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EXTREMAL PROBLEMS IN BERGMAN SPACES AND AN
EXTENSION OF RYABYKH’S THEOREM

TIMOTHY FERGUSON

ABSTRACT. We study linear extremal problems in the Bergman
space AP of the unit disc for p an even integer. Given a functional
on the dual space of AP with representing kernel k € A?, where
1/p+1/qg =1, we show that if the Taylor coefficients of k are
sufficiently small, then the extremal function F' € H*. We also
show that if ¢ < ¢1 < 0o, then F € H®~V% if and only if k € H?.

An analytic function f in the unit disc D is said to belong to the Bergman

space AP if
1/p
P = P do .
11l {Amm @ﬁ .

Here o denotes normalized area measure, so that o(D) = 1. For 1 < p < oo,
each functional ¢ € (AP)* has a unique representation

o) = [ frdo

for some k € A9, where ¢ =p/(p — 1) is the conjugate index. The function k
is called the kernel of the functional ¢.

In this paper, we study the extremal problem of maximizing Re ¢(f) among
all functions f € AP of unit norm. If 1 < p < oo, then an extremal function
always exists and is unique. However, to find it explicitly is in general a
difficult problem, and few explicit solutions are known. Here we consider the
problem of determining whether the kernel being “well-behaved” implies that
the extremal function is also “well-behaved.” A known result in this direction
is Ryabykh’s theorem, which states that if the kernel is actually in the Hardy
space H?, then the extremal function must be in the Hardy space HP. In [4],
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we gave a proof of Ryabykh’s theorem based on general properties of extremal
functions in uniformly convex spaces.

In this paper, we obtain a sharper version of Ryabykh’s theorem in the
case where p is an even integer. Our results are:

e For ¢ < ¢; < o0, the extremal function F € H»~1% if and only if the kernel
ke HI.

o If the Taylor coefficients of k are “small enough,” then F € H.

e The map sending a kernel k£ € H? to its extremal function F' € AP is a
continuous map from H?\ 0 into HP.

Our proofs rely heavily on Littlewood—Paley theory, and seem to require
that p be an even integer. It is an open problem whether the results hold
without this assumption.

1. Extremal problems and Ryabykh’s theorem

We begin with some notation. If f is an analytic function, S, f denotes its
nth Taylor polynomial at the origin. Lebesgue area measure is denoted by
dA, and do denotes normalized area measure.

If A is a measurable function in the unit disc, the principal value of its
integral is

V./ hdA = lim hdA,
D =1/
if the limit exists.

We now recall some basic facts about Hardy and Bergman spaces. For
proofs and further information, see [2] and [3]. Suppose that f is analytic in
the unit disc. For 0 < p < oo and 0 <7 < 1, the integral mean of f is

{5 | %!f(re”)|”d9}l/p.

oo(f,7) = max ’f ’1"610)|

0<f<2m

If p =00, we write

For fixed f and p, the integral means are increasing functions of r. If M, (f,r)
is bounded we say that f is in the Hardy space HP. For any function f in
HP, the radial limit f(e?) =lim,_,,- f(re®) exists for almost every §. An HP
function is uniquely determined by the values of its boundary function on any
set of positive measure. The space H? is a Banach space with norm

1 £llsr = sup My (fr) = |1 ()

It is useful to regard H? as a subspace of LP(T), where T denotes the unit
circle. For 0 < p < oo, if f € HP, then f(re'’) converges to f(e?®) in L norm
asr— 1.
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For 1 < p < o0, the dual space (H?)* is isomorphic to H?, where 1/p+1/q =
1, with an element k € H? representing the functional ¢ defined by

27

o(f) = %/ f(e)k(ei?) do.
T Jo

This isomorphism is not an isometry unless p = 2, but it is true that [|¢|| g»)- <

|kl z7a < Cl|@]|(frp)= for some constant C' depending only on p. If f € H? for

1<p< oo, then S, f — f in H? as n — oco. The Szeg6 projection S maps

each function f € L1(T) into a function analytic in D defined by

Sf(z) = 1 /medt

T or 1—e-itzy

It leaves H' functions fixed and maps LP boundedly onto H? for 1 < p < cc.
IffelPforl<p<ooand f(0) =" _ a,e™ then Sf(z)=> "7, az".

