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HARDY SPACES OF OPERATOR-VALUED
ANALYTIC FUNCTIONS

ZEQIAN CHEN

ABSTRACT. We are concerned with Hardy and BMO spaces of
operator-valued functions analytic in the unit disk of C. In the
case of the Hardy space, we involve the atomic decomposition
since the usual argument in the scalar setting is not suitable.
Several properties (the Garsia-norm equivalent theorem, Car-
leson measure, and so on) of BMOA spaces are extended to the
operator-valued setting. Then, the operator-valued H'-BMOA
duality theorem is proved. Finally, by the H*-BMOA duality we
present the Lusin area integral and Littlewood—Paley g-function
characterizations of the operator-valued analytic Hardy space.

1. Introduction

The classical Hardy and BMO spaces and H'-BMO duality theorem play a
crucial role in harmonic analysis (see, for example, [4], [6], [13]). The vector-
valued analogue was studied by Bourgain [3] and Blasco [2] in the case of
the unit disc. Recently, operator-valued (= quantum) harmonic analysis has
developed considerably (e.g., see [5]). This is inspired by the works on matrix-
valued harmonic analysis (e.g., see [8], [11] and references therein) and the
recent development on the theory of noncommutative martingales (see the
survey paper by Xu [15]). The theory of operator-valued Hardy and BMO
spaces in R was well built by Mei [7]. The goal of this paper is to study the
disk analogue of Mei’s results, with an emphasis on the ‘analytical’ aspect.

The remainder of this paper is divided into five sections. In Section 2,
we present some preliminaries, including the LP-spaces of operator-valued
measurable functions, the noncommutative Holder inequality, operator-valued
analytic functions and some properties. The operator-valued analytic Hardy
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space is defined by the atomic decomposition in Section 3, since the usual
argument in the scalar setting is not suitable, as was pointed out in [7]. In
Section 4, we show the Garsia-norm equivalent theorem and Carleson measure
characterization of the operator-valued BMOA space. One of main results
in the paper is then proved in Section 5: the operator-valued H'-BMOA
duality theorem. Section 6 is devoted to the proof of another main result,
the Lusin area integral and Littlewood—Paley g-function characterizations of
the operator-valued analytic Hardy space. Our argument uses the atomic
decomposition and is distinet from Mei’s method originating from [9], in which
the Lusin area integral is used for defining the Hardy space. The techniques
involved here is slightly simpler and also suitable for use in obtaining the
corresponding results found there. We would like to point out that the atomic
decomposition of the predual of operator-valued BMO spaces has been studied
by Ricard [12].

In what follows, C always denotes a constant, which may be different in
different places. For two nonnegative (possibly infinite) quantities X and Y by
X <Y, we mean that there exists a constant C such that C7'X <Y < CX.
Any notation and terminology not otherwise explained, are as used in [4] for
complex harmonic analysis, and in [14] for theory of von Neumann algebras.

2. Preliminaries

2.1. Operator-valued measurable functions. Throughout this paper,
M will always denote a von Neumann algebra, and M its positive part.
Recall that a trace on M is a map 7: My — [0, 00| satisfying:

(1) 7(x+y)=7(z) +7(y) for arbitrary =,y € My;

(2) T7(Ax) = A7(x) for any A € [0,00) and 2 € M ; and

(3) T(u*u) =7(uu*) for all ue M.

7 is said to be normal if sup,, 7(z,) = 7(sup, x,) for each bounded increasing
net (x,) in M, semifinite if for each x € M \{0} there is a nonzero y € M
such that y <z and 7(y) < 0o, and faithful if for each x € M \{0}, 7(z) > 0.
A von Neumann algebra M is called semifinite if it admits a normal semifinite
faithful trace 7, which we assume in the remainder of this paper.

Denote by Sy the set of all x € M such that 7(supp z) < oo, where supp
is the support of = which is defined as the least projection p in M so that
px =x or equivalently xp ==z. Let S be the linear span of S;. Then S is a
x-subalgebra of M which is w*-dense in M. Moreover, for each 0 < p < o0,
r €S implies |2|? € S; (and so 7(|z|P) < o0), where |z| = (z*z)'/2 is the
modulus of z. Now we define ||z, = [7(|z|P)]'/? for all x € S. One can show
that || - ||, is a norm on S if 1 < p < 0o, and a quasi-norm (more precisely, p-
norm) if 0 < p < 1. The completion of (S, || - ||) is denoted by L?(M, 7). This
is the noncommutative LP-space associated with (M, 7). For convenience, we
set L>®(M,7) = M equipped with the operator norm. The trace 7 can be
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extended to a linear functional on S, still denoted by 7. Since |7(x)| < ||z
for all z € S, T extends to a continuous functional on L'(M, 7).

