 € [0,27], we have the following splitting

Z X8, (tk)p(ek) = sum I+ sum II,

§=0(j,w) =277 with B(w)

kez?
where
smT= 3 K, (tR)A(eR),
keD1(4,0)
sum IT= > s, (th)A(ek),
k€D2(4,0)

and D;(6,60), D2(6,0) are two regions defined as follows: if
D5(6,0) ={¢€R2: Ke < or K_¢ <6},
and D1(5,0) =R2\ Dy(6,0), then
Ds(0,0) = RgD2(6,0) and D1(6,6) = ReD1(6,0).

Note that D(6,0) is the union of finitely many planar double cones (sym-
metric about the origin)? minus the origin. If ¢ is large, these cones intersect
only at the origin.

For sum II, we have the following claim.

CLAIM 6.3.
27
(6.2) / sup  t/3+H0@)|gum 11]do < 1.
0 2i-1<t<2i+?
We defer the proof of this claim until later. Next, we will prove

(6.3) sup 3@ Isum 1) < 1
29-1<t<2+2 ~

with an implicit constant depending only on B. The conclusion in Lemma 6.1
follows easily from (6.2) and (6.3).

2 A planar double cone symmetric about the origin is, for example, the (smaller) region
bounded between y =z and y =1.001x.
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Note if £ € Dy (6,6) then Kft& >§. Applying Corollary 4.3 to sum I yields

(6.4) sum I = (27) " 1e?™/48, + (27) " Le 3T/4S, 4+ Ry,
where
S1=S1(t,,8,0) =72 S |k (KD) T (ke (tHo (k)
keD1(6,0)
S1=581(t,e,8,0) =t > |k|73/2 (K?,) " *plek)e(—tHy(~k)),
keD1(6,0)
and
(6.5)  RiSpd 't |k[T(p(ek)| S0 P log (e ) St/
kez?

We will only estimate S since §1 is similar. Denote ¢} = {€¢ € R?:1/2<
|€] <2}. Let us introduce a dyadic decomposition and a partition of unity.
Assume ¢ € C§°(R?) is a real radial function such that supp(¢) C %, 0 <

p <1, and
Z cp(%) =1 for ¢ €R?\ {0}

l[):*OO

Denote

Sivu= Y o (MR k|72 (K2) ™ * plek)e (tHo (K)),
keD1(6,0)

then Sy = t3/2 Z?OOZO Sit- We will estimate Sy 3 for a fixed M = 2lo
lo € Np.
Let ¢ € N. For each ¢ € S' NH there exists a cone

€(&,2r(¢)) == J1B(&,2r(9)),

>0

where 7(§) = c2(K¢)?9%2/2 and ¢ is the constant appearing in the state-
ment of Lemma 3.4. Note that K, =< K¢ if n € €(£,2r(§)). From the family
of cones {€(&,7(£)/2): £ € S NH}, we can choose, by a Vitali procedure,
a sequence {€(&;,7(&)/2)}2, such that these cones still cover H and that
{€(&,r(&))}2, satisfy the bounded overlap property. Denote

¢! = Ro€(&,7(&)).

Then the collection {€¢}2°, forms an open cover of Hg. We can construct a
partition of unity {;}$2; such that
(i) >, %=1 on He, and ¢; € C5°(€7);
(ii) each t; is homogeneous of degree zero;
(if) |D"01] Sy (Ke,) -G+ om .

~
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From the family {€?}2° | we can find a subfamily {€%},c., covering D (4,6),
where &/ = &/(0) is an 1ndex set such that i € &/ if and only if €7 intersects
D1(8,0). Since r(&;) = 6*72 for any i € o7, a size estimate gives that #.4/ <
57412, Define
(6.6) St = Z S2,is

icd
where
Soi= Y Ul(k)e(tHy(k))
kez?
and
Uf (k) = (M k) (M) k|7 (57) ™% ().

Instead of 51 a we will estimate ST /. It turns out that the error
(6.7) Ry =51 — S1.m

is relatively small and this will be clear later (see Claim 6.4 below). To esti-
mate ST 5, it suffices to estimate Sz ; for any fixed i € &/.

