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EXTENSIONS OF LOCAL DOMAINS WITH TRIVIAL
GENERIC FIBER

WILLIAM HEINZER, CHRISTEL ROTTHAUS, AND SYLVIA WIEGAND

Dedicated to Phil Griffith, in honor of his contributions to commutative algebra

Abstract. We consider injective local maps from a local domain R to
a local domain S such that the generic fiber of the inclusion map R ↪→ S
is trivial, that is, P ∩R 6= (0) for every nonzero prime ideal P of S. We
present several examples of injective local maps involving power series
that have or fail to have this property. For an extension R ↪→ S having
this property, we give some results on the dimension of S; in some cases
we show dim S = 2 and in some cases dim S = 1.

1. Introduction and background

Our work in this paper originates with the following question raised by
Melvin Hochster and Yongwei Yao.

Question 1.1. Let R be a complete local domain. Can one describe or
somehow classify the injective local maps of R to a complete local domain S
such that U−1S is a field, where U = R \ (0), i.e., such that the generic fiber
of R ↪→ S is trivial?

By Cohen’s structure theorems [4], [15, (31.6)], a complete local domain R
is a finite integral extension of a complete regular local domain R0. If R has
the same characteristic as its residue field, then R0 is a formal power series
ring over a field. The generic fiber of R ↪→ S is trivial if and only if the generic
fiber of R0 ↪→ S is trivial. Thus as Hochster and Yao remark: if R is equal
characteristic zero one obtains extensions as in Question 1.1 by starting with

R0 := K[[x1, . . . , xn]] ↪→ T := L[[x1, . . . , xn, y1, . . . , ym]],

where K is a subfield of L and the xi, yj are formal indeterminates. Let P
be a prime ideal of T maximal with respect to being disjoint from the image
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of R0 \ {0}. Then the composite map R0 ↪→ T → T/P =: S is an extension
of this type. Of course, such prime ideals P are maximal in the generic fiber
(R0 \ {0})−1T of the embedding R0 ↪→ T .

In [11], we study the generic fiber of extensions of power series rings over the
same base field. With R = K[[x1, . . . , xn]] as above and T = R[[y1, . . . , ym]],
we show in [11, Theorem 7.2] that, if P is maximal in the generic fiber of
R ↪→ T and S = T/P , then dimS is either 2 or n. This answers Question 1.1
in the case where R = K[[x1, . . . , xn]] is a complete regular local domain with
coefficient field K and S is a complete local domain that also has coefficient
field K.

Definition 1.2. If R ↪→ S is an injective map of integral domains, we
say that S is a trivial generic fiber extension, TGF extension, of R if each
nonzero ideal of S has a nonzero intersection with R, or equivalently, if each
nonzero element of S has a nonzero multiple in R. Since ideals of S maximal
with respect to not meeting the multiplicative system of nonzero elements of
R are prime ideals, S is a TGF extension of R if and only if P ∩R 6= (0) for
each nonzero prime ideal P of S. Another condition equivalent to S is a TGF
extension of R is that U−1S is a field, where U = R \ (0).

Let (R,m) ↪→ (S,n) be an injective local homomorphism of complete local
domains, so that n ∩R = m. We say that S is a TGF-complete extension of
R if S is a TGF extension of R.

In [12] we consider the TGF property for extensions of mixed polyno-
mial/power series rings over the same base field and we partially characterize
the prime ideal spectra of such rings. For example, we consider the nested
mixed polynomial/power series rings

A := k[x, y] ↪→ B := k[[y]] [x] ↪→ C := k[x] [[y]] ↪→ E := k[x, 1/x] [[y]],(1.1)

C ↪→ D1 := k[x] [[y/x]] ↪→ · · · ↪→ Dn := k[x] [[y/xn]] ↪→ · · · ↪→ E,(1.2)

where k is a field and x and y are indeterminates over k. In Sequence (1.1) the
maps are all flat. In Sequence (1.2), for n a positive integer, the map C ↪→ Dn

is not flat, but Dn ↪→ E is a localization followed by an adic completion of a
Noetherian ring and therefore is flat. All of the extensions in (1.1) and (1.2)
except those that begin with A are TGF. The extensions that begin with A
are not TGF. In dimension 3 we consider in [12] embeddings such as

k[x, y, z]
α
↪→k[[z]] [x, y]

β
↪→ k[x] [[z]] [y]

γ
↪→ k[x, y] [[z]]

δ
↪→ k[x] [[y, z]],

k[[z]] [x, y]
ε
↪→ k[[y, z]] [x]

ζ
↪→ k[x] [[y, z]]

η
↪→ k[[x, y, z]],

where k is a field and x, y and z are indeterminates over k. Here all of the
proper inclusions fail to be TGF. Takehiko Yasuda in [18] gives additional
information on the TGF property. In particular, he shows in [18, Theorem
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2.7] that
C[x, y][[z]] ↪→ C[x, x−1, y][[z]]

is not TGF, where C is the field of complex numbers.
In this article we discuss several additional topics and questions related to

Question 1.1 and the TGF property. In Section 2 we record several basic facts
about TGF extensions. We prove in Proposition 2.6 that if A ↪→ B is a TGF
extension, where B is a Noetherian integral domain, then dimA ≥ dimB.

