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UNIFORMITY FROM GROMOV HYPERBOLICITY

DAVID HERRON, NAGESWARI SHANMUGALINGAM AND XIANGDONG XIE

ABSTRACT. We show that in a metric space X with annular con-
vexity, uniform domains are precisely those Gromov hyperbolic
domains whose quasiconformal structure on the Gromov bound-
ary agrees with that on the boundary in X. As an application,
we show that quasimobius maps between geodesic spaces with
annular convexity preserve uniform domains. These results are
quantitative.

1. Introduction

Bonk, Heinonen, and Koskela introduced uniform metric spaces in [BHK],
and demonstrated a fundamental two-way correspondence between these and
proper geodesic Gromov hyperbolic spaces. In addition to this connection
with geometric group theory, uniform metric spaces have come to play a sig-
nificant role in the program of doing analysis in the metric space setting. The
importance of Euclidean uniform domains is well known and documented in
[Ge] and [V4]. Recently, uniform subspaces of the Heisenberg groups, as
well as more general Carnot groups, have been a focus of study; see [CT],
[CGN], [Gr]. Many important concepts in potential theory are known to hold
in uniform spaces; for example, see [A1] and [A2]. There are close ties between
uniformity and extension of Sobolev functions; see [J] for Euclidean space and
[BSh] for the metric space setting.

Uniform domains are Gromov hyperbolic domains, that is they are Gromov
hyperbolic when endowed with their quasihyperbolic metric. An important
problem is to determine which Gromov hyperbolic domains are uniform do-
mains. This question has been answered in the Euclidean setting in [BHK]
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(Theorem 7.11). A Banach space analog was corroborated by Véiséla [V1)]
(Theorem 3.27). The goal of this paper is to provide a similar characteriza-
tion for uniform domains in metric spaces that satisfy some mild geometric
conditions.

Let (X,d) be a metric space and C, > 2 a constant. We say that (X,d)
is Cy-annular convex if for all x € X, all » > 0, and every pair of points
y,z € B(x,r)\B(x,r/2), there is a path ~ joining y, z and satisfying:

(1) the length of « is at most Cad(y, 2),
(2) the path v lies in the annulus B(x,Cyr)\B(x,r/Cy).

Examples of metric spaces possessing annular convexity include Banach spaces
and Carnot groups, as well as metric spaces equipped with doubling measures
that support Poincaré inequalities [K].

Let (X, d) be a proper metric space (that is, closed and bounded subsets are
compact), and  C X a rectifiably connected open subset (every pair of points
in © can be joined by a rectifiable path in Q) with boundary 9 # (). We say Q
is a Gromov hyperbolic domain if Q is Gromov hyperbolic with respect to the
quasihyperbolic metric k£ on €. Given a bounded Gromov hyperbolic domain
2, we obtain the Gromov closure Q* = QU 9*Q of (Q, k), where 0*(Q) is the
Gromov boundary of (Q,k). The closure of © in (X,d) is denoted €; since
X is proper and Q is bounded, © is compact. In general, the identity map
f:(Q,k) — (2, d) may not extend to a continuous map from Q* to 2, and even
if f does extend, the extension may not be injective. However, if €2 is a uniform
domain, then f extends to a homeomorphism from Q* to §2, and the restriction
of the extension to the Gromov boundary is a quasim6bius map with respect
to the visual metric on 9*Q) [BHK]. The main result (Theorem 9.1) of this
paper is that in the setting of annular convex proper metric spaces, uniform
domains are the only Gromov hyperbolic domains with the above property.

Theorem 9.1 provides a characterization of uniform domains in terms of
Gromov hyperbolic spaces and the quasiconformal structure on the Gromov
boundary. It makes it possible to study uniform domains using the theory of
Gromov hyperbolic spaces. As an illustration, we show that quasimobius maps
preserve uniform domains (Theorem 10.1): if © is a domain in an annular
convex proper metric space and () is quasimobius equivalent to a uniform
domain in some metric space, then 2 is also uniform.

For domains in Euclidean spaces and spheres, Theorem 9.1 was proved
by Bonk, Heinonen, and Koskela [BHK] (Theorem 7.11), and for domains in
Banach spaces by Vaisald [V1] (Theorem 3.27). The proof in [BHK] makes
use of the notion of moduli of path families, and therefore does not extend to
metric spaces that have no “nice” measure. The proof in [V1] uses only metric
properties. Our proof follows the general outline of Viisild’s arguments, but
our proof contains several new ingredients.
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In [V1], the theorem was first proved for unbounded domains in Banach
spaces, and then inversions in Banach spaces were used to reduce the study of
bounded domains to the study of unbounded domains. To follow this strategy,
we use a notion of “inversion” in general metric spaces, see Section 4 or [BHX]
for more details.

We interpret the cross ratio in the Gromov boundary (with respect to a
visual metric) in terms of distances between certain geodesics (see Section 5).
Let (Y,h) be a proper geodesic Gromov hyperbolic space, @ = (£1,&2,&3,&4)
a quadruple of distinct points in the Gromov boundary 0*Y and hy . (y €Y,
e >0) a visual metric on 0*Y. Fix any geodesic [§;,&;] (1 <1i,5 <4) from &
to &;. The cross ratio of @) with respect to h, ., denoted cr(Q, hy ), satisfies

Cr(Q h ) ~ eEh(Kl,&l]’[{Q’EB]) if h([flafél]a [527&3]) Z h([flaf?)]a [52764])7
Ve ™ e_Eh([§1153]’[52»f4]) Otherwise.

This interpretation of cross ratio is quite convenient in studying the quasicon-
formal structure of the Gromov boundary, and allows us to simplify some of
the arguments found in [V1].

A crucial property used in Vaiséld’s proof is that spheres in Banach spaces
are 2-quasiconvex. A consequence of this property is that each arc point
lies on an anchor. (A point z in a domain 2 is an arc point if every point
on the boundary of Q that is closest to x is essentially not isolated. The
technical definition of arc points and anchors are given in Section 7.) This
was first shown in [BHK] in the Euclidean setting. Annular convexity is
our replacement for the quasiconvexity of spheres. Under the assumption of
annular convexity, we establish (see Section 7) a slightly weaker version of this
fact sufficient for the proof of Theorem 9.1.

There is another difference between the Banach space setting of [V1] and
our setting of proper quasiconvex space. Since infinite dimensional Banach
spaces are not proper, one cannot assume the existence of quasihyperbolic geo-
desics in domains there; hence the tools of roads and biroads were developed
in [V1]. In our setting, such tools are not needed, as we have the availability
of quasihyperbolic geodesic rays and quasihyperbolic geodesic lines.

It is not clear whether Theorem 9.1 holds if the metric space is not annular
convex. The examples in Section 11 show that even if the theorem holds
without annular convexity, there can be no quantitative result.

NoTATION. Henceforth (X,d) denotes a metric space, B(xz,r) ={y € X :
d(y,z) <r} is the open ball and S(z,r)={y € X : d(y,x) =r} is the sphere,
with center x € X and radius > 0. The image of a path «: [a,b] — X is
denoted |a| and ¢4(c) is the d-length of a. We simply use ¢(«) if the metric
d in question is clear. We use a: z —~ y to indicate a path «: [a,b] = X
with a(a) =z and «(b) =y. Given a path «: [a,b] = X and z,y € |af, then
alx,y] denotes an arbitrary but fixed subpath of « from z to y. If A C X and
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r >0, then Ny(A,r)={y € X : d(y,x) <r for some x € A} denotes the closed
r-neighborhood of A. For two bounded subsets A, B C X,

HDy(A,B):=inf{r >0: BC Ny(A,r) and AC Ny(B,r)}

is the Hausdorff distance between A and B; if the metric d in question is clear,
we write HD(A, B). Given two real numbers a,b, we denote the smaller of
these by a Ab. By ¢ =¢(d,n,C4), we mean a constant ¢ that depends only on
the parameters §, n and C,.

Throughout the entire paper: (X,d) is a proper and quasiconvex metric
space, and 2 C X is a nonempty rectifiably connected open subset with non-
empty boundary. See Section 2 for the relevant definitions.

The structure of this paper is as follows. In Section 2 of this paper, we
discuss the quasihyperbolic metric on domains in a metric space, and recall
some needed facts about the quasihyperbolic metric. The focus of Section 3 is
Gromov hyperbolic spaces and some useful results about them. The tools of
inversion and sphericalization in metric spaces are given in Section 4, while a
discussion of cross ratios and boundary maps induced by quasiisometries can
be found in Section 5. The focus of Section 6 is to prove that if a domain is
uniform, then the natural map between the Gromov boundary of the domain,
equipped with the quasihyperbolic metric, and metric boundary of the domain
is quasi-Mébius. This fact was proven in [BHK] for bounded domains, and
so the principal concern of Section 6 is unbounded domains. The geometric
concepts of annular points, arc points, anchors, and star-likeness are discussed
in Section 7, and in Section 8 a geometric “carrot” condition associated with
quasihyperbolic geodesics is studied in the setting of the main theorem of
this paper, Theorem 9.1. The proof of this main theorem is then given in
Section 9. Finally, in Section 10 an application of the main theorem to quasi-
Mobius maps is demonstrated, and some examples are studied in Section 11.