Let 0 <~,p,q < oo be such that 1/y=1/p+1/q. If z € LP(M,7),y €
LY(M,7) then zy € L7 (M, 7) and

(1) lzylly < llllpllyllq-

In particular, if v =1, |7(zy)| < |lzy|l1 <||z|lpllyllq for arbitrary x € LP (M, T)
and y € LY(M,7). This defines a natural duality between LP(M,7) and
LY(M,7): {z,y) =7(xy). For any 1 <p < oo, we have LP(M,7)* = LI(M,T)
isometrically. Thus, L'(M,7) is the predual M, of M, and LP(M,7) is re-
flexive for 1 < p < oo. (For the theory of noncommutative LP-spaces, see the
survey paper by Pisier and Xu [10] and references therein.)

Let (2, F,u) be a o-finite measure space. A S-valued function ¢ on Q is
said to be simple if it can be written as

(2) o= ajxr,
J

where a; € S and {F}} is a finite set of measurable disjoint subsets of Q with
p(F;) < oo. Denote by S(£2,S) the set of all simple S-valued functions on Q.

For such a simple function ¢, we define
1
9 2
| (fet e
» Q

® el = (Seemr)

and |||z = [|¢*| Lz, respectively. As shown in [7], each ¢ can be regarded
as an element T(p) in M ® B(L?(2)) (where B(L?(£2)) is the space of all
bounded operators on L?(Q) with the usual trace Tr) and

(4) el

p

2 = 1T() | Lr (meB(L2 ()

(and ||¢|| e = ||¢*||zz). This concludes that || - ||z (and || -||zz) are norms on
S(Q,8)if 1 <p<ooand pnorms if 0 < p< 1. For 0 < p < oo (or p=00), the
completions of S(2,S) in || - ||zr and || - ||L» (or in weak*-operator topology)

are denoted by LP(M, L2(Q)) and LP(M, L%(R)), respectively.

LEMMA 1 (Proposition 1.1 in [7]). Let 0 < ~v,p,q < oo be such that 1/ =
1/p+1/q. If f € LP(M,LZ(2)),9 € LY(M, L2(Q)), then

(5) (f.9) = /Q Fodu

exists as an element in LY (M, 1) and

(6) 1K)y < 1 F 1 cellgllze-
A similar statement also holds for LP(M, L2(12)).
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For 1 <p < oo with g=p/(p—1), by Lemma 1 we have
LM, L(@)" = L(M, LE(S)
isometrically via the anti-duality
7) (ra) =7t =r( [ rodn)
for f € LP(M,L3(Q)) and g € LI(M, L2(2)). Similarly,
LP(M, L))" = LI (M, LY ().

(For details, see [7].)
Also, by the convexity of the operator-valued function x — |z|?, we have

2
d 2d 2d
(8) ‘/Qfgu S/Qlf\ u/ﬂlglu
for every f € LP(M,L%(2)) and g € L*(Q, i) (e.g., see (1.13) in [7]).

LEMMA 2. If f € LY(M, L%(Q)), then

o) (/ (s |2du> "

Consequently, L*(M, L2(Q)) C L*(Q, L*(M)).
1/2 1/2
ol = [loPau] < (1ot dn) =l ooy
we conclude from (7) that

1/2
( / |T<f>2du) < 1oz

= sup
gEL?(Q,L>= (M), llgll2<1

Proof. Since

([ )

< sup (/ fa* d,u)’
gEL> (M, LZ(Q)),llgllLge <1
= [Ifllz2-
This completes the proof. O
For 0 <p <2, we set
(10) LP(M, LZ,.(Q)) = LP(M, LZ(Q)) + LP (M, L}(2)),
equipped with the sum norm

/1

ve, = nf{llgllzz + lIAllLe },
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where the infimum is taken over all g € LP(M, L2(2)) and h € LP(M, L%(2))
such that f=g¢g+ h. For 2 <p < 0,

(11) LP(M, L2,(Q)) = LP(M, LZ(Q)) N LP (M, L2(2)),
equipped with the maximum norm
[l e, = max{[| fl[ 2, | fll e }-

Then, for 1 <p < oo with ¢ =p/(p —1) we have
LP(M, L2, ()" = LI(M, L?,(2))
isometrically via the anti-duality (7).
2.2. Operator-valued analytic functions. Let D={z € C: |z|] <1} be
the unit disc in the complex plane C and let T={z € C: |z| =1} be the unit

circle. dm = df/2x will denote the normalized Lebesgue measure on T. The

kernel
(12) P.(w) L i (z€D,weDUT)
(w)=—""—"— (z€D,w
[1—zw|?

is called the Poisson kernel in D. By (6), we can define the Poisson integral
P[f] of a function f € LP(M,L%(T)) or L?(M,L2(T)) by

(13) P(f](z) = / PL()(t) dm(t) € LP(M)

for z € D. For simplicity, we still denote P[f] by f. Similarly, we define the
Cauchy integral €(f) of a function f € LP(M, L2(T)) or LP(M, L3(T)) by

(14) ez = [ L1

1l —tz
for z € D.
We let Aut(D) be the Mobius group of all automorphisms of D. Every
Mobius transformation can be written as

W(z) = e“’% (2 €D)

dm(t) € LP(M)

with 6 real and |Zo] < 1.