By Lemma 3.4 and the homogeneity of Hy, there exist two orthogonal
vectors v = vi(Rp&;), v = vi(Re&;) € Z* such that |vj| = [v3| < (K¢, )%
(w7, 03) M S (Ke,) ", and

(6.8)  [A0(n,vi,v3)| 2 (Ke) 5071972 ifne | ) 1B(Re&,2r(&)).
1/4<1<4

Let L = [Z? : Zv} @ Zv3] be the index of the lattice spanned by v}, v} in the
lattice Z2. Then
= ’det(UTW;H SJ (Kﬁi)_sqv
and there exist vectors b € Z? (I=1,...,L) such that || < (Kg,)™* and
L
7? = |4 (Zo} + Zws + by).
1=1
Let N € N be arbitrarily fixed. Applying this decomposition, for any k € Z2
we can write k =mqv} + mav; + b where ms € Z (s =1,2). Hence,

L
(6.9) Sy, = Z Z Uf (mlvf + movy + bl)e(tHg (mlv’f + mavy + bl))
=1 meZ2
L
= (Ke,) "PM 221+ Me)™N Y S(T, M.; Gy, Fy),
1=1

where T'=tM, M, =K¥M, K = K¢,,
Gi(y) = K1/2M3/2(1 + Me)NUy (M*yl’UT + M.yavy + bl)v
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and
Fi(y) = Ho (y1 K"} + yo K %5 + M~ 1by).

We consider the function Fj restricted to the convex domain
= {(yhyz)t eR?:

y1K4qUT +y2K4qU; +M71bl c U ZB(R0§1,2T'(§1))}
1/4<1<4

The support of G; satisfies
supp(G;) C {(yl,yg)t ceR?: y1K4qv>f + y2K4qv§ + M 'y eén Cf} c Q.

We want to apply to S(T, M.; Gy, F;) Proposition 5.2 with G =G, F = F},
Q= and ¢=3.

Since 1 2 K¢, 2 0 for i € o7, there exist positive constants Cy and C'3 such
that the assumptions of Proposition 5.2 are satisfied if C56 726 < M < Cyt*/5.
This follows from Lemma 3.4, (6.8) and the following facts: if (K¢,) ™ <M
then € C ¢9B(0,1) for a constant ¢y (depending only on ¢, B);

C
dist(( U lB(R.gfi,Qr(fi))> G mcg’) > co(Ke,)*12/8;
1/4<1<4
and
DVUf 5 (K&_i)7(4q+2)|u‘71/2M7|V‘73/2(1 4 ME)*N.
Thus by Proposition 5.2 (with ¢ = 3), we get
(610) S(T, M*7GI7F’Z) ,SB (Kfi)24797/22t1/22M20/11 4 R7
where
24 [1-—16 3 77/4 —921/88,-15/88 7 r24/11
R<p KE KM + K, ¢ 15/88 24/
+ Kg—i145/22]571/22]\/[85/44(10g M)I/S]'
Using (6.6), (6.9), (6.10), K¢, 2 d, and bounds for #.4 and L, we get
(6.11) St < 6_29/2M_3/2(1 + Me)™N [6‘97/22t1/22M20/11
4§56 T/A | §—921/88,—15/88 § r24/11
+ 5—145/22t—1/22M85/44(10gM)l/S].
Now we can estimate S7. By (6.7),

(6.12) Sy =13/ ( > {oto + R2+ Rz + R4),
C36*25§210§C2t4/5
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where

Ry=— > Ry 510,

C3§—26§2l0 §02t4/5
R3 = E Sl7gl07 and R4 = E 517210 .
20 <C;36—26 210 >Cptd/5
Taking (6.11) and sizes of ¢ and € into account, we get

(6.13) > ¥ a0

035—26§210S02t4/5
SB (5_208/11t1/22€_7/22 +5_2197/88t_15/88€_15/22
4 §61/2.-1/4 4 5-232/114-1/22_—19/44 logt

< §208/1141/22 _—~7/22

CLAIM 6.4.
max(|R2|, |R3|, |R4|) SB (5_208/11t1/225_7/22.

Hence (6.3) follows from (6.4), (6.5), (6.12), (6.13), Claim 6.4, and sizes of
0 and e. O

REMARKS 6.5. (1) Our proof works for convex planar domains of finite
type. If w =2, the curvature does not vanish and Ds(4,0) is empty. The
method we used is essentially the same as those used in [3], [15], and will
produce the same bound O(t%/3-1/87),

(2) With essentially the same proof, we can actually prove that if 1 <p <
2+2/(w—2) then

suplog™*(t)t=2/3+T(wp) |Pg, ()| € LP (S")
t>2
where a > 1/p and
2— 2p—2
T(p) = g O DOt .
3(1219p + 58)w — 3(2438p + 58)

(3) We can possibly improve the exponent in Theorem 1.1 by iterating the
Van der Corput method.

