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MULTIPLE ERGODIC AVERAGES FOR FLOWS AND AN
APPLICATION

AMANDA POTTS

ABSTRACT. We show the L2-convergence of continuous time er-
godic averages of a product of functions evaluated at return times
along polynomials. These averages are the continuous time ver-
sion of the averages appearing in Furstenberg’s proof of Sze-
merédi’s Theorem. For each average, we show that it is sufficient
to prove convergence on special factors, the Host—Kra factors,
which have the structure of a nilmanifold. We also give a de-
scription of the limit. In particular, if the polynomials are inde-
pendent over the real numbers then the limit is the product of the
integrals. We further show that if the collection of polynomials
has “low complexity”, then for every set E of real numbers with
positive density and for every § > 0, the set of polynomial return
times for the “d-thickened” set Es has bounded gaps. We give
bounds for the flow average complexity and show that in some
cases the flow average complexity is strictly less than the discrete
average complexity.

1. Introduction

1.1. Multiple convergence for flows. Furstenberg’s groundbreaking proof
of Szemerédi’s theorem via ergodic theory gave rise to many interesting av-
enues of research. Of particular importance, it established the connection
between recurrence properties of subsets of N and the limiting behavior of
certain associated multiple ergodic averages. In this paper, we focus on the
natural analogues of some of these results for multiple ergodic averages along
flows. Let m denote Lebesgue measure on R?, d € N. We show the following
theorem.
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THEOREM 1.1. Let {T;}ier be a measure preserving flow on a Lebesgue
space (X, X, 1) and let {p1,...,px : R? — R} be any collection of polynomials.
Then for any k €N, and f1,..., fr € L= (u),

1 Ry 1 Ry
(1.1) R_l/o S froTp s froTpy(s) ds
converges in L?(u) as Ry, ..., Rq — 0.

It is known in the discrete case that for polynomials Z¢ — Z, the multiple
polynomial averages for a single ergodic transformation converge in L?(u),
with results given in [7], [11], [14], [17], [16], [18].

In this paper, we also describe the limit of (1.1). If {p1,p2,...,px} is a
family of polynomials such that {1,p1,pa,...,pr} is independent over the real
numbers, we show that the average (1.1) converges to the product of the
integrals:

THEOREM 1.2. Suppose {T;}ier is an ergodic measure preserving flow on
a Lebesgue space (X, X, ), the family of polynomials {py,...,pr : R? — R} is
R-independent, and f1,...,fr € L°°(u). Then as Ry,...,Rq— 00,
1o R
R J, "R, . JroTy sy faoTpys) - - JeoTp,(s)ds

converges in L?(u) to

The discrete version of Theorem 1.2 was proved in [10].

We also give a formula for the limit of (1.1) when py,...,px are not neces-
sarily independent (see discussion in Section 5.2). In the discrete setting, an
explicit formulation of the limit is given for various cases in [8], [21], [29]. In
the setting of a flow, the extra level of connectedness in the underlying space
allows us to give an explicit description of the limit in general.

1.2. Optimal lower bounds. Suppose f; =--- = fr = 14 for some mea-
surable set A. In this situation, Theorem 1.2 shows that the best lower bound
we could expect for (1.1) is u(A)*¥. We know that in general the limit is
not p(A)¥ (see Section 5.2 for a counter-example; see [4], [8], [21], [29] for
counterexamples in the discrete case). However, we show that under certain
conditions the average is frequently greater than u(A)* — e for every e > 0.
We say a set S C R? is syndetic if there exists a compact set C' C R? such that
R? = C + S. We show that for collections of polynomials with complezity 0
or 1 (see Section 5.4 for the definition), the optimal lower bound is reached
for a syndetic set of times.
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THEOREM 1.3. Suppose {T;}ier is an ergodic measure preserving flow on
a Lebesque space (X, X,p), A€ X with u(A) >0, and {py,...,pr : R = R}
is a collection of polynomials with complezity O or 1. Then for every € >0 the
set

{seR: W(ANT,, AN NTp, () A) = p(A)F! —e}

is syndetic.

We note that a family of polynomials has complexity 0 if and only if it is
R-independent. Some examples of families with complexity 1 are {t,t2,¢+t2},
{t,2t,#2}, and {t, 12,3t + > + t3}.

REMARK 1.1. In the case where {p1,...,pr} has complexity 0, Theorem 1.3
holds without the assumption that {T}};cr is ergodic. The proof follows from
Theorem 1.2, an ergodic decomposition argument, and Holder’s inequality.

The discrete time version of Theorem 1.3 for polynomials of the form
{n,2n} and {n,2n,3n} was given by Bergelson, Host, and Kra in [4], and
was generalized by Frantzikinakis in [8] to include all collections of three
polynomials of Weyl complexity 1 or 2 (see [5] for the definition). For the
discrete case, it is known that the optimal lower bound is not reached for
the polynomial family {n,2n,3n,4n} (see [4]). We note that here the discrete
and continuous versions differ, as there exist collections of three polynomials
which have Weyl complexity 3, but have complexity 1. One such collection is
{n,2n,n?}, for which the discrete version of Theorem 1.3 is likely to fail [§]
(this is currently unknown).

We give a family of polynomials with complexity 2 which achieves the
optimal lower bound:

THEOREM 1.4. Suppose {T;}icr is an ergodic measure preserving flow on
a Lebesque space (X, X, ), A€ X with u(A) >0, and l,m € N. Then for each
polynomial p : R — R, and for every ¢ > 0, the set

{S eR?: w(AN T’lp(s)A N Tmp(s)A N T(l+m)p(s)A) > [L(A)4 - 6}

s syndetic.

It is unknown whether Theorem 1.3 holds for families of complexity 2. In
the discrete case, {2n,3n,4n} is a family of complexity 2 for which the discrete
version of Theorem 1.3 is likely to fail [8]. The discrete analog of Theorem 1.4
was given in [8].

1.3. Application. Just as Furstenberg used ergodic results [11] to derive
Szemerédi’s theorem, we are able to derive combinatorial results from our
study of continuous time averages. In particular, given a sufficiently large
subset £ C R, we ask which types of configurations are guaranteed to lie
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arbitrarily close to E. Let us make this question more precise. The upper
Banach density of a subset £ CR is the quantity

o m(EN[M.N])
DAE)= fmswp T

For 6 > 0, we write Es:={veR: dist(v,F) <o} ={veR: |v—¢e| <4 for
some e € E}. If E CR with D*(E) > 0, we are interested in paths {a;(¢),...,
ak(t)}ter which have the property that for each § > 0 there exists x,tg € R
with « + a1(to),...,x + ag(to) € Es. For example, it is shown in [30] that
given {ai,...,ar} CR and § > 0, there exists tp € R such that for every
t>to, Egﬁ(E(;—Ozlt)ﬂ"-ﬂ(E(;—Oékt)?é@.

We use the following modified version of the correspondence principle of
Furstenberg, Katznelson, and Weiss [13]:

THEOREM 1.5. Suppose E C R with D*(E) > 0. Then there exists an er-
godic measure preserving flow (X, X, u,{Tt}) and some E € X with p(E) >
D*(E) such that if {uy,ug,...,ux} CR, then for all § >0,

D*(Es N (Bs —uy) NN (Bs —uy)) > p(ENT'EN---NT,'E).

The original correspondence principle! of Furstenberg, Katznelson, and
Weiss was developed in order to study configurations in the plane and states
that Es N (Es —uy) N---N (Es — ug) is nonempty, but does not give a lower
bound for the upper density, and does not guarantee that the flow (X, X, pu,
{T;}) will be ergodic (see [13]). The proof of Theorem 1.5 is similar to the
proof in [13], but for the sake of completeness we include a proof in Appen-
dix A. The proof also makes use of the Ergodic Decomposition theorem and
the fact that almost every point in X is quasi-generic (see Appendix A for
the definition) to obtain the lower bound.

Combining Theorem 1.3 and Theorem 1.5 we have the following theorem.

THEOREM 1.6. Suppose E C R with D*(E) >0 and {p1,...,pr : R? — R}
is a collection of polynomials with pi(0) = -+ =pg(0) =0 and with complexity
0 or 1. Then the set

{s€R?:VY6>0,D*(EsN (Es —pi(s)) NN (Es — pr(s))) > D*(E)* ' —¢}
is syndetic.

For example, Theorem 1.3 holds for the families {t,2t}, {t,1, 3t +rt}, and
{t,t2+t,...,tF +t*=1}. It is an open question as to whether Theorem 1.6
still holds when Ejs is replaced by E.

It also follows that the conclusion of Theorem 1.6 holds for a family of
polynomials with complexity 2:

L' An R4 version was subsequently used by Ziegler in [30] to study configurations in R,
by examining discrete time averages for transformations which arise from an R¢-action.
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THEOREM 1.7. Suppose E C R with D*(E) >0 and l,m €N. Let p: R? —
R be a polynomial with p(0) =0 and let ¢ > 0. Then the set of s € R? such
that for all § >0,

D*(Es N (Es —mp(s)) N (BEs —Ip(s)) N (Es — (L +m)p(s))) > D*(E)* —¢
is syndetic.

1.4. Guide to the paper. We begin by giving some background information
in Section 2. In Section 3, we show that for ergodic flows the average (1.1)
is bounded by the Host—Kra seminorms, as developed in [17], starting first
with the linear case and then proving the general case using an induction
argument, as developed in [3]. From results in [17] and [30], we then show
that the Host—Kra factors are characteristic for (1.1) and hence reduce to the
case where (X, X, u,{T;}) is an inverse limit of nilflows.

In Section 4, we complete the proof of Theorem 1.1 by reducing to the case
where (X, X, u, {T}}) is an ergodic nilflow. Convergence in this setting follows
from [26].

In Section 5, we give a formula for the limit (1.1). First, we prove Theo-
rem 1.2 using methods given in [10], by reducing to the case of a nilflow, then
further reducing to the Abelianization and using the Weyl Equidistribution
theorem. We then show how in general the form of the limit (1.1) can be
deduced from [21]. In particular, we show that it suffices to compute the limit
of (1.1) for collections of linear polynomials. Using this fact, we develop a
method for bounding the complexity of a collection polynomials.

Section 6 contains the proofs of Theorems 1.3 and 1.4, using techniques
developed in [8]. The proof of Theorem 1.3 makes use of the fact that the
Kronecker factor is characteristic for the average (1.1) in the relevant case,
allowing us to compute the limit along some syndetic set of times. The proof of
Theorem 1.4 is similar, but uses the symmetry of the polynomials {lp, mp, (I +
m)p} to compensate for the fact that the characteristic factor is non-Abelian.

