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HILBERTIAN MATRIX CROSS NORMED SPACES ARISING
FROM NORMED IDEALS

TAKAHIRO OHTA

ABSTRACT. Generalizing Pisier’s idea, we introduce a Hilbertian
matrix cross normed space associated with a pair of symmetric
normed ideals. When the two ideals coincide, we show that our
construction gives an operator space if and only if the ideal is
the Schatten class. In general, a pair of symmetric normed ideals
that are not necessarily the Schatten class may give rise to an
operator space. We study the space of completely bounded map-
pings between the matrix cross normed spaces obtained in this
way and show that the multiplicator norm naturally appears as
the completely bounded norm.

1. Introduction

An operator space is a subspace of the set of bounded operators on a Hilbert
space, which is abstractly characterized as a Banach space equipped with
matrix norms satisfying certain properties. An operator space whose base
space is a Hilbert space is said to be a Hilbertian operator space. The theory of
homogeneous Hilbertian operator space is one of the central topics in operator
space theory and it plays an essential role in various situations. For example, it
is used to analyze the structures of the space of operator spaces with the metric
which is analogous to the Banach—-Mazur distance (cf. [18]) and to obtain
an embedding of operator spaces into noncommutative L,-spaces (cf. [11]
and [16]).

The relationships between homogeneous Hilbertian operator spaces and op-
erator ideals are first studied by Mathes and Paulsen. Mathes and Paulsen
considered in [14] a larger category, called matricially cross normed spaces
(m.c.n. spaces), than that of operator spaces. They showed that if H; and Ho
are homogeneous Hilbertian m.c.n. spaces with the common base space H,
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then the space of completely bounded mappings CB(H;, Hs) becomes a sym-
metric normed ideal (s.n. ideal) [14, Proposition 1.2] and showed that every
s.n. ideal on B(H) which is not equivalent to the ideal of compact operators
or the ideal of trace class operators is isomorphic as a set to the space of com-
pletely bounded mappings on some homogeneous Hilbertian m.c.n. spaces [14,
Theorem 2.2].

Pisier showed that the norm of the elements in the interpolating spaces
between the row Hilbert space and the column Hilbert space is represented
by the operator norm on the Schatten ideals [18, Theorem 8.4]. Inspired by
this analysis, in our paper we introduce a Hilbertian m.c.n. space H(®,¥) for
a pair of symmetric norming functions (s.n. functions) ®, ¥ with ® > ¥ and
investigate the structure of the space. The matrix norm of H(®, V) is defined
by

X 1/2
1T\ 2,0y = (SHP Wp) ;
P 7]
where T => & ®T; € H® M, and (&;) is an orthonormal basis of a separable
Hilbert space H. We also focus on the space of completely bounded mappings
between two spaces arising in this way. The m.c.n. space H(®, ¥) is not always
an operator space. In Section 3, we show that if the m.c.n. space H(®, V) is
an operator space, then for all z,y, z € G4 the following inequality

lz@yllv _ [z@ylls
lelle = lzlle

is satisfied, where Gg is the s.n. ideal arising from ®. In particular, when
® =T we show that the m.c.n. space H(®)= H(®P,P) is an operator space
if and only if ® is the Schatten norm. However, the situation differs for
® #£ V. Indeed, when @ is a Q*-norm and ¥ is a Q-norm, H(®P, V) is always
an operator space.

We also study the space of completely bounded mappings between m.c.n.

spaces we constructed. We determine the completely bounded norm from the
row Hilbert space R to H(®, V) as

2 1/2
||$||CB(R,H(<1>7\1;)) = (sup M) )
v llylle

This implies that if H(®,¥) is an operator space, then we have the isomet-
ric isomorphisms CB(R, H(®,V)) = &3 and CB(C,H(®,V)) = &4. for the
column Hilbert space C' (see Section 3 for the definition of ®).
The above result leads us to consider the condition:
3e>0, |z@ylle <clzlellyle, Yz,ye&y.
This condition implies that there exists a constant
logn

p= lim

————— (P, is any rank n projection
M Togp s :



HILBERTIAN MATRIX CROSS NORMED SPACES 3

such that ||z|, < ¢||z||e, where |z||, is the Schatten p-norm. This together
with a dual version implies the above mentioned fact that H(®) is an operator
space only if ® is the Schatten norm.

2. Preliminaries

In this section, we collect the basics of the theory of operator spaces and
operator ideals, which are often used in the paper. We refer to [9] and [17]
for the theory of operator spaces and to [10] for the theory of operator ideals.

An operator space is abstractly characterized as follows. We consider a Ba-
nach space E such that for each n € N there is a norm || - ||,, on the matrix
space M, (E) of n x n matrices with entries in the elements of E and the
family {M,(E),| - ||~} with || - |l1 equal to the original norm of E. Then we
can consider the two properties:

ML) [[(§ D llmrn = Max{||z|[m, [[yll»} for any x € M, (E),y € M,(E), and
m,n € N, and
(M2) ||azbl, < ||la||||z||m]0]] for any z € My, (E), a € Myxm, b€ Mpyxn, and

m,n € N, where M, xn = My xn(C) and azb means the matrix product.
(M1) may be replaced with

(ML)’ (1§ ) llmtn < Max{[|z[lm, [ylln}, for any @ € Myn(E), y € Mn(E), and
m,n € N.