For 1 < p < oo, the dual of the Bergman space AP is isomorphic to A9,
where 1/p+1/g=1, and k € A? represents the functional defined by ¢(f) =
fD f (2)% do(z). Note that this isomorphism is actually conjugate-linear. It
is not an isometry unless p = 2, but if the functional ¢ € (AP)* is represented

by the function k € A%, then

(1.1) 161l (arys < (1Kl a0 < Cpl| 0] car)-

where C), is a constant depending only on p. We remark that H? C AP, and in
fact || fllar < ||fllge. If f € AP for 1 <p < oo, then S, f — f in AP as n — oo.

In this paper, the only Bergman spaces we consider are those with 1 <p <
oo. For a given linear functional ¢ € (AP)* such that ¢ # 0, we investigate
the extremal problem of finding a function F € AP with norm || F||4» =1 for
which

(1.2) Re¢(F)= sup Reo(g) =4
llgllap=1

Such a function F' is called an extremal function, and we say that F' is an
extremal function for a function k € A? if F' solves problem (1.2) for the
functional ¢ with kernel k. This problem has been studied by Vukoti¢ [10],
Khavinson and Stessin [7], and Ferguson [4], among others. Note that for
p =2, the extremal function is F =k/||k|| 2.

A closely related problem is that of finding f € AP such that ¢(f) =1 and

1.3 p = inf p.
(1.3 I£lan = inf llglla

If F solves the problem (1.2), then % solves the problem (1.3), and if f

solves (1.3), then ﬁ solves (1.2). When discussing either of these problems,
we always assume that ¢ is not the zero functional; in other words, that k is
not identically 0.



558 T. FERGUSON

The problems (1.2) and (1.3) each have a unique solution when 1 <p < o0
(see [4], Theorem 1.4). Also, for every function f € AP such that f is not
identically 0, there is a unique k € A? such that f solves problem (1.3) for &
(see [4], Theorem 3.3). This implies that for each F' € AP with ||F'||4r =1,
there is some nonzero k such that F solves problem (1.2) for k. Furthermore,
any two such kernels k are positive multiples of each other.

The Cauchy—Green theorem is an important tool in this paper.

CAUCHY—GREEN THEOREM. If Q is a region in the plane with piecewise

smooth boundary and f € C1(QQ), then
1 0
— dz= | — dA
5 [ f@d= [ e,
where 02 denotes the boundary of .

The next result is an important characterization of extremal functions in
AP for 1 <p < oo (see [9], p. 55).

THEOREM A. Let 1 <p< oo and let ¢ € (AP)*. A function F € AP with
| F||ar =1 satisfies
Re¢(F)= sup Reg(g)=|4|
llgll ar=1
if and only if

/ h|F[P~tsgn F do =0
D
for all h € AP with ¢(h) =0. If F satisfies the above conditions, then

[ e gt ao = 25
D e

for all h € AP.

Ryabykh’s theorem relates extremal problems in Bergman spaces to Hardy
spaces. It says that if the kernel for a linear functional is not only in A? but
also in HY, then the extremal function is not only in AP but in H? as well.

RYABYKH’S THEOREM. Let 1 <p < oo and let 1/p+1/q=1. Suppose that
P € (AP)* and ¢(f) = [, fkdo for some k€ H1. Then the solution F to the
extremal problem (1.2) belongs to HP and satisfies

C Nkl e Y /@D
(1.4 1 < { sy 1,) 8 L

where Cp, is the constant in (1.1).

Ryabykh [8] proved that F' € HP. The bound (1.4) was proved in [4], by a
variant of Ryabykh’s proof.

As a corollary Ryabykh’s theorem implies that the solution to the problem
(1.3) is in H? as well. Note that the constant C, — oo as p— 1 or p — oo.
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To obtain our results, including a generalization of Ryabykh’s theorem,
we will need the following technical lemmas. Their proofs, which involve
Littlewood—Paley theory, are deferred to the end of the paper.

LEMMA 1.1. Let p be an even integer. Let f € HP and let h be a polynomial.
Then

p.V./|f|p_lsgnff’hdU: lim /|f\p_1sgnf(5nf)’hda.
D n—oo Jp

LEMMA 1.2. Suppose that 1 < p; < oo and 1 < ps,p3 < o0, and also that

1 1 1

l=—+—+—

b1 P2 Pp3
Let f1 € HP*| fo € HP2 and f3 € HP3. Then

pv/ﬁﬁﬁmfscwmmwhmmwmmm
D

where C' depends only on p1 and pa. (Implicit is the claim that the principal
value exists.) Moreover, if ps < oo, then

p.V./DﬁfgfédU:nli_)II;O/DEh(Snfg)/da.