2. Background

2.1. The setting. For simplicity of notation, we assume that all functions
are real-valued, but note that all statements hold in the case of complex-valued
functions.

Throughout, (X, X, ) is a Lebesgue space with u(X) =1, and {T} }+er is
a measure preserving flow. This means {T}}:cr is a collection of invertible
measure preserving transformations {7} : (X, X, u) — (X, X, 1)} such that the
map R x X — X given by (¢,z) — Ty(z) is measurable, Ty is the identity trans-
formation, and T o Ty = Ty s for all s,t € R. We also assume (X, X, u, {T;})
is ergodic, i.e., a set A € X satisfies T;(A4) = A for all ¢t € R if and only if
w(A)=0o0r 1. If T: X — X is a measure preserving transformation we fre-
quently denote foT by Tf.
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Of particular importance, as (X, X, ) is a Lebesgue space, the map R x
L?(u) — L%(p) given by (t, f) — foT; is continuous (see [1]). This fact al-
lows us to work under connectedness assumptions which make several proofs
simpler than the discrete counterparts, and in some cases lead to stronger
results.

We utilize the following result of Pugh and Shub.

THEOREM 2.1 (Pugh and Shub, [24]). Let {T;}icr be an ergodic measure
preserving flow on a Lebesgue space (X, X, ). Then there exists a countable
set E CR such that for each tg ¢ E, the transformation Ty, is ergodic.

We call E = E({T;}) the exceptional set of {T}}icr.

2.2. Factors. A measure preserving flow (Y, V,v,{S}er) is a factor of the
measure preserving flow (X, X, p, {T; }+er) if there is some {7} }-invariant, full
measure subset X’ of X, some {S;}-invariant, full measure subset Y’ of Y,
and some measurable map 7 : X’ — Y’ such that v =po7n~! and S;o7(z) =
moTi(x) for all t € R and for all z € X'.

A factor (Y, Y,v,{St}ier) of (X, X, u, {Ti}ier) can be naturally identified
with the {7} }-invariant sub-o-algebra 7=1()) of X, or equivalently, with the
closed {T;}-invariant subspace L?(7~1(})) of L?*(X). If Y is a {1} }-invariant
sub-c-algebra of X and f € L?(X), then the conditional expectation of f on Y
is the orthogonal projection of f on the closed subspace L?(7~1())) of L?(X),
and is denoted by E(f])).

We say (X, X,u,{T:}) is an inverse limit of the factors (X, X, u, {T3}) if
X; is an increasing sequence of {T}};cr-invariant sub-o-algebras of X and
X =V\/;2, X up to sets of measure zero.

2.3. Host—Kra seminorms and factors. Let 7" be an ergodic measure
preserving transformation on (X, X, u). In [17], Host and Kra developed a
sequence of seminorms {||| - |||k, 7} ken on L% (u) which they used to bound
discrete time multiple ergodic averages. We review some constructions and
statements given in [17].

A collection of measure preserving systems { (X ¥ X* ] THEYL, (s in-
ductively defined such that (X[, X[ 40 = (X, X, ), and for every integer
k>1, Xk = sz, and T* =T x T'x --- x T (2* times). Furthermore, if Z!*!
denotes the Tl invariant o-algebra of (X, u* T then ul¥ is defined on
XK by

/ F x G du :/ E(F|ZFE-NE(GIZFEY) dplk—1
X[kl XIk—1]

for all F,G € L>(X*~1). It follows that u[¥ is T invariant. For each k > 1,

define
k
I =/ Q@ s

ee{0,1}*
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for all f € L>(n). It was shown this defines a seminorm on L?(u). We
sometimes write @, f instead of @.c (g 1y f-

By ergodicity, the o-algebra 19 is trivial, pl =g x u, and |||f||, =
| | f(z)du(z)|. Furthermore, for every integer k >1 and every f e L™ (u),

2k+1

AN =ty e & SN T £ and ) Fllasr > 1Sl

For each ergodic measure-preserving system (X,X,u,T'), there exists a
sequence of factors Z¢(T) C Z1(T) C--- C Z,(T) C - - such that for each k >
1, Zk_1(T) is characteristic for the average % Z::[;Ol Trf -T2 fyeen Tk f,
where fi,...,fr € L°(u). In other words, the L2-limit of this average is
unchanged if f1,..., fr are replaced by E(f1|Zx-1(T)),..., E(fx|Zk-1(T)).
These factors are controlled by the seminorms {||| - |||x,7} in the sense that for
all k> 1 and for all f € L>®(u), [|fllx,r =0 if and only if E(f|Z,_1(T)) =0.
Moreover, it is proved in [17] that each Zj(T') is the inverse limit of a sequence
of (k — 1)-step nilsystems. In particular, Zy(T") is the trivial factor of X and
Z1(T) is the Kronecker factor.

2.4. Seminorms and factors for flows. Frantzikinakis and Kra showed
in [9] that if T and S are commuting ergodic transformations of a probabil-
ity space (X, X, u) with associated Host-Kra seminorms {||| - |||x,7}xen and
{IF- We,stren, then ||| fllle,r =l flllk,s for all integers k> 1 and for all f €
L°°(u). Furthermore, the Host—Kra factors associated to T and S agree.
These two facts, in combination with Theorem 2.1, allow us to define a collec-
tion of seminorms on L (u) corresponding to the ergodic flow (X, X, i, {T3}),
as well as an associated sequence of factors.

DEFINITION 2.2. ||| flllx := || flll&.z, for all f € L?(u), s € EC, and k € N.

DEFINITION 2.3. Z(X,{T}}) := 2k(X,Ts) for each integer k > 0 and for
all s€ EC.

We simply write Z, instead of Z;(X,{T;}) when it is clear which flow is
being considered. The use of these factors in the setting of flows was originated
by Ziegler in [30]. In the discrete setting, the Zj were shown to be inverse
limits of nilsystems in [17]. In [30], Ziegler shows that the analogous result
for flows holds as well. In other words, for each integer k >0,

(2.1) 2}, is an inverse limit of (k — 1)-step nilflows.

3. Averages are controlled by seminorms

3.1. Linear averages are controlled by seminorms. Any finite collection
of polynomials p,...,pr : R — R is called a family. A family of polynomials
{p1,....px} is said to be essentially distinct if p; — p; is non-constant for all
i,5€{1,...,k} with i # j and nice if the p; are non-constant and essentially
distinct. We prove the following proposition.
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PROPOSITION 3.1. Let {T;} be an ergodic flow on a Lebesgue space (X, X, 1)
and let p1,...,px: R* = R be a nice family of linear polynomials with
pi(0)=0 for i=1,...,k. Then for all f1,...,fr € L®(u) with ||fillco,-- -,

lim sup H
Ri,...,Rg—00

<
min, Hllellk

We say that a collection of transformations {7, : X — X},ca is totally
ergodic it Ty -+ T3l is ergodic for all distinct elements ay,...,a; € A and
for all ny,...,n €Z with (n1,...,n;) #(0,...,0). We remark that the set of
zeros of a nonzero polynomial p: R — R has Lebesgue measure zero. Con-
sequently, given a family of non-constant polynomials {qi,...,q : R? — R},
there exists some A € R'? of Lebesgue measure zero such that {Tgi(si)se -
Tyi(s)) }(s1,...,s)erb-\ A 18 @ totally ergodic collection of transformations.

LEMMA 3.2. For all integers d,k > 1, for each nonconstant linear polyno-
mial p : R — R with p(0) =0, and for and every f € L>(u),

ok+1

Ry Rq ok
BU AR = o [ [ T 1 as

Proof. Let aq,...,ag € R\{0} such that p(s) = @181 + - + agsq for all
s=(s1,...,54) €RY Fix uy,...,ug € R such that u; >0 for i € {1,...,d} and
such that the collection {Tw,uy,---sTuguy ) is totally ergodic. Set §; = ayu;
for each i € {1,...,d} and let p(s) = B151 + - + Bgs4 for each s € Re. For all
Ni,...,Ngs€N and s € R?,

Ni—1 Ng—1

1 - - 2*
(3.2) Flmz::o” o ndZOH!f Tt - T (Tow) N
Ni—1
‘/X[k Nl nZ()
Ng—1
@) vt (g
nqg=0

It was shown in [9] that if T and S are two commuting ergodic transformations
of (X, X, 1), then T¥l and S have the same invariant sets. For almost every
s € R?, the collection {T5s), Ty, - -, Tp,} is totally ergodic, and thus by (3.2),
the definition of the measures u!*!, the invariance of ZI*] under the collection
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{T[k] TW ...,ng]}, and the ergodic theorem,

p(s)’
1 Mzt Ng—1 . . "
(83  mo = N DoM77 T T D
n1=0 ng=0
(@) (@)
2k
= LA

For R € R, let |R]| denote the integer part of R. As the integrand of
(3.1) is bounded, for each i € {1,...,d}, we can replace R; with | R;| without
changing the limit. Furthermore, we can write

[Ri]-1

[0, [Rs) —=1]= | [mssmi+1]

n;,:l

for each i € {1,...,d} and break up the integrals accordingly. Thus by (3.3),
the linearity of p, and the change of variables (s1,...,8q4) — (u181,...,u484),

Ry Ry 2k
Rhg;glﬁmn . / [ T IR s

= 1.
Ri,...,Rq—00 Hi:ﬂRiJ

[R1]-1 (n14+1) [Ra]—-1 (ng+1) N
« 3 / / 1S - T 12 ds
n1=0 n1 nqg=0 nd

1
[0,1]¢ Ry,...,Rg—o00 Hi:l LRlJ
[Ri]-1  [Ra]-1

.
x 30 2 T T T Dl s

n1=0 nqg=0

= [ S ds= IS -

)

We now prove Proposition 3.1 using a version of the van der Corput lemma
and a corollary. For a full statement and proof, see Lemma B.1 and Corol-
lary B.2, Appendix B. The use of van der Corput’s lemma for bounding dis-
crete time averages was first introduced by Bergelson in [3].