We prove in Corollary 3.3 that if (A,m) ↪→ (S,n) is a TGF-complete
extension, where A is equicharacteristic with dimA = n ≥ 2 and S/n finite
algebraic over A/m, then either dimS = n and S is a finite integral extension
of A or dimS = 2. We also include in Section 3 other remarks concerning
TGF-complete extensions having finite residue field extension. For each n ≥ 2
and R = k[[X]] a formal power series ring in n variables over a field k, we
describe in (3.5) a TGF-complete extension R ↪→ S, where S is a power series
ring in 2 variables over k.

In Section 4 we consider a TGF-complete extension (R,m) ↪→ (S,n), where
S/n is transcendental over R/m. We address, but do not resolve, the question
of whether in this situation dimS ≤ 1. We prove in Theorem 4.8 that if
(A,m) ↪→ (B,n) is an injective local homomorphism of 2-dimensional regular
local rings such that B/n as a field extension of A/m is not algebraic, then
A ↪→ B is not TGF. We deduce that for indeterminates x, y, z, w, t over a
field k, if ϕ : R = k[[x, y]] ↪→ S := k(t)[[z, w]] is an injective local k-algebra
homomorphism, then ϕ(R) ↪→ S is not TGF.

There is much in the literature concerning homomorphisms of formal power
series rings; see, for example, the articles of Abhyankar-Moh [2], Matsumura
[13], Rotthaus [16].

2. Trivial generic fiber (TGF) extensions, general remarks

We record in Proposition 2.1 several basic facts about TGF extensions. We
omit the proofs since they are straightforward.

Proposition 2.1. Let R ↪→ S and S ↪→ T be injective maps, where R, S
and T are integral domains.

(1) If R ↪→ S and S ↪→ T are TGF extensions, then so is the composite
map R ↪→ T . Equivalently, if the composite map R ↪→ T is not TGF,
then at least one of the extensions R ↪→ S or S ↪→ T is not TGF.

(2) If R ↪→ T is TGF, then S ↪→ T is TGF.
(3) If the map SpecT → SpecS is surjective and R ↪→ T is TGF, then

R ↪→ S is TGF.

We consider in Proposition 2.2 the relatively easy case where the base ring
has dimension one.
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Proposition 2.2. Let (R,m) be a complete one-dimensional local do-
main. Assume that (S,n) is a TGF-complete extension of R. Then:

(1) dim(S) = 1 and mS is n-primary.
(2) If [S/n : R/m] <∞, then S is a finite integral extension of R.

Thus, if R ↪→ S is a TGF-extension with finite residue extension and
dimS ≥ 2, then dimR ≥ 2.

Proof. By Krull’s Principal Ideal Theorem [14, Theorem 13.5], n is the
union of the height-one primes of S. If dimS > 1, then S has infinitely many
height-one primes. Each nonzero element of n is contained in only finitely
many of these height-one primes. If dimS > 1, then the intersection of the
height-one primes of S is zero. Since dimR = 1, every nonzero prime of
S contains m. Thus dimS = 1 and mS is n-primary. Moreover, if [S/n :
R/m] <∞, then S is finite over R by [14, Theorem 8.4]. �

Remarks 2.3. (1) Notice that there exist TGF-complete extensions of R
that have an arbitrarily large extension of residue field. For example, if k is
a subfield of a field F and x is an indeterminate over F , then R := k[[x]] ⊆
S := F [[x]] is a TGF-complete extension.

(2) Let (R,m) ↪→ (T,q) be an injective local homomorphism of complete
local domains. For P ∈ SpecT , S := T/P is a TGF-complete extension of R
if and only if P is an ideal of T maximal with respect to the property that
P ∩R = (0).

Remarks 2.4. Let X = {x1, . . . , xn}, Y = {y1, . . . , ym} and Z =
{z1, . . . , zr} be algebraically independent finite sets of indeterminates over
a field k, where n ≥ 2, m, r ≥ 1. Set R := k[[X]] and let P be a prime ideal
of k[[X,Y, Z]] that is maximal with respect to P ∩R = (0). Then we have the
inclusions

R := k[[X]]
σ
↪→ S := k[[X,Y ]]/(P ∩ k[[X,Y ]])

τ
↪→ T := k[[X,Y, Z]]/P.