2. Quasihyperbolic metric

In this section, we recall some basic facts about quasihyperbolic metric.
While we do not give proofs for most of these facts, we do provide citations
the reader can refer to for them.

A metric space is c-quasiconvex for some ¢ > 1 if each pair of points z,y in
the space can be joined by a path of length no more than cd(x,y). A geodesic
space is simply a 1-quasiconvex metric space.

Let U be an open subset of a metric space. We say U is rectifiably connected
if each pair of points x,y € U can be joined by a rectifiable path in U. The
boundary AU of U is the set U\U, where U is the closure of U.

Recall that (X,d) is a proper and quasiconvex metric space, and Q C X
is a nonempty rectifiably connected open subset with nonempty boundary.
For x € Q, we denote dq(z) = d(z,09). The quasihyperbolic metric k on ) is
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defined as follows: for z,y € (2,

ds(z)
~ 5Q(Z) ’
where the infimum is taken over all rectifiable paths + in 2 joining z and
y, and ds denotes arc length along . It is well known that k is a metric
[BHK, p. 9].

The length metric lo on  is given by lo(x,y) = inf, l4(7y) for z,y € Q,
where the infimum is over paths in €2 joining z and y. Notice that for every
x € Q there exists an 7, > 0 such that all y, z € B(x,r,) can be joined by a path
in © with length at most cd(y, z). Hence, the identity map id : (2,d) — (22,1q)
is a homeomorphism. By [BHK, Proposition 2.8], id : (Q,d) — (,k) is also a
homeomorphism and (€2, k) is a proper geodesic space.

k(z,y) :=inf

LEMMA 2.1 ([GP]). Ifx,y €Q and a: © ~y is a rectifiable arc in Q, then

Ca(a) < (e —1)dg(x).

Lemma 2.1 implies the following inequalities (see also [BHK, p. 9]): for all
x,y €L

(2.1) k(fﬂay)ZIOg(l-F dtz,y) )2'1059_(9)

_dy) . .
da () A da(y) da(z)
LEMMA 2.2 (Lemma 2.13 of [BHK]). Ify: [0,1] — Q is a path that satisfies

min{q(Ylj0.1), €a (V) } < Ada(v(1))
for all t €[0,1], then with x =~(0) and y=~(1),

() S4A10g<1+ %)

The following is a modification of Lemma 3.5 of [V1] to our setting. Since
we replace the 2-quasiconvexity of spheres (in a Banach space) with the annu-
lar convexity property, our estimates are necessarily weaker than those in [V1].

LEMMA 2.3. Suppose (X,d) is Ca-annular conver for some C,. Let
a:x ~y be a quasihyperbolic geodesic in 2, b€ 0, and t > 0:
(i) If B(b,16C2t) \ B(b,e=*C%t/2) C Q and z,y € Q\ B(b,8C4t), then |a| C
Q\ B(b,e4C30).
(ii) If B(b,8C,t) \ B(b,t/Cy) C Q and z,y € QN B(b,4t), then o] C QN
B(b,8eC1).

Proof. We first prove (i). Suppose that |a| N B(b,e 4%t) # (). Then «
must intersect B(b,8C,t) as well, and so we can choose z1, z2 € |a|NS(b,8C,t)
such that the subpath a[z1, 2] of « satisfies both |az1, 22]| € B(b,8C,t) and
|21, 22]| N B(b, e=4C3¢t) £ 0.
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As X is annular convex, there is a path v : z; —~ 2o with
Ca(y) < Cad(21, 22) < Ca2(8C,t) = 16C2t
and |y| C B(b,8C?t)\ B(b,8t) C Q. Hence, by the hypothesis of (i), for every
w € ||, we have
So(w) > min{8C2t, 8t — e~4Cit/2} = 8t — e 4%t /2 > 4t.
Therefore,
3 ( )—/Lds(w) <1 (y) < L1602t = 402
= Saw) gV s et T e
hence, we see that k(z1,20) <4C?2. Since alz1,22] is a quasihyperbolic geo-
desic, we have
(2.2) Cp(afz1, 29]) = k(21, 20) < 4C2.
By assumption, there is a point z € |a[z1, 22]| N B(b, 6’4C:ft). By Lemma 2.1,

U (alz1, 22]) = b (alz1, 2]) + L (alz, 22])

ol ) 1 )

2 top(1+ 25520 )

However, as £4(a]z1, 22]) > 8C,t — e4C3t and Jo(2) < e4C3t, we see that

- 740315
(2.3) le(afz1, 22]) > log <1 + %) = log(8C,e*Y) > 4C3.

Combining inequalities (2.2) and (2.3), we obtain 4C2 > 4C2, a contradiction
because C, > 2. Thus, the path a cannot intersect the ball B(b,e=4C¢).
Now, we prove (ii). To do so, suppose that |o| N S(b,8¢Cat) # (). Then
clearly |« intersects the sphere S(b,4t), and so there are points wy, ws € |a| N
S(b,4t) satisfying |o[wy,ws]| N S(b,8e4C5t) £ ) and |afwy, wo)| N B(b,4t) = 0.
By the annular convexity of X, there is a path + joining w; and ws in the
annulus B(b,4C,t) \ B(b,4t/C,) C Q with £4(vy) < Cad(wy,ws) < 8C,t. For
every z € |/,
4t t 3t
J > ming 8C,t —4C,t, — — — > = —.
Q(Z> = mln{ a al, C. Ca} c.
Therefore,
Ca Cha 8 o
k </ < —/ < —8C,t==C%.
(wi,w2) < (7)) < g la(v) < 5 5Ca

Since « is a quasihyperbolic geodesic, we see that

(2.4) L (awy, wa]) = k(wy,we) < gCZ
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Meanwhile, Lemma 2.1 in conjunction with £g(afwy,ws]) > 8eiCt — 4t >
4402 and g (wy) < 4t yields

Cr(afwy, w]) > log(l + W) > 10g<1 + 4623’5)

> log e'Cd = 4C3.

By inequality (2.4), we now get 4C3 < %CE, a contradiction as Cy > 2. O

Given ¢ > 1, a path v:[0,1] — Q is called a c-uniform path if £4(v) <
cd(7(0),7(1)) and cda(y(t)) = min{la(Y|j0,q); La(Yl,1)} for all t €[0,1]. We
say that Q is a c-uniform domain for some ¢ > 1 if every two points x,y €
can be joined by a c-uniform path. If Q is equipped with more than one
metric, then to specify the metric d with respect to which €2 is uniform we
say that (,d) is a c-uniform domain.

LEMMA 2.4. Let x1 € Q and zo € Q be such that 6q(x1) > d(z1,72). Sup-
pose 7 is a d-geodesic in X connecting 1 and x3. Then |[y\{z2} CQ, v is a
1-uniform path in Q, and furthermore, dq(x) > Lq(y[z2,z]) = d(z,xz2) for all
z € [y[\{z2}.

Proof. By assumption, o € B(z1,00(71)) N Q. Let v: [0,d(z1,72)] — X
be the arc-length parametrization of v with v(0) = z3 and ~y(d(z1,x2)) = ;1.
Then for every z € |y|\ {z2} we have d(z1,2) < d(x1,22), and therefore z €
B($1,6Q($1)) c Q.

Now, for ¢t € (0,d(z1,z2)], we have d(~y(t),x1) =d(z1,22) —t, and so

o (7(t)) = da(x1) — d(x1,7(t) = da(x1) — d(x1,22) +1
=t+ [da(z1) — d(x1,22)] > t. O

PROPOSITION 2.5. Let xg € Q, b € 00 with dq(xo) = d(xo,b), and v be a
d-geodesic in X joining xo and b. Then |y|\{b} is a quasihyperbolic geodesic
ray i 2.

Proof. Let v : [0,0a(x0)] — X be the arclength parametrization of v with
respect to d, with y(0) =b and v(dq(zo)) = 0. Then dq(y(¢)) =t for all
t € (0,0a(x0)]. Let 0 <ty <t <dq(zo). Inequality (2.1) implies that k(y(t1),
v(t2)) > log(t2/t1). On the other hand,

to

Kt < 6 Gl) = [ 5oyt = [ jar=ton( ().

1

Hence, v is a quasihyperbolic geodesic ray in (2. 0

Given two rectifiable paths «, 8 in a metric space (Y,d), we call a map
f ol — 18] a length map with respect to the metric d if for all z,y € |a| we

have £q4(B[f(z), f(y)]) = Laalz, y]).
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LEMMA 2.6 (Lemma 3.3 of [V1]). If o and 8 are paths in (2, k) with {x ()
L(0B), and [ : |a] — |8 is a length map (with respect to k) with k(f(z),z) <
for all x € |a], then

<
c

e Uy(a) <Ly(foa)<elya).

3. Gromov hyperbolic spaces

In this section, we review some basic facts about Gromov hyperbolic spaces.
See [CDP], [GdIH], [V3], and references therein for more details.