Proof of Proposition 3.1. We proceed by induction on k. First, suppose
k=1. For s € R? we apply the van der Corput lemma to the elements
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gs = Ty, (s)f1 In L?(p). For any set ¥ C RY of finite positive Lebesgue mea-

sure,
1 B Ra
R_l/ R_d/() Tpy(s)f1ds
1

<limsup ——

Ry Ry
[112 Ry / Rd /0 /Tpl(s+u)f1 'Tpl(s—i_v)fl dyuds dudv

=limsup ——=

Ry Ra
/1,2 Rl/ Rd/ /Tpl(u)fl'Tpl(v)fldﬁbdsdudv
/m // pr(w) f1 - Tpy (v [1 dudv dp.

By taking the limsup over all rectangles ¥ C R? and by the ergodic theorem,
we see that (3.4) is less than or equal to | [ f1dul* = ||| f1]|3.

Next suppose k > 2 and Proposition 3.1 holds for £ — 1. We show Propo-
sition 3.1 also holds for k. For s € R%, we apply the van der Corput lemma
and Corollary B.2 to the element gs =T, (s f1--- - Ty, (s)fr of L?(u). For any
¥ C R? with positive finite Lebesgue measure and for any I € {1,...,k — 1}
(the case k =1 is similar),

Ry k
1/0 Rd/ HT‘ flds L2(u)
SL/ L/limSHPH ) i Do) frll2 ()
m(W) Jog m(0) Sy Nowoo PRI g
1 M
R_l/o Ry
Ry k—1
X/ T (fio Ty fio Ty)ds| - dudy
0 =1 L2 ()

1
1 1 k-1 2k—1
<|— ] — Ty ) —pr () 17—, dud .
< (o7, 0wy W T 0 )

Notice that the map (u,v) ~ p;(v) — p1(u) is a linear polynomial from R
into R. By taking the limsup over all rectangles ¥ C R¢ and using Lemma 3.2,
we see that (3.5) is less than or equal to ||| fi]|2. O

2
(3.4) limsup

N—oo

L2 ()

(3.5) limsup

N—o0
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3.2. Polynomial averages are controlled by seminorms. In this sec-
tion, we prove the following proposition.

PROPOSITION 3.3. Let {1i} be an ergodic flow on a Lebesgue space (X,
X,u). For any k € N and for any nice family of polynomials P = {p1,...,
pr 2 R — R} with p;(0) =0 fori=1,...,k, there exists r € N such that for
anyflv afkeLoo( )

Ra
hmsup H - Rd/ pl(S)fl """ pk(s)fkds

Ry,...,Rqg—0

<
i (1]l

L2(p)
REMARK 3.1. The integer r in Proposition 3.3 depends neither on the flow
(X, X, p,{Tt}) nor on d.

The following is a consequence of Propositions 3.1 and 3.3.

COROLLARY 3.4. Let {T;} be an ergodic flow on a Lebesgue space (X, X, ).
For any nice family of polynomials {p1,...,pr : R? — R}, there exists r € N
such that for all fl,...,fk € L>®(u),

I 1 Ra k

— . T d .. T Z,

Ri1 Jo I[l o fids = Ry / Rd/ H E(fil2r) ds
converges to zero in L?(u) as Ri,...,Rq— o0o. If {p1,...,pr} are all linear
then r=k — 1.

In other words, Corollary 3.4 states that Z,. is characteristic for the average
(1.1). Leibman proved the discrete time version of Corollary 3.4 in [18]; our
proof (including elements of the proof of Proposition 3.3) is similar.

Proof of Corollary 3.4. By the multilinearity of the average, it suffices to
=0

show that
e T
. Ty (s)fids
1 Jo R L2(p)

whenever E(f;|Z,) =0 for some i € {1,2,...,k}. Notice that E(f;|Z,) =0 ex-
actly when E(T,, (o) fil Zr) = Tp,0)E(fi|2-) = 0. It follows from Definitions 2.2
and 2.3 that ]E(fl\Z ) = 0 if and only if |||}, (0) filll»+1 = 0 and hence (3.6) fol-
lows from Propositions 3.1 and 3.3. (]

(3.6) lim

We prove Proposition 3.3 using an induction argument, as developed by
Bergelson in [3]. If P ={p1,...,px} is a family of polynomials then its degree,
deg P, is the largest degree of its elements. We define two polynomials p and
q to be equivalent if degp = degq and deg|p — q| < degp. For example, t2 + ¢
and t? are equivalent, while t? +t and 3t? are not. This partitions the set
of all polynomials into equivalence classes, and the degree of an equivalence
class is the degree of any of its elements.
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We assign each family P of degree b a weight vector w(P) = (w1,...,wp) €
N?, where each w; is the number of equivalence classes of degree i in P, and
we say w(P) has degree b. For example, the weight vector of {t,2t,3t,t 1% —
t,4t2 +t,13} is (3,2,1). We write w < o’ if degw < degw’. If degw = degw’,
we resort to right-aligned lexicographical ordering. In other words, w < w’ if
degw < degw’, or if degw = degw’ and there exists some j < b so that w; < w’
and w; = w} for j < <b. The set of weight vectors is well ordered with respect
to this relation, and we use induction on this set.

We call a nice family of polynomials P = {py,...,pr} standard if deg P =

degpy.

Proof of Proposition 3.3. We first prove that for every standard family P =
{p1,-- ok : R — R} with p;(0) =0 for i =1,... k, there exists r € N such
that for any f1,...,fx € L°°( ),

Rg
(3.7) hmsup H .. Rd/ Toisyfr- Tpo(s)frds

..... Rg—o0
<1 falll+-

We proceed by induction on w =w(P). Proposition 3.1 is the base case in
our induction. Let P = {p1,...,pr : R — R} be a standard family of degree
> 2 and of weight w, and suppose that (3.7) holds for any standard family with
weight vector w’ < w. We assume that py is a polynomial of minimal degree
in P. Without loss of generality, we assume that || f1]lcc,---, || filleoc <1. Let
Ilz{iE{l,...,k‘} : ngpzzl} and Igz{ie {1,,k} : ngpi 22}

We use the van der Corput lemma and Corollary B.2. Write gs(z) =
Loy fr--- Ty, (s)fr for every s € R?. Then

1 1 R
e / T <gs+ua gs+v> ds
0

L2(p)

Rd

1
:R_1 .. / /HTzs-i-u I_ITL(S""V)JCz

i€ls i€l

N Toitstw) (i - Ty wy=paw) i) dinds

i€l

Ry Ry
Rl/ B Rd/ /H Ty s ()P, 5 dpds,

where, for u,v € R%, quv.1,.-.,quv.m are the elements of the family
Pov=A{pi(s+u),pi(s+v):icL}U{p(s+v):icl},

and each hy v ; is of the form f; for some i € I, or f; - T}, (w)—p, (v fi for some
i € I;. We assume that quv,1(s) =p1(s +v) and ¢u v,m(s) =pr(s+v).
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As {Ti}ier is p-preserving, by the Cauchy—Schwarz Inequality,

T L B
3.8 —/ R — SU?SVdS
(3.8) 7 ), Ry ), (s+us Gstv)

< ha,v,mllze

1 Ry 1 Ry m—1
_ [P T - Shuvy-ds
Rl/o Ra /0 E (@uv.s—uvm) () Py

For almost all (u,v) € R??, the collection of polynomials

L2(p)

/
Pu v = {Qu,v,l —Quv,ms---squv,m—1— Qu7v,m}

is a standard family. Furthermore, P, P, v and P}, , have the same equivalence
classes, of the same degrees, with the exception that in PI’Lv the equivalence
class in P, v containing gu,v,m either splits into one or more equivalence classes
of lower degree or vanishes completely. Thus, for all (u,v) € R*, w(P},) <
w(P) =w.

There are only finitely many integer vectors with w’ < w which are the
weights of families with m < 2k elements. Thus, there exists r € N such that
for all standard families {Q1, ..., Q., : R — R} of weight w’ < w with m < 2k,
and any Hq,...,H,, ELOO( ),

Rq
(3.9) limsup H . To,s)Hy---Tg,,s)Hmnds
Ry,...,Rqg—0 Rd LZ(H)
< [ Halll-
Combining (3.9) and (3. 8) and using Corollary B.2,
Ry 2
llmsup H .. / 1 s f ..... s f ds
o, Rymsoo Rd Tp (s Tp(s) fr o)
S =g 1P, 1[Il dudv = ||| fi]ll:-
Y
We now prove the theorem in general, where P = {py,...,px} is a nice, but
not necessarily standard, family of polynomials of degree b. Let fi,..., fx €

L°°(u). By Corollary B.3, there exists a sequence of rectangles {On} yen in
R3? such that

(3.10)  limsup

N—o0

1 (B 1
Rl/ h HT*S)MS

< limsup
N—oo M(ON)

k k
X/ /HTi(eru)fi'HTpi(erv)fid/J/deUdv
u,v,s€ON i=1 i=1

L2(w)
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< limsup
N—o0

k
1
- | | T, :
m(©n) / Horurta ]

,V,SEON ;4

k
. H T i (s+v)+q(s) fz dsdudv

i=1

L2(p)
for any polynomial ¢ : R? — R of degree b. The set
{pi(s+u)+q(s),pi(s+v)+q(s): 1 <i<k}

of polynomials R3¢ — R is a standard family of degree b with 2k elements.
Thus there exists r € N such that (3.10) is less than or equal to ||| /||| for each
I=1,... k. 0

4. Convergence on a nilsystem

4.1. Nilflows. Let G be a group. For h,g € G, we write [g,h] = g th~lgh.
For A, B C G, [A, B] is the closed subgroup of G spanned by {[a,b]: a € A,
be B}. The lower central series G=G1 DG2D---DG; DGjp1 D+~ of Gis
defined by G1 =G and G1+1 =[G, G,] for j > 1. We say G is r-step nilpotent
if r is the smallest integer such that G, = {Id}.

Let G be an r-step nilpotent Lie group and let I' be a uniform subgroup
(i.e., T is a discrete cocompact subgroup). The compact manifold X = G/T is
called an r-step nilmanifold. Let a be a fixed element of G and let T,, : X — X
be the transformation defined by Ty, (¢T") = (a-g)T for all g € G. Let u be Haar
measure on X. Then (X, u,T,) is called an r-step nilsystem and Ty, is called a
nilrotation. If {at}+cr is a one-parameter subgroup of G then {a; }+er induces
a flow {7y, }+er on X defined by T,,(¢9T") = (as - g)T for all g € G and for all
t € R. A flow defined in this manner is called a nilflow.