By Remark 2.3(2), τ ·σ is a TGF extension. By Proposition 2.1(2), S ↪→ T
is TGF.

(1) If the map SpecT → SpecS is surjective, then σ : R ↪→ S is TGF by
Proposition 2.1(3).

(2) If R ↪→ T is finite, then R ↪→ S is also finite, and so σ : R ↪→ S is
TGF.

(3) If R ↪→ T is not finite, then dimT = 2 by [11, Theorem 7.2].
(4) If P ∩ k[[X,Y ]] = 0, then S = R[[Y ]] and R ↪→ S is not TGF. (We

show in Example 3.10 that this can occur.)

Remarks and Question 2.5. (1) With notation as in Remarks 2.4 and
with Y = {y}, a singleton set, it is always true that ht(P ∩ R[[y]]) ≤ n − 1,
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[11, Theorem 7.1]. Moreover, if ht(P ∩ R[[y]]) = n− 1, then R ↪→ S is TGF.
Thus if n = 2 and P ∩R[[y]] 6= 0, then R ↪→ S is TGF.

(2) With notation as in (1) and n = 3, it can happen that P∩k[[X, y]] 6= (0)
and R ↪→ R[[y]]/(P ∩R[[y]]) is not a TGF extension. To construct an example
of such a prime ideal P, we proceed as follows: Since dim k[[X, y]] = 4, there
exists a prime ideal Q of k[[X, y]] with htQ = 2 and Q ∩ k[[X]] = (0), [11,
Theorem 7.1]. Let p ⊂ Q be a prime ideal with htp = 1. Since p ( Q and
Q ∩ k[[X]] = (0), the extension k[[X]] ↪→ k[[X, y]]/p is not a TGF extension.
In particular, it is not finite. Let P ∈ Spec k[[X, y, Z]] be maximal with
respect to P ∩ k[[X, y]] = p. By Corollary 3.4 below, dim k[[X, y, Z]]/P = 2.
Hence P is maximal in the generic fiber over k[[X]].

(3) If (R,m) ↪→ (S,n) is a TGF-complete extension with S/n finite al-
gebraic over R/m, can the transcendence degree of S over R be finite but
nonzero?

(4) If (R,m) ↪→ (S,n) is a TGF-complete extension as in (3) with R
equicharacteristic and dimR ≥ 2, then by Corollary 3.3 below it follows that
either S is a finite integral extension of R or dimS = 2.

Proposition 2.6. Let A ↪→ B be a TGF extension, where B is a Noe-
therian integral domain. For each Q ∈ SpecB, we have htQ ≤ ht(Q∩A). In
particular, dimA ≥ dimB.

Proof. If htQ = 1, it is clear that htQ ≤ ht(Q ∩ A) since Q ∩ A 6= (0).
Let htQ = n ≥ 2, and assume by induction that htQ′ ≤ ht(Q′ ∩ A) for each
Q′ ∈ SpecB with htQ′ ≤ n− 1. Since B is Noetherian,

(0) =
⋂
{Q′ |Q′ ⊂ Q and htQ′ = n− 1}.

Hence there exists Q′ ⊂ Q with htQ′ = n− 1 and Q′ ∩A ( Q ∩A. We have
n− 1 ≤ ht(Q′ ∩A) < ht(Q ∩A), so ht(Q ∩A) ≥ n. �

3. TGF-complete extensions with finite residue field extension

Setting 3.1. Let n ≥ 2 be an integer, let X = {x1, . . . , xn} be a set of
independent variables over the field k and let R = k[[X]] be the formal power
series ring in n variables over the field k.

Theorem 3.2. Let R = k[[X]] be as in Setting 3.1. Assume that R ↪→ S is
a TGF-complete extension, where (S,n) is a complete Noetherian local domain
and S/n is finite algebraic over k. Then either dimS = n and S is a finite
integral extension of R or dimS = 2.

Proof. It is clear that if S is a finite integral extension of R, then dimS = n.
Assume S is not a finite integral extension of R. Let b1, . . . , bm ∈ n be such
that n = (b1, . . . , bm)S, and let Y = {y1, . . . , ym} be a set of independent
variables over R. Since S is complete the R-algebra homomorphism ϕ : T :=
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R[[Y ]] → S such that ϕ(yi) = bi for each i with 1 ≤ i ≤ m is well defined.
Let Q = kerϕ. We have

R ↪→ T/Q ↪→ S.