2. The norm-equality

Let p be an even integer and let g be its conjugate exponent. Let k € HY
and let F' be the extremal function for k& over AP. We will denote by ¢ the
functional associated with k. Let F,, be the extremal function for & when
the extremal problem is posed over P,, the space of polynomials of degree at
most n. Also, let

(2.1) K@=1A%Kma

z

so that (zK)’ = k. During proof of Ryabykh’s theorem in [4], an important
step is to show that

- mero= s [ ()R (- 5]
il (€ do = wil = )k —= |K|df
o |, 1P =g [ ()7 (15

(see [4], p. 2652). We will now derive a similar result for F:

THEOREM 2.1. Let p be an even integer, let k € HY, and let F' € AP be the
extremal function for k. Then

], e 0= g [ e[ (5)0 s (18 )R]

21 Jy
for every polynomial h.
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Proof. Since Ryabykh’s theorem says that F' € H?  we have
1

27 .
— }F(eie) |ph(ew) df = lim L/ | |p z)zdz,
2 0 r—1 27 (rD)

where h is any polynomial. Apply the Cauchy—Green theorem to transform
the right-hand side into

1 -
p.v.— / ((zh)'F + ]—)th’) |F|P~tsgn F dA(z).
™ JbD 2
Invoking Lemma 1.1 with zh in place of h shows that this limit equals
1 -
lim — / ((zh)’F+gzh(SnF)’>|F|p_1sganA(z).
n—oo T [p

Since (zh)'F + £zh(S,F)" is in AP, we may apply Theorem A to reduce the
last expression to

1 _
(2.2) liy o / ((zh)'F+th(snF)/)de(z).
n—oo T
Recall that we have defined K(z) =1 fo ¢)d¢. To prepare for a reverse

application of the Cauchnyreen theorem we rewrite the integral in (2.2) as

7r|¢||/{a— {(zh)'Fz K}—l———{th Pk}

p o / b7
~ 593 (zh) Sn(F)zK}} dA(z)

Now this equals
anqﬁ”/ {a— {(zh) FzK}+—a—{th F)k}
20 (e F)ﬁ}} dA(2)

We apply the Cauchnyreen theorem to show that this equals

ip =
lim { / (zh) FzK dz + ——— zhSy(F)kdz
ol 27TZ||¢|| a(rD) 4r(|8ll Jom)

T g S ]

Since F' is in H? and both k£ and K are in H4, the above limit equals
1

2mil||| Jop

(zh) FzK dz+ ——— [ 2zhS,(F)kdz

dm H¢|| oD

p / —
- zh) Sy (F)2zK dz
Tilld] Jop S )

_ LT Pz P
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We let n — oo in the above expression to reach the desired conclusion. O

Taking h = 1, we have the following corollary, which we call the “norm-
equality.”

COROLLARY 2.2 (The norm-equality). Let p be an even integer, let k € HY,
and let F be the extremal function for k. Then

1 27 ; » B 1 27 2\ - P\ —
o |, |F(e)] do_m/o F[<§>k+<1—§)K} do.

The norm-equality is useful mainly because it yields the following theorem.

THEOREM 2.3. Let p be an even integer. Let {k,} be a sequence of HY
functions, and let k, — k in H?. Let F,, be the AP extremal function for k,
and let F' be the AP extremal function for k. Then F,, — F in HP.

Note that Ryabykh’s theorem shows that each F,, € HP, and that F' € HP.
But because the operator taking a kernel to its extremal function is not linear,
one cannot apply the closed graph theorem to conclude that F;,, — F'.

To prove Theorem 2.3 we will use the following lemma involving the notion
of uniform convexity. A Banach space X is called uniformly convez if for each
e >0, there is a § > 0 such that for all z,y € X with ||z|| =y =1,

1
HQ(aery)H >1-¢6 implies |z—y|<e.

An equivalent definition is that if {z,} and {y,} are sequences in X such
that ||z, || = |lyn]| =1 for all n and ||z, + yn| — 2 then ||, — yn|| — 0. This
concept was introduced by Clarkson in [1]. See also [4], where it is applied to
extremal problems. To apply the lemma, we use the fact that the space H?
is uniformly convex for 1 < p < co. By x,, — x, we mean that x,, approaches
x weakly.