Let 1 < p < oo. Recall that f: D — LP(M) is said to be analytic if f is
the sum of a power series in the LP(M)-norm, that is, f(z) =Y, a,z" for
every z € D, where a,, € L?(M). The class of all such functions is denoted by
H(D, LP(M)). If f € H(D, L?(M)), then all order partial derivatives of f exist
and belong still to H(D, L?(M)). By Lemma 1, one has €(f) € H(D, LP(M))
for any f in LP(M,L2(T)) or LP(M, L2(T)). We set

HP(M, LE(T)) = {f € L"(M, L(S)) : P[f] € H(D, LP(M))}.
Similarly, we have HP (M, L%(T)) and HP (M, L2,.(T)).
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For any f in LP(M, L%(T)), the gradient V f(2) is the LP(M)-valued vector
(0f/0x,0f/0y) and

€ LP/*(M)

2 ‘

f
vraP = |5

Ay
with z =z + 1y. In this notation, we have
(15) IVf(2)]? =2If' (=)
if f is analytic.

LEMMA 3. If f € LY(M, L%(T)), then

(16) /T|f—f(0)|2dm:%/D\Vf(z)ﬁlog%dxdy.

Consequently, if f € L*(M,L2(T)) then
a1 [1 = f@ PP dn < [ PR - 2P dedy

for every w e D.

Proof. By Lemma 3.1 in [4], we have

/ (6 9(0)) (¢ — 9(0) dm =~ / Vo2 Vl(2) log
T T Jp |Z|

for all ¢, € L%(T). Then, for any Sxq-valued simple function f = Zj ajXr;
on T, one has that

/T = FO)P

dx dy

2
dm

xr; (0))

= Saion | T X 0D (s 0)

1 = 1
= —Zajak/prj(z)Vka(z)log—dxdy
T D E

1 1
:—/|Vf(z)\210g—dxdy.
T Jp ||

Since the set of Syq-valued simple functions is dense in L'(M, L?(T)) and 7
is faithful, it is concluded that (16) holds for all f € L*(M, L?(T)).
To prove (17), we first prove the case of w =0, that is,

(18) /|f F(0)[ dm = /Wf 2(1 - |22) dx dy.
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To this end, we note that 1 — |z|? < 2log(1/|2]),|2| < 1. Hence, by (16) one
has that

/ IV F)P(— |2) dudy < 2 / I — F(O)[2 dm.
D T

To prove the reverse inequality, suppose that the integral on the left hand
is finite and denoted by A. For |z| > 1/4, we have the reverse inequality
log(1/|2]) < C(1 —|z|?). This yields that

/ |Vf(z)|21ogidxdy§CA.
1/4<|z|<1

|2
Also, let H be the Hilbert space on which M acts. For |z| < 1/4, the subhar-
monicity of z — ||V f(h)(z)||? for each h € H gives that

(IVf(2)P(h),h) = |V () (2)]I?
16
< =

IV () (w)||* dz dy

T Jjw—z|<1/4
32 9 9
< — IVF(R)(w)[](1 = w]7) d dy
Jw|<1/2
< 2Z(am,n).
m

Hence,

1 2 1
/ IV f(2)[* log i dzdy < 3—A/ log — drdy < CA.
lsl<1/4 |2l T Ja<ia Il

Using (16), we conclude the proof of (18).
Now, fix w € D. The identity

1 1—wz
a9) [ 1~ fPPadm= [ 1V7()P 10g| =2 | dady
T ™ Jp zZ—Ww
has the same proof as (16). Using the identity
2
z2—w
1- =(1—[2*)Py
20 (- P Pue),
we similarly obtain (17). This completes the proof. O

For every a > 1 and t € T, let
To(t)={zeD: |t—z|<a(l-|z])}.
In what follows, we fix o > 1.

LEMMA 4. If f € LY(M, L%(T)), then

(20) / ( / » |Vf(z>2dxdy> am= [ If = s0) am.
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Proof. Let H be the Hilbert space on which M acts. Note that as |z| — 1,
m{teT:z€l4(t)} <1—|z2]°. By Lemma 3, one has that

</T(/Fa(t)|Vf(z)|2dxdy> dm(h),h>

= /D<|Vf(z)|2(h),h>m{t €D: zel,(t)}drdy

= / (V£ (2)B(R), B)(1 — [2[2) da dy

=( [1r- 1) amin. 1)

for all h € H. O

3. Operator-valued Hardy space
Throughout, we always denote by I a subarc of T and |I| =m(I).
DEFINITION 5. a € L'(M, L?(T)) is said to be an M.-atom, if

(i) a is supported in a subarc I of T,
(ii) f;ado =0, and
(iii) flallzy < [1]7/2.