By [14, Theorem 8.4], S is a finite module over T/Q. Hence dimS = dim(T/Q)
and the map SpecS → SpecT/Q is surjective, so by Proposition 2.1(3),
R ↪→ T/Q is TGF. By [11, Theorem 7.2], dim(T/Q) = 2, so dimS = 2. �

Corollary 3.3. Let (A,m) and (S,n) be complete equicharacteristic lo-
cal domains with dimA = n ≥ 2 and suppose that A ↪→ S is a local injec-
tive homomorphism and that the residue field S/n is finite algebraic over the
residue field A/m := k. If A ↪→ S is a TGF-complete extension, then either
dimS = n and S is a finite integral extension of A or dimS = 2.

Proof. By [14, Theorem 29.4(3)], A is a finite integral extension of R =
k[[X]], where X is as in Setting 3.1. We have R ↪→ A ↪→ S. By Proposition
2.1(1), R ↪→ S is TGF. By Theorem 3.2, either dimS = n and S is a finite
integral extension of A or dimS = 2. �

For example, if R = k[[x1, . . . , x4]] and S = k[[y1, y2, y3]], then every k-
algebra embedding R ↪→ S fails to be TGF.

Corollary 3.4. Let R = k[[X]] be as in Setting 3.1. Let Y = {y1, . . . , ym}
be a set of m independent variables over R and let S = R[[Y ]]. If P ∈ SpecR
is such that dimR/P ≥ 2 and Q ∈ SpecS is maximal with respect to Q∩R =
P , then either

(i) dimS/Q = 2, or
(ii) R/P ↪→ S/Q is a finite integral extension (and so dimR/P =

dimS/Q).

Proof. Let A := R/P ↪→ S/Q =: B, and apply Corollary 3.3. �

General Example 3.5. It is known that, for each positive integer n,
the power series ring R = k[[x1, . . . , xn]] in n variables over a field k can
be embedded into a power series ring in two variables over k. The con-
struction is based on the fact that the power series ring k[[z]] in the single
variable z contains an infinite set of algebraically independent elements over
k. Let {fi}∞i=1 ⊂ k[[z]] with f1 6= 0 and {fi}∞i=2 algebraically independent
over k(f1). Let (S := k[[z, w]],n := (z, w)) be the formal power series ring
in the two variables z, w. Fix a positive integer n and consider the subring
Rn := k[[f1w, . . . , fnw]] of S with maximal ideal mn = (f1w, . . . , fnw). Let
x1, . . . , xn be new indeterminates over k and define a k-algebra homomor-
phism ϕ : k[[x1, . . . , xn]] → Rn by setting ϕ(xi) = fiw for i = 1, . . . , n.

Claim 3.6. (cf. [19, pp. 219-220]) ϕ is an isomorphism.
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Proof. Suppose g =
∑∞

m=0 gm, where gm is a form of degree m in
k[x1, . . . , xn]. Then

ϕ(g) =
∞∑

m=0

ϕ(gm) and ϕ(gm) = gm(f1w, . . . , fnw) = wmgm(f1, . . . , fn),

where gm(f1, . . . , fn) ∈ k[[z]]. If ϕ(g) = 0, then gm(f1, . . . , fn) = 0 for each
m. Thus

0 = gm(f1, . . . , fn) =
∑

i1+···+in=m

ai1,...,inf
i1
1 · · · f in

n ,

where the ai1,...,in ∈ k and the ij are nonnegative integers. Our hypothesis
on the fj implies that each of the ai1,...,in = 0, and so gm = 0 for each m. �

Proposition 3.7. With notation as in Example 3.5, for each integer n ≥
2, the extension (Rn,mn) ↪→ (S,n) is nonfinite TGF-complete with trivial
residue extension. Moreover ht(P ∩ Rn) ≥ n − 1, for each nonzero prime
P ∈ SpecS.

Proof. We have k = Rn/mn = S/n, so the residue field of S is a trivial
extension of that of Rn. Since mnS is not n-primary, S is not finite over
Rn. If P ∩ Rn = mn, then ht(P ∩ Rn) = n ≥ n − 1. Since dimS = 2,
if mn is not contained in P , then htP = 1, S/P is a one-dimensional local
domain, and mn(S/P ) is primary for the maximal ideal n/P of S/P . It
follows that Rn/(P ∩ Rn) ↪→ S/P is a finite integral extension [14, Theorem
8.4]. Therefore dimRn/(P ∩Rn) = 1. Since Rn is catenary and dimRn = n,
ht(P ∩Rn) = n− 1. �

Corollary 3.8. Let X and R = k[[X]] be as in Setting 3.1. Then there
exists an infinite properly ascending chain of two-dimensional TGF-complete
extensions R =: S0 ↪→ S1 ↪→ S2 ↪→ · · · such that each Si has the same residue
field as R and Si+1 is a nonfinite TGF-complete extension of Si for each i.