Let (Y,h) be a proper geodesic space and § > 0 a constant. We say that
(Y, h) is 0-hyperbolic if geodesic triangles in Y are 0-thin. This means that
for any z,y,z € Y and any geodesics v1: x —~y, Y2: Yy ~2, Y3: 2 ~ T, We
have |y3| C Np(J71| U |2l,8). A space (Y,h) is Gromov hyperbolic if it is -
hyperbolic for some § > 0. Let w €Y be a (fixed) base point. The Gromov
product of x,y € Y based at w is:

(sl = g [A(, ) + Ay, w) — b, )]

For the remainder of this section, (Y, h) is always d-hyperbolic. A sequence
of points {y;} tends to infinity if lim; ;. (yily;)w = 0o for some (or any)
base point w € Y. Two sequences {x;} and {y;} both tending to infinity are
equivalent if lim; ;oo (2;]Yy;)w = 00. The Gromov boundary 0;Y of Y is the
set of equivalence classes of sequences tending to infinity, and the Gromov
closure of Y is defined by Y =Y U0; Y. If the metric h is clear from context,
we simply write 9*Y and Y*. If £ € 9*Y and a sequence of points {x;}
represents &, we write {z;} — &.

If v: [0,00) — Y is a geodesic (ray), then one easily sees from the definition
that {v(t)} tends to infinity as ¢ — oo, and hence represents some £ € 9*Y.
In this case, we say v(0) and £ are the endpoints of . Similarly, for any
complete geodesic v: R — Y there are £, ,£_ € 0*Y such that {y(t)} — &, as
t—ooand {v(t)} = & ast — —oo. We say &4 and £_ are the endpoints of 7.
A proper geodesic §-hyperbolic space has the visibility property: given any
two distinct points a,b € Y™, there is a geodesic v with a and b as endpoints
[CDP, Chapter 2, Proposition 2.1]. For three distinct points aj,as,a3 € Y*,
and geodesics v; : a; ~ a;+1 (1 =1,2,3) in Y with a; and a;41 as endpoints
(aq :=a1), the subset |y1|U|v2| U|vs] of Y is called a geodesic triangle in Y*.
Geodesic triangles in Y* are 24§-thin [CDP, Chapter 2, Proposition 2.2].

LEMMA 3.1. Let a,b,c € Y* be three distinct points, and o : a —~ b, 3: b~

¢, v ¢~ a be geodesics. Then there is a point x € |7y| satisfying h(x, |a|) < 244
and h(zx,|B]) < 240.

Proof. Let A= {x € |vy|: h(z,|a]) <245} and B = {x € |v|: h(z,|8]) <
246}. Then both A and B are closed subsets of |y|. Since geodesic trian-
gles in Y* are 240-thin, we have AU B = |y|. Suppose AN B ={. Then the
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connectedness of |y| implies that either A =|vy| or B =|y|. We may assume
A =|v|; the case B =|v| can be handled similarly. Then |v| is contained in
the 244-neighborhood of |a|. If ¢ € 0*Y, then we must have c=a or ¢ =1,
contradicting the assumption that a,b, c are distinct. To see this, note that if
c € 0*Y, then we can find x,, € |7y| such that {x,} — ¢ in the sense discussed
above. But then for each n, we can find z,, € |a| such that h(z,,x,) <244. Tt
is clear that {z,} tends to infinity, and {x,} and {z,} are equivalent. Hence,
{zn} — c. Since z, € |a|, we have either ¢ =a or ¢ =b. Hence, we must have
ce€Y. But then c € AN B, contradicting the assumption AN B = . O

Let w € Y be a base point. The Gromov product of two points &, € 9*Y
is defined as follows:

(€lm)w = supliminf (z;]y; ).

where the supremum is taken over all sequences {x;} — &, {y;} — n. One
can show that (£]n), — 20 < lminf; ;o0 (:|yj)w < (€]1)w for all w €Y, all
&,n € 0'Y and all sequences {z;} — &, {y;} — n; see Chapter 7 of [GdIH].
Similarly, the Gromov product of x € Y and n € 9*Y is defined to be

(2[n)w = sup iminf (2y;)w,

where the supremum is taken over all sequences {y;} — 7.

We define a topology on Y* by specifying when a sequence of points x; € Y*
converges to a point £ € Y*: if £ € Y, then x; — £ means h(&,x;) — 0 as i — oo;
and if £ € 9*Y, then z; — £ means (&|z;),, — oo for some (equivalently, every)
w €Y asi— oo. In this topology, Y* is compact and Y is a dense open subset.
The induced topology on Y agrees with the metric topology on Y.

Given € >0, w €Y and &, € %Y, let py, . (£,1) = e €M,

PRrROPOSITION 3.2 ([GdIH, Chapter 7, Proposition 10]). Let £¢(d) = min{1,
%}. Then for any d-hyperbolic metric space Y, any base point w € Y, and
any 0 < e < ¢gq, there is a metric hy, . on 0*Y such that for all {,m € 0*Y,

1
§Pw,e(§777) < hw,a(é-vn) < Pw,s(&’?)~
A metric hy, . satisfying the conclusion of Proposition 3.2 is called a visual

metric.

DEFINITION 3.3. Let L >1 and A > 0. A (not necessarily continuous) map
~v:I—Y onan interval I is an (L, A)-quasigeodesic if for all t1,ts € I we have

L7ty —t1] — A< h(y(t1),7(t2)) < Llta — t1] + A.

Note that an (1,0)-quasigeodesic is a geodesic. An important property
of Gromov hyperbolic spaces is the stability of quasigeodesics. It says that
quasigeodesics are close to geodesics (see also [V3]).
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LEMMA 3.4 (Theorem 1.2 and Theorem 3.1 of [CDP], Chapter 3). Given
any § >0, L>1, and A >0, there is a constant M = M(6,L,A) such that
whenever Y is a proper geodesic d-hyperbolic space, the following conditions
hold:

(i) If a: [a,b] =Y and o : [a', V'] =Y are two (L, A)-quasigeodesics with
ala)=ad'(d’) and a(b) =a/(b'), then HD(|al,|o/|) < M;

(ii)) If a: R =Y is an (L,A)-quasigeodesic, then there exists a geodesic
o : R—=Y such that HD(|al,|a/]) < M.

Lemma 3.4(ii) implies that every quasigeodesic a: R — Y has two end-
points &4,&_ in 0*Y. Since two complete geodesics with the same endpoints
in a d-hyperbolic space have Hausdorff distance at most 20 from each other,
by replacing 2§ + 2M with M, we have that HD(|a|,|a/|) < M for any two
(L, A)-quasigeodesics with the same endpoints.

We also recall the following two results.

THEOREM 3.5 (Chapter 8 of [CDP]). Let (Y,h) be a §-hyperbolic space,
Yo €Y, and Yo ={yo,y1,---,Yn} be a set of n+ 1 points in Y*. For each
1 <i<n, let [yo,y:] be a fized geodesic connecting yo and y;. Let X denote the
union of the geodesics [yo,y:], and choose a positive integer k such that 2n <
2F + 1. Then there exists a simplicial tree, denoted T(X), and a continuous
map u: X — T(X) which satisfies the following properties:

(i) For each i, the restriction of u to the geodesic [yo,y:] is an isometry,
(ii) For every x and y in X, we have h(x,y) — 2ké < d(u(x),u(y)) < h(z,y),
where d is the metric on T(X).

LEMMA 3.6 (Lemma 2.17 of [V3]). Suppose (Y,h) is d-hyperbolic and
aj:a; ~ by, ag:ag —~ by are geodesics with (o) < €(az). If h(ar,a2) < p
and h(by, |as]) < p for some 1 >0, and f: |a1| — |az]| is the length map with
flay) = ag, then for all x € |ay|

h(f(x),x) <83 + 5.
4. Inversions in metric spaces

In this section, we recall the notion of inversions in metric spaces and collect
related facts useful in this paper. See [BHX] for more details.

Let Q = (x1,%2,23,24) be a quadruple of distinct points in (X,d). The
cross ratio of (Q with respect to d is the number

CI‘(Q,d) _ d(l‘l,"ﬂg)d(zg,:&l) .

d(x1,24)d(22,23)
Let n: [0,00) — [0,00) be a homeomorphism. A homeomorphism f: (X,
dy) — (Y,d3) between two metric spaces is called n-quasimobius if for each
quadruple of distinct points Q = (x1, 2, x3,24) in X,

cr(f(Q),dz) < n(cr(Q,dy)),
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where f(Q) = (f(z1), f(x2), f(x3), f(x4)). We say that a homeomorphism
f:(X,dy) — (Y,ds) is quasimébius if it is n-quasimébius for some 7. A home-
omorphism f: (X,d;) — (Y,d2) between two metric spaces is called n-quasi-
symmetric if, for all triples of distinct points (21,22, 23) in X,

da(f(z1), f(w2)) _ (d1($1,$2)>
da(f(e1), f(wz) = "\ i(wr,as) )

We say that a homeomorphism f: (X,d;) — (Y,dz) is quasisymmetric if it

is n-quasisymmetric for some 7. A quasisymmetric homeomorphism is qua-

simobius, but a quasimobius homeomorphism may not be quasisymmetric.