For a Hilbert space H, an operator space F C B(H) is a Banach space satis-
fying the properties (M1) and (M2) under the identification of M,,(E) as a sub-
space of M, (B(H))= B(H™). Conversely, Ruan [15, Theorem 3.1] showed
that a Banach space having the matrix norm structure with the proper-
ties (M1) and (M2) has an isometric embedding into the space B(H) for some
Hilbert space H such that the matrix norms come from M, (B(H)) = B(H").
The properties (M1) and (M2) are called Ruan’s axioms. In the operator
space category, the morphisms are the completely bounded (c.b.) mappings.
Let E, F be operator spaces and u be a linear mapping from F to F. We say
that u is completely bounded if

l[ulley = sup [lidn @ u: My (E) — M, (F)|| < oo,

where M, (E) is identified with the algebraic tensor product M, ® E. The
completely bounded norm of w is defined by |lu||c. An operator space E is
said to be homogeneous if for any bounded linear mapping u on E we have
lw]l = ||ul|cs. We denote the Banach space of completely bounded mappings
from E to F with norm || -||.» by CB(E,F).

The category of matrix cross normed spaces is larger than that of oper-
ator spaces. Let H be a separable Hilbert space with a sequence of matrix
norms {|| - ||}, on the family {M,, (H)}$2; such that || -||; coincides with
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the norm of H. We call H a matrix cross normed space (m.c.n. space) if
2 @ Alln = [l][|Allaz,

for all x € H A€ M, and n € N.

For a finite-dimensional or separable infinite-dimensional Hilbert space K
with dimension n, identifying B(K) with the matrix space M,, we denote the
matrix whose (7, 7)-entry is 1 and the other entries are 0 by e;;.

Next, we introduce the basic theory of the operator ideals (cf. [10 Chap-
ter IIT)). Let co, ¢ and k be the spaces of sequences of real numbers defined
by

v {e- 161 o)
¢={¢={&} € co : only finitely many &’s are nonzero},
k={¢={&tec: &4 >6> - >6 > >0},

respectively. A real valued function ® on ¢ is called a symmetric norming (s.n.)
function if it satisfies the followings:

(1) @ is a norm on ¢

(2) c13(1,0,0,...):1;

(3) @(51,52,...,571,0,0,...) = ¢(|£jl|7|£j2|7"'7|£jn‘70707"') for all f S é,
where {j1,72,...,Jn} is any permutation of {1,2,... n}.

For an s.n. function ®, we set
cp = {5 ={&}€co: sup@(f(”)) < oo},
where £ = (£1,...,£,,0,0,...). We extend the domain of ® by
P(¢) = lim ®(e™), ¢€cs.

For 1 <p < oo, we denote by ®, the £,-norm.

Throughout the paper, H denotes a separable infinite-dimensional Hilbert
space with an orthonormal basis {{;}5°; and G denotes the subspace of
B(H) consisting of all compact operators on H. For z € &, we denote
by {s;(x)}32; the singular numbers (s-numbers) of z, i.e., the nonincreasing
rearrangement of eigenvalues of |z|.

Let & be a two-sided ideal of B(H). A functional || - || on & is said to be

a symmetric norm if it satisfies the followings:
(1) |I-1]ls is a norm on &;

(2) for any rank one operator z, ||z||s = ||z|;

(3) llazdlls <llallllzllslbll (Va,be B(H), V& € &).

We call (&, ]| -||s) a symmetrically normed ideal if || - || is a symmetric norm
on G and makes & a Banach space.
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For an s.n. function ®, we denote by G4 the set of operators = € G, with
s(x)={s;j(z)} € co, and put
2]l = ®(s(2)).
Then Gg is an s.n. ideal with the norm || - ||¢. In this paper, we often use the
property
" €6y & 2'xeGe and |zx*|e =27z

Let ® be an s.n. function. The function

1

% (n) = maX{— 772‘51}.
cek | 2(E) 21:

makes sense for any 7 € ¢ and ®* is an s.n. function. We call ®* the adjoint

of ®. Note that for any s.n. function ®, we have (®*)* = ® and the following

duality

lzlle = sup |Tr(yz)|.
lylle= <1

We introduce a few classes of normed ideals used in this paper. We denote
by &, = Gs, the Schatten ideal for 1 < p < co. For 1 < g < p < oo, the Lorentz
ideal S, 4 is an s.n. ideal whose norm is given by

> sj(x)? Ha
|:c||p,q<2 ji_q/p> :

j=1

Let 1=m; >my > --- >0 be a sequence of nonincreasing positive numbers
such that lim,,_, 7, =0 and Zzozl T, =0o. We say that such a sequence is
binormalizing. The s.n. function ®, is defined by

On(a) =) ma, a=(ay),
n=1

where (a) is the nonincreasing rearrangement of (a,,). Note that if ¢ =1, then
the Lorentz ideal Sy, ; is equal to the ideal G4, defined by the binormalizing
sequence = jl/r-1

Finally, we introduce an important class of operator spaces. If Ey, E; are
compatible Banach spaces, then we denote by (Eg,E;)g for 0 < 6 <1 the
complex interpolation space of them (see [5, Chapter 4]). If Ey, Ey are opera-
tor spaces whose base spaces are compatible, we construct an operator space
complex interpolation by identifying M, ((Eo, E1)g) with (M, (Eo), My, (E1))e
for each n € N. We denote by R and C' the row and column operator space re-
spectively [9, Section 3.4]. These spaces are homogeneous Hilbertian operator
spaces whose matrix norms are given by

n n 1/2
D &eT| =|> T
i=1 i=1

1/2

)

Zfi ®T;
i=1

=1

R C
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for a finite sequence of matrices {T;}? ;. Note that R* =C and C* =R in
the operator space category. We denote by R(6) the operator space complex
interpolation (R, C)y for 0 < 6 < 1, which is a homogeneous Hilbertian oper-
ator space. We set R(0) to be the row Hilbert space R and R(1) to be the
column Hilbert space C. When 0 =1/2, we write OH = R(1/2). Pisier [18,
Theorem 1.1] introduced these spaces and showed that for any finite sequence

{T;} it holds that
‘ Y & Y TeT,

where T; means the complex conjugate of T;. Another important property
of OH is the self-duality. For an operator space E, the operator space E
means its complex conjugate. The matrix norms of the elements of E are
defined by

1/2

)

OH

1@ ar, &) = (i)l az, (-
Pisier showed in [18, Theorem 1.1] the completely isometric identification

OH = OH".