Proof. Example 3.5 and Proposition 3.7 imply that R can be identified with
a proper subring of the power series ring in two variables so that k[[y1, y2]] is
a TGF-complete extension of R and the extension is not finite. Now Example
3.5 and Proposition 3.7 can be applied again, to k[[y1, y2]], and so on. �

Example 3.9. A particular case of Example 3.5.
For R := k[[x, y]], the extension ring S := k[[x, y/x]] has infinite tran-

scendence over R [17]. The method used in [17] to prove that S has infinite
transcendence degree over R is by constructing power series in y/x with ‘spe-
cial large gaps’. Since k[[x]] is contained in R, it follows that S is a TGF-
complete extension of R. To show this, it suffices to show P ∩ R 6= (0) for
each P ∈ SpecS with htP = 1. This is clear if x ∈ P , while if x 6∈ P , then
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k[[x]] ∩ P = (0), so k[[x]] ↪→ R/(P ∩R) ↪→ S/P and S/P is finite over k[[x]].
Therefore dimR/(P ∩R) = 1, so P ∩R 6= (0).

Notice that the extension k[[x, y]] ↪→ k[[x, y/x]] is, up to isomorphism, the
same as the extension k[[x, xy]] ↪→ k[[x, y]].

In Example 3.10 we show the situation of Remark 2.4(4) does occur.

Example 3.10. Let k, X = {x1, x2}, Y = {y}, Z = {z} and R =
k[[x1, x2]] be as in Remarks 2.4. Let f1, f2 ∈ k[[z]] be algebraically in-
dependent over k. Let P denote the ideal of k[[x1, x2, y, z]] generated by
(x1 − f1y, x2 − f2y), Then P is the kernel of the k-algebra homomorphism
θ : k[[x1, x2, y, z]] → k[[y, z]] obtained by defining θ(x1) = f1y, θ(x2) = f2y,
θ(y) = y and θ(z) = z. In the notation of Remark 2.4,

T = k[[x1, x2, y, z]]/P ∼= k[[y, z]].

Let ϕ := θ|R and τ := θ|R[[y]]. The proof of Claim 3.6 shows that ϕ and τ are
embeddings. Hence P ∩ R[[y]] = (0). By Proposition 3.7, ϕ and τ are TGF.
We have

R
σ
↪→ S =

R[[y]]
P ∩R[[y]]

= R[[y]]
τ
↪→ R[[y, z]]

P
∼= k[[y, z]],

where σ : R ↪→ S is the inclusion map. Since yS ∩R = (0), σ : R ↪→ S is not
TGF.

Questions 3.11. (1) If ϕ : R ↪→ S is a TGF-complete nonfinite extension
with finite residue field extension, is it always true that ϕ can be extended to
a TGF-complete nonfinite extension R[[y]] ↪→ S?

(2) Suppose that R ↪→ S is a TGF-complete extension and y is an inde-
terminate over S. It is natural to ask: Does R[[y]] ↪→ S[[y]] have the TGF
property? Computing with elements, one may ask: For s ∈ S \R, does y + s
have a multiple in R[[y]]? There is a t ∈ S with ts ∈ R, but is there a t′ ∈ S
with both t′t and t′ts ∈ R?

(3) A related question is whether the given R ↪→ S is extendable to an
injective local homomorphism ϕ : R[[y]] ↪→ S. For example, with k a field,
k[[x1]][y](x1,y) ↪→k[y][[x1]](x1,y) is TGF. Can we extend to k[[x1]][y][[x2]](x1,x2,y)

↪→ k[y][[x1]](x1,y), say by x2 →
∑∞

n=0(yx)
n, which is still local injective?

We show in Proposition 3.12 that the answer to Question 3.11(2) is ‘no’ if
the answer to Question 3.11(3) is “yes”, that is, the given R ↪→ S is extendable
to an injective local homomorphism R[[y]] ↪→ S. In Example 3.13 we present
an example where this occurs.