However, a quasim6bius homeomorphism between bounded metric spaces is

quasisymmetric. See [V2] for more details.

Let pe X. Set I,(X)=X\{p} if X is bounded, and I,(X) = (X\{p}) U
{00} if X is unbounded (where oo is a point not in X). Define a function
fp: L(X) x I(X) — [0,00) as follows:

% if z,y € X\{p},
foley) = foly) = b i y—oo and € X\{p},

0 ifr=00=y.

THEOREM 4.1 (BHX]). d, on I,(X) satisfying

ol y) < dol,9) < (a,0)

for all z,y € I,(X). Furthermore, the identity map (X\{p},d) — (X\{p}.dp)
is m-quasimobius with n(t) = 16t.

Let Q C (X,d) be an open subset and p € 9Q, and denote dy = diam(S2,d)
and djy = diam(9Q, d):

(i) If (X,d) is c-quasiconvex and c-annular convez, then (I,(X),d,) is -
quasiconvez and ¢ -annular convex with ¢’ = '(c);

(i) If (,d) is c-quasiconvez, dy >0 and dg < oo, then the identity map
(k) — (,kp) is M-bilipschitz with M = max{40c, dedy/dy}, where k,
denotes the quasihyperbolic metric on Q) induced by the metric dy;

iii) If (Q,d,) is c1-uniform and (X,d) is both c-quasiconvex and co-annular

P
convex, then (,d) is c-uniform with ¢ = c(c1,c2);

iv) If dyy >0 and (2,d) is c-uniform, then (Q,d,) is ¢ -uniform with ¢’ =

( ) 0 ) ) s Up
d(e).

Under the assumptions of Theorem 4.1(ii), (2,k,) is ¢’-hyperbolic for
some ¢’ whenever (Q,k) is 6-hyperbolic. In general, one cannot control ¢’
in terms of § and ¢ alone. However, we have the following result.

PROPOSITION 4.2. Let (X,d) be c-quasiconvex and c-annular convex. Let
do and djy be as in Theorem 4.1. Suppose dy < oo and dj > 0. If (k) is
d-hyperbolic and p € 09, then (2, k,) is &' -hyperbolic with ' =4'(J,¢).
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The proof of Proposition 4.2 is given after Lemma 4.5. We first establish
some preliminary results.

Let L>1 and A>0. A (not necessarily continuous) map f: (X,dy) —
(Y,dsy) between two metric spaces is an (L, A)-quasiisometry if the following
two conditions are satisfied:

(1) di(z1,22)/L — A < do(f(x1), f(x2)) < Ldy(x1,22) + A holds for all
T1,20 € X;

(2) For each y €Y, there is some z € X with da(f(x),y) < A.

By definition, an L-bilipschitz map is an (L,0) quasiisometry.

It is well known (see for example Theorem 3.18 in [V3]) that if f: Y7 — Y5
is an (L, A)-quasiisometry between geodesic spaces and Y7 is d-hyperbolic,
then Y5 is ¢’-hyperbolic with ¢’ = ¢'(d, L, A). Hence, Proposition 4.2 follows
from Theorem 4.1(ii) when dy < 20c?df,. Therefore, we assume dy > 20c? dj,
from now on. Since (€,d) is bounded (dp < 00) and p € 952, the topolog-
ical boundary of Q in (X,d,) is 9,0 := 92\ {p}. We denote the Gromov
boundary of (2,k,) by 0;Q. For z € Q, let 6,(x) = dp(x,0,12). However,
B = B(p,10c¢?d})) will denote the ball with respect to the original metric d.
Let K=0\B and S = {z € Q: d(z,p) = 10c?d},}. By the definition of dj, and
the assumption that dy is finite, we see that K and S are compact subsets
of Q. Let Dy =diam(S, k), Dy =diam(S,k,), and dg = diam(K,k,). Then
D1, D5,ds < c0. Since S C K, we always have Dy < ds.

We remark that Proposition 4.2 does not follow from the above mentioned
result (Theorem 3.18 in [V3]) since the bilipschitz constant for id : (2, k) —
(9, k) depends on the ratio dy/dj. In fact, from Lemma 4.4 below we see that
diam(K, k,) < 2c while it can be seen that diam(K, k) — oo as dy/dj — oo.

To understand Propositions 4.2 and 5.6, it is useful to keep in mind the
following geometric pictures of (2, k) and (2, kp). On Q\K, the two metrics k
and k, are roughly the same (meaning they are quasiisometric quantitatively,
see Lemma 4.3). The set (K, k,) is quantitatively bounded (Lemma 4.4),
while (K, k) is a “long hair” with “root” (S,k) (the “hair” grows longer as
dp/dfy — 00). Hence, (Q, k) has a “long hair” sticking out and the transforma-
tion from (Q, k) to (€, kp) is “shrink a long hair to its root”. Hence, (Q,k)) is
Gromov hyperbolic quantitatively (Proposition 4.2), and the boundary map
of (Q,k) — (Q,kp) is quasimdbius, also quantitatively (Proposition 5.6).

The following result follows from the proof of Corollary 4.11 in [BHX].

LEMMA 4.3. Let K, Dy and Dy be as above. Under the assumptions of
Proposition 4.2, there is a constant L depending only on ¢ such that for all
z,y € N\K we have ky(z,y) < Lk(z,y)+ D2 and k(x,y) < Lky(z,y) + D;.

Recall that X is both c-quasiconvex and c-annular convex. The d,-length
of a path « in I,,(X) is denoted £,(7).

LEMMA 4.4. The inequalities D1 < 4c? and dy < 8¢/5 hold.



UNIFORMITY FROM GROMOV HYPERBOLICITY 1077

Proof. Let x,y € S. Since X is c-annular convex, there is a path v in X
joining = and y such that |y| C B(p,10c3d}) \ B(p, 10cd}) and £(v) < cd(z,y).
Since 992 is a subset of B(p, 10cdy), the path v does not intersect Q. However,
~ intersects S C Q as it has both its end points in S. So |y| C Q and dq(z) >
5edyy for all z € |y|. Now,

1 1 1 1
k < | ——d < d = < d
@)% [ i DS [ g dsle) = gt < ety

1 2 2

Now, we prove the second inequality. We first prove that whenever r >

10c%dy, for every x,y € (B(p,2r) \ B(p,r)) N,
8c3d
(4.1) k() < =2,
,

Assume r > 10c%dj, and let =,y € (B(p,2r)\ B(p,7))NQ. Since X is c-annular
convex, there is a path v connecting x and y with |y| C B(p,2¢r) \ B(p,2r/c)
and £4(y) <cd(x,y). Note again that |y| C Q. For any 21, 22 € ||, we have
by Theorem 4.1,

d(Zl, ZQ)
d(z1,p)d(22,p)

d(z1,20)  2d(z1,2)
(2r/c)2 42

dy(z1,22) < <

It follows that
Aly(y) _ Acd(zy)  S4r 4
&) < 472 = 472 = a2 © /r
On the other hand, as r > 10c2d}, and |y| C B(p,2cr) \ B(p,2r/c), we have

d(z,w) >d(z,p)/2 for all z € |y| and w € 9,. Hence, by Theorem 4.1 again,
for any w € 9,0 and z € |7/,

d)(zw) > d(z,w) 1 < 1
P = 4d (2, p)d(w, p) T 8d(w,p) ~ 8dly

It follows that 6,(z) > ﬁ for all z € |7y|. Consequently,

1 y , 3 8c3dj,
kp(x,y) < | ——=dsp(2) <8dylp(vy) <8dy-c’/r=——,
~y 5p(z) r
where ds;, denotes the dp-arc length along .
Set rg = 1002d6 and let n > 2 be the integer such that 2" 1rq < dy < 2"ry.
Then K = U?;l QN (B(p,2'r0) \ B(p,2:~1rg)). The inequality (4.1) now im-
plies

" 8c3d! 8c3d!
dy <5500 <920 %0 g5, 0
227"0 To
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Let a: I — Q be a ky-geodesic with I a closed (not necessarily compact)
interval such that the endpoints of a do not lie in K = Q\B(p,10c?d)). We
define a map o : I — (Q,k) as follows. If || N K =0, then we let o/ = «.
If |a| N K # 0, then let t; = infa 1 (K) and ty = supa~!(K); observe that
a(tr),a(te) € S. Since diam(S, k,) = Dy, we have to —t; < Da. Let o/(t) =
at) if t <ty or t >tg, and o/(t) = afty) if ¢ € [t1,t2]. Similarly, given any
geodesic 3 : I — (2, k) whose endpoints do not lie in K, we can define a map
B:1— (k).

LEMMA 4.5. The map o is an (L, A)-quasigeodesic with respect to k, where
L, A depend only on c. Similarly, 8 is an (L, A)-quasigeodesic with respect
to kp.