By Lemma 2, one concludes that an M. -atom is also an L'(M)-valued
2-atom on T. Hence, for each M -atom a one has

(21) lall (o2 () < HI7V2lall 2 r, pr ) < 1
Then, we define H (T, M) as the space of all f € L(T,L*(M)) which admit

a decomposition
f = Z )\kaka
k

where for each k, aj is an M -atom or an element in L'(M) of norm less
than 1, and A, € C so that ), |A\x| < co. We equip this space with the norm

1l :mf{Zw f= Zxkak},
k k

where the infimum is taken over all decompositions of f described above.

PROPOSITION 6. Let HY(T, L'(M)) be the Hardy space of L*(M)-valued
functions on T. If f € HY(T, M), then

(22) 1l < 1 Nz

Consequently, H(T, M) C HY(T,L*(M)) and is a Banach space under the
norm || - ||q: -



HARDY SPACES OF ANALYTIC FUNCTIONS 311

Proof. As noted above, M -atoms are all L!'(M)-valued 2-atoms. This
implies the required result. O

DEFINITION 7. We define
He(T, M) ={f e H.(T, M) : P(f) e H(D,L'(M))},
equipped with the norm || f{|g:.

By (22) one concludes that HL(T, M) C H'(T,L'(M)), the Hardy space
of L'(M)-valued functions on T, the Poisson integral of which are analytic
in D. Hence, H}(T, M) is a Banach space.

Similarly, we can define H:(T, M) and HL(T, M).

DEeFINITION 8. The Hardy space of operator-valued analytic functions in
the unit disc D is defined by

Hep (T, M) = He (T, M) + Hy (T, M),
equipped with the sum norm
£, = inf{{|gllaz + [[Alla:},

where the infimum is taken over all g € H:(T, M) and h € H}(T, M) such
that f=g+h.

Clearly, H!.(T, M) is a Banach space. Let H!(D) denote the analytic
Hardy space in the unit disc D.

PROPOSITION 9. If f € HL (T, M) and m € L>(M), then 7(mf) € H*(D)
and

(23) I (m)llar < llmllooll £, -
Proof. 1t is sufficient to prove that
I7(ma)llar < [[mlloo

for each M -atom a. Let a be an M -atom supported in I. By Lemma 2, we

have
1/2 1/2
( / r(ma>|2dm) < mnoof( / |a|2dm) < lmllaol 12
I I

This shows that 7(ma)/||m||s is an 2-atom supported in I. The proof is
complete. 0

REMARK 1. The M -atom is a noncommutative analogue of the classical
2-atom for H'. However, the noncommutative analogues of classical p-atoms
seem to be of no meaningfulness.
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4. Operator-valued BMOA space

Let f € L°°(M,L2(T)). Then, by (6) one concludes that (f,g) € M for
each g € L°°(T). Thus, for a subarc I of T we can define the mean value f7
of f over I by fr= [, fdm/|I| € M. Set

i - 2d )1/2

where the supremum is taken over all subarcs I of T. We define
BMO,(T, M) = {f € L®(M, LY(T)) : || fl+,c < oo}
equipped with the norm

||f|BMoc=H/deU

PROPOSITION 10. If f € L>(M, L%(T)), then

[[£]l,c = sup
I

+ 1 1l e-
M

1 1/2
(24) ||f||*,CSsup( JAIE dm)
r \|J;
and
(25) \ < fle < ‘ »
M

Consequently, BMO(T, M) C BMO.(T, M) and BMO.(T, M) is a Banach
space. Here, BMO(T, M) is the BMO space of M-valued functions on T.

Proof Let H be the Hilbert space on which M acts. For every h € H, one

/nf milPdm= [7 = Pk = ( [ 15~ ripam)m.n),

which yields that
(26) [flle=sup [If(h)llBmocT,m),

heH, || hll<1

where BMO(T, H) is the H-valued BMO space on T. This concludes (24) and
so, BMO(T, M) C BMO(T, M).
Since

2 = 2d = 24 h,h> )|?d
141, H [ ’"HM |i?51< JR0 . [sazam,

it is concluded that

2
Il = s, (/nf 1 dm) > zup/llf IIdm>H/fde
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and
1/2
Il = s ( [ ||f(h)||2dm>
IRI<1N\JT
2 1/2
< sup ( /f dm dm) + sup /f de
et llhl<1
H/fde 1l
This completes the proof of (25). d

DEFINITION 11. We define
BMOA (T, M) ={f € BMO.(T,M) : P[f] € H(D, M)},
equipped with the norm || - ||pmo. -

By (24) and (26), we conclude that BMOA(T, M) C BMOA.(T, M) and
BMOA.(T, M) is Banach space.
For f € BMOA.(T, M), we introduce the set of functions