A sub-nilmanifold of X is a closed subset Y of X of the form Y = Hz,
where z is an element of X and H is a closed subgroup of G. If H is a closed
subgroup of G, then HT'/T is a subnilmanifold of X if and only if H NT is
uniform in H if and only if HT is closed in G (see [20]). Our goal is to describe
the orbits of certain paths in X.

4.2. Polynomial paths. As we only consider continuous ergodic flows, it
suffices to assume X is connected. A (multi-parameter) path {gs}scre in G
is a continuous function g: R? — G and we write g5 = g(s) for s € R%. If
g: R?— G is a continuous homomorphism, then g(s) is called a linear path.
Any path in G naturally induces a path in X.

Let G° be the connected component of the identity element in G. Then
G°T is both open and closed in G, hence G°T'/T is both open and closed
in X, and X =GT/T. Let ©: GT/T' — G°/(I' N G°) be the map given by
O(gol) = goI' N G° for go € G° and v € I'. This map is a homeomorphism
which preserves the left action of G°. If g(0) € G° then g(s) C G° for all
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s € R? and © preserves the orbits of {g(s)}scre. Thus, in order to describe
the orbits of {g(s)}scre in X, it suffices to describe the orbits of {g(s)}scpa
in G°/(I'NG°). We frequently use the map © to reduce to the case when G
is connected.

If G is connected, then the exponential map from the Lie algebra of G
into GG is onto. In particular, for every element a in G there exists some
one-parameter subgroup {a(t)}:cgr such that a(1) =a. We denote «(t) by a’.

By [22], if G is any connected simply-connected nilpotent Lie group, and
I' is a closed uniform subgroup of G, then G contains a Malcev basis. In
other words, there is a finite collection {ai,...,a;} C T so that each a € G
is uniquely representable in the form a = atf ~~afl for some tq,...,t; € R.
Furthermore, every one-parameter subgroup {a;}icgr of G is polynomial in
{a1,...,a4;}. This means there exist polynomials ¢i,...,q : R — R so that
ar = a(lh(t) . ~-a;”(t) for all £t € R. Every connected nilpotent Lie group is a
factor of a connected simply-connected nilpotent Lie group, and hence also

has these properties. Thus, we may restrict our attention to (multi-parameter)

polynomial paths, i.e., multi-parameter paths of the form g(s) = afl(s) T

af’ ®) for some ai,...,a; € G, some collection of polynomials {p1,...,p; : R? —

R}, and for all s € R%.

4.3. Uniform distribution on a subnilmanifold. A multi-parameter
path {xs}scre in X is uniformly distributed in X if
lim m({s€R?: 2, €U N[0, Ry] x --- x [0, Ry))
N—oo Rl ..... Rd
for any open set U in X such that the boundry of U has p-measure zero.
Equivalently, for any f € C(X),

1 (m q qBa
li — = sds= [ fdpu.
. Rl/o 7l f(zs)ds /f 1

We use the following specific case of a more general result of Shah.

= n(U)

PROPOSITION 4.1 (Shah, [26]). Suppose G is a nilpotent Lie group and
I' C G is a uniform subgroup. Let g: R* — G be a polynomial path and let
x € X =G/T. Then there exists a connected closed subgroup H of G such that

Y = Hwx is a closed sub-nilmanifold of X, {g(s)x} cpa = Hr, and {g(s)r}scpa
is uniformly distributed in Hzx.

n [26], Shah proves a more general version of Proposition 4.1 for real
algebraic groups. Every nilpotent Lie group is isomorphic to a real algebraic
group [15], and hence Proposition 4.1 follows. Proposition 4.1 follows from
[25] when {g(¢)}ier is linear. An ergodic proof of the case where d=1, G is
connected, and g is linear is given by Green in [2]. Leibman proved analogous
versions of Proposition 4.1, as well as Corollary 4.2 and Proposition 4.3 below,
for polynomial mappings from Z? to G in [19].
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COROLLARY 4.2. Suppose g: R¢ — G is a polynomial path. Let x be any
element of X, and let Y = {g(s)x}scpa. For any f € C(X),

1 Ry 1 Ry
LI L ioe [ td
i [ [ ot ds= [ say,

where py is Haar measure on'Y .

4.4. Proof of Theorem 1.1. We now have all the tools necessary to prove
Theorem 1.1.

Proof of Theorem 1.1. We may always write the average so that {pi,...,
p } are essentially distinct. By using the ergodic decomposition of the measure
i, it suffices to assume {T};} is ergodic. By Corollary 3.4, Z,. is characteristic
for the average (1.1) for some r € N, and hence it suffices to assume X is
equal to Z,.. By (2.1), Z,. is an inverse limit of (r — 1)-step nilflows, and
by an approximation argument it further suffices to assume (X, X, pu,{T:})
is a (r — 1)-step nilflow. Suppose T3 =T,, for some one-parameter subgroup
{at} € G. We now obtain Theorem 1.1 from Corollary 4.2 as follows. Replace
X = G/T with X*¥ = G*/T*, g(s) with (ap,(s)---:ap,(s)), and f with f; ®
-+ ® fr. Applying Corollary 4.2 to points on the diagonal of X*, we obtain
pointwise convergence of the average (1.1) when (X, X, u,{T};}) is a nilflow.
Convergence in L?(p) for the general case follows. O

4.5. Tools for computing the limit. We now give an important result
that is useful for computing the limit of (1.1) in the next section. We denote
the connected component of the identity of G' as G°. Let Z be the mazimal
factor torus of X, Z=G/(|G°,GOI"), and let p: X — Z be the factorization
mapping. We show that uniform distribution on X is equivalent to uniform
distribution on Z.

PROPOSITION 4.3. Suppose X is connected, v € X, and g: R — G is a
polynomial path. The following are equivalent:
(1) {g(s)x}sere is dense in X;
(2) {g(s)x}scra is uniformly distributed in X;
(3) {9(s)p(x)}scra is dense/uniformly distributed in Z.

In the case where G is connected and g is given by a one-parameter sub-
group of G, Proposition 4.3 was shown by Green (see also [23]):

THEOREM 4.4 (Green, [2]). If (X =G/T, X, u, {T}}) is nilflow with G con-
nected, then {13} is ergodic on X if and only if it is ergodic on G/G5T .

Proof of Proposition 4.3: The proof is similar to the proof of Theorem B
n [19], but we state it here for the sake of completeness.

(1) implies (2) by Proposition 4.1. That (2) implies (1) follows from the
definition of uniform distribution and the fact every nonempty open set has
positive Haar measure. It is clear that (1) implies (3).
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Assume (3) holds. Case I: Suppose G is connected. Then Z = G/GsI'. By

Proposition 4.1, there is a closed subgroup H of G so that {g(s)z}cps = Hz.
Therefore, Z = Hp(z) and hence G = HGsI'. As T is countable, by the Baire
Category Theorem HG3 has nonempty interior. Since G is connected, we
have G = HG5. By Lemma 3.4 in [20], H = G and thus {g(s)z}  pa = X.

Case 2: Now assume G is not necessarily connected. Without loss of
generality, we may assume ¢(0) = 1¢. As ¢ is continuous, it follows that
g(R%) is connected, and so g(s) € G° for all s € RY. This property is one of
the main reasons that proofs in the continuous time case are somewhat easier
than proofs in the discrete time case.

Let ©: X — G°/(I' N GY) be as defined in Section 4.2. As © preserves
the action of g(s), and as O([G°,G°I") = [G°,G°|(T' N G°), we have that
{9(8)O(z) }sera is uniformly distributed in G°/[G°, G|(T' N GY). By case 1,
g(s) is uniformly distributed in G°/(F'NGY), and since O is a homeomorphism,
g(s) is uniformly distributed in G'T'/T = X. O

5. Computation of the limit

5.1. Independent polynomial averages converge to the product of
the integrals. In this subsection, we prove Theorem 1.2. The idea of the
proof is similar to, but also simpler than, that of the discrete time version
given in [10].

We use the following result.

PROPOSITION 5.1. Let (X =G/I',G/T, 1) be a connected nilmanifold such
that G is abelian. Then any nilflow on X is isomorphic to translation by a
one parameter subgroup on some finite dimensional torus.

Proof. Suppose (X =G/T,G/T,u,{T;}) is an ergodic nilflow induced by
a one-parameter subgroup {a:}ter of G. As G is Abelian, I' is a normal
subgroup of G. Thus, G/T is a connected compact Abelian Lie group and
is isomorphic to some finite dimensional torus T™. Letting ¢ : G/T" — T™
denote the isomorphism between G/I" and T™, we have that T; is isomorphic
to the flow Sy = ¢Tyy~! acting on T™ by translation by the one-parameter

subgroup {¥(a)}. O
We call a family of polynomials {pi,...,pr: R — R} R-independent if
there does not exist a set of real numbers {as,...,a}, which are not all zero,

such that a1p; + -+ - 4+ agpr is a constant polynomial.
Theorem 1.2 follows from Corollary 3.4, (2.1), an approximation argument,
and the following result.

PROPOSITION 5.2. Let (X = G/T,G/T,u,{T}) be an ergodic nilflow in-
duced by a one-parameter subgroup {a;}ier of G. If {p1,pa;,...,pr : R¢ =R}
is an R-independent family of polynomials, then for every x € X, the path
{(ap,(8)T; Qpy(s) T, - - - Upy (s)T) }sera is uniformly distributed in Xk,
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Proof. By Proposition 4.3 it suffices to prove Proposition 5.2 under the
assumption that G is Abelian. Let ©: X — G°/T' N G° be as defined in
Section 4.2, and let O = 0O X --- x O (k-times). As the homeomorphism
Or: Xk — (G* /(T N G°)* preserves the action of {(ap, (s)s Apy(s)s - -+
Qp, (s)) }sera, we may further that assume G is connected. By Proposition 5.1,
there is an isomorphism v : G/T' — T™ such that T} is isomorphic to the flow
Sy = Typ~1 acting on T™ by translation by the one-parameter subgroup
{v(ar)}.

Write ¢(a;) =by = (by,1,...,be.m) € T™ for all t € R. Then each {b;;} is a
one-parameter subgroup of T and hence there is some o; € R such that b, ; =
a;t for all t € R. As S; is ergodic, {a1,...,q;,} are rationally independent,
i.e., every non-trivial rational combination of aq, ..., a,, is non-zero.