Proposition 3.12. Let R ↪→ S be a TGF-complete extension and let y
be an indeterminate over S. If R ↪→ S is extendable to an injective local
homomorphism ϕ : R[[y]] ↪→ S, then R[[y]] ↪→ S[[y]] is not TGF.
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Proof. Let a := ϕ(y) and consider the idealQ = (y−a)S[[y]]. The canonical
map S[[y]] → S[[y]]/Q = S extends ϕ. Thus Q ∩ R[[y]] = (0) and R[[y]] ↪→
S[[y]] is not TGF. �

Example 3.13. Let R := Rn = k[[f1w, . . . , fnw]] ↪→ S := k[[z, w]] be as
in Example 3.5 with n ≥ 2. Define the extension ϕ : R[[y]] ↪→ S by setting
ϕ(y) = fn+1w ∈ S. By Proposition 3.7, ϕ : R[[y]] ↪→ S is TGF-complete.
Thus by Proposition 3.12, R[[y]] ↪→ S[[y]] is not TGF.

Remark and Questions 3.14. Let (R,m) ↪→ (S,n) be a TGF-complete
extension. Assume that [S/n : R/m] <∞ and that S is not finite over R. By
[14, Theorem 8.4], mS is not n-primary. Thus dimS > ht(mS). Therefore
dimS > 1, so by Proposition 2.2, dimR > 1.

(1) If (R,m) is equicharacteristic, then by Corollary 3.3, dimS = 2. Is it
true in general that dimS = 2?

(2) Is it possible to have dimS − ht(mS) > 1?

Examples 3.15. (1) Let R := k[[x, xy, z]] ↪→ S := k[[x, y, z]]. We show
this is not a TGF extension. By (3.9), ϕ : k[[x, xy]] ↪→ k[[x, y]] is TGF-
complete. By Proposition 3.12, it suffices to extend ϕ to an injective local
homomorphism of k[[x, xy, z]] to k[[x, y]]. Let f ∈ k[[x]] be such that x and
f are algebraically independent over k, so (1, x, f) is not a solution to any
nonzero homogeneous form over k. As in (3.2) and (3.5), the extension of ϕ
obtained by mapping z → fy is an injective local homomorphism.

(2) The extension R = k[[x, xy, xz]] ↪→ S = k[[x, y, z]] is also not a TGF-
complete extension, since R = k[[x, xy, xz]] ↪→ k[[x, xy, z]] ↪→ S = k[[x, y, z]]
is a composition of two extensions that are not TGF by part (1). Now apply
Proposition 2.1.

4. The case of transcendental residue extensions

In this section we address, but do not fully resolve, the following question.

Question 4.1. If (S,n) is a TGF-complete extension of (R,m) and if
S/n is transcendental over R/m does it follow that dimS ≤ 1?

In Proposition 4.2 we prove every complete local domain of positive dimen-
sion has a one-dimensional TGF-complete extension.

Proposition 4.2. Let (R,m) be a local domain of positive dimension.

(1) There exists a one-dimensional complete local domain (S,n) that is a
TGF extension of R.

(2) If R is complete, there exists a one-dimensional TGF-complete exten-
sion of R.
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Proof. It is well known that there exists a discrete rank-one valuation do-
main (S,n) that dominates R (see, for example, [3]). The n-adic completion
Ŝ of S is a one-dimensional local ring that dominates R and each minimal
prime pi of Ŝ intersects S in zero, so Ŝ/pi is a one-dimensional complete
local domain that dominates R. Moreover, if (S,n) is a one-dimensional local
domain that dominates a local domain (R,m) of positive dimension, then it
is obvious that S is a TGF extension of R, so if R and S are also complete,
then S is a TGF-complete extension of R. �

Setting 4.3. Let n ≥ 2 be an integer, let X = {x1, . . . , xn} be a set
of independent variables over the field k and let R = k[[X]] be the formal
power series ring in n variables over the field k. Let z, w, t, v be independent
variables over R.

Proposition 4.4. Let notation be as in Setting 4.3.

(1) There exists a TGF embedding θ : k[[z, w]] → k(t)[[v]] defined by
θ(z) = tv and θ(w) = v.

(2) Moreover, the composition ψ = θ ◦ϕ of θ with ϕ : R→ k[[z, w]] given
in General Example 3.5 is also TGF.

Proof. Suppose f ∈ ker θ. Write f =
∑∞

n=0 fn(z, w), where fn is a homo-
geneous form of degree n with coefficients in k. We have

0 = θ(f) =
∞∑

n=0

fn(tv, v) =
∞∑

n=0

vnfn(t, 1) .

This implies fn(t, 1) = 0 for each n. Since t is algebraically independent over
k, we have fn(z, w) = 0 for each n. Thus f = 0 and θ is an embedding. Since
θ is a local homomorphism and dim k(t)[[v]] = 1, it is clear that θ is TGF.