Proof of Claim 6.3. To begin with, we estimate

2m
(= [ owso®( _sup It |Re, ()]) 00
0

2i-1<t <242
27
:/ 1D2(570)(|k|(c059,sin9))(sup‘tk;|3/2\>?5(t|k|(cos€,sin@))’) de.
0 t~23

Recall the definition of D(6,0), we are only integrating over finitely many
(no more than 2Z) small arcs on S'. By Lemma 2.1, the length of each arc
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is <oWwim1/(wi=2) (j =1,... 2). The inequality (4.1) gives explicit upper
bounds for

sup |tk[*/2| X5 (t|k|(cos0,sin0))|
over these small arcs. Hence, the estimate is reduced to the following integral

c(wi—1)/(w;=2) L,
/ 0T gp < §L/241 (wi-2).
0

It follows that

[

Z §1/2+1/(wi—2) < §1/2+1/(w=2)

Hence, the left-hand 51de of (6.2) is bounded by
i\ —1/6+C+0o(w) N _
< (2) D 1Pk |k 722 ()
keZ?
< (2j)*1/6+C+‘7(W)€71/251/2+1/(w72) <1.

In the last step, we use the definition of € and §. O

Proof of Claim 6.4. We first estimate Ry. The trivial estimate gives
_ —1/2) ~
Roael < >0 Y |wilk/M)||o(k/M)||k|732(K7) ™7 |plek))|.
kE€Z2\D: (5,0) i/

If k€ (Z%\ D1(5,0)) N €Y for any i € o7, there are only two possibilities as
to the size of K¢: (i) If K¢ > 1, then k is contained in finitely many (no
more than =) cones with angles < 0@~1/(w=2): (ii) If § < K < 6'/2 then k
is contained in 2= cones with angles < 629!, Based on these two cases, we
split the sum above into two parts as follows:

|R2, | < Z ZJr Z Z

k€Z?*\D1(8,0) 1€  keZ*\D:(5,0) i€A
Ki>1 S<KI<51/?

Using this splitting, we get
|R2| < Z |R2,210| S 5(0.;71)/(:4.;72)571/2 + 52q+1/2671/2

035_26§2l0 §02t4/5
—208/11,1/22 _—7/22
<é t/*%e .

As to R3, by a trivial estimate of S 510, we get
‘R3| §6_1/2 Z Z lok ‘kl 3/2’p Ek ! <§—27/2
200 <C36—26 keZ?

Similarly, Ry = O(5~1/212/5=4N/5c=N) for any N € N. Both are smaller than
§—208/1141/22,-7/22 0
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Appendix: Several lemmas

Here we give a quantitative version of the inverse function theorem (see the
Appendix in [3]). It is routine to prove it by following a standard proof of the
inverse function theorem.

LEMMA A.1. Suppose f is a C*) (k> 2) mapping from an open set Q C R?
into R and b= f(a) for some a € Q. Assume |det(Vf(a))| > c and for any
x €,

|D”fi(:c)| <C for|v|<2,1<i<d.
If ro <sup{r >0: B(a,r) CQ}, then f is bijective from B(a,r1) to an open

set containing B(b,r2) where
. c B c
e a@ace ™ [0 T qaica 1
The inverse mapping f~' is also in CF).

Hormander’s [4, Theorem 7.7.1] gives the following estimate obtained by
integration by parts.

LEMMA A.2. Let K CR? be a compact set, X an open neighborhood of K
and k a nonnegative integer. If u € C§(K), real f € C*1(X), then
/u(x)e”‘f(x) dz| < C|K|\™F Z sup|D"u|\Vf\|”‘72k, A>0.

i<k

Here C' is bounded when f stays in a bounded set in C*+1(X).

The following three lemmas are various results of the method of station-
ary phase. The first one is the one dimensional version of Hérmander’s [4,
Lemma 7.7.3]. The second one is Hérmander’s [4, Corollary 7.7.15] (d = 2).
And the third one is Sogge and Stein’s [23, Lemma 2].

LEMMA A.3. If ue #(R), then for every k € N

k—1
‘ / u(x)e” A2 dr — (2m) 22N (200) U (0) /5!
j=0

< (@RRAT2 (a0 L ).

LEMMA A.4. If BCR? is a compact convexr domain with smooth boundary
and positive curvature, then for any £ € S, A > 1

Xs(\&) = (2m)~! [63”/4[{g1/26—2”“@71(&»
+ e—37ri/4K:§/2e27ri)\<_571(_§)>] /\—3/2 + O()\_5/2),
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LEMMA A.5. Suppose ¢ and v are smooth functions in B(0,5) C R? with
¢ real-valued. Assume that |(0/0x)"¢| < Ch, |v| <d+2 and |(0/0x)" 9] <
Cod~ W, |v| <d. We also suppose that (V¢)(0) =0, but |det V2p(0)| > 6.
Then there exists a positive constant c¢1 (independent of &), which is sufficiently
small, so that if v is supported in B(0,c10) we can assert that
e dx| < CATY212,
Rd
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