Another important example of a homogeneous Hilbertian operator space is the
minimal operator space Hyi,. Let E be a Banach space. We can embed E into
a commutative C*-algebra (for example the space of all continuous functions
on the unit ball of E* equipped with the weak topology). We denote by
min(E) the operator space whose matrix norms arise form this embedding.
The minimal operator space norm is the minimal norm among all operator
space norms. When FE is a Hilbert space H, we denote the minimal operator
space by Hpin. The matrix norm on H,;, satisfies
m

> Lo, > ol
i=1 i=1

where the supremum is taken over all unit vectors {v;} of ¢5".

=sup

)

min

3. Basic properties of the m.c.n. space H(®, V)
Let K be a separable Hilbert space which is identified with a subspace of

separable infinite-dimensional Hilbert space. For n € NU {oco}, we denote by

I, the identity operator on the Hilbert space of dimension n. Let T be a

finite sum T'= )", & ® T; in the algebraic tensor product H ® B(K') and we

set T* =3 & ®T; . Pisier showed the identification of matrix norms of R(f)

(0<60<1) in [18, Theorem 8.4] as follows:

‘Z@@Ti =sup{’ZTixT;‘
i R(0)@min B(K) i

1/2

2 Slell, <1},
p
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where p=60~1. We define the operators pr and pr~ on B(K) by
pT(m):ZTixﬂ*v z € B(K),
pT*(:E):ZTZ-*xTZ—, x € B(K).

Neither pr nor pp« depends on the choice of the basis {&;}52,. If & is a two-
sided ideal in B(K), we have pr(6) C & and pr«(6) CS. For fixed s.n.
functions ® and ¥ with ¥ < ®, we define a norm || - ||¢,¢ on the space of finite
sums T € H ® B(K) by

ITlle.0 = llor : S — Sull'/%.

Now, we introduce an m.c.n. space H(®,¥) whose matrix norm structure
is given by identifying M, (H(®,¥)) with (H @ M,,| - |lo,w). We write
H(®) = H(®,®) for simplicity. Before proving that H(®,¥) is a homoge-
neous m.c.n. space, we prove a useful formula. We denote by F(K) and U(K)
the subsets of B(K) consisting of all finite-rank operators and all unitary op-
erators, respectively. If S is a subset of B(K), we denote by Sy the subset of
S consisting of positive elements in B(K).

LEMMA 3.1. For any operator T, we have the equality
IT13,9 = sup{Tr(apr (b))} = | T

where the supremum is taken over all a,b € F(K)y with |al
blle < 1.

2
W* P+
v <1 and

Proof. Note first that for any b € G4 it holds that
[blle = sup [Tr(ab)],
(K)

ac
llallex <1
and if a is positive we can choose b to be also positive [10, proof of Theo-
rem 12.2]. The trace duality implies
lor: 6o — Sul[= sup [pr(b)lle = sup |Tr(apr(b))|.
l1blle <1 llb]le <1
llallex <1
If we let a = u|a| and b=v|b| be the polar decompositions of a and b, respec-
tively, by the Schwarz inequality we have

1/2
|TY(apT(b))|STr(Z||a|5Tiv|b5|2) Tr(2|a|§u*Tib|§|2>

= Tr(lalpr (v|blv*))"/* Tr(ula|u* pr(|b])) />
< sup  Tr(zpr(y))

z,y>0
lzllex,llylle<1

1/2
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Thus,
lpr: Gs — Gyl = sup. Tr(zpr(y)) = sup lor(v)llw
T, Y=
Il g llylle <1 Hy|\<1><1
= sup  Tr(zpr(y))= sup |pr ()]s
WEF(K)+,y>0 veF(K)+
l]l o llylle <1 [lz]| o+ <1
= sup  Tr(zpr(y)). O
z,yEF(K)4

lzllw=,llylle <1
LEMMA 3.2. The space H(®, V) is homogeneous.
Proof. Let A€ B(H). It suffices to show that for any finite sequence

i=1

and z € M,, 4, the norm inequality

lpcaenT @)y < 1A 1oz (@)lle-

holds. Let Hy be the finite-dimensional subspace of H spanned by {A¢&;}™,
and {n;}¥_, be an orthonormal basis of Hy. Then k <m and there is an

m x k-matrix B = (b;;) such that ||B|| < ||A| and A = Z] 1 bijn;. Note

that
(A®I,) ZA&@T an (Zblei)
Thus, if we let S; =57, b;;T; for 1 < j <k, then

|ocaenr (@)

=1 _S;zS;
j o
S, - S, ST
= r@x)| - O
O Sz v
1 Sik S1 Sk 1
=|(lr®r2) O (Ir®x?)
Sz O .

N Tl* Tl Tm .
=|Ir@z2)(B*®1,) | : O (B I,)(I ®z?)
T* O

m v
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1 T T - T, 1
B |(Tmeah) | 1 o (In©a})
T, © v
< (|42 {lpr(z)||w- O

PROPOSITION 3.3. The space H(®,¥) is an m.c.n. space and satisfies the
Ruan’s aziom (M2).

Proof. Let T and S be finite sums defined by
T=) 4T, S=) &S,
and let a,b € F(K);. Then
Tr(apr5(b))
—ZTr (T; + S)b(T; + S7))

= Tr(apr (b)) + Tr(aps (b)) + Z (Tr(aT;bSy) + Tr(aSbT}))

< Tr(apr(b)) + Tr(aps(b)) + 2\/2 Tr(aTibTi*)\/Z Tr(aS;bS;)

= Tr(apr (b)) + Te(aps(b)) + 21/ Tr(apr (b)) Tr(aps (b))
= (Tr(apr(b)V/? + Tr(aps (0)'/?)".