Proof. We only prove the claim for o/, as the proof for 3 is similar. We
use Lemma 4.3. Let s,t € I. First, assume s,t € I\[t1,t2]. Then o/(s) = a(s),
o/ (t) = a(t), and hence

L7 s —t] = L7'Da = L™ [kp(a(s), a(t)) — De]
< k(d/(s),0/(2))
< Lkp(a(s),a(t)) + D1 = L|s —t| + D;.

Next, assume s,t € [t1,t2]. Then |s —t| <ty —t1 < Do and o/(s) = &/ (¥).
We therefore see that the above chain of inequalities is again satisfied. Finally,
assume $ € [t1,t2] and t ¢ [t1,t2]. Then

k(o (s),d/ () = k(e (t2), o/ (¢))
SL|t1 —t|—|—D1 SL(|t1 —S|—|—|$—t|)—|—D1
S L|8—t| —|—LD2 +D1,

and
t1 — 1t D
k(a'(s), o' (1) = k(o' (t2), o'(t)) = | 1L - TQ
s—t| [s—ti] D2
- L L L
5=t D2 Do
- L L L
Now, the lemma follows from Lemma 4.4. 0

Proof of Proposition 4.2. As we pointed out in the discussion following the
statement of Proposition 4.2, we can assume that dp > 20c?d). The goal is to
prove that all geodesic triangles in (€, k,,) are ¢’-thin for some ¢’ = §'(9, ¢).

Let x1,z9,23 € Q and set x4 :=x1, let o; (i =1,2,3) be a geodesic in
(Q,k,) joining z; and x;11. We want to find some §’ = §'(d,¢) such that
lor| C Ny, (Jaz| U |as|,d"). We consider several cases.
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Case 1: x1,x9,23 ¢ K. By Lemma 4.5, we obtain an (L, A)-quasigeodesic
of in (,k) connecting x; and x;y;. Fixing a geodesic f§; in (Q,k) join-
ing x; and x;41, note by Lemma 3.4 that HDy(|G:],]c}]) < e1 with ¢; =
c1(0,L, A) =c1(d,¢). Let x € |an|, and fix y € |} | such that k,(z,y) <d2 + 1.
Since HDy(|51],]4|) < c1, there is some y; € |B1] with k(y,y1) <e¢1. By
the d-hyperbolicity of (2, k), there is some ys € |32] U | B3| with k(y1,y2) < 4.
We may assume yo € |Gz]. The fact HDy(|B2],|ab]) < ¢1 implies that there
is some y3 € |ab| with k(y2,y3) < 1. The triangle inequality implies that
k(y,y3) <2c¢1 + 4. By Lemma 4.3, we have

kp(z,y3) < kp(x,y) + kp(y,y3) < d2 + 1+ Lk(y,ys3) + Do
<dy+ Do+ 1+ L(2¢; 4 9).

As y3 € |ag| C |az|, we have shown x € Ny, (|az|U|as|,d1) with 6, = da + Dy +
14 L(2¢1 4+ 9).
Case 2: x1,25 € K. Since diam(K, ky) = da, we have

|| C Ny, ({z2},d2) C Ny, (Jaz| Uaz|, dz).

Case 3: x3 € K and exactly one of 1,25 liesin K, say 1 € K and z2 ¢ K.
Let 2} be the first point on «; (oriented from x5 to z1) that lies in K and
a% the first point on as (oriented from x5 to x3) that lies in K. Let 7' be a
geodesic in (€, k,) connecting =} and z5. Now, by Case 1 (strictly speaking
we need x}, 25 ¢ K in order to apply Case 1 here, but by the choice of 2,z
we may employ a limiting argument together with Case 1 to get the desired
inclusion),

ln] € Nig (Janfwa, #1]],d2) © N, (Jaalwa, 5] U [7/], d + 1)
C Ny, (Jazlze, 25]], 2d2 4 01)
C Ni, (|az], 2ds + 61).

Case 4: x3 ¢ K and exactly one of z1,x2 liesin K, say 1 € K and 25 ¢ K.
Let x5 be the first point on a3 (oriented from x5 to x1) that lies in K. Let
v be a geodesic in (Q,kp) joining zo and z%. Again, Case 1 implies that
|Y'| € Ny, (|as[zs, z5]| U jaz|,61) (strictly speaking we need z3 ¢ K in order to
apply Case 1 here, but by the choice of % we may employ a limiting argument
together with Case 1 to get the desired inclusion), and an application of Case 3
yields |ay| C Ny, (las[z1, 23]| U [¥'],2ds + 01). It follows that

‘041| C Nkp(|042| U |043|,2d2 —|—251).

Case 5: x1,29 ¢ K and a3 € K. Let 2} be the first point on ag (oriented
from x; to x3) that liesin K. Let +' be a geodesic in (€2, k,) connecting xo and
xy. Case 1 implies that |a1| C N, (|as[z1,2}]|U[Y'],01), and Case 3 implies
that |y'| C Ny, (|az|, 2d24-61). It follows that |oy| C Ny, (Jaz| U |as|, 2d2 + 261).

O
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We shall also need the following construction of Bonk—Kleiner [BK].

Let (X, d) be an unbounded metric space and p € X. Let S,(X) = X U{o0o},
where oo is a point not in X. We define a function s, : S,(X) x Sp(X) —
[0,00) as follows:

d(z,y) .
Ty &Y E€X,
sp(z,y) =spy,x) = m ifz€ X and y = o0,
0 ifx=0c0=y.

It was shown in [BK] that there exists a metric (fp on S,(X) satisfying

1 ~

Zsp(w7y) <dp(z,y) <sp(z,y) forall z,y € S,(X).
Furthermore, the identity map (X,d) — (X,c?p) is n-quasimobius with n(t) =
16¢.

THEOREM 4.6 ([BHX]). Let (X,d) be an unbounded proper metric space,
Q C X a rectifiably connected open subset of X, and p € ). Denote by Ep
the quasihyperbolic metric on Q induced by the metric c/l\p. Suppose € is un-
bounded:
(i) If (Q,d) is c-quasiconvex, then the identity map (Q,k) — (Q,Ep) is 80c-
bilipschitz;
(ii) If (Q,d) is c-uniform, then (Q,Ep) is ¢ -uniform with ¢ = '(c);
(iii) If (X,d) is c-quasiconvexr and c-annular convez, then (Sp(X),ch) is
' -quasiconvex and ¢’ -annular conver with ¢’ = (c);
(iv) If (Q,gp) is c-uniform, then (Q,d) is ¢’ -uniform with ¢ = (c).

5. Boundary maps of quasiisometries

In this section, we study the boundary maps of quasiisometries between
Gromov hyperbolic spaces. Please see [P], [BS], and [V3] for related results.
The result we desire (Proposition 5.6) does not follow from the previous re-
sults.

If (Q, k) is Gromov hyperbolic, and the hypotheses of Theorem 4.1(ii) hold,
then (2,k,) is also Gromov hyperbolic and the boundary map of the iden-
tity map (2,k) — (Q,k,) is n-quasimdbius for some n. In general, there is
no control on 7. In this section, we prove Proposition 5.6 which provides
quantitative estimates for n in the case (X, d) is annular convex.

If f:Y7 —Y;is an (L, A)-quasiisometry between geodesic spaces and Y;
is d-hyperbolic, then the boundary map (9*Y1,hy, ) — (0*Ya, hy, ) of f is
n-quasimobius with n =n(L, A,d); see Proposition 5.10. Proposition 5.6 does
not follow from this general result since the bilipschitz constant of the identity
map (Q,k) — (,kp,) depends on the ratio dy/d;, where dy = diam(€2,d) and
dfy = diam(09, d). See also the remark after Proposition 4.2.
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We first study the cross ratio on the Gromov boundary of a Gromov hy-
perbolic space (Corollary 5.2).

Let (Y, h) be a proper geodesic d-hyperbolic space and @ = (£1,£2,83,&4) a
quadruple of distinct points in 9*Y. The signed distance sd(Q) of @ is the
number

Sd(Q) = inf{h([fla&d’ [52353]) - h([£1>§3]7 [52754})}7

where the infimum is taken over all geodesics [§;,&;] joining & and ;. Since
the Hausdorff distance between two infinite geodesics with the same endpoints
is at most 2§, we have

(5.1) sd(Q) < h([&1,€4], (€2, 63]) — h([€1, &3], [€2,€a]) <sd(Q) + 86

for all geodesics [&;,&;] joining & and &;. For w € Y, the cross difference of Q
based at w is:

cdy (Q) = (&1164)w + (€21€3)w — (£11€3)w — (€2164)w-

Proposition 3.2 implies that for all quadruples @, each w € Y, and every
0<e<ep(d),

(5.2) = duw(@) /4 < er(Q, huy,e) < 464w (Q),

Notice that if Y is a tree, then sd(Q) = c¢d,(Q) for all w € Y and all Q. The
following result shows that in a general -hyperbolic geodesic space, sd(Q) and
cdy, (Q) differ by at most a fixed multiple of §. Recall that geodesic triangles
in Y UOJ*Y are 249-thin.

LEMMA 5.1. The inequality |cd,(Q) —sd(Q)| <4308 holds for all weY
and all Q.