For the second part, we use Proposition 2.1 together with the observation
in General Example 3.5 that ϕ is a TGF embedding. �

As a consequence of Proposition 4.4, we prove:

Corollary 4.5. Let R = k[[X]] be as above and let A = k(t)[[X]]. There
exists a prime ideal P ∈ SpecA in the generic fiber over R with htP = n− 1.
In particular, the inclusion map R = k[[X]] ↪→ A = k(t)[[X]] is not TGF.

Proof. Define ϕ : R→ k[[z, w]] := S, by

ϕ(x1) = z, ϕ(x2) = h2(w)z, . . . , ϕ(xn) = hn(w)z,

where h2(w), . . . , hn(w) ∈ k[[w]] are algebraically independent over k. Also
define θ : S → k(t)[[v]] := B by θ(z) = tv and θ(w) = v. Consider the
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following diagram

R = k[[X]] ⊂−−−−→ A = k(t)[[X]]

ϕ

y Ψ

y
S = k[[z, w]] θ−−−−→ B = k(t)[[v]],

where Ψ : A→ B is the identity map on k(t) and is defined by

Ψ(x1) = tv, Ψ(x2) = h2(v)tv, . . . , Ψ(xn) = hn(v)tv.

Notice that Ψ|R = ψ = θ ◦ ϕ. Therefore the diagram is commutative. Let
P = kerΨ. Since Ψ is surjective, htP = n−1. Commutativity of the diagram
implies that P ∩R = (0). �

Discussion 4.6. Let us describe generators for the prime ideal P = kerΨ
given in Corollary 4.5. Under the map Ψ, x1 7→ tv, and so x1

t 7→ v. Since also
x2 7→ h2(v)tv, . . . , xn 7→ hn(v)tv, we see that

(x2 − h2(
x1

t
)x1, x3 − h3(

x1

t
)x1, . . . , xn − hn(

x1

t
)x1)A ⊆ P

(that is, Ψ(x2− h2(x1/t)x1) = h2(v)tv− h2(v)tv = 0, etc.) Since the ideal on
the left-hand-side is a prime ideal of height n− 1, the inclusion is an equality.
Thus we have generators for the prime ideal P = kerΨ resulting from the
definitions of ϕ and θ given in the corollary.

On the other hand, in Corollary 4.5 if we change the definition of θ and
we define θ′ : k[[z, w]] → k(t)[[v]] by θ′(z) = v and θ′(w) = tv (but we keep ϕ
as above), then ψ′ defined by ψ′|R = θ′ · ϕ maps x1 → v, x2 → h2(tv)v, . . . ,
xn → hn(tv)v. In this case

(x2 − h2(tx1)x1, x3 − h3(tx1)x1, . . . , xn − hn(tx1)x1)A ⊆ ker Ψ′ = P ′.

Again the ideal on the left-hand-side is a prime ideal of height n − 1, so we
have equality. This yields a different prime ideal P ′.

In this case one can also see directly for

P ′ = (x2 − h2(tx1)x1, x3 − h3(tx1)x1, . . . , xn − hn(tx1)x1)A

that P ′ ∩ R = (0). We have Ψ : A → A/P ′ = k(t)[[v]]. Suppose f ∈ R ∩ P ′.
We write f =

∑∞
`=0 f`(x1, . . . , xn), where f` ∈ k[x1, . . . , xn] is a homogeneous

form of degree `. We have

0 = Ψ′(f) =
∞∑

`=0

f`(v, h2(tv)v, . . . , hn(tv)v) =
∞∑

`=0

v`f`(1, h2(tv), . . . , hn(tv)).

This implies f`(1, h2(tv), . . . , hn(tv)) = 0 for each `. Since h2, . . . , hn are alge-
braically independent over k, each of the homogeneous forms f`(x1, . . . , xn) =
0. Hence f = 0.
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Question 4.7. With notations as in Corollary 4.5, does every prime ideal
of A maximal in the generic fiber over R have height n− 1?

Theorem 4.8. Let (A,m) ↪→ (B,n) be an extension of two-dimensional
regular local domains. Assume that B dominates A and that B/n as a field
extension of A/m is not algebraic. Then A ↪→ B is not TGF.

Proof. Since dimA = dimB, the assumption that B/n is transcendental
over A/m implies that B is not algebraic over A [14, Theorem 15.5]. If mB is
n-primary, then B is faithfully flat over A [14, Theorem 23.1], and [6, Theorem
1.12] implies that A ↪→ B is not TGF in this case.