LEMMA 2.4. Suppose that X is a uniformly convexr Banach space, that x €
X, and that {x,} is a sequence of elements of X. If x, = x and ||z, || — ||z||,
then x,, — x in X.

This lemma is known. For example, it is contained in Exercise 15.17 in [6].

Proof of Theorem 2.3. We will first show that F,, = F in H? (that is, F,
converges to F' weakly in HP). Next, we will use this fact and the norm-
equality to show that ||F,|g» — || F||mzr. By the lemma, it will then follow
that F,, — F in HP.

To prove that F,, = F in HP, note that Ryabykh’s theorem says that
IEllze < C|Eknllme/|knllaa)/®P=D. Let o = inf, |ky|la« and 3 =
sup,, [|kn|lme. Here o> 0 because by assumption none of the k, are iden-
tically zero, and they approach k, which is not identically 0. Therefore
| Epllze < C(B/a)/ P~V and the sequence {F,} is bounded in H? norm.
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Now, suppose that F, / F. Then there is some @ € (HP)* such that
Y(Fy) A (F). This implies [¢(Fy,,) — ¢ (F)| > ¢ for some £ >0 and some
subsequence {F),;}. But since the sequence {F},} is bounded in H? norm,
the Banach-Alaoglu theorem implies that some subsequence of {F;,, }, which
we will also denote by {F},;}, converges weakly in H? to some function F.
Then [¢(F) — (F)| >¢e. Now k, — k in A%, and it is proved in [4] that this
implies F,, — F in AP, which implies F},(z) — F(z) for all z € D. Since point
evaluation is a bounded linear functional on H?, we have that I}, (z) — F(z)
for all z € D, which means that F\(z) = F(z) for all z € D. But this contradicts
the assumption that 1(F) # 1(F). Hence, F,, — F.

Let ¢, be the functional with kernel k,, and let ¢ be the functional with
kernel k. To show that ||F),| g» — || F| a», recall that the norm-equality says

1 2m o\ P B 1 2m p\— P\

But, if /4 is any function analytic in D and H(z) = (1/2) [; h(¢)dC, it can be
shown that ||H| g« < ||h||me (see [4], proof of Theorem 4.2). Since k,, — k
in HY, it follows that K, — K in HY?. Also, k, — k in AP implies that
lonll = ll@ll- In addition, ||F,||gr < C for some constant C, and F,, — F, so
the right-hand side of the above equation approaches

1 27 p _ p - B 1 27 19 »
siar PR (3R] o= [ 1Py

In other words, || Fy|ge — ||F||lze, and so by Lemma 2.4 we conclude that
F,— Fin HP. (]

3. Fourier coefficients of |F|P

Theorem 2.1 can also be used to gain information about the Fourier coef-
ficients of |F'|P, where F' is the extremal function. In particular, it leads to a
criterion for F' to be in L in terms of the Taylor coefficients of the kernel k.

THEOREM 3.1. Let p be an even integer. Let k € HY, let F be the AP
extremal function for k, and define K by equation (2.1). Then for any integer
m >0,

i QW}F<ei0) ’Peime do
27T 0

L L

Proof. Take h(e'?) =e"™? in Theorem 2.1. O

This last formula can be applied to obtain estimates on the size of the
Fourier coefficients of |F|P.
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THEOREM 3.2. Let p be an even integer. Let k € A4, and let F' be the AP

extremal function for k. Let

b 1 27T}F( 0\ |P_—im
m e )’ e de,
0

T on

and let
k(z)= Z cnz™.
n=0
Then, for each m >0,

- 1/2
Z |cn|2] .

p
|bm =lb_m| < —”F 2

Proof. The theorem is trivially true if k ¢ H?, so we may assume that
ke A? C A% Let F(z) =Y.~ ,an2". Since F € HP, and p > 2, we have

F € H?. Now, using Theorem 3.1, we find that

1
_27TO

R T PR S p —
=5, (e )Ki)’”(l‘i)(m“”{]d"
1 27 oo )

— i(n+m)o
2w\|¢||/o 2 ane

n=0

[R5 ()] o

§=0
1

> D m+1 p
= T n 5 n+m — 1=z n+m | |-
o |22 ((2)"* +n+m+1( 2)“ >|

The Cauchy—Schwarz inequality now gives

1 p\_ m+1 p\__
b_m| < |an|2 ‘(_)Cn + (1 — _>Cn
7 | 2= 2 |\3)m s
o /21 o 1/2
p 2 2
< oo ‘an| ‘Cn| .
s =

27
bom |F(e)|"e™? g

Since

s 1/2
[Z |an|2] S
n=0

the theorem follows.
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The estimate in Theorem 3.2 can be used to obtain information about the
size of |F'|P and F, as in the following corollary.