Thus, [T+ S|le.w <||T|le.w+|S]le.w. T =E® A is a simple tensor product
with ||£]| =1, then

lpr(@)llw = [[AzA™ v < [[Allll=]lw [ Al < [[All]lz]ls[ Al
Conversely,

T3 ¢ > sup || ApA*||lg = sup |[pA* Ap|le = ||A|]?,
p p

where p runs over all rank one projections. Thus, [|§ ® Alle v = [|€]/||A] and
hence, H(®, V) is an m.c.n. space. Finally, if X and Y are scalar matrices,
then

T XT;YaY*TrX*b
HXTYH%{, v = sup | I'(Zl a 7 )|
T ab lalle
| Te(> 0, XTYaY* T X*D)| |YaY ™o X*
= sup " "
ab VY[l X lalle
<75, IX P2

This shows that H(®, V) satisfies Ruan’s axiom (M2). O




10 T. OHTA

Let us see some examples. Thanks to [18, Theorem 8.4], we have H(®,) =
R and H(®;)=C.

Let H; be a homogeneous Hilbertian m.c.n. space and ® be an s.n. function.
Mathes and Paulsen [14, p. 1764] define a new m.c.n. space Hy ¢ whose matrix
norm is defined by

ITlg,e= sup (@@ )T|n, TeH®B(K).
z€Cq,||lz|le<1
It is easy to see that H; ¢ is an m.c.n. space. For example, Hy_ = H and
Hg, = Hpin (see [14, Proposition 1.3]). If we are given an s.n. function P,
let ® be the 2-convexification of ® defined by

®(ay,...,an,...)=0(a?,...,a%,..)"? ack.

LEMMA 3.4. For any s.n. functions ® and VU with ® > VU, we have the
completely isometric identifications
o H(Dy,D) ZC&,
o H(®, ¢ )=R;,
o H(®,V)p, = Huin-
In particular, H(®1,Ps) = Huin-

Proof. We first prove the second equation. Let T" be a finite sum defined
by

T=Y &®T € HeB(K).

Then

%{),q)oo = sup Tr(bpr(a)).
a,beF(K)4
llalle,lblle, <1
If we write the spectral decomposition of b by b= )", A;p; with rank one

projections {p;}, then
Te(bpr(a) = YA Tepipr (@) < 1l Mac{ Te(pipr ().

This shows that b can be replaced by rank one projections. Thus, we have

17130, =sup sup Tr(ppr(a))
a p:rank one
projection

= sup || pr-(p)|
P

o+

T T Pl
? an P+
=sup || (pTi T} p)ijllo--
p
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We write p as p¢ = (¢, £)¢ with a unit vector £ € K. Then for n= (n;)?, € K"
we obtain

(pTiT; p)isn = (Z pTiT;an) |

J

_ <Z<m,g><nm,g>£)

= (Z(TiTj*fS,f)pnj) = (({TT7€.€)i ®p)n.

So, it holds that

1T|le,9. = Slgp I(TiT7E,€))ijlle

We express any positive operator a € &g with ||a||le <1 in the form
a=v"diag(as,...,an)v,

where v is a unitary matrix and a; > --- > a, are eigenvalues of a. In the

following we denote by a the diagonal matrices diag(aq,...,a,). We write

v=(v(4);)ij- Then {v(k)}7_, is an orthonormal basis of C". Thus, the above

supremum is equal to

sup sup sup|Tr(v*diag(ay,...,an)v((TiT},€))ij)l
£ a>0,9(a)<1 v

=sup sup sup
€& a>0,0(a)<1{v(k)}p_,

> arv(k); Tng}'

k,i,7
=sup sup sup

<ZakT ()€, £>
€ a>0,8(a)<1{v(k)}f_,
where T'(v(k)) is defined by T'(v(k)) = > ., v(k);T;. Hence,

Z arT(v (v(k))*
The second equality follows from

1T rs = 1Tl -
The third equality holds since

T30, = sup

a,{v(k

= |1TIl%, -

1/2

1T e (®,9)a, = sup
a1>>a,>0,5, a;<1
{v(k)}p=y

Jalla <1yl o <1
< sup sup | Tr(yT (v (k)2 T (v (k) ")/

k {v(k)}ry
llzlle <1,llylle~ <1

ﬂ(g T wD)T (0 (0) )
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(s

vely,|lvfI<1 p H(®,0)
= sup | Y 0T = |T|min-
vely,[lof| <1
Finally, these equalities imply that H(®1,P) = Co, = Hpin- O

To check whether H(®, V) is an operator space, it suffices to check whether
H(®, D) satisfies Ruan’s axiom (M1)’. The three m.c.n. spaces in Lemma 3.4
are clearly operator spaces. But, not every H(®, V) is an operator space. We
give a necessary condition for H(®, V) to be an operator space.

THEOREM 3.5. Let ® and ¥ be s.n. functions with ® > V. If the m.c.n.
space H(®, V) is an operator space, then for any x,y,z € Sg the following
inequality

lz@ylle _ [lz@ylle
lelle = llzlle

holds. In particular, if H(®) is an operator space, then ® is a cross norm.