Proof. Fix weY. For i,j € {1,2,3,4} with ¢ # j, choose geodesic rays
[w,&;] and geodesic lines [§;,€;]. Put X =J,[w,&]. By Theorem 3.5, there
is a tree T(X) and a map u: X — T'(X) with the properties stated in Theo-
rem 3.5. Let w’ =u(w) and & € 9*T(X) be such that u|}, ¢, is an isometry
onto [w',&]]. Let z}; € T(X) be the unique point with [w',z};] = [w’,&§] N
[w', &3] (w5 = 2%;), and let z;; € [w,&;] be such that u(z;;) = z7; (z;; may not
equal xj;).

Let Q' = (&1,85,85,&4). We will obtain estimates connecting cd,(Q') to
cdy (@), and estimates connecting sd(Q’) to sd(Q), where c¢d, (@) and sd(Q")
are the quantities related to the tree T'(X). Since T'(X) is a tree, and hence
cdy (Q") =sd(Q'), these estimates will help us prove the lemma.

We can find sequences zj, € [w,§;] converging to &; and y;, € [w, ;] converg-
ing to &;. Since T(X) is a tree, and hence (u(wx)[u(yr))w = d(w',x};), the
properties of u from Theorem 3.5 imply that

dw',l;) = 36 < (aly) < dw’,2,).
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il€;)w, we obtain

Using (&[&5)w — 20 <lminfy oo (k|y1)w < (
<d(w',x};) + 26.

d(w',27;) — 30 < (&il&)w
It follows that
(5.3) cdy (Q') — 108 < ¢dy (Q) < cdyr (Q') + 106.

We next show that HD([&;,&;], [xij,&] U [xi,€5]) < 1006. To this end, let
Yij € [xi5,&] be such that h(z;;,y;;) = 256. The properties of u imply that
d(yij, [w,&;]) > 258. Since the triangle [w, &)U [w, &]U[E;, &;] is 249-thin, there
is some point z;; € [&;,&;] such that h(y;j,z;) < 249. Consequently, the fact
that [yij,zij] U [y”,fl] U [Zij,fi] is 249-thin implies that HD([yij, gi], [Zij7 52]) <
484. Similarly, HD([y;i,&,], [2i,&;]) < 48d. Since h(z;;,x;;) < 60, the triangle
inequality implies that h(z;;,2;;) < 1046. It follows that

For {Za]7k7l} = {1’2a374}7 we choose Dij S [6175]] and Pkl € [€k7§l] with

h(pij,prr) = h([&i, &5 (€, &il)-

Inequality (5.4) implies that there are ¢;; € [xi;,&] U [24,&;] and qr € [zh,
&k) U [xik, &) such that |h(pij, pri) — h(gij, gr)| < 2006. By the properties of u,
h(qij, qrr) — 60 < d(u(qij), u(qrr)) < h(qij, qrr)-

Since u(qi;) € [£],€;] and u(gqr1) € [€,,&]], we have

d(u(qm), U(le)) > d([{;, 5;]7 [gllcv é.l/])

Combining the above inequalities, we obtain

(5:5) h([&i,&5] 1€k, &) = d((€5, €51, [+ €1]) — 2004

On the other hand, there exist points r;; € [}, &}] and 7y, € [¢},/] such that

d(nllj?r;cl) = d([§;7£§]7 [gémgll])
Observe that u([zj, ] U [z4,§;]) = [, &;]. Hence, there exists ri; € [z45,&]U
[z):,&;] with u(r;;) = ng. Similarly, there is a point rg; € [xg, &k] U [zik, &1
with u(rg) = ry;. The properties of u gives h(rij,ri) — 65 < d(r};,ry,) <
h(rij,ri). By inequality (5.4), there is a point w;; € [&;,€;] with h(w;;,r;j) <
1006. Similarly, there is some wy; € [€k,&] with h(wgg, 75) < 1006. Thus,

h([€i5&5)5 (€, &) < Mwij, wia) < h(rij, mrr) 42006

< d(ri;. i) + 2066 = d([&7, &1, (€ €1]) + 2060,

whence by inequality (5.5),

(5.6) (€, €51 [€k, &1]) — dU[€5, 51, [, &11)] < 2060.

It follows from inequality (5.1) that |sd(Q) —sd(Q")] < 4206. Since T(X) is
a tree, we have cd, (Q') =sd(Q’). Therefore, by inequality (5.3), we have
| cduw (Q) —sd(Q)] < 4306. O
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REMARK 5.1. Since T'(X) is a tree, one of d([$1,£1], [§5,€3]), d([€1, €3], [$5,
&4]) is 0. Hence, it follows from inequality (5.6) that

(5.7) min{h([€1, ], [§2,€5]), ~([€1, €3], [€2,€4]) } < 2060.

COROLLARY 5.2. Set cq = 4e86. The following holds for each w €Y, all
0<e<ep(9), and all quadruples Q:

esd(Q)
¢ S CI‘(Q, hw,e) S 6066 Sd(Q)-
co
Proof. Recall €9(6) = min{1, Z5}. The corollary now follows from Lem-
ma 5.1 and (5.2). O

COROLLARY 5.3. Let ¢>0, weY, 0<e <ep(d), and Q = (£1,£2,€5,84) a
quadruple:
(1) If cr(Q, hw,e) < c, then for all geodesics [§;,&;] joining & and §;, 1 <
i, <4,
h([€1,8a), [€2,&3]) < ¢ = (c,¢,0).

(i) If h([€1,€4], [§2,83]) < for some geodesics [§i,&;] joining & and &5, 1<
i, <4, then cr(Q,hy) < = (c).

Proof. We first prove (i). By hypothesis, cr(Q,hy ) < c. Therefore, by
Corollary 5.2, we have sd(Q) <log(coc)/e. Let [§;,&;] be a geodesic with end-
points &; and &; for 1 <4,j <4. Now, the claim follows from inequalities (5.1)
and (5.7).

Now, we prove (ii). Suppose that h([¢1,84], [€2,&3]) < c. Then sd(Q) < ec.
Since € <1, by Corollary 5.2, we have cr(Q, hy ) < coe®® < coe”. O

COROLLARY 5.4. For all wi,ws €Y and any 0 < e < ¢gp(d), the identity
map (0*Y, hy, &) — (0*Y, hu, <) is n-quasimaibius with n(t) = 16e 7t = c3t.

Proof. By Corollary 5.2,
cr(Q, hay, o) < coes 3@ < c2er(Q, By e )- O

COROLLARY 5.5. For all 0 < 1,69 <¢go(d) and any w €Y, the identity
map (0*Y, hye,) = (0°Y, by e, ) s N-quasimdbius with n(t) = A0+
Proof. Set t =cr(Q, hy.e,). Then, by inequality (5.2),

Cr(Q, hupe,) < de2 0w (Q) = 451w @)F < 4(41) 5 = (1), O

PROPOSITION 5.6. Suppose (X,d) is c-quasiconvezr and c-annular convez,
QC X a domain, and p € 00. Suppose also that dy = diam(Q,d) < co and
dj = diam(9Q,d) > 0. Set k' :=k,. If (O, k) is 6-hyperbolic, then the boundary
map Of : (52, kw.c) — (032, K, ) of the identity map f: (Q,k) — (0, k') is

n-quasimaébius with n=mn(J,c).



1084 D. HERRON, N. SHANMUGALINGAM AND X. XIE

By Proposition 4.2, (Q, k") is §’-hyperbolic with §' = §'(d,¢). Theorem 4.1
implies that the identity map f: (Q,k) — (Q,k’) is bilipschitz, hence the
boundary map is well defined and is a homeomorphism. Abusing notation we
denote Of(£) (€ € 9;Q) by £. Let K be as in Section 4 if dy > 20c?d)), and
K =0 if dy <20c3d).

The proof of Proposition 5.6 is achieved by combining Lemmas 5.7
through 5.9. Intuitively, Proposition 5.6 follows from the geometric pictures
of (Q,k) and (Q,k,) described before Lemma 4.3.

LEMMA 5.7. There exists a constant A’ = A’(4,¢), such that

—

%k([fufj]’]fkfz]) — A <K (&,&), [, &) < Lk(&, &), [6&]) + 4

for every quadruple Q = (&1,&2,£3,64) of distinct points in 05, all geodesics
(&,&5] in (k) joining & and &, and all geodesics [£;,€;] in (0, k') joining
& and &;. Here L is the constant given by Lemma 4.3.