COROLLARY 3.3. If ¢, =0(n™%) for some a>3/2, then F € H™.
Proof. First observe that

0o e’} _ 12«
Z (n_a)2 < / x 2 dy = %.

n=m m—1

By hypothesis it follows that

o0
[z el
n=—m

Thus, Theorem 3.2 shows that b, = O(m(=2%)/2). Therefore {b,,} € ¢* if
a>3/2. But {b,,} € ¢! implies |F|P € L, which implies F' € H*. O

1/2
_ O(m(172a)/2).

In fact, {b,,} € ¢* implies that |F|P is continuous in D, but this does not
necessarily mean F will be continuous in D). There is a result similar to
Corollary 3.3 in [7], where the authors show that if the kernel k is a polynomial,
or even a rational function with no poles in D, then F is Hélder continuous
in D. Their technique relies on deep regularity results for partial differential
equations. Our result only shows that F' € H*, but it applies to a broader
class of kernels.

4. Relations between the size of the kernel and extremal function

In this section, we show that if p is an even integer and g < q; < 0o, then the
extremal function F € H®~Da if and only if the kernel k € H%. For q; = q the
statement reduces to Ryabykh’s theorem and its previously unknown converse.
The following theorem is crucial to the proof.

THEOREM 4.1. Let p be an even integer and let ¢ = p/(p—1) be its conjugate
exponent. Let F € AP be the extremal function corresponding to the kernel
k e A1, Suppose that k € H1' for some q1 with ¢ < g1 < 00, and that F € HP*|
for some p1 with p <py < oco. Define py by

1 1 1

— 4+ —+—=1

a P11 P2
If pa < 00, then for every trigonometric polynomial h we have
1Kl o
1| 4«

where C' is some constant depending only on p, p1, and q.

2m
‘/ |F|ph(e”)d6‘ <C =
0
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The excluded case ps = oo occurs if and only if ¢ =¢; and p = p;. The
theorem is then a trivial consequence of Ryabykh’s theorem.

Proof of Theorem 4.1. First, let h be an analytic polynomial. In the proof
of Theorem 2.1, we showed that

1 2m

(4.1) |F(e)|"h(e™) do

2m Jy
~ lim / ((hz)'F+th(snF)'>EdA(z).
n—oo 7|9l Jp 2
An application of Lemma 1.2 gives

lim [ hz(S,F)'kdA=p.v. / hzF'kdA,
D

n—oo D

so that the right-hand side of equation (4.1) becomes

1 li JAWA
Wp.v./@((hz) F+ 12—’th )de(z).

Apply Lemma 1.2 separately to the two parts of the integral to conclude that
its absolute value is bounded by

1
CWHkHHﬂ 1S 1|z [|]| ez
where C is a constant depending only on p; and g;. Since
L < Cp
o1l — [I%]l aa

by equation (1.1), this gives the desired result for the special case where h is
an analytic polynomial.

Now let h be an arbitrary trigonometric polynomial. Then h = hy + ha,
where hy and hs are analytic polynomials, and hy(0) = 0. Note that the Szegd
projection S is bounded from LP? into HP? because 1 < ps < co. Thus,

[Pl zee = [[S(h)|| jype < ClllI Lo
Also,
1h2llmee = 1|28 (e R)|| o, = (1S (€7 R) || s < Clle™R| o, = ClllILe2,
and so

lh1]| gee + [|h2|| P2 < C||R|| e -
Therefore, by what we have already shown,

/0 %If(e”) "h(e™) b /0 2W|f(ei9)\p(h1(ei9) + o (@) da‘

2 2T
< |/ flph1d9‘ ; |/ fl7hs de\
0 0
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[[5]] o

< p h pa + || P p
HkHAq Hf”H 1(” 1||H 2 H 2||H 2)
1| ron

<C h .