My={geH(D,M): g=forp—fory(0),1 € Aut(D)},

and for 0 <y <1, we denote by f, the dilated function defined for |z| < 1/v
by fy(2) = f(vz). Also, for f € L>°(M,L2(T)) set

sup ‘(/Tlf—f(Z)IQdmz)l/g

[[f]l,c = sup
€

)

M
where dm, (t) = P.(t) dm(t) for z € D.
ProposITION 12. If f € BMOA.(T, M), then
(27) £l = sup Sup 192l zee = M1 Fllax,e-
geMy 0<

Proof. Let H be the Hilbert space on which M acts. By merely reproducing
the proof in the case of scalars (for details, see [1]), we can obtain (27) for H-
valued functions. Then, by (26) we have

we=sup |[f(h)lBmo(r,m)
heH,||h]I<1

1/2
= swp swp sup ([l (1))
[|h]|<1geEMy 0<y<1 T

= sup sup ||g,llre.
gEMf0<’Y<1

This concludes the first equivalence.
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Similarly, for f € BMOA,(T, M) we have

[fllc= sup [lf(h)lBmO(T.)

hem, b1
1/2
= sup sup( [ ) = 0 .
In)<12eb \JT
1/2
—swp| ([ 17 seeyam.
z€D T M
This proves that || f|l«,c < || f|l+«,c and completes the proof. O

Similarly, we can define BMO, (T, M) and BMOA, (T, M), by letting

[fllr = 1F"ls.c and | flBymo, = I f*[lBMoO., »

respectively. Evidently, we have
ProrosiTION 13. If f € BMOA, (T, M), then

(28) [fll«r = sup sup |lgyllLoe < [1f ],
geEM; 0<y<1

Here, || fllix,r = [[F* [l sx,c-
We define
BMO,-(T, M) =BMO.(T, M) N BMO,.(T, M),

quipped with the norm ||f|lpmo., = max{||fllsmo., || fllBMO,}. As shown
above, BMO(T, M) C BMO,, (T, M).

DEFINITION 14. The operator-valued BMOA space on T is defined as fol-
lows:

BMOA.,(T, M) = BMOA.(T, M) N BMOA, (T, M),
quipped with the norm || f||Bmo., -

BMOA,, (T, M) is evidently a Banach space under the norm || - ||smo,,-
Moreover, BMOA (T, M) C BMOA,, (T, M).

It is well-known that BMO spaces are related to the so-called Carleson
measures (e.g., see [4], [13]). In the sequel, we do this in the operator-valued
setting on the circle, with an emphasis on the ‘analytical’ aspect.

For t € T and 6 > 0, we introduce the set

I(tg,0) ={rteD: 1 -6 <r<1,|t—to| <},

whose closure intersects T at the subarc I(t,8) = {t € T : |t —to| < 8}. I(t,0)
is said to be a Carleson tube at t.
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DEFINITION 15. An M -valued Borel measure v in I is called a Carleson
measure if there exists a constant C' > 0 such that
V(I (t,6))|pm < CO

forallt €T and § > 0. Set

t,o /\/l
ol =sup 1T

I

which is called the Carleson norm of v.

Since |I(t,8)| =<6 (0 < < 1) and I(t,8) =D provided § > 1, it is concluded
that an M -valued Borel measure v in D is a Carleson measure if and only if

(29) sup{% tET,6>O}<oo

PRrROPOSITION 16. An M -valued Borel measure v in D is a Carleson
measure if and only if
/P ) dv(w H < 00.
The constant N (v) satisfies
CIN(v) < |[vlle < C2N(v)

for absolute constants Cy and Cs.

=sup
z€D

The proof is the same as in the scalar case (e.g., see Lemma 3.3 in [4])
and omitted. Proposition 16 shows the conformally invariant character of
Carleson measures.

The following theorem is the operator-valued version of one of the most
fundamental results in the theory of BMO spaces, which characterizes BMO
spaces in terms of Carleson measures.

THEOREM 17. Let f € L>°(M,L%(T)). Then, the following assertions are
equivalent:
(1) f is in BMO.(T, M).
(2) dvg(z)= |Vf(z)| (1- \z| )dxdy is a Carleson measure in D.
(3) drs(2) = |Vf(z)|210g 1 dxdy is a Carleson measure in .
In this case,

wglle = NFIZ e = Az e

Consequently, if f € H>®(M,L?.(T)) then f € BMOA,,.(T, M) if and only
if both (1—|2|?)|f/(2)|? dx dy and (1—|2|?)|f'(2)*|? dz dy are M -valued Car-
leson measures in D if and only if

|f'(2)? 10g| |

are both M -valued Carleson measures in D.