Proof. Let qi; € [§;,§;] and qu € [x, &) with k(qij, qri) = k([&:, 5], €k, &)
If the geodesic [¢;,&;] intersects K then it passes through S. Let z and y re-
spectively be the first and last points on [§;,¢;] that lie on S. Since
diam(S, k) = D1, the subsegment [z, y] of [¢;, &;] has length at most D;. Hence,
there exists a point w;; € [&;,&;]\K such that k(g;;,w;;) < Dy. If [§;,&;] does
not intersect K, then we can choose w;; = ¢;;. Similarly, there is a point
wii € [k, &)\ K such that k(gk, wi) < D;. For the geodesics §;; = [&;, &;], con-
sider the maps Bij given in the paragraph before Lemma 4.5. By Lemma 4.5,
both 3;; and (i are (L,A)-quasigeodesics in (€,k'), with L and A de-
pending solely on c. It follows from the stability lemma (Lemma 3.4) that

HDy (1851, [&,€5]) < by and H Dy (| B, [Ek/@& <by, Whereﬂjh(J’,L,A) _
b1(d,c). Hence, we find two points z;; € [§;,&;] and zi € [§x,&] with k' (w;;,
2ij), k' (wki, z1) < by. Now, we have

—

K ([6i&5], €y &) < K (215, 201) < K (wig, wpa) + 20
< Lk(wij,wkl) + Dy + 2bg
< L{k(qij, qr) + 2D1} + Do + 2y
= Lk([&.&5], [6r. &]) + (D2 + 2b1 + 2LDy).
The second inequality can be proven in a similar manner. O

Denote by Q" = (9f(£1),0f(€2),0f(&3),0f(€4)) for every quadruple Q =
(&1,&2,€3,&4) of distinet points in 95

LEMMA 5.8. There exists a constant by = ba (9, ¢) with the property that for
every quadruple Q = (&1,82,&3,€4) of distinct points in 0}
(1) if sd(Q) >0, then sd(Q') < Lsd(Q) + ba;
(ii) #f sd(Q) <0, then sd(Q’) <sd(Q)/L + bs.
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Proof. We first prove (i). Assume that sd(Q) > 0. Recall

sd(Q) < k([€1,84], [€2,85]) — K([1, 5], [€2,64]) <sd(Q) + 86.

Now, inequality (5.7) and sd(Q) > 0 imply k([&1, &), [, &) < 2065 By
Lemma 5.7,

sd(Q) < K (&1, &), [0, 65)) — K (€1, 3], [E2,Ea))
]

< k/([fl,fzd [52,53 )

< LE([61,64], [€2,&3]) + A

< L{sd(Q) + k([&1,&3], [€2,&a]) + 80} + A’
< L-sd(Q)+214L5+ A'.

The proof of (ii) is similar to that of (i). Recall that by Proposition 4.2
(Q, k") is §'-hyperbolic for some § = ¢'(d,¢). If sd(Q) <0, then we have
k([€1,84],[E2,&3]) < 2146, and therefore Lemma 5.7 implies

(@) < K (€&l [e2.&al) — K (1. ). 2. a) + 80
< Lkl 62, 6a]) + A' = TR(60, 6ol 62, E0]) + A+ 85

< 214L6 +2A" + 8" + %{k([§17§4]7 [€2,&3]) — k([1, 3], [€2,64]) }
< 214L6 +2A" + 80" + %(sd(@) +86)
= % sd(Q) +214L5 + 24" + 85" + 85 /L. O

Let w,w’ € Q and 0 <& <min{eq(d),e0(6")}. For a quadruple Q = (&1, &,
&3,&4) of distinct points in 95, set cr(Q) = cr(Q, kw,c) and cr(Q’) = cr(Q’,
k;v’ 5)'

LEMMA 5.9. The map Of : (0;Q, kw.e) — (05, Q, ki, ) is n-quasimébius for
some n=n(J,c).

Proof. Let Q = (£1,£2,83,84). Recall that € <e(d) < 1. If sd(Q) >0
then by Lemma 5.8, sd(Q’) < Lsd(Q) + ba. Let cq = 4e86. Tt follows from
Corollary 5.2 that

er(Q') < cpes Q) < et (B3dQ+02) — o eeba (e=5AQNE < ¢eob2 (¢ er(Q)) T
= cg e (er(Q)F < eyt (er(Q))
If sd(Q) <0, then sd(Q") <sd(Q)/L + bs. Tt follows that
cr(Q') < cge*Q) < e sA@)/Ltba)
= coe?2 (23 @D) T < et (cper(Q)) T

= ey e (er(Q)) <y E e (er(Q))



1086 D. HERRON, N. SHANMUGALINGAM AND X. XIE

Note that cr(Q) — 0 as sd(Q) — —oo. O

The proof of Proposition 5.6 can be easily adapted to show the following
below.

PROPOSITION 5.10. Let f: X =Y be an (L, A) quasiisometry between two
proper geodesic metric spaces. If X is d-hyperbolic, then Of : (0*X,hy ) —
(0*Y, hy ) (x € X, y€eY) is n-quasimobius with n=mn(L, A,0d).

Proposition 5.10 is contained in [V3, Theorem 5.38]. See also [BS, Theo-
rem 6.5] for a related result.

6. Necessity

It is proved in [BHK] that a uniform domain is Gromov hyperbolic with
respect to the quasihyperbolic metric and that when the domain is bounded
the natural map exists and is quasimobius. In this section, we show that the
natural map is quasimobius for unbounded domains as well. These statements
are quantitative. We first explain the notion of a natural map.

Let X’ be the one point compactification X U{oo} of X if X is unbounded,
and X’ = X if X is bounded. Let Q = (z1, 22,23, 24) be a quadruple of distinct
points in X’. The cross ratio cr(Q,d) is defined as in Section 4 if all z; € X,
and if one of the x; is oo, then cr(Q,d) is obtained from the usual definition
by canceling the terms involving co. For example, if 1 = 0o, then

o d(CEQ, SC4)
HOD = Gz, za)

Notice that for any p € X, the metric space (S,(X),d,) is homeomorphic
to X’. By using the properties of the metric cip, it is easy to check that
cr(Q,cfp)/lfi <cr(@,d) <16 cr(Q,(fp) for any quadruple @ of distinct points
in X’. This statement justifies the above definition of cross ratio on X',
although there is no canonical metric on X".

Let Q C X be a rectifiably connected open subset with 9Q # (). Denote by
d'Q the topological boundary of © in X’. Then 9'Q =00 if Q is bounded,
and 9'Q) = 9QU {oo} if Q2 is unbounded. Suppose (£, k) is Gromov hyperbolic.
If the identity map (2, k) — (€2,d) has a continuous extension to the Gromov
closure QUI*Q of (2, k), then the restriction of this extension to the Gromov
boundary, 9*Q — 9'Q), is called a natural map of . Since Q) is dense in the
Gromov closure, the natural map is unique if it exists.

Suppose (X,d) is unbounded. Then for any p € X, the metric space
(Sp(X), cZ,,) is homeomorphic to the one point compactification X’. Let épQ
be the boundary of Q in (Sp(X),(fp). Notice that 9,0 = &'Q as sets and
the identity maps 5‘1,9 — 9’'Q and (Q,CZ,,) — (€Q,d) are homeomorphisms. So
by a natural map (0*Q, kg ) — (3pQ7dAp) we mean the continuous extension
to the Gromov boundary of the identity map (Q,k) — (Q,d,). It follows
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from the remark in the second paragraph of this section that the natural
map (0*Q, kg ) — (0'Q,d) is n-quasimébius if and only if the natural map
(0" kye) — (@Q,cfp) is 1’-quasimobius, with 7 and 7’ depending only on
each other.

Suppose (Y, p) is a metric space and Q CY is a bounded rectifiably con-
nected open subset with 0,82 (the boundary of € in (Y, p)) containing at least
two points, and p € 9,0 is such that X = I,(Y) with d = p,; that is the
metric space (X,d) is the “inversion” of (Y,p) at p. Then Q is unbounded
in (X,d). We note that X’ and Y’ are homeomorphic. If (,k) is Gromov
hyperbolic and ¢ : (0*Q, k; ) — (9’2, d) is a natural map, then by compos-
ing ¢ with the identification of X’ and Y’, we obtain another natural map
(0*Q, ks o) — (0,8, p). By using the properties of the metric p,, we see that
the natural map ¢ : (0*Q, k, o) — (8'Q,d) is n-quasimobius if and only if the
natural map (0*Q, k, o) — (0,9, p) is n’-quasimobius, with 7 and " depending
only on each other.

THEOREM 6.1 (Theorem 3.6 of [BHK]). Let (X,d) be a proper metric space
and Q C X a c-uniform domain. Then (Q,k) is a geodesic §-hyperbolic space
with 6 = 6(c). If Q is bounded, then for each w € Q and all 0 < e < ey(9)
the natural map ¢ : (0*Q, ky o) — (0Q,d) exists and is n-quasimébius with
n=mn(c,e).

If we choose € =¢¢(d) = e¢(c) for the visual metric ky, ., then the homeo-
morphism 7 in Theorem 6.1 depends only on c.

THEOREM 6.2. Let X be a proper metric space and Q C X a c-uniform
domain. There exists a constant £1(c) > 0 such that for every w € Q and
0 <e<ei(c), the natural map ¢ : (0*Q, ky..) — (0'Q, d) exists and is n-quasi-
mobius with n=mn(c, ).