= Hk”Aq Hf”le” HLPZ 0O

For a given ¢, we will apply the theorem just proved with p; chosen as
p1 = pph, where pl, is the conjugate exponent to ps. This will allow us to bound
the HP! norm of f solely in terms of ||¢|| and ||k|| fra: -

THEOREM 4.2. Let p be an even integer, and let q be its conjugate exponent.
Let F € AP be the extremal function for a kernel k € A?. If, for q1 such that
q<q1 <0, the kernel k € H*, then F € HP* for p1 = (p— 1)q1. In fact,

& ror 1/(p—-1)
e > ’

where C' depends only on p and q.

Proof. The case q1 = q is Ryabykh’s theorem, so we assume ¢; > ¢q. Set
p1=(p—1)g1. Then p; >p=(p—1)g. Choose py so that

1 1 1

qa  p1 P2

This implies that ps = p;/(p1 — p), and so its conjugate exponent ph = p;/p.

Note that 1 < ps < co. Let F, denote the extremal function corresponding

to the kernel S, k, which does not vanish identically if n is chosen sufficiently

large. Since S,k is a polynomial, F, is in H* (and thus F,, € HP') by

Corollary 3.3. Hence for any trigonometric polynomial h, Theorem 4.1 yields

1 Hsnk”H‘“

27
— F,IPh(e?) do| < C
5r [ IRy an) < ol

Since the trigonometric polynomials are dense in LP?(9D), taking the supre-
mum over all trigonometric polynomials h with ||h]| g <1 gives

1Snkl o
p, < CTTAT
||L 2 ||SnkHA'1

=1.

| Ell zzea || o2 -

1517 [E o

which implies

, 1 o iapplzgl/p;_ )
1Eallfi = {57 | (Fle)) a0y =[lIFnf?]] o
0
[Snk]Las

since pph = p1. Because || Fy,||gr1 < 0o, we may divide both sides of the in-
equality by ||Fy|| gr: to obtain

<C | Eo || Eroo s

Skl o

Fylff < Cid—i—,
H HH 1 ||Snk||Aq
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where C depends only on p and ¢;. In other words,
1 27 ) (p—1)/p1 ||S k”qu
— F, (re?)|™! d9> <o
(27 [ 1Entee) =S

for all r <1 and for all n sufficiently large. Note that S,k — &k in H? and in
A?. Since S,k — k in A9, Theorem 3.1 in [4] says that F,, — F in AP  and
thus F;, — F uniformly on compact subsets of D. Thus, letting n — oo in the
last inequality gives

(i /271"}7’(’,“61_0”1)1 da) (p—1)/p1 <C||kHHq1
2m Jo = [kl

for all » < 1. In other words,

”k”qu > 1/(p—1)

IF||gzon < (c
1%[] 40

O

Recall from Section 1 that a function F' € AP with unit norm has a corre-
sponding kernel k£ € A? such that F is the extremal function for k, and this
kernel is uniquely determined up to a positive multiple. Theorem 4.2 says
that if p is an even integer and a kernel k belongs not only to the Bergman
space A? but also to the Hardy space H?' for some g; where ¢ < ¢; < o0,
then the AP extremal function F' associated with it is actually in HP* for
p1=(p—1)g1 > p. It is natural to ask whether the converse is true. In other
words, if F'€ HP' for some p; with p < p; < oo, must it follow that the cor-
responding kernel belongs to H?*? The following theorem says that this is
indeed the case.

THEOREM 4.3. Suppose p is an even integer and let q be its conjugate
exponent. Let F € AP with ||F|la» =1, and let k be a kernel such that F is
the extremal function for k. If F € HP' for some p1 with p < p; < oo, then
ke H™ for g1 =p1/(p—1), and

|k rar
[|%| aa

< C||F [

where C' is a constant depending only on p and p;.

Proof. Let h be a polynomial and let ¢ be the functional in (AP)* corre-
sponding to k. Then by Theorem A,

1 T _
m/@k(z)(z da—/]F "sen(F(2)) (2h(2)) do

= / Fr2F®D1 (21 (2)) do.
D
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By hypothesis, FP/?2 € H?P1)/P and F@/2)-1 ¢ g2p1/(p=2) A simple calcula-

tion shows that
1 _a-1 _pi—p+tl

q T D1

and thus
-2 1

P p-2, 1

2p1 0 2; q
Now We will apply the first part of Lemma 1.2 with f; = F?/2 and f, =
F®/2)=1 and fs = zh, and with 2p1/p in place of py, and 2p;/(p — 2) in place
of pa, and ¢ in place of p3. Note that this is permitted since 1 < 2p; /p < oo,
and 1< ¢] <oo, and 1 <2p;/(p—2) <oco. (In fact, we even know that
2p1/(p —2) < oo unless p = 2, which is a trivial case since then F' =k/|| k| 42.)
With these choices, Lemma 1.2 gives