1
dedy and |f'(2)*]? logﬂ dx dy
P
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Proof. By Lemma 3, Propositions 12 and 16 we get the equivalence of (1)
and (2) and ||v¢]lc < || f||Z .. What remains to prove is the equivalence of (2)
and (3). Half of this task is trivial because the inequality 1— |z|? < 2log(1/|z])
shows that ||vflle < 2||Af|le. For |z] > 1/4, we have the reverse inequality

log(1/|2]) < C(1 — |2[?), which shows that [|Af(I)| < C|vs(I)| for subarcs
I =1I(t,0) provided & < 3/4, because |z| >1— 3 >1/4 for all z € I. Then, to
prove that the equivalence of (2) and (3) it suffices to prove || A(|z] <1/4)| <
Cllvs(|z| <1/2)||. However, as shown in the proof of Lemma 3 we have

IVf(2)]? < C/l s IV f(w)]*(1 = [w]*) dz dy = Cvy (|2 <1/2)

for all |z| < 1/4. Hence,

M1 = [ (O Plog  dedy < Coy(1e £ 1/2).

|z|<1/4 |2|
This gives that ||Af(]z] <1/4)|| < Cllve(|z] < 1/2)| and therefore [[Af|. <
Cllvlle- O
5. Operator-valued H'-BMOA duality
In this section, we show the operator-valued H'-BMOA duality.
THEOREM 18. We have
HY(T,M)* =BMO.(T, M),  HL(T,M)*=BMOA.(T, M).

Similarly, HL(T,M)* = BMO,(T,M) and HL(T,M)* = BMOA, (T, M).
Consequently, H!, (T, M)* = BMOA,,(T, M).

Proof. Let g € BMO.(T, M). For any M_-atom a supported in I, we have

by Lemma 1
T(/g*admﬂ = T</(g—g1)*adm)‘
T I

< llallzram,z2(ryllg = grllnee (m,r2()
< lglls.c-
On the other hand, for any a € L'(M) with |la]| <1 we have

T(/g*adm>’§‘ /g*dm /gdm”.
T T T

Thus, we deduce that
([ ram)| < lalloo. 1

for all f € HL(T, M). Hence, BMO.(T, M) C HL(T, M)*.

~(lal) g\

(30)
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Conversely, let [ € HL(T, M)*. Since L*(M, L?(T)) C H.(T, M), [ induces
a continuous functional on L' (M, L(T)) with the norm smaller than ||I[|g1)-,
that is, [I(f)| < |1lllgyy« || fllz: for all f e L' (M, LZ(T)). Hence, by the Hahn-
Banach extension theorem there exists a unique g € L>(M,L3(T)) with
||g||Lgo < HZH(Hg)* such that

(31) ) =r< / g*fdm)

for all f € LY(M,L3(T)). We need to show that g € BMO.(T, M).

Let H be the Hilbert space on which M acts. Recall that the predual
space L*(M) of M is the quotient space L*(B(H))/M_, where M| ={a €
LY(B(H)) : Tr(ab) = 0,V¥b € M} is the pre-annihilator of M. The quotient
map is dented by 7 : L*(B(H)) — L' (B(H))/M .. For u,v € H we define |u)(v|
by |u){(v|(h) = (h,v)u for all h € H. Then, for every a € M one has

7(an(|u) (vl]) = 7 (w[alu)(v]]) = Tr(alu)(v]) = (a(u),v).

Consequently, by (26) and the Hilbert space-valued H!-BMOA duality the-
orem we have

lgllsc= " sup [lg(h)llBmo(T,m)
heH,||h||=1

= sup sup
llAl=1 feH (T, H), || fllg1 <1

[ wlalt) sl
= sup sup

IAI=1 1l <1 ’ </11' gl dm) ’

{foron)

/ <g(h),f>dm‘

= sup sup
IRlI=111fllg <1

< sup

1112 <1

= {12l ey
Also,

/gde = sup T(/ g*ydm)’
T yeL (M), llyl1 <1 T
T(Ag*fdm)‘ < Hl||(Hg)*~

This shows that ||g[|Bmo, < 2/!|(xy)- and concludes the first assertion.

By (30), each g € BMOA_.(T, M) induces evidently a bounded linear func-
tional on H}(T, M) via (31). Conversely, if [ € HL(T, M)*, then by the Hahn—
Banach extension theorem, [ can be extended to a bounded linear functional

< sup
FELLIfll 1<t
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on H!(T, M) and hence there exists a g € L> (M, L2(T)) such that (31) holds
true for all (analytic) polynomials f = 3";'_, byz*, where by € L*(M). This
concludes that

(32) I(P) :T( / ¢[g]*Pdm>

T
for all polynomials P(z) =>,_, bxz", where b, € L*(M). By merely repro-
ducing the above proof, we can prove that €[g] € BMOA_(T, M). O

6. Area integral characterizations

We define for each f € L'(M,L%(T)):

(i) The column area function

1/2
A(f )](6) = ( / ) |Vf<z>|2dxdy) (te),

(ii) The column Littlewood—Paley g-function

1 1/2
0 (F)](1) = ( [ wsera- r?)dr) (te).