It remains to show that for each x € T™,

{(Spl(s)x, .. .,Spk(s)x)}sew = {(xl +pi(s)ar, ..., Tm + p1(s)am,
v Fpe(s)ar,. . Ty, +pk(s)am)}seRd

is uniformly distributed in T*™. As the polynomials {aipj :1<i<m,1<
j <k} are rationally independent (i.e., every nontrivial rational combination
of the polynomials {a;p; : 1 <i<m,1<j <k} is nonconstant), this follows
from Theorem 5.3 below. (]

THEOREM 5.3 (Weyl, [28]). Suppose q1,...,qs : R — R are rationally in-
dependent polynomials. Then {(q1(8),...,quw(8)) }sere is uniformly distributed
in TY.

REMARK 5.1. It is worth noting that Theorem 1.2 fails if the polynomials
{p1,...,prx} are not R-independent. Suppose there exist ai,...,a € R, not
all zero, and c € R, so that a1pi(s) + -+ axpr(s) = c for all s € RL. For
each i € {1,...,k}, let {Ty, t}rer be the flow on the torus T =R/Z defined by
To,t(x)=xz+a;t for allz €T and allt € R. Let Sy =To, ¢ X -+ X Ty, + and
let fi(z1,... o) = e?™@i € L>=(T*) for all j €{1,...,k}. Then

1o
o “.Rid/o Spi)f1e Spie frds

converges to e>™(@itt2ete) yn I2(4) as Ry,...,Rq — oo.

5.2. General description of the limit. In this section, we compute the
L2-limit of (1.1). By (2.1) and Corollary 3.4 it suffices to compute (1.1) in the
case where (X =G/T', X, i, {T}}) is a nilflow induced by some one-parameter
subgroup {a;}+er of G. We note that by Proposition 4.1, in order to compute
this limit, it suffices to describe for & € X the closure of the orbit

(5.1) {(am(S)xﬂ"'7aPk(S)x)}seRd
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in X*. Leibman gives a description of orbits of the form (5.1) in [21]. In
this section, we show that in order to compute the limit of (1.1) it suffices to
describe (5.1) when py,...,px are linear.

PROPOSITION 5.4. Suppose {p1,...,pr : RY — R} is a collection of poly-
nomials of the form {22:1 01,1 - - .,Zizl ak,iqi} for some collection of R-
independent polynomials {qi,...,q : R? — R} with ¢;(0) =0 fori=1,...,1,
and with aj; €R fori=1,...;0l and j=1,... k. If fo,..., fu € L(u), then

the averages
1 (R R k
ﬁ/ / /fO'Hij(sﬁjdudS
0 0 =1

1 (R R k
T A ED R
j=1

have the same limit as R — oo.

and

A discrete time version of Proposition 5.4, for averages along collections of
three polynomials of Weyl complexity 2, is proved in [8].

Proof of Proposition 5.4. We adapt the method of [8] (Lemma 4.3). By
Corollary 3.4 and (2.1) it suffices to verify the lemma when the system is
an ergodic nilflow, say (X = G/I",G/T", u, T;), induced by some one-parameter
subgroup {a;} of G. By Proposition 4.3, it suffices to show that for every
x € X the sets

A= {(auox, Tuo 45 ayus oo Qug eyt a“ua:)}uo ’’’’’ wer

and

B= {(CLUOx’ auo-ﬁ-Zﬁ:l al,iQi(S):E’ et auo-ﬁ‘Zﬁ:l ak,igi(s)x)}UOER,SERd

have the same closure.? Identifying X with G°/T'NG°, as in Section 4.2, it
suffices to assume G is connected.
By Proposition 4.1, the closure of A is a connected nilmanifold of the form

H/A, where H is a connected closed subgroup of G¥*! and A = H NI+,
B is clearly contained in H/A and it remains to be shown that B = H/A.

Let w: H/A — H/([H,H]A) be the natural projection. Then 7(A) =

H/([H,H]A) and hence by Proposition 4.3 it suffices to show that 7(B) =

m(A). As H is connected, Proposition 5.1 applies. Thus, we have reduced to
showing that if X =T™, ~ € T™, and the rotation x — x + ¢+ is ergodic, then

2 The sets A and B are both subsets of X*k+1 despite the fact that A is parameterized
by R+ and B is parameterized by R4*1.
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for all R-independent polynomials ¢i,...,q : R* = R, and for all x € X, the
sets

l
(5.2) { (x—i—uo'y,x—i— (uo—&-Zal}iui)v,...,

i=1

l
X+ (uo + Z ak,i“i) ’7) }
=1 UQ,-.. U ER
and

!
(5.3) {<X+U07,X+ <Uo+za1,iqz‘(s)>%---,

i=1

!
X+ (uo + Z ak,iqi(s)> 7) }
i=1 uoER,s€R

have the same closure.

Write v = (71,...,%m). Let A={1,...k} x {1,...,1} x {1,...,m} and
write &y = @iV, gr = ¢i, and uy = u; for all A = (j,4,v) € A. Let A’ C A such
that {axgx(s) }aea’ is maximal rationally independent subset of {axgx(s) Faea -
Let w =|A’| and write A’ = {A1,..., Ay }. Every element of {a\gx(s)}aca can
be written as a linear combination of {axgx(s)}aeas with rational coefficients:

axga(s) = cax, @x,qx, (8) + -+ Cxn,, Ar, G, (5)-

Write each ¢y \» as a quotient of integers and let d be the least common mul-
tiple of the denominators. For each A € A/, let 3, = %. Then {Bxqx(s)}ren
is rationally independent and every element of {@xgx(s)}rea can be written
as a linear combination of {#xgx(s)}reas with integer coefficients.

As the collections {q1,...,q} and {uy,...,u;} are both R-independent,
they have the same dependence relations. In particular, {Byuy}reas is ra-
tionally independent. By Theorem 5.3, {(6x,qx,(8),---,0x, 9\, (8)) fsere and
{(Br,tny, - - .,ﬁ)\wu)\w)}ml ,,,,, ux, ek are each equidistributed in T*. Thus for
each set of fixed values ui,...,u; € R, there exists s € R? such that the dis-
tance in T% between Sxgx(s) and Byuy is as small as desired for all A € A’. If
for every A € A

axgx(s) =ma B, qr, (8) + - +maa, Ban @i, (8)
for integers {m »,}, then for every A € A
axux =mx, O, Ux, + -+ M n, Br, Un,, -

Thus, s € R? can be chosen so that the distance in T* between Zizl a;,iqi(s)y
and 22:1 o ;u;y is as small as desired for all j € {1,...,k}. This shows that
(5.2) is contained in the closure of (5.3). A similar argument shows that (5.3)
is contained in the closure of (5.2). O
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By Proposition 5.4, in order to describe the limit of (1.1) in general it
remains to give a description of the limit along linear polynomials. Let G/T
be an r-step nilmanifold. For each k € {1,...,7}, let Qp ={(l1,...,lm) €
NF: S I, =k}. Given a;,; €R, for all i€ {1,...,d} and j € {1,...,k},

define the set
DA B s
H{(bo bn,w K ,...,bo bn,w K ) .

n=1weN, n=1weN,

o

bnw€GpVne{l,...,r},Vw eQn}

and let A=T*NH. H is a closed subgroup of G*, and the discrete subgroup
A is cocompact [21]. Thus, H/A is a nilmanifold with a Haar measure myy.

THEOREM 5.5 (Leibman, [21]). Let (X = G/TI',G/T,u,T;) be an ergodic
nilflow and let {p1,...,px : R — R} be a nice family of polynomials of the

form {25:1 oq,isi,...,zgizl akiSit. If fi,..., fu € L®(u) then for a.e. x =
gl'e X

. 1 (B 1 [Ra
R17...1,lgft—>oo R_l 0 o R_d 0 fl (Tpl (S)x) ..... fk (Tpk (S)m) ds
= f1 (9y1r) """ Jr(gyl') de(yA)7
H/A

where y = (y1,...,yx), and H, A are as above.

Theorem 5.5 follows from a specific case of Theorem 8.3 in [21], and the
fact that for each n € N, the polynomials {H?Zl (?L) tw €, } algebraically
generate the polynomials R? — R of degree n. For further explanation, see
[21], Section 0.7. The discrete time version of Theorem 5.5 in the d =1 case
was given by Ziegler in [29].

5.3. Limit formula. We now compute the L2-limit of (1.1). If necessary,
rewrite (1.1) so that p;(0) =0 for i =1,..., k. Write {p1,...,px} in the form
{Zi'=1 01,4, "'»Zi’:1 ak.iqi }, where {qi1,...,q} are R-independent polyno-
mials. By Theorem 1.1, the L2-limit and the weak limit of (1.1) both exist and
coincide. Thus, by Proposition 5.4 the limit will be unchanged if we replace
{22:1 01,iGiy - - s Ei:l a,;q; } with the linear polynomials {22:1 0 Uiy -y
22:1 ag U }. Let r € N such that Z, is characteristic for (1.1). After replac-
ing fi1,..., fr with their projections on Z, we assume that X = Z,.. As Z,. is
an inverse limit of r-step nilsystems, we can further assume that our system is
an ergodic nilflow and compute the limit using Theorem 5.5 (or by the more
general method given by Theorem 8.3 in [21]).

If Z; is characteristic, then we can assume that our system is an ergodic flow
given by multiplication by a one-parameter subgroup on a compact Abelian
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Lie group G with the Haar measure p. Identifying X with G°/(I' N GP), as in
Section 4.2, we may assume G is connected, so X = T" for some nonnegative
integer m. Thus for every fi,..., fr € L>=(u), the L2-limit of (1.1) is

(5.4) /T - / E{l f (x + Zzl; aj,z-ui) dp(u)

for a.e. x € T™.

5.4. Complexity. We define the flow average complexity of a given family
of polynomials {pi,...,pr} to be the smallest value of € N such that for
any flow (X, X, u,{Tt}), Z.({Tt}) is characteristic for (1.1). We just write
complexity when it is clear we are referring to the flow average complexity.
For applications, it is useful to know the complexity of specific collections of
polynomials. By Proposition 5.4, it suffices to compute the complexity for
linear polynomials. Combining Proposition 5.4 with Corollary 3.4, we have
the following result.

COROLLARY 5.6. The complexity of a family {p1,...,pr} of non-constant
essentially distinct polynomials is at most k — 1.

For linear polynomials, a similar bound holds for the discrete average com-
plexity [18]. However, it is still unknown whether in the discrete time setting
a version of Corollary 5.6 holds for general families of polynomials.