/FP/QF(p/Q)_l(zh(z))/da
D

=1

< CIEP2| sy, o 12 s s 2y

2 2 2
= CIFIZ N ENE2 2 )y
= CIIF |5 1l a,y -

Since

ﬁ(zh(z do
D

< ClONFE o 1o,

for all polynomials h, we may define a continuous linear functional ) on H %
such that

vi) = [ KE () do

for all analytic polynomials h. Then ¢ has an associated kernel in 9", which
we will call k. Thus, for all h € H% | we have

w(h)zi/o Wk;(e“*)h(e”’)d@.

But then the Cauchy—Green theorem gives

(4.2) /D k(2)(2h(2)) do
=1(h) = 2177/@ =2i/ z)zdz

= lim L/ k(2)h(2)zdz = lim k(z)(zh(z)) do
d(rD)

r—1 27 r—1 J.p

= / m(zh(z)), do,
D

where h is any analytic polynomial.
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Now, for any polynomial h(z), define the polynomial H(z) so that

1 [ o

Then substituting H(z) for h(z) in equation (4.2), and using the fact that
(zH)' = h, we have

/D E(2)h(z)do = /D E(2)h(z) do

for every polynomial h. But since the polynomials are dense in AP, and k and

k are both in A%, which is isomorphic to the dual space of AP, we must have
that k= E, and thus k€ H1'.
Now for any polynomial h,

1 2m

2

k(e)h () d8 < ClISIIEF o 12 gyat

and so

27
o [ ) 0 < Ll F ]
)

by inequality (1.1). But if h is any trigonometric polynomial,

1 2 1 I
1 i0 =
o [ FE o=
< C’||k||Aq||FHHP1 |S(h

< Cllkllas 1 F 1o 1R

k() [S(h) ()] do

/
||H"1

L9

where S denotes the Szeg6 projection. Taking the supremum over all trigono-
metric polynomials A with [|a|| 4, <1 and dividing both sides of the inequality
by ||k|| a«, we arrive at the required bound. (]

The main results of this section can be summarized in the following theo-
rem.

THEOREM 4.4. Suppose that p is an even integer with conjugate exponent q.
Let k € AY and let F be the AP extremal function associated with k. Let p1,q1
be a pair of numbers such that ¢ < ¢ < oo and

n=r@-a.
Then F € HP' if and only if k € H?'. More precisely,

Mm)l@” ]| g \ /7
a( <Pl < C
1] 1 e

where Cy and Cy are constants that depend only on p and p;.

Note that if p; = (p — 1)q1, then ¢ < ¢ < oo is equivalent to p < p; < 0.
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5. Proof of the lemmas

We now give the proofs of Lemmas 1.1 and 1.2. These proofs are rather
technical and require applications of maximal functions and Littlewood—Paley
theory.

DEFINITION 5.1. For a function f analytic in the unit disc, the Hardy—
Littlewood maximal function is defined on the unit circle by

fr (ew) = sup |f(7‘ei0) |
0<r<1
The following is the simplest form of the Hardy-Littlewood maximal the-
orem (see, for instance, [2], p. 12).
THEOREM B (Hardy-Littlewood). If f € HP for 0 <p <oo, then f* € LP

and
| f*HL;D < C”f”Hp»
where C' is a constant depending only on p.

Further results of a similar type may be found in [5].

DEFINITION 5.2. For a function f analytic in the unit disc, the Littlewood—
Paley function is

906, ) = {/01(1r>|ff(rei0)|2dr}m.

A key result of Littlewood—Paley theory is that the Littlewood—Paley func-
tion, like the Hardy—Littlewood maximal function, belongs to L? if and only
if f € HP. Formally, the result may be stated as follows (see [11], Volume 2,
Chapter 14, Theorems 3.5 and 3.19).

THEOREM C (Littlewood—Paley). For 1 < p < oo, there are constants C,,
and B, depending only on p so that

oG N o < Coll fll oo

for all functions f analytic in D, and
HfHH” < BpHg('a f)HLP
for all functions f analytic in D such that f(0) =0.