If mB is principal, then mB = xB for some x ∈ m since B is local. It
follows that m/x ⊂ B. Localizing A[m/x] at the prime ideal n∩A[m/x] gives
a local quadratic transform (A1,m1) of A. If dimA1 = 1, then A1 ↪→ B is not
TGF because only finitely many prime ideals of B can contract to the maximal
ideal of A1. Hence A ↪→ B is not TGF if dimA1 = 1. If dimA1 = 2, then
(A1,m1) is a 2-dimensional regular local domain dominated by (B,n) and the
field A1/m1 is finite algebraic over A/m, and so B/n is transcendental over
A1/m1. Thus we can repeat the above analysis: If m1B is n-primary, then
as above A ↪→ B is not TGF. If m1B is principal, we obtain a local quadratic
transform (A2,m2) of A1. If this process does not end after finitely many
steps, we have a union V =

⋃∞
n=1An of an infinite sequence An of quadratic

transforms of a 2-dimensional regular local domains. Then V is a valuation
domain of rank at most 2 contained in B, and so at most finitely many of the
height-one primes of B have a nonzero intersection with V . Therefore V ↪→ B
is not TGF and hence also A ↪→ B is not TGF.

Thus by possibly replacing A by an iterated local quadratic transform
An of A, we may assume that mB is neither n-primary nor principal. Let
m = (x, y)A. There exist f, g, h ∈ B such that x = gf, y = hf and g, h is
a regular sequence in B. Hence (g, h)B is n-primary. Let f = fe1

1 · · · fer
r ,

where f1B, . . . frB are distinct height-one prime ideals and the ei are positive
integers. Then f1B, . . . , frB are precisely the height-one primes of B that
contain m.

Let t ∈ B be such that the image to t in B/n is transcendental over
A/m. Modifying t if necessary by an element of n we may assume that t is
transcendental over A. We have n ∩ A[t] = m[t]. Let A(t) = A[t]m[t]. Notice
that A(t) is a 2-dimensional regular local domain with maximal ideal mA(t)
that is dominated by (B,n). We have

A ↪→ A[t] ↪→ A(t) ↪→ B.

Let P = (xt − y)A(t). Then P ∩ A = (0). We have PB = (gft − hf)B =
f(gt − h)B. Also gt − h is a nonunit of B. Let Q be a minimal prime of
(gt−h)B. Then Q 6∈ {f1B, . . . , frB}. Hence mA(t) 6⊆ Q. Therefore Q∩A(t)
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has height one. Since P ⊆ (gt − h)B ⊆ Q, we have Q ∩ A(t) = P . Thus
Q ∩A = (0). This completes the proof. �

We have the following immediate corollary to Theorem 4.8.

Corollary 4.9. Let x, y, z, w, t be indeterminates over the field k and let

ϕ : R = k[[x, y]] ↪→ S := k(t)[[z, w]]

be an injective local k-algebra homomorphism. Then ϕ(R) ↪→ S is not TGF.

In relation to Question 4.1, Example 4.10 is a TGF extension A ↪→ B that
is not complete for which the residue field of B is transcendental over that of
A and dimB = 2.

Example 4.10. Let A = k[x, y, z, w](x,y,z,w), where k is a field and xw =
yz. Thus A is a 3-dimensional normal local domain with maximal ideal m :=
(x, y, z, w)A and residue field A/m = k. Notice that C := A[y/x] = k[y/x =
w/z, x, z] is a polynomial ring in 3 variables over k. Thus B := C(x,z) is a
2-dimensional regular local domain with maximal ideal n = (x, z)B. Notice
that (B,n) birationally dominates (A,m). Hence (A,m) ↪→ (B,n) is a TGF
extension. Also B = k(y/x)[x, z](x,z), so k(y/x) is a coefficient field for B.
The image t of y/x in B/n is transcendental over k and B/n = k(t). The
completion of A is the normal local domain Â = k[[x, y, z, w]], where xw = yz.
By a form of Zariski’s subspace theorem [1, (10.6)], Â is dominated by B̂ =
k(t)[[x, z]]. Thus we have ϕ : Â ↪→ B̂, where ϕ(x) = x, ϕ(z) = z, ϕ(y/x) =
t = ϕ(w/z) and so also ϕ(y) = tx, ϕ(w) = tz, ϕ(xw) = xtz = ϕ(yz).

In Example 4.10, Â ↪→ B̂ is not a TGF-complete extension. Equivalently,
the inclusion map

R := k[[x, z, tx, tz]] ↪→ k(t)[[x, z]] := S

is not a TGF-extension. We hope to expand on this in a future publication.
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[3] C. Chevalley, La notion d’anneau de décomposition, Nagoya Math. J. 7 (1954), 21–33.
MR 0067866 (16,788g)

[4] I. S. Cohen, On the structure and ideal theory of complete local rings, Trans. Amer.
Math. Soc. 59 (1946), 54–106. MR 0016094 (7,509h)
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