Proof. We may suppose that =, y, and z are positive diagonal matrices in
M,, (n € N) written by z = diag(z;), y = diag(y;), and z = diag(z;). For each
positive diagonal matrix w; = diag(w;) € M, let T = szzl &E® zil/zwjl-/zeij,

Then pr(z) = Zij ziw;xje;;, and thus

| Tr(zw)]||=]|w

|2

lpz [l = sup = [[wlle-[|z]|w-
xT

Let S be the n-tuple of T'. Since |pr| > |lps(z®@y)|v/l|z @yl s,

| Tr(zw)|]|2 @ yllw
Iz ©ylle

[l [|2]|w >

Taking the supremum over w, we obtain the required inequality. When & = U,
if we let x or z be a rank one projection, then we see that ® must be a cross
norm. (|

QUESTION 3.1. Is the converse of Theorem 3.5 true? Namely, if two s.n.
functions ® and ¥ satisfy the conclusion of Theorem 3.5, is H(®, V) always
an operator space?

Theorem 3.5 shows that H(®) is an operator space only if || - || is a cross
norm. Indeed, we show in Theorem 5.3 that H(®) is an operator space if and
only if ® is the Schatten p-norm for some p € [1, o0].

REMARK 3.1. Let C; (1 < ¢ <00) be the operator space defined by Cy =
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(C,R)1/q, and we define the operator space S,(Cy) = (6100, G oo Omin
Cq)l /p> where & means the operator space projective tensor product (cf. [9,
Section 7]). Xu showed in [19, Theorem 1] that if we define 2 < p < oo,
0<0<1,rrod),r(0), and ¢ by

1 2 1 0 1 1-6

1-60 0

_/7

1
o p’ ro(8) 21’ r1(0) 2r q D p
where 1 =1/p+1/p’, then for any z = (v1,72,...,7,) € &},

1/2
||x||sp<cq>=sup{(§j||axkb||§) }
k

where the supremum is taken over all a € &, and b € &, (9) with norm
one. This is an analogue of H(®,,,®,,), where 1/p; = (1 —6)(1 —2/p) and
1/¢1=1—6(1—2/p). In this case, we have p; > ¢q;.

REMARK 3.2. We can introduce another construction of m.c.n. spaces. For
any finite sum T'=3".& ® T; € H ® M,,, we define

T3y = lprer. : 6o — &u'/?,

where T'® I, acts on B(K ® f3) and K ® {5 is identified with a separable
infinite-dimensional Hilbert space. Then we denote by H¥(®,¥) the m.c.n.
space whose matrix norm structure is given by the family (H @ M, |- ||y )-
There is a case where H*(®,¥) is an operator space though H(®,¥) is not
an operator space. Let @ be the KyFan 2-norm, that is ®(a) = af + a3. Then
H(®) is not an operator space. Indeed, for = = diag(1,1) € M it holds that
|z ® z||¢ =2, but ||z]|2 =4. To determine H*(®), if we are given Hilbertian
operator spaces H; and Hs with the common base space H, we define the
matricially normed space H; V Hy with the base space H by

2l az, (1, vy = Maxc{ ||| ag,, (21, 12| ar,, 112 -
It is easy to see that H; V Hs is an operator space.
PROPOSITION 3.6. Let ® be an s.n. function defined by
®(a)=a]+0a; (0<0<1).
Then H*(®) is an operator space equal to H*(®) = H(®o,) V H(®1,®).

Proof. Let T be a finite sum defined by T'= )", & ®T;. Forany « € F(K)4,

we write its spectral decomposition as © = 27:1 sj(x)p;. Then if we let

y=s1(x)p1 + s2(2 ij,
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then y satisfies ||y||le = ||z||e and x <y. Thus, we have

11—«
PTRI. | P+ Tq
(3]

lprer.(p+q)|le
suphdax{in®z ®)ls. ,
p,q 1+9

lprer.lle = sup sup
g <a<l P4

where p runs over all rank one projections and ¢ runs over all finite rank
projections orthogonal to p. Now for fixed p, it is clear that

lprer. (p+a)lo < 1+9]

for any projection ¢ orthogonal to p. To show the converse, represent p as
pn = (n,&)¢ with a unit vector £ and write

§=) i@, ¢ €Ly, i €ly.

i=1
If we take a projection r € B({2) such that the rank of 7 is not less than 2
and orthogonal to the vectors {¢;} and let ¢ = I, ® r, then we have

lprer. (p+a)lls > ZTT*@r =1+0)> 117
Thus,
M HpT®I (p+q)H<I’ =M T 2 T-T*
sup Max ”pT@I ( )H @, 1+6 = bax H H‘1>1,<I>v Z it .
p.q -

O

QUESTION 3.2. Is H¥(®,¥) always an operator space?

As we see below, for many two distinct s.n. functions ® # ¥, the m.c.n.
space H(®,V) is an operator space. Pisier [18, Theorem 8.4] showed the
completely isometrically isomorphism H(®,,®,) = R(#), where 1 <p < oo
and 0 = p~!. We consider whether H(®,,®,) is an operator space for general
p and ¢ with 1 <p <g<oo. In the case of p=1 or ¢ =00, H(®,,P,) is an
operator space from Lemma 3.4. To deal with the case 1 <p <2< ¢ < o0, we
need the following notion.

DEFINITION 3.1. Let ® be an s.n. function. We call ® a Q-norm if there is
an s.n. function Y such that T = ®, and ® is a Q*-norm if ® is an adjoint of
some Q-norm. In other words, an s.n. function ® is a Q-norm if there is an
s.n. function Y such that for any A € &4, the norm equality

1AI5 = [1A* Al ¢
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is satisfied. Note that a Q-norm is smaller than or equal to the Schatten
2-norm and a Q*-norm is greater than or equal to the Schatten 2-norm. For
example, the Schatten p-norm @, is a Q-norm when 2 <p < oo and is a
Q*-norm when 1 < p <2. The Lorentz ideal @, , is a Q-norm if 2 < g <p.

We use the following lemma.