We now apply the Littlewood—Paley theorem to obtain the following result,
from which Lemmas 1.1 and 1.2 will follow.

THEOREM 5.3. Suppose 1 < p1,p2 < 00, and let p be defined by 1/p=1/p; +
1/pa. Suppose furthermore that 1 <p < oco. If f1 € HP* and fo € HP?, and h
1s defined by

hz) = /0 T RORQ) e,



EXTREMAL PROBLEMS AND AN EXTENSION OF RYABYKH’S THEOREM 571

then h € H? and ||h|| e < C|| f1||ze1 || fo|| 5r2, where C depends only on pi and
p2.

Proof. By the definitions of the Littlewood—Paley function and the Hardy—
Littlewood maximal function,

g(@,h):{/ol(l—r)|f1(re )f2 re’ )| dr}1/2

< fl*w){/olu —r)!fé(re”>\2dr}l/2

= [1(0)9(0, f2).
Therefore, since h(0) =0, Theorem C gives
2|z < C||g(-, h)

I <
Applying first Holder’s inequality and then Theorem B, we infer that
1Bllze < Ol 2 (| ou ll9Co f] e < Cllfillzes (|9, f2) [ -

If pa < 0o, Theorem C allows us to conclude that

1Pl e < Cllfillzes || f2ll e -

This proves the claim under the assumption that ps < occ.
If po = oo, then p; < co by assumption. Integration by parts gives

h(z) = F1(2) folz) — £1(0) f2(0) — /O T ROAQ) d

The H? norm of the first term is bounded by || f1| g1 || f2|| rr2, by Holder’s
inequality. The second term is bounded by C|| fi| g1 | f2||gr: for some C,
since point evaluation is a bounded functional on Hardy spaces. The HP
norm of the last term is bounded by C||f1||me: | f2| gz, by what we have
already shown, and thus ||h||g» < C|| f1]lze: || f2|| mre - O

Theorem 5.3 will now be used together with the Cauchy—Green theorem to
prove Lemmas 1.2 and 1.1.

Proof of Lemma 1.2. Define

1_/ fifofsdA and H(z /f2 Of3(¢

Then Theorem 5.3 says that H € H? and that ||H|| g« < C||f2llme: || f3] mes,

1_ 1 1 -
where =2t By the Cauchy—Green formula,
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Since 1/p; +1/g =1, Holder’s inequality gives

=1 / PGV H (=) dz| < nMy, (F1,7) M, (H, 7).
o(rD)

2
But since ||H | ge < C| fallmrz || f3]| res , this shows that
(Ll < Cllfull e[| foll 2o [ f3 )| e

which bounds the principal value in question, assuming it exists.
To show that it exists, note that for 0 < s < r, the Cauchy—Green formula
gives

oI, — 1| = / RV H(z) dz
O(rD—sD)

-/ T RGN H (re?) — s (e H (5] e d@‘

IN

/OQ“W@H(M) —sH(se'"))e™"" do ’

+ /%s(fl (rew) - fi (seie))H(sew)efw d@’.
0

We let f.(z) = f(rz). Then Holder’s inequality shows that the expression on
the right of the above inequality is at most

Mpl(flaT)HrHr —sHg|ga + SH(fl)r - (fl)SHleMq(HaT)~

Since p; < 0o and ¢ < oo, we know that (f1), — f1 in HP* as r — 1, and
H,— H in H? as r — 1 (see [2], p. 21). Thus the above quantity approaches
0 as r,s — 1, which shows that the principal value exists.

For the last part of the lemma, what was already shown gives

p~V~/Dﬁf2féd0—/Dﬁfz(snfs)/dff=P-V-/Dﬁf2(f3—Snf?))/d‘f

< Ol fille || f2ll ez || f5 = Sn(f3)]] s -
By assumption pg > 1. If also p3 < oo, then the right-hand side approaches 0
as n — oo, which finishes the proof. O

Proof of Lemma 1.1. We know that f?/2 € H? and f®/2)-1 ¢ g2r/(p=2),
Since h is a polynomial, we have f®/2)=1h e g2»/(P=2)  Also,

1 -2 1

Lop=2,1_,

2 2p P
Thus, Lemma 1.2 with f; = f?/2, and fo = f®/2)~1h, and f3 = f gives the
result. O
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