Similarly, we define the row area function A,(f,«) = A.(f*,a) and row
Littlewood—Paley g-function g,(f) = g.(f*).
Also, we need two technical variants of A.(f,a) and g.(f) as following:

[A(f, @)](1,6) = ( / PRCIE dy) "

where Ty (t,0) ={z€D: |t — z| < a(l — |z]), |2| <}, and

[9:(f)I(t,0) = (/06 |V£(rt)2(1 —7‘2)d7“>1/2

for0<d6<1,teT.
For simplicity, we usually denote by A.(f) = A.(f,a) in the sequel.

LEMMA 19. There is a constant C >0 such that
[9:(N)](t,0) < CIANI(t,(1+6)/2) (0<d<1, teT)
for all f € LY(M, L%(T)). In particular, g.(f) < CA.(f).

Proof. Tt suffices to prove the associated inequality for the case of ¢t =
1. Since T'o (1, (1 + 9)/2) contains a small disc centered at 0, there exists a
constant 0 < ¢, < 1 such that for each 0 <r <4,

D, 2{zeD: |z—7] <ca[(1+5)/277“]}CFQ(l,(l-I-é)/Q).
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The harmonicity of V f gives that
1
\V4 =
0= gxiaraa—p
This follows from (8) that

IVf(r)* < ﬁ/D |V f(2)|? dz dy.

/ Vf(z)dzdy.
D,

Hence,

5 5 g
000 = [ IvroPa-ar<e [0 [ [wie)Pasa

Since

(1= /(0 + ea) <17 < (1= [2)/(1 ~ ca)
for z € D,., by Fubini’s theorem we have
1-|z]
=ca dr 1+0
(N0 < ViR [ L dsay s ciadn) (1150,
La(1,242) T r 2

c
1z]
Ca

This completes the proof. O

THEOREM 20. Let f € LY(M,L%(T)). The following assertions are equiva-
lent:

(1) feH (T, M).

(2) Ac(f) € LY(L=(T) @ M).

(3) gc(f) € LH(L®(T) @ M).

In this case,

(33) Az =< £ O) iz a) + FACHI e = IF O ey + 119 ()l e

for all f € HL(T, M).

Consequently, if f € H*(M,L3(T)), then f € HL(T,M) if and only if
A(f) € LT, LY (M) if and only'if gu(f) € L'(T, L1 (M),

The same statements hold also true for HL(T, M) and HL(T, M).

Proof. We will show that (1) = (2), (2) = (3), and finally (3) = (1).
(1) = (2). We will show that there exists C' > 0 such that

(34) 1f Oz (am) + [[Ac(H) 1 < ClLf [l
for all f € HL(T, M). Since
1F O ra < Cllf e < Cllf I
by Proposition 6, it suffices to show that there exists C' > 0 such that
[Ac(a)llr <C

for all M.-atom a.
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Given an M -atom a supported in I = I(¢o,d). By (6) and Lemma 4, we
have

1/2
T</ Ac(a)dm)§21|1/27(/ |Ac(a)2dm> < O |all1s < C.
21 21

where 21 = I(tg,26), and by (8)

! (/]1‘\21 Acla) dm> 1
_ /NITK/FQ(O |Va(z)2d;z:dy> ] dm(t)
[ (/ oL e1P) = Pt )ats)dmee

< el [ . ( / . JICE Pz<to>]2dm<s>dxdy) dm()

<[ . ( | swlVIPs) - Pt ds dy) ().

o(t) s€l

2

2

] dm(t)

dx dy)

An immediate computation yields that

oP,(t) 2 2(1 — |2]?) Re(t — 2)
oxr |1 —tz]? [1—tz|* ’
or.(t) 2% 2(1 — |2|*) Im(t — 2)
oy  |1—t2]2 |1 —tz|* ’
and hence,
0 [0P,(to+1) ]| | 9 [OP:(to +1t) < Clt|
oy oz "oy Ay 1= (to + 1)z

for 0 <y < 1. Then,

ox Ox
C|S—t0|4
T 1 —[to +7(s —t0)]Z

: ‘apz(s) _ OP.(ty) 2+ ‘apz(s) _OP.(ty) |?

‘V[PZ(S) ~ P, (to)] oy dy

for some 0 <~ < 1. Since
|s" —to| = ]s —to] <4,
where s’ =tg+ (s — 1), it is concluded that
[t —to] <2t —s'|<C(1—tz] +1—5"2]) <C(1 — |2| + |1 — s'z]) < C|1 — 5%
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for t € T\ 27 and z € T, (¢), the first inequality is a consequence of the triangle
inequality and the hypotheses. Hence,

cst
P.(s)— P.(ty)]|* < —————
|v[ (S) ( 0)“ = |1 7t0t|6
for s € I(tg,0),t € T\ 2I and z € ', (¢). This concludes that

Cs?
T / Acla)dm | < / T3 dm(t) < C,
T\21 m\2r |1 = tol]

which completes the proof of that (1) = (2).