It is shown in [18] that if {p1,...,px : Z% — Z} is a nice family of polyno-
mials with p;(0) =0 for all 4 € {1,...,k}, then there is some r € N so that
for each probability space (X, X, u), for each measure preserving transforma-
tion T: X — X, and for each Fglner sequence {®y}yey in Z¢, Z,.(X,T) is
characteristic for the discrete time average

1
(55) o > TP Oy € L ().
on| S
nedy

In other words, for any fi,...,fr € L*(n) with E(f;|Zk—1) =0 for some
i€ {1,...,k}, the average (5.5) converges to zero in L?(u) as N — oo. In
this paper, we will refer to the minimal such r € N as the discrete average
complezity of {p1,...,px: Z%* — Z}. A method for calculating the discrete
average complexity is given in Section 6 of [21].

PROPOSITION 5.7. Let {p1,...,px : R4 — R} be a family of linear poly-
nomials with p;(0) =0 and p;(Z%) CZ for all i € {1,...,k}. Then the flow
average complezity of {p1,...,pr : R? — R} is bounded by the discrete average
complexity of {p1,...,pr: Z¢ — 7}.

Proof. Let 7 be the discrete average complexity of {p1,...,px : Z% — Z}.
It suffices to show that if f1,...,fr € L>°(X), with E(f;|Z,) =0 for some
i€{1,...,k}, then the L2-limit of (1.1) is zero.
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First suppose T} is totally ergodic. If E(f;|2Z,) =0, then E(T}, ) f|Z,) =0
for all s € R%. By an argument similar to the proof of Lemma 3.2, and the
Dominated Convergence theorem,

1 Rl Rd k
(5.6) lim 7/ / Tt fids
Ri,...,Rq—0c0 Hd 1 RiJo 0 11;[1 *

=114

o
[0,1)¢ FasesRa=eo [0 | R |
[Ri]-1  [Ral-1 &k
x Z . Z HTlpi(n) (Ty,(s)f:) ds.
n1=0 ng=0 i=1

As 7 is the discrete average complexity of {py,...,px : Z¢ — Z}, the inte-
grand is zero, and hence (5.6) is equal to zero.

If T is not totally ergodic, fix u € R such that v > 0 and T, is totally
ergodic. Let {i}teR be the flow given by T,=T,, for all t € R. Then T}
is totally ergodic and hence the L?-limit of (1.1) is zero when T} is replaced
with i. The change of variable (s1,...,54) — (us1,...,usq) now gives the
result. O

Combining Theorem 1.2 and Remark 5.1, we can characterize all families
of complexity 0.

COROLLARY 5.8. A family {p1,...,px} of non-constant essentially distinct
polynomials has complexity 0 if and only if {p1,...,px} are R-independent.

5.5. Bounding the complexity in examples. Let {p;,...,p; : R! = R}
be a nice family of polynomials. Define the p;-complezity of {p1,...,pr : Rl —
R} to be the smallest value of € N such that whenever f; € L>(u) with
E(f;]2,) =0, the average (1.1) converges to zero in L?(u). Then the com-
plexity of {p1,...,pr : Rl — R} is the maximum of the pj-complexities for
i=A11,...,k}.

We describe a method for determining a bound for the p;-complexity.
Bounds for the other complexities can be determined by a similar process. By
Proposition 5.4, it suffices to assume {p1,...,px : R! — R} are linear polyno-
mials of the form {22:1 0 i Ujy - 23:1 oyt +. By relabeling the variables,
we can further assume ;1 #0. Let Ay = {1 : o1 #0,1<j<k}. Then
A; are all coefficients of the variable u; in {22:1 0, Ui, - - .722:1 agui}. In
Proposition 5.9 below, we show that if a1 # o1 for all 2 < j <k, then the
pi-complexity is at most |A;| — 1. Later in this section we explain how any
collection of polynomials can be replaced by a collection of polynomials with
the same complexities and which meets these requirements.

PROPOSITION 5.9. Suppose {p1,...,pr : Rt — R} is a collection of distinct
linear polynomials of the form {Zizl Q1 i Uiy -y Zézl ok,iU; b with a; € R for
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i=1,....,land j=1,....k, and let Ay ={oj1: 01 #0,1<j<k}. Ifai1#
0, and a1 1 # a1 for all2 < j <k, then the pi-complexity of {p1,...,pk : R! —
R} is no greater than |Ay| — 1.

A similar type of result, for discrete time averages along collections of three
polynomials of Weyl complexity 2, is proved in [8].

Proof of Proposition 5.9. We adapt the method of [8] (Lemma 4.2). Let
r=|A1| -1, and for all u€ R’ write u= (uy,...,u;). Let fi,..., fr € L=(u)
with || filleo <1 for i=1,...,k. It suffices to show that if E(f1]|2,) =0 then
the L2-limit of (1.1) is zero. By Theorem 1.1, the L2-limit of (1.1) is identical
to the L2-limit of

a(N)
(5.7) ngnma R /RN/ po(w 1 Ty i du,

where Ry =[N, N]l_1 for all N € N and a(N) is an increasing sequence of
integers to be chosen as follows. By Corollary 3.4, the («j,u1)-complexity
of the family {a;1u1};ea is at most r. Write p;(ug,...,u) = 2222 a;u; for
all j=1,...,k and note that if E(f1|Z,) =0 then E(f; o Tj, (u,,....u)| Zr) =0
for all us,...,u; € R. Since the map Ry — L?(u) given by @ = (ug,...,u;) —
Hj ea Ji 915w 1s uniformly continuous, for each N € N we are able to choose
a(N) € N with a(N) > a(N —1) so that for all &= (us,...,u;) € Ry,

1
A i

(5.8) < —.
JEA

- N

L2 ()

Then for each N € N,
a(N) - m(R) / / Ty fr- Ty, (u) fr du
~N) JRy
da.

< e Ju 3
(RN L2(p)

By (5.8), the L?-limit of (5.7) is zero, which completes the proof. O

L2 ()

a(N)
/ HTaJ 1u1 p () fJ)dul

JEA

Now we describe how when k > 2, a nice family of linear polynomials
{p1,.. Dk : Rl — R} can always be replaced with a collection of polynomi-
als with the same complexities, which satisfies the requirements of Proposi-
tion 5.9.

. . l l

Define the coefficient matrix of {>°,_; a1 us,...,> ;5 o u;} to be:
aq1 aq 2 S Qg
Qg1 Q22 ... Q2]

Q1 Qg2 cee Qg
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Notice that a1 will be distinct from {ag21,...,ax,1} if and only if the first
entry of the first column is distinct from the other entries in that column.
By Proposition 5.4, the p;-complexity will remain unchanged if wq,...,u
are each replaced with R-independent linear polynomials ¢i,...,q;. Write
q; = 22:1 7v;.:wi for each j € {1,...,1}. It is elementary to show that ¢1,...,q
are R-independent if and only if the coefficient matrix B = (g, ;) is invertible.
Moreover, the coefficient matrix C' of the produced polynomials will be the
product, C'= A - B. Notice that the first entry of the first column of C' will
be distinct from the other entries in that column if and only if

a1t ogaver FeFag v F oy Foreyen oo

for all j € {1,...,k} with j # 5. This happens precisely when (p; —p1)(y) # 0
for all j €{2,...,k}, where v = (7y11,...,7,1)- As the solution set to the
equation (p; — p1)(x) =0 has measure zero for all j € {2,...,k}, there will
certainly exist some non-zero v with this property. The remaining columns of
B can always be chosen so that B is invertible. Thus, B can always be found
so that the resulting collection of polynomials will satisfy the hypotheses of
Proposition 5.9. In many cases B can be chosen so that the size of A; will be
preserved, although it is unknown whether this will always be the case.

EXAMPLE 5.1. The collections of polynomials {uy,2ui,us}, {uy,us,2u; —
ug}, {ur, ug, uz, mug + m2ug, 3uz}, and {uq,uz, us, 2ug + g, 2ug + Ug, 2u3 + Uug }
each have complexity at most 1, by a direct application of Proposition 5.9.
None of these families are R-independent, so by Corollary 5.8, the complexity
of each is 1.

EXAMPLE 5.2. The collection of polynomials {p;(u),p2(u),ps(u)} = {u1,
ug, u1 +us } has complexity 1. To see this, we use the method described above,
setting u; = s+t and ug = s —t. The resulting collection of polynomials is
{s+t,s—1t,2s}. Using Proposition 5.9, and examining the variable ¢, the p;-
complexity and the ps-complexity are each at most 1. Examining the variable
s, we see that the p3 complexity is also at most 1. Taking the maximum of
the p;-complexities, we see that the complexity of {p;(u),p2(u),ps(u)} is at
most 1. By Corollary 5.8, the complexity is equal to 1.

EXAMPLE 5.3. The collection of polynomials {p1(u),p2(u),ps(u),ps(u)} =
{u1,ug,us,u1 + uz + uz} has complexity 1. To see this, use Proposition 5.4
and the change of variable uy = s, us =t, ug = w — s, to obtain the collec-
tion {s,t,w — s,t +w} with the same complexities. By Proposition 5.9, the
p1-complexity and the ps-complexity are no greater than 1. By symmetry, a
similar change of variable shows the ps-complexity is no greater than 1. A dif-
ferent change of variable, u; = s, ug = s+t, and usz = w, gives the collection
{s,s+t,w,2s+t+ w}, and by examining the coefficients of the variable s,
we see that the ps-complexity is at most 1. By Corollary 5.8, the complexity
is 1.
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EXAMPLE 5.4. We show {p;(u),p2(u),p3(u),ps(u),ps(u),ps(u),pr(u)} =
{u1,ua,us, u1 +us2,us +us, u1 +us} has complexity at most 2. By the change
of variable uy = s, us =t — s, ug = w — s, we obtain the collection {s,t—s,w —
s,t,w,t+w — 2s,t +w — s}. By examining the coefficients of the variable s,
we see that the p; and pg complexities are at most 2. By symmetry, the ps,
p3, pa, and ps-complexities are at most 2. The change of variable u; = s,
uz =t+ s, u3 =w + s, we obtain the collection {s,t+ s,w + s,t + 2s,w +
2s,t+w + 2s,t +w + 3s}, and hence the pr-complexity is bounded by 2.

EXAMPLE 5.5. Let [ > 1, and let V ={0,1}!. Let P, be the [-dimensional
cube, i.e., {e-u: e € V}. The the complexity of P, is at most I. This can be
seen by doing a series of change of variables of the form uy — wuy, (ug,...,u;) —
(ug,...,u;) —use, for e € {—1,1}~L

Alternately, this fact follows from Proposition 5.7 and results in [17].