LEMMA 3.7 ([7, Proposition 3]). Let ® be a Q*-norm and y = (§3 32 ) with
y; € M, (1=1,2,3,4 and n € N). Then we have the inequality

4
> il < llyll3-
=1

THEOREM 3.8. Let ® be a Q*-norm and U be a Q-norm. Then H (P, V)
is an operator space.

Proof. It suffices to check the Ruan’s axiom (M1)’. Let T" and S be finite
sums given by

k l
=G OT e Mu(H®. ) and S=36®S, € M,(H(®,V)).

i=1 i=1
Since for any t € N, it follows that |7 ® 04| g(@,w) = |T || i (®,w), We may as-
sume that m =n and clearly that £ ={. Take matrices y and z given by

Y1 Y2 21 22
= , z= € M.
Y (ys y4> <Zs Z4> et

with y;,2z; € M,, (1=1,2,3,4). Then we have

M08 5))

%

Z Tr(Tyy1 T 21 + Tiy2S] 25 + SiysTy 2o + SiyaS; za)
i

4
< Max{|| Iz @,5), 1511z (@,9) } D I19illol2llw-
j=1
4 1/2 ¢ 4 1/2
SMaX{'T”%I(@,\IJ)?HS”%I(@,\I/)}{Z”yj%} {lezjlfp*}
j=1 j=1

< MaX{HTH%{(@,q/)» ”S”%I(@,\IJ)}”:UH@”'Zl LA

The passage from the second line to the third needs the argument in [18,
Remark, p. 85] applying to the second and third terms. In the third line, we
use the Schwarz inequality [6, Theorem IX.5.11] and in the last line we do the
preceding lemma. This shows that the axiom (M1)" holds. O
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4. Completely bounded mappings between H (P, ¥)s

We consider the relationship between the m.c.n. spaces H(®,¥) and the
space of completely bounded mappings between them. It is possible to de-
scribe the space CB(H(®), H(®,¥)) in terms of the multiplicator norm,
which was discussed by [4] in the case of rearrangement invariant spaces on
the interval [0, 1].

THEOREM 4.1. Let ®, U be s.n. functions with ® >V and © € B(H). Then

”xHCB(R H(®,0)) = ( sup M)lﬂ
o acs  lalle

In particular, if ® and ¥ satisfy the condition of Theorem 3.5, then we have
the isometric isomorphisms CB(R,H(®,¥)) =&y and CB(C,H(®,V)) =
Gg..

Proof. Let x = diag(M1,...,A\n), A1 > -+ >\, > 0 be a positive diagonal
matrix. Then from the definition
1/2
L)

If | T|r <1, then || >, T;T;|| <1 and thus it follows that (77;7});; < I. Hence,
we have

> NTialy

3

=l cB(r,H@v) = sup {‘
TER,a€G s, +,lalle<1

T - Ty Y
= diag(Aia,...,A\2a) | : O
v O Ty .
= ||diag(Aa?,..., A\pa? )(TFT) diag(Ma?,. .., Apa?)|w
< [leP ®all,.

S Nty
i=1

To show the converse, take a family {7;}!"; such that T;"T; = 6;;1, where J;;
is the Kronecker delta.
When ® and ¥ satisfy the condition of Theorem 3.5, we have

[l2]* ® ally, <z llwllalle = |3 lalle

and thus, [|2||cpr (@), qH(@,9) < [|7]lg. The converse is verified by putting a
to be any rank one projection. The last assertion is obtained from Lemma 3.1.
O

Other important Hilbertian operator spaces are Hy;, and OH. Let us see
the space CB(Hmpin, H(®p, ®,)) next. When p = ¢, this space can be identified
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THEOREM 4.2. For each 6 € [0,1], the space CB(Hpin, R(0)) coincides with
G2 up to equivalence of norm.

Proof. Mathes proved this theorem when 6§ =0 or 1 (see [13, Proposi-
tion 6]). We use this result and the complex interpolation theory. Since the
space of completely bounded mappings between homogeneous m.c.n. spaces
is an operator ideal, it suffices to check the cb-norm of the matrices of the
diagonal form A =diag(A1,...,An),A1 >+ > A, > 0. We denote by || Al
the c.b. norm of A : Hy,;n — R(). First we note that

1226 @ NiTill reoy
||T||min

[All b = sup
T

Thus, by the complex interpolation property it follows that

1>, & @ ANTilr e 1>, & @ NTillc 0 2 1/2
4l <sup{ 12=p e LB AT < (52)
T ”T”min ”T”min P

where we use the case of § =0, 1.

To show the converse inequality let p =1/6 and p’ =1/1 — 6. Since
||T||H(<I>p) = ||T*||H(¢.p,) and | T||m,., = IT*| H,.,, by Lemma 3.1, it follows
that [|All cB(Huim r0)) = Al cB(Humim.R(1-0))- Let B 1 Huyin — R(1—0) be the
mapping which has the same matrix entries with A. Then the complex in-
terpolation duality yields the isometry R(0)* = R(1 — 6). Thus, we can de-
fine the mapping B* o A : Hyin — Hmax = H;,, which satisfies ||[B* o A]|; <

2||B* o Al| ¢B(Hyim, Humax) [14, Proposition 2.1]. Hence, we have

Y A =B oAl

< 2||B* || ¢B(R(0), Humax) 1Al €B(Hmin, R(0))
< 2| B ¢B(Huin, RO —-0) | All CB (i, R(6))

1/2
< z(z A?) AP
Thus, [|All2 < 2[|All ¢B(Hoin, R(9))- -

To deal with the case p # ¢, we need the following lemma.