(2) = (3). This follows from Lemma 19.

(3) = (1). Since || £(0)[[mx < [I£(0)[[z1 a1y, By Theorem 18 it suffices to show
that

r< /T io dm) ] < Cllgel Pl im0 a9 lncon

for all f € Ly(M,L3(T)) and g € LF(M,L3(T)). By Lemma 3 and the
Cauchy—Schwarz inequality, we have

(foam)

([ 9r60r @on L deay )|

2|

1
m

( /0 1rlog%dr /T VF(rt) (V)" (rt) dm(t))‘

1
2
™ r

<20 (] rog Lar a0 TSPl 0] o))

1
2

(] rlog L ar [0 90 Pl (1)) o))

L (/01 rlog % dr /T[gc(f)(n V() dm(t))} |

<[ ([ rostar [ gc(f)(r,t)IVg(Z)Fdm(ﬂ)]%

2
£ZA4.B.

7r
For A, since rlog(1/r) < C(1 —r?) for 0 <r < 1, we have

wsor( [ [lotnearwienra -2 arm)
=or( [ [ tanen GO 4 i)

r

3
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- (// R aram ¢ )>

=Cllg.(f )||L1 (L>>(T)@M)-

To estimate B, we define
D(j,k)={(™r): G-1)27" <o <27k 27" T <1 —r <27k

where j=1,...,2% and k=0,1,2,.... Let cjp = (e*™%r 1 — 27%) with 0, =
(j—1/2)27*. Set

[Ac(f, @)](€™,r) £ [Ac(f,37a)](cjx)  V(e*™,r) € D(j, k)
and
di(t) £ [Ac(f,@)](8,1 = 2757 — [Ac(f,0)](8,1-27F) >0,

respectively. Since
o= €20 < [2 = €279 4 |67 — 70| < (1~ [2]) + 2m(1 ~ |2
<3ma(l-—|z|)
for z € Ty (29,1 — 27F) with (j — 1)27% <0 < j27%, it is concluded that
[Ac(f,e))(t,1 = 27%) < [Ac(f, @)](t,1 = 27%) < [Ac(f, 5ra)](t, 1~ 27F)

for t € T. Then, we have

g =r( [ [0 nIwsenprios Laran)

1 9 1
gcr( i /TAc(f)(t,(l+r)/2)\Vg(rt)| Tlogrdrdm(t))

_Cr </Tdm(t)§/11::1Ac(f)(t,(l+r)/2)|Vg(rt)|2rlog%dr>
s&( / dm(t)g[ﬁo(f,a)}( -k [ |Vg<rt>|2rlogidr>
_or < /jT dm(t)]i<§dj(t)> /1 ljj_l |Vg(rt)|2rlogidr>
CT<Adm(t ( o(t) / +de /1 . k+1>|Vg(rt)|2rlog dr)

<CT[d0(1/2)]H/T/O |Vg(rt)|2rlog;drdm(t)H

co 2 j2k 1
1
+C [dy (€203 H/ d9/ Vg(re*™)|?rlog = dr||.
DD Tl | f o Vet Prios

k=1j=1
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Hence, by Theorem 17(2) one concludes that

oo 2P

B2 <SS A2 gl Ao,

k=0 j=1

=c||g||%Mo;(Z / dk<t>dm<t>)
k=0"T
< ougn%Moy( [z 1>dm<t>)

< CllgllEmo, | Ac(f, 5ma)]| 1.
Combining the estimates of A and B yields that
[fllzy = sup

( / fg*dm) ] < Ollgel )| | Au(f.570) .
[lgllBmo,. <1 T

Then, by (34) we have that
[Ac(f;5ma)llLr < Cllge(f; )|t

Therefore,

[z < Clige(fs )l
This completes the proof. O

REMARK 2. Let us consider the conformal map
1—w

t(w)=i——
() =i,

which maps T to the real line R. If ¢ € L°°(M, L?(R, 1i%)) and if ¥(w) =
o(t(w)), then we see that

weT,w#—1,

lellBmo. &) = 1¥]BMO, (T.Mm)

following arguments in the classical case [4]. Consequently, by the H'-BMO
duality we have

el @ at) < 1912 (T, Mm)-
Thus, under the mapping w — t(w), H: (R, M) and H.(T, M) are transformed
into each other.

COROLLARY 21. If f € HY(M, L2.(T)), then f € H..(T, M) if and only if
there exist g € HY (M, L%(T)) and h € H*(M, L%(T)) such that f = g+ h with
A.(g) € LY(T,LY(M)) and A,.(h) € L*(T, L*(M)).
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