EXAMPLE 5.6. The collection {p;(u),p2(u),psz(u),ps(u)} = {mu; + 72uq,
72uy +m3us, Tuy + 72U + U3, Tug +mus } has complexity 1. By the change of
variable (u1,us,us) — (u1,us + %Ul,’U{), — %ul), to get the collection {27u; +
m2ug, mug, (27 — Vuy + 72uy + Tug, Tus + mus}, and examining the coeffi-
cients of the variable uq, we see that the p; and p3-complexities are also at
most 1. By the change of variable (u1,ua,us) — (—mu1, us +u1,us), to get the
collection {7T2’UQ, —m3uy +m3us, mug + Tus, TUL + TUs + 7usz}, and examining
the coefficients of the variable u;, we see that the ps and ps-complexities are
also at most 1. Thus, the complexity is at most 1. By Corollary 5.8, the

complexity is exactly 1.

EXAMPLE 5.7. The collection {t,2t,t?} has discrete average complexity 2
[8]. However, it is easily seen that the flow average complexity is 1. To see this,
by Proposition 5.4, it suffices to examine the linear polynomials {u1,2uy,us}.
Thus by Proposition 5.9, the flow average complexity is at most 1, and is in
fact equal to 1 by Corollary 5.8.

It is unknown whether the bounds produced by the above method will
achieve the flow average complexity for each nice family of polynomials.

6. Lower bounds

We now prove Theorems 1.3 and 1.4 using the method given in [8].

Proof of Theorem 1.3. As much of this proof is identical to the proof of
Theorem C (case 1) in [8], we give only a summary here.

Without loss of generality, we assume {pi,...,px} are non-constant and
essentially distinct. If {p1,...,pr} has complexity 0, the result follows from
Theorem 1.2.
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Suppose {p1,. ..,pk} has complexity 1, and rewrite {p1,...,pr} in the
form {q1,...,q, Z —1Q1Gi, - 22:1 ag—1,i¢i }, for R-independent polynomi-
als {ql,...7ql}. By Pr0p051t10n 5.1, we may assume the Kronecker factor
2 is of the form (T%,m,{R:}), where R; is defined by Ri(x)=x + t~ for
some fixed v € T%, and for all x € T% and t € R. Let m : X — Z; be the
factor map. For & > 0, define the sets Vs := B(0,0)! C 2! and S5 := {s €

R?: (q1(s)v,42(8)7, -, ai(s)7) € Vs }.
First notice that Z; is characteristic for the average

1 Ry 1 Rd
(6.1) R_l/o R ), Lss(8) - Tpy(s)f1 -+ Tpy(s) i ds,

Jiooo fr € L2 ().

To see this, let x1,x2,--.,Xx: be any characters of G and suppose E(f;|Z1) =0
for somei=1,...,k. Then E(yx; o7 - fi|Z1) = xiom -E(f:|Z1) =0, and hence

1 1 e
A "'EA Tpsy(x1omy - f1) - Tpis)(Xk 01 - fr)ds

converges to zero in L?(u) as Ri,...,Rq — oo. Approximating 1g,(s) =
1v;(q1(8)7, -+, qu(s)y) by functions of the form x1(g1(s)y) - -+ - xi(@(s)7y),
we see that Z; is characteristic for (6.1).

By Theorem 5.3, the path {(qi(s)vy,q2(s)7,...,q(s)¥)}tsere is uniformly
distributed in T*!, and hence

. m(SsN[0,Rq] x -+ x [0,Ry])
(6.2) i R R,

=m(Vs).

It now follows from (5.4) and (6.2) that if fo,...,fr € L>®(y) and f; =
E(f;|21) for i =1,...,k, then for any increasing sequence of rectangles
{®n)nen in RY each containing zero, with Unen®ny = R4, we have

6.3) 1 T, dud
(6:3) Ngnoom Séﬁ(I)N /Sgﬂ‘bN/fO H i) i ls

k—1 l
o fo - Hfj(x'i_uj) ) H ~l+j <X+ ZCY;‘J’U@) dx du.
j=1 j

i=1

The limit of expression (6.3) as § approaches zero is [ f() . fl ceees fk dm.
Thus if § is small enough and f; = f =14 for : =0,1,...,k, then the quantity
in (6.3) is greater than

/(f)’““ dm —e > (/fdm> R u(A)F+1 — e,
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Therefore, if {p1,...,pr} has complexity 1, then for every £ > 0 there exists
6 >0 so that
1
lim ———— ANT_ A)N---NT_ A))d
e o HANT ()1 1T 0 (4)) ds
> u(A)F — ¢ O

It is worth noting that it is our ability to give an explicit description of the
limit of (1.1) in general which allows us to compute (6.1), and hence to prove
Theorem 1.3 in its full generality.

The proof of Theorem 1.4 is identical to the proof of Theorem C (part 2)
in [8], and thus we omit it.

Appendix A: The correspondence principle

In this section, we prove Theorem 1.5 by modifying the proof of Proposi-
tion 2.2 in [13].

Let E C R such that D*(E) > 0. Let d : R — R be the Euclidean distance
and define the function ¢ : R — R by

¢(s) :=min{1,d(s, E)}.

Let X be the closure of the equicontinuous, uniformly bounded family
of functions ¢;(s) = ¢(s +t) in the topology of uniform convergence over
bounded sets in R. By the Ascoli-Arzela theorem, X is compact.

We define a flow on X by Typ(s) = (s +t) for v € X, s,t € R. Since
D*(FE) >0, there exists a sequence of intervals S,, C R such that

m(S, N E)
m(Sy)

and each interval S,, induces a probability measure p,, on X:

1
pn(f) = (S /Sn f(Tip) dt.

— D*(E) >0,

By the Riesz Representation theorem, Borel measures on X correspond to
linear functionals on C(X), and thus there is a probability measure v on X
and some subsequence {ny} such that
o
Hny — Ve
Let fp: X — R be the function given by fo(v) =(0) for all v € X. Then fy
is continuous. Define £ C X by

VveE & fo()=0 < ¢(0)=0.

LemMMA A.l. v(E) > D*(E).
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Proof. Recall that ¢(t)=0if t € E. For each [ € N,

1 ~ i 1 _ !
J 0= how) vty = fim —es [ (1= foT)'

Y

Thus,
v(E) = lim (- o) dv(v) > D*(E), 0

l—o00

By the ergodic decomp051t10n of v, there exists an ergodic measure p on
X such that u(E) > v(E) > D*(E). As C(X) is separable, by the ergodic
theorem p-almost every ¢ € X is a generic point for p, i.e.,

1%5%0*/ F(T) dtf/fdu

for every continuous function f € C(X).

Furthermore, ¢ € X is quasi-generic (for the definition and proof of this
fact in the discrete case, see [12]) for p, meaning there exists some sequence
of intervals {Iy}nen in R with diam(Iy) — oo such that

. 1
Jim s /IN f(tpyde= [ 1

for every continuous function f € C(X). To see that ¢ is quasi-generic, let 1
be a generic point in X. For each f € C(X),

lim —/ f(tboyde= [ g

Let {fx} be a dense set of functions in C(X), and let N; be an increasing
sequence such that

1
& [ nmea [ sl <

for j=1,2,... k. If t; is chosen so that the distance between 1y and T}, ¢ is
sufficiently small, then
Nk +tg

1 [N
‘Nk fA(Ttsa)dt—/fjdu‘z’N—k 5T /fjdu‘

for j=1,2,...,k. Set Iy = [ty, Nk +tg]. Then limy m(IN fIN fr(Typ)dt =
[ fr du for each k € N. By the density of {fj} in C(X), ¢ is quasi-generic for .



618 A. POTTS

PROPOSITION A.2. Let u and E be as above. For {uy,...,u;} CR, we have
for all 6 >0,

D*({teR: t,t+u,....t+we€Bs}) >pu(ENT,'EN---NT,'E).
Proof. Define the function g : X — R by

_ 67]00(1#)7 f0(¢)<57
o= {o, fo() > 6

As @ is quasi-generic for p, there exists a sequence of intervals Iy C R such

that
/f ) (v :J&meIN / [(Tip)d
for all feC(X

Since g(v¢) = 5 for ¢ € E, we have
ST W(EN (T, E)n---n (T, 'E))

Ul uy

< / G(0)g(Tur ) - g(Tour) dp(t)

1
= 1i T, T, Tip)---q(T, T;
N m(Iy) /INg( 10l TunTie) - g(TuTup)di

<D ({teR: t,t+u,....t+u € Es}). =

Appendix B: van der Corput lemma

The following useful lemma is analogous to the discrete version given by
van der Corput (see [27]).

LEMMA B.1. Let (X,u) be a probability space. Suppose (x,s) — gs(z) is a
map in L (X x RY) with ||gs|| () <1 for almost every s € R%. Suppose v
is a Borel measure on R% and let \I/ be any v-measurable subset ¥ C Re with
0<v(¥) <oo. Then

2
(B.1) lim sup

Rl,...,Rd—)OO

Rq
H . gs ds

0 L2(p)

< hmsup
- Ra—00 V(\I/)

Ry Ry
/ / Rl/ ' Rd/ (9s-rur s+0) ds dudv.

Proof. Let ¥ C RY with 0 < v(¥) < oo, and let RE\}), .. ,Rg\‘,?) be sequences
of positive real numbers with with RE\P, e Rg\(fi) — 00 as N —o0o0. Set &y =
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[0, R{)] x -+ x [0, R\?] for each N € N. Then for all N € N,

523 o == 5003 Jy oy
_— gsds = —— _— gsdsdu
m(Pn) Jo, v(¥) Ju m(PN) Jo,
1 1

= 7/ Js+udsdu

v M(PN) Jay
7/ Js+u dsdu
v ( ) (‘i’N—u)\@N

1
—/ 4/ Js+u dsdu.
v(¥) Jy m(®n) B\ (Pn—u)

The last two terms approach zero as N — oo. Thus, using the Cauchy—
Schwarz Inequality, (B.1) is equal to

lim sup L/ #/ gs+udsdu i
Nooo || V(¥) Ju m(PN) Joy L2(p)
< limsup L / L /gs+udu 2 ds
N—oo m(‘I)N) Dy V(‘I’) v L2(n)

h]{[njctlop V / / m (PN [I’N <gs+uags+v> dsdudv. O

We use the following corollaries of Lemma B.1.