LEMMA 4.3. Let 1 <p<g<oo and take 0,9 €1[0,1] such that

1/q=06.
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Then for every T € H(®,,®,),
1Tl@,@, < Tl(Huin, R0))-
Proof. For each t € [0, 1], take positive numbers p; and ¢; such that
1 1
—=1—t+6t, ——=6t
bt qt

and let ¢; = (1—1/q;)~". We define a family of bilinear mappings f; : So X
Sap, — £2(62) by fi(a,b) = (aT;b); for 0 <t < 1. Then Lemma 3.4 shows that

ol = s To( oz T ) =T, 0= 1Tl

a,beSy
and Pisier [18, Theorem 8.4] showed that ||f1]| = ||T||ge)- Thus, the multi-
linear interpolation (see [8, 10.2]) implies that |[Ts, s, = [[fyll <
1T\ (EHonin, R(0)) - O

THEOREM 4.4. Let 1 <p<q<oo. We have a contractive embedding of &,
into CB(Hmin, H(®,,®,)), where r=2/(1/q—1/p+1).

Proof. Let A=diag(A1,...,A\n), A1 >---> A\, >0. Then

A CB(Hum, H (@, 04)) < Al CB(Huim s (Hunin, R(6)) )
<Al (CB(Hunin Hunin), CB(Homin . R(0)))
Ally.

<Al w,&2)s =
In the first step, we use Lemma 4.3 and in the third, we use Theorem 4.2. [
We observe the c¢.b. norm of the mappings from OH to H(®,,®,).

THEOREM 4.5. Let 1 <p<g<oo. Then

Syi—2/p1 (p>2),
Gue/q-1— (¢<2),

with equal norms.

Proof. The second case is obvious and the third one follows from
Lemma 3.1 and the first one. We show the first case. Let A = diag(A1,...,An)
be a diagonal operator with Ay >--- > A, > 0. Xu showed in [20, Lemma 5.9]
that if 1 <p# q < oo, then CB(H(®p,®p), H(Py, ®y)) = Gopg/|p—q- From
this result, it clearly follows that for any operator A,

lAlleon H®,,0,) < |AllcBon.mH@®,.9,) = | Allag—2/p)-1-
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To show the converse, for a positive diagonal matrix B = diag(by,...,b,), let
Tg,;=bier;, € M, (i=1,...,n). Then

n
@ TB = ZTB,z‘ ®@Tg,;
OH =1 min
= Z bz ' elz®elz)(ejl ®ej1)
i,5=1 M,®M,
n n
= | 2 blen @en =2 b
i=1 M, @M, i=1
However, if we let C' be a positive diagonal matrix diag(cy,...,cn), then we
have
n n 212, 11/2
| i1 Adbicil
. . >g i= —
A<Z§l®T3,1> _blép (Z 1cp)1/p
i=1 H(®p,0q) E

Taking the supremum for B in the unit ball of OH, we obtain

I Ade 2|1/4
1Alles(on b, 2,) = sup (Zl—cp)l/p = [l Allsa—2/p)-1- U

5. Multiplicator in operator ideals

In this section we show that the m.c.n. space H(®P) is an operator space if
and only if ® is the Schatten norm.

In view of the result of Theorem 4.1, for an s.n. function ® we consider the
following two conditions:

(*) 3e1 20,z @ylle < cr]|z]ollylle for any 2 and y;
(xx) 32 20, ][z @ ylla > c2f|z[la[lylle for any z and y.

Note that if an s.n. function ® satisfies (x), its adjoint ®* satisfies (xx) for co
with ¢;¢c2 = 1. The Schatten p-norm is a cross norm and satisfies both (x) and
(%) with ¢; = o =1.
Let ® and ¥ be s.n. functions with ® > ¥ and = € B(¢3) such that
|z @ allw

sSup ————— < Q.
o lalle

We denote by Mg () the multiplicator from &g to Gy defined by
Mg w(z)(a) =z ®a.

For an s.n. function ®, we denote by M(Gg) the space consisting of x € B({s)
with Mg ¢(x) is bounded. We equip M(Gg) with the norm || Mg o(x)|. It
holds that

llz ® enllw

<||Ms ()|
lenlle

l2lle =
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In case of the Schatten norm (1 < p < g < o0), we have
Moo, ()] =zl
If an s.n. function ® satisfies (x), then
[Mo,0(z)| < ez,
and thus ® satisfies () if and only if ||z||¢ is equivalent to
My o(x)Ms o (y) = Mo.o(z ®y), we have
[Mo,0(z®y)|| < [[Mo,o(2)|[|Ma,a(y)]-

The multiplicator is discussed in [4] for the rearrangement invariant space on
[0, 1].
The conditions () and (xx) are closely related to the Schatten norm.

| Mg o (x)||. Since

LEMMA 5.1. If an s.n. ideal Sg satisfies (x) or (xx), then the limit
logn

p= lim ———— €[1,]
n—cc log|| Pyl

exists, where P, stands for any rank n projection.

Proof. We prove the statement in the case that (x) holds. In the case of
(#¢) the proof is similar. By the hypothesis, for fixed m € N,
1Prlle < et~ Pull, VkeN.

If {¢;}52, is a subsequence of N, we can take a nondecreasing sequence {k;}52;
in N which tends to infinity such that m”* <t; < m**1. Thus, we have
logti _ _ log mhbi S k;logm
log || P lle ~ log||Ppri+t]|le — kiloger + (ki + 1) log || P e
Since {t;}52, is arbitrary, it follows that

logn logm

lim inf .
n—cc log||Pplle — c1 +1og| Pnlle
This implies
L. logn . logm
liminf > limsup ————
n—oo log||Pulle — m—oo l0g|Pnlle

and the limit exists. O

THEOREM 5.2. Suppose that an s.n. ideal Sg satisfies (x) or (xx) and let p
be as in the preceding lemma. Then the following statements hold.