COROLLARY B.2. Under the hypotheses of Lemma B.1,
Ry
lim sup H .- / gs ds
1 ..... RdHOO Rd LQ(M)

1 o1 R
—_ lim su / —/ stu, Jstv) ds| dudwv.
V(\I’)Q /I’/I’Rl; 7RdEOO Rl Rd 0 <g et >

Proof. First use Lemma B.1. Then we are allowed to interchange the
limsup and the integral by Fatou’s lemma. (]

2

COROLLARY B.3. Under the hypotheses of Lemma B.1, there exists a se-
quence of rectangles Oy in R3? with {0} C ©; C Oy C O3 C ---, and
Unen©On = R3?, such that

2

Rq
limsup H gsdm(s)
Ri,...,R4—00 0

L2(p)

<11msup—/ Jstu, Js1v) dm(s) dm(u) dm(v).
msup e (Suv)€®N< +us Ys-+v) dm(s) dm(w) dm(v)



620 A. POTTS

Proof. Let {®x}nen be an increasing sequence of rectangles {®n}yen in
4 with Unen@n =R% and 0 € Uy for all N €N, such that

2
limsup||———— s dm
N"OOp ’m CI)N [I)Ng ( ) L2(p)
1 [ 2
= hmsup H e — gs dm(s)
. Rg—00 Rd L2(p)

Let J denote the quantity (B.2). Choose any increasing sequence of rectan-
gles {Un}nen in RY with Unen ¥n =R% and 0 € ¥y for all N € N. Using
Lemma B.1, find a sequence { My } ven € N so that for each N e Ny, My > N

and
; / / 1 / 1
Js+u; Js+v dsdudv > J — —.
O Ju Ju, B31) Sy 9] N

Define Oy =Py, X Uy x Upy. Then

limsup ——— /

N—oo m(ON) (s,u,v)€OnN
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<gS+Ll7gS+v> ds dudV Z J [:l

REFERENCES

[1] W. Ambrose and S. Kakutani, Structure and continuity of measurable flows, Duke
Math. J. 9 (1942), 25-42. MR 0005800

[2] L. Auslander, L. Green and F. Hahn, Flows on homogeneous spaces, Annals of Math-
ematics Studies, vol. 53, Princeton University Press, Princeton, NJ, 1963. With the
assistance of L. Markus and W. Massey, and an appendix by L. Greenberg.

[3] V. Bergelson, Weakly mizing PET, Ergodic Theory Dynam. Systems 7 (1987), 337—
349. MR 0912373

[4] V. Bergelson, B. Host and B. Kra, Multiple recurrence and nilsequences, Invent. Math.
160 (2005), 261-303. With an appendix by Imre Ruzsa. MR 2138068

[5] V. Bergelson, A. Leibman and E. Lesigne, Complexities of finite families of polynomi-
als, Weyl systems, and constructions in combinatorial number theory, J. Anal. Math.
103 (2007), 47-92. MR 2373264

[6] J. Bourgain, A Szemerédi type theorem for sets of positive density in RF, Israel J.
Math. 54 (1986), 307-316. MR 0853455

[7] J. Conze and E. Lesigne, Théorémes ergodiques pour des mesures diagonales, Bull.
Soc. Math. France 112 (1984), 143-175. MR 0783966

[8] N. Frantzikinakis, Multiple ergodic averages for three polynomials and applications,
Trans. Amer. Math. Soc. 360 (2008), 5435-5475. MR 2415080

[9] N. Frantzikinakis and B. Kra, Convergence of multiple ergodic averages for some
commuting transformations, Ergodic Theory Dynam. Systems 25 (2005), 799-809.
MR 2142946

[10] N. Frantzikinakis and B. Kra, Polynomial averages converge to the product of integrals,

Israel J. Math. 148 (2005), 267-276. MR 2191231


http://www.ams.org/mathscinet-getitem?mr=0005800
http://www.ams.org/mathscinet-getitem?mr=0912373
http://www.ams.org/mathscinet-getitem?mr=2138068
http://www.ams.org/mathscinet-getitem?mr=2373264
http://www.ams.org/mathscinet-getitem?mr=0853455
http://www.ams.org/mathscinet-getitem?mr=0788966
http://www.ams.org/mathscinet-getitem?mr=2415080
http://www.ams.org/mathscinet-getitem?mr=2142946
http://www.ams.org/mathscinet-getitem?mr=2191231

[11]
[12]

(13]

[20]

21]
22]
(23]
[24]
[25]
[26]
27]
(28]
[29]

(30]

MULTIPLE ERGODIC AVERAGES FOR FLOWS AND AN APPLICATION 621

H. Furstenberg, Ergodic behavior of diagonal measures and a theorem of Szemerédi
on arithmetic progressions, J. Analyse Math. 31 (1977), 204-256. MR 0498471

H. Furstenberg, Recurrence in ergodic theory and combinatorial number theory, Prince-
ton University Press, Princeton, NJ, 1981. MR 0603625

H. Furstenberg, Y. Katznelson and B. Weiss, Ergodic theory and configurations in
sets of positive density, Mathematics of Ramsey theory, Algorithms Combin., vol. 5,
Springer, Berlin, 1990, pp. 184-198. MR 1083601

H. Furstenberg and B. Weiss, A mean  ergodic theorem  for
(1/N) 27]:;1 f(T"x)g(T"zx), Convergence in ergodic theory and probability
(Columbus, OH, 1993), Ohio State Univ. Math. Res. Inst. Publ., vol. 5, de Gruyter,
Berlin, 1996, pp. 193-227. MR 1412607

S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Pure and Ap-
plied Mathematics, vol. 80, Academic Press Inc. [Harcourt Brace Jovanovich Publish-
ers], New York, 1978. MR 0514561

B. Host and B. Kra, Convergence of polynomial ergodic averages, Israel J. Math. 149
(2005), 1-19. MR 2191208

B. Host and B. Kra, Nonconventional ergodic averages and nilmanifolds, Ann. of Math.
(2) 161 (2005), 397-488. MR 2150389

A. Leibman, Convergence of multiple ergodic averages along polynomials of several
variables, Israel J. Math. 146 (2005), 303-315. MR 2151605

A. Leibman, Pointwise convergence of ergodic averages for polynomial actions of 7.4
by translations on a nilmanifold, Ergodic Theory Dynam. Systems 25 (2005), 215-225.
MR 2122920

A. Leibman, Pointwise convergence of ergodic averages for polynomial sequences of
translations on a nilmanifold, Ergodic Theory Dynam. Systems 25 (2005), 201-213.
MR 2122919

A. Leibman, Orbit of the diagonal in the power of a nilmanifold, Trans. Amer. Math.
Soc. 362 (2010), 1619-1658. MR 2563743

A. I. Malcev, On a class of homogeneous spaces, Amer. Math. Soc. Translation 1951
(1951), 33. MR 0039734

W. Parry, Ergodic properties of affine transformations and flows on nilmanifolds,
Amer. J. Math. 91 (1969), 757-771. MR 0260975

C. Pugh and M. Shub, Ergodic elements of ergodic actions, Compositio Math. 23
(1971), 115-122. MR 0283174

M. Ratner, Raghunathan’s topological conjecture and distributions of unipotent flows,
Duke Math. J. 63 (1991), 235-280. MR 1106945

N. A. Shah, Limit distributions of polynomial trajectories on homogeneous spaces,
Duke Math. J. 75 (1994), 711-732. MR 1291701

J. G. van der Corput, Diophantische Ungleichungen. I. Zur Gleichverteilung Modulo
Eins, Acta Math. 56 (1931), 373-456. MR 1555330

H. Weyl, Uber die Gleichverteilung von Zahlen mod. Eins, Math. Ann. 77 (1916),
313-352. MR 1511862

T. Ziegler, A non-conventional ergodic theorem for a nilsystem, Ergodic Theory Dy-
nam. Systems 25 (2005), 1357-1370. MR 2158410

T. Ziegler, Nilfactors of R™ -actions and configurations in sets of positive upper density
i R™, J. Anal. Math. 99 (2006), 249-266. MR 2279552

AMANDA POTTS, DEPARTMENT OF MATHEMATICS, NORTHWESTERN UNIVERSITY, 2033
SHERIDAN RoAD, EvANsTON, IL 60208-2730, USA
E-mail address: amanda. j.potts@gmail.com


http://www.ams.org/mathscinet-getitem?mr=0498471
http://www.ams.org/mathscinet-getitem?mr=0603625
http://www.ams.org/mathscinet-getitem?mr=1083601
http://www.ams.org/mathscinet-getitem?mr=1412607
http://www.ams.org/mathscinet-getitem?mr=0514561
http://www.ams.org/mathscinet-getitem?mr=2191208
http://www.ams.org/mathscinet-getitem?mr=2150389
http://www.ams.org/mathscinet-getitem?mr=2151605
http://www.ams.org/mathscinet-getitem?mr=2122920
http://www.ams.org/mathscinet-getitem?mr=2122919
http://www.ams.org/mathscinet-getitem?mr=2563743
http://www.ams.org/mathscinet-getitem?mr=0039734
http://www.ams.org/mathscinet-getitem?mr=0260975
http://www.ams.org/mathscinet-getitem?mr=0283174
http://www.ams.org/mathscinet-getitem?mr=1106945
http://www.ams.org/mathscinet-getitem?mr=1291701
http://www.ams.org/mathscinet-getitem?mr=1555330
http://www.ams.org/mathscinet-getitem?mr=1511862
http://www.ams.org/mathscinet-getitem?mr=2158410
http://www.ams.org/mathscinet-getitem?mr=2279552
mailto:amanda.j.potts@gmail.com

	Introduction
	Multiple convergence for flows
	Optimal lower bounds
	Application
	Guide to the paper

	Background
	The setting
	Factors
	Host-Kra seminorms and factors
	Seminorms and factors for flows

	Averages are controlled by seminorms
	Linear averages are controlled by seminorms
	Polynomial averages are controlled by seminorms

	Convergence on a nilsystem
	Nilflows
	Polynomial paths
	Uniform distribution on a subnilmanifold
	Proof of Theorem 1.1
	Tools for computing the limit

	Computation of the limit
	Independent polynomial averages converge to the product of the integrals
	General description of the limit
	Limit formula
	Complexity
	Bounding the complexity in examples

	Lower bounds
	Appendix A: The correspondence principle
	Appendix B: van der Corput lemma
	Acknowledgments
	References
	Author's Addresses