(a) if Gg satisfies (%), then

[zllp <callzlle, VoeSe.
(b) if Gg satisfies (xx), then

cflzlle <|lzllp, V€G-

In particular, if ® is a cross norm, then ® = ®,,.
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Proof. Let x =diag(A1,...,Am), A1 > - > Ay > 0 be a diagonal matrix

and let
N
.’E®n = Z tiei
i=1

be the spectral decomposition of the n-fold tensor product of z. In the above
inequality, N is dominated by (m'@Il) If we let p; be the j-th sum of the e;’s

m
given by p; = "7_, e;, then for all j we have

n

n
D tiei =Y (t; —tj1)p; > tp;
=1

i=1

Thus, it holds that

Max{t;[p;lla} < [ERE= N Max{t; |[pjllo}
and hence,

Mauc{(t s )"} < 27}/ < N/ Max{(t]1p; )7
Note that from the above inequality, if ® = ®,,, then
(1) |||, = nh_)n;C M]ax{t;/n(rankpj)l/(p")}.
By the preceding lemma, for any € > 0, there exists a D > 0 such that
Ipjlle > D(rankpj)l/(p"'s), for all j € N.

The condition () implies that [|2®"||¢ < ¢}~ !||z]|Z, so that

cillelle = "5
> Mjax{(thij@)l/”}
> Mjax{(Dtj)l/"(rankpj)l/{(“s)"} }.

The last term converges to ||z||p4- as n — oo from the above equality 1, which
proves (a). The proof of (b) is similar. O

From Theorem 5.2 and Theorem 3.5, we obtain the following corollary.

COROLLARY 5.3. Let ® be an s.n. function. The m.c.n. space H(®) is an
operator space if and only if ® is some Schatten p-norm (1 <p < o0).

REMARK 5.1. Let X be a rearrangement invariant function space X on the
interval [0,1] (cf. [12, Section 2]). For s >0, let o5 be the dilation operator
given by

Usf(t) = x(t/8)1[07max{17s}] (t € [0, 1],1’ € X)
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This operator is well defined on X and ||os| < max{l,s}. The Boyd in-
dices ax and Bx of X are defined by

o logllog]|x—x o logllos|lx—x
ax = lim ———=—= Bx = lim ————=,
5—0 log s 5—00 log s
Note that 0 < ax < f8x <1. In [3, Theorem 1.5], the embedding M(X) C
La;(l is shown. The Boyd index is discussed in [12] for sequence spaces and
in [2] for s.n. ideals. The Boyd index of an s.n. ideal &4 is defined by
— lim 087
P s Tog[Palle
when the limit exists (the limit is in [1,00]). Theorem 5.2 means that if ®
satisfies (x), then M(Sg) C 6,,.

In the rest of this paper, we examine the condition (x) for a few classes of
s.n. functions.

THEOREM 5.4. Let 7 be a binormalizing sequence and let S, be the partial
sum defined by S, =Y "_,m;. Then ®, satisfies (x) if and only if there is

j=1
a constant ¢ >0 such that for any m,n € N, the inequality
SmSn ~
holds.

Proof. Let x € F(K), and we write its spectral decomposition by

n
T = Z sj(x)p;.
j=1

We can represent ||z]| in the form

2]l = mjs;(x)
j=1
= (sl(ac) — 52(90))5’1 4+ (sn,l(x) — sn(sr:))Sn,l + sn(2)Sh,
so that if we let e; be the partial sum of p;’s given by e; = Z{lei, then
= (s1(z) —s2(z))er + -+ (sn-1(2) — 8(x)) en—1 + sn()en.
Hence, for any a € F(K),

lz®alx < (Z(Sj(x) - 5j+1(95))5j> Max{@}

j=1 !

< foll Mg 1 Sl 1
P el
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Similar argument for a yields
le@allz _ lp@alz _ P4l
Sup ———— =sup ————— = —_
va [zllzllallx pa lIplxllallz pq [Plxllglx

where p and ¢ run over all finite rank projections. If p is a rank n projection,

then ||p||r =S, and therefore (x) holds if and only if S,/ Sm Sy, < c. O
REMARK 5.2. The condition
oSS

appears in [1, Theorem 6], as a necessarily and sufficient condition for the
existence of exactly two nonequivalent symmetric basic sequences in Lorentz
sequence spaces.

Next, we look out the Lorentz ideals S, 4 for 1 <q <p <oo. When ¢=1,
the Lorentz ideal S, ;1 is equal to the ideal &g, with m; = §Y/P=1 " and thus
satisfies (%) with ¢; =1 from Theorem 5.4.

PROPOSITION 5.5. When 1< ¢ <p < oo the Lorentz ideal S, , satisfies (x).

Proof. Let z,y € S, 4 be positive elements. Note that the spectrum of
r®y is equal to {si(7)s;(y)}{5-, as a set considering multiplicity and each
eigenspace is finite-dimensional. We give the product set N x N an order <
by

mi1 +ny < mo+ no

(my,n1) < (M2,n2) <= or

mi+ni=mo+ny and mq>ms.
For each eigenvalue a of r ® y with index k, let I, be the finite sequence
{(m1,n1),...,(mg,nk)} in N x N such that s, (z)sn,(y) = a and (m;,n;) <
(Mmig1,ni41). Hsj(z®@y)=---=s4p(z®@y)=a, for all i =1,...,k we
have

Sj-'ri(z ® y) = Sm; (z)an (y)

and j + ¢ > m;n;. Hence,

[e'e] 5(x®y)q 1/q
Hx@yMa<§:]ﬁﬂm,>

j=1

el 9g. (1) 1
(5 )

4,5=1

A AR
- (Z ji—q/p> <Z ji—%ﬂp> =l

j=1 j=1

p7q||y||p,q- U
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REMARK 5.3. In [4, p. 253], it is shown that for the Lorentz function space
Lyq (1<p<o00,1<q<00), we have M(Ly,q) = Ly min(p.q)-
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