Proof. By Theorem 6.1, it only remains to consider the case when 2 is un-
bounded. Suppose that €2 is an unbounded c-uniform domain. Fix p € 902 and
consider the compact metric space (S,(X), ch) By Theorem 4.6(ii), (€2, cfp) is
cy-uniform with ¢; = ¢;(¢). Let k” be the quasihyperbolic metric on  with re-
spect to dp By Theorem 6.1, (Q, k") is 01-hyperbolic with é; = d1(c1) = d1(c),
and for any w € Q and 0 <e <¢gg(d1), the natural map ¢y : (95, Q, kg, o) —
(3pﬂ,dp) exists and is 7;-quasimobius with n; = n1(c1,€) =n1(¢,€). On the
other hand, Theorem 4.6(i) implies that the identity map f: (Q,k) — (Q, k")
is 80c-bilipschitz. By Proposition 5.10, for any w € Q and any e satisfy-
ing 0 <e <ey(c) :=min{eg(d),e0(d1)}, the boundary map Of : (0*Q, k) —
(031, Ky, ) 18 Ma-quasimSbius with g = 12(5,80c) = n2(c). Hence, there is an
n-quasimobius natural map

d=d100f : (8" ko) — (8,9,d,)
with n=mn1 ons. O
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Again, if we choose € =£1(c), then the homeomorphism 7 in Theorem 6.2
depends only on c.

7. Annulus points, arc points and starlikeness

In this section, we recall the notion of annulus points and arc points, and
show that each arc point lies on an anchor (Lemma 7.3) and that domains
with large boundaries are starlike (Theorem 7.4).

The following definitions are from Chapter 7 of [BHK].

DEFINITION 7.1. Let 0 <A <1/2. A point = € 2 is said to be a A-annulus
point if there is a point a € 90 with dq(x) = d(z,a) so that B(a,dq(z)/A) \
B(a,Mq(z)) C Q. If £ € Q is not a A-annulus point, then it is said to be a
A-arc point.

DEFINITION 7.2. Let 29 € Q and ¢ > 1. A path y: a —~bin Q is a c-anchor
of xq if:

(1) @ € 1],

(2) La(7) < cd(a,b),

(3) for every z € |y[a, xo]| we have £4(v]a,z]) < cdo(z),

(4) for every x € |y[zo,b]| we have £4(v[x,b]) < cda(z),

(5) hNO9 = {a,b},

(6) ~y is a continuous (¢, c)-quasigeodesic in (2, k): £i(v[z,y]) < ck(z,y) + ¢

for all z,y € |y|\{a,b}.

If x¢ is a A-arc point, then whenever ¢ is a point in the boundary of
the domain closest to xg, then the boundary of the domain near ¢ is large
at scale \; hence, we may find two boundary points and a uniform curve
connecting these two points and passing through zg such that xy plays the
role of a midpoint of the curve. This is the content of the following lemma,
which is an analog of the anchor Lemma 3.18 in [V1].

LEMMA 7.3. Suppose (X,d) is a Cy-annular convex geodesic space. If 0 <
A< 1/(2C2), then every A-arc point xo € Q has a c-anchor with ¢ = c(\,Cy).

Proof. In this proof, C' and C’ denote constants that depend only on A
and Cy, and their values may change from one occurance to another as they
represent all such constants occurring in this proof that we do not need to
keep track of.

Let 2y be a A-arc point. Choose a € 092 with dqo(xg) = d(zg,a). Since zg is a
A-arc point, there is a point y € X \Q such that Adg(x0) < d(a,y) < da(xo)/A.
Let 1 be a d-geodesic connecting a to xg. We break up the construction of
the anchor into two cases, see Figure 1.

Case 1. Suppose d(a,y) > da(xo). Let By be a d-geodesic joining y to a;
Bo intersects the sphere S(a,dq(x0)) at exactly one point w. By the annular
convexity of X, there is a rectifiable path §; joining zy and w in the annulus
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Case 1 Case 2

FIGURE 1. The two cases in Lemma 7.3.

B(a, Ca(SQ\({E(])) \ B(CL, 5Q(£C())/Ca) Wlth Ed(ﬁl) S Cad(fE(],’lU). Egt ﬁ() = ﬁ()[y, w]
and 4 = By * B1 * 1 be the concatenation of the three paths 8y, 51, and ;.

Case 2. Suppose d(a,y) < da(xo). In this case, let z € |y1| be the unique
point with d(z,a) = d(a,y). Let By = 1[0, 2] oriented from g to z, and by
the annular convexity, let 51 be a rectifiable path in the annulus B(a, C,d(y,
a)) \ B(a,d(y,a)/C,) joining z and y with £4(51) < Cad(z,y). Now set 7 =
B * Bo * 71

Once such a path 4 has been constructed from the above cases, we modify
this path further. Since y ¢ Q and dq(xo) > ﬁég(l‘o), there is a point ;1 €

QN (|G| |§0|) at which |3;|U |§0|, beginning from the point z, first achieves
da(zy) = ﬁég(‘fo). Let 2 =[x, z1]. Then for all x € |va| \ {1} we have

A
(71) (SQ(CC) > E(SQ(IQ)
Let b € 052 with
A
(7.2) do1) = d(21,b) = z2-do(ro).

Now, the choice of x; implies that x; is the point on 5 nearest to b. Let (3,
be a d-geodesic from 1 to b, and let v = [y % 9 * ;.

We next verify that v satisfies conditions (1)—(6) of the definition of a c-
anchor. By construction zg € ||, so condition (1) is satisfied. Condition (5)
is also clear.

Note that by equation (7.2),

La(y) = La(y1) +La(v2) + La(B2) = d(zo,a) + La(y2) + d(x1,b)
_ (1 + 32,)59(%) + la(ra).
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In the situation of Case 1 above, we have

Ca(y2) < La(Br) + La(Bo) < Cad(zo,w) + d(w,y) < 2Cab0(w0) + %59(330),

and hence

(7.3) La(y) < <1+ + 20, + l>(Sg(sc0).

3C, A

In the situation of Case 2 above,

Ca(72) < €a(B) + La(Bo) < Cad(y, z) + ba(20) < 2Cada (o) + da(x0),

and we obtain inequality (7.3) again. Since 7 does not intersect the ball
B(a, Mq(z0)/Ca), and by equation (7.2) £4(082) = Ada(xo)/(3C4), we see that
d(a,b) > ANq(x0)/Ca — Noa(x0)/(3Ca) = 2Xda(x0)/(3C,). Thus, by inequal-
ity (7.3), £q(y) < Cd(a,b), and hence condition (2) is also satisfied.

By Lemma 2.4, as 7y[a,zo] =71, condition (3) holds as well.

We now prove condition (4). Recall that y[xg,b] = B2 * ¥2. Again by
Lemma 2.4, for all x € |82| we have £4(y[z,b]) = da(x). Let x € |72|. Then
da(x) > Ma(zo)/(3C,). Since £q(v[x,b]) < Li(y) < Céa(xg), we have £4(vy][z,
b]) < Céq(x), and condition (4) is satisfied.

It remains to prove condition (6). Note that inequality (7.3) and inequal-
ity (7.1) imply

3C,
(7.4) l(72) < m&l(%) <C.

Let z,2" € |y|\{a,b}. We consider several cases.

Case (i): z,2’ € |y1| or z,2’ € |B2|. By Proposition 2.5, both v; and (32 are
geodesic rays in (2, k). Hence, we have ¢y (y[z,2']) = k(z,2").

Case (ii): If both z,z’ are in |y2|, then by inequality (7.4),

(7.5) le(y[z,2']) < lp(y2) <C < C+k(z,2").

Case (iii): Suppose x ¢ |v2| and 2’ € |y.|. If z € |y1], then by Case (i)
and (7.5) (with zg,2’ € |y2]),

(7.6) Ce(v[2,2']) < le(v[z,wo]) + Lr(72) < k@, m0) + C
< k(z,2")+ k(z',20) + C < k(z,2") + C.

Similarly, (7.6) holds if = € |3s].
Case (iv): Finally, if x € |y1| and 2’ € | 32|, then
(7.7) ([, 2']) = Ce(v[2, w0]) + Lk (12) + Le (Y[, 27])
< k(z,z0) + C + k(z1,2").

I A
Let 7 = goo-
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Subcase 1: If d(x,a) > 7'dq(x0), then the proof of Proposition 2.5 shows

that o )
a,xo 1 ,
—_ < ) =
k(x,x0) —log( d(a.2) ) _10g<7_/) =,

and in this case, by inequality (7.7),
(7.8)  lu(v[,2']) < k(w,20) + C + k(2',2) + k(2,20) + k(w0, 21)
<C'+C+k(x,2")+C' +C=k(z,2") + C.

Subcase 2: d(z,a) < 7'0q(xo). By the choice of z1, we have d(a,z1) >
C%(SQ(.’IJO). Therefore,

A A 2\
d(b,a) > d(a,z1) — d(z1,b) = a&z(%) - 37@59(%) =2A
Hence, for all z € |32,

d(z,a) > d(a,b) — d(z,b) > d(a,b) — d(x1,b)

2A A A
> 3C. (zo) — 37(7&59(5170) = ECSQ(%)-

In particular, the above estimate holds for z’. Therefore, by £4(v[z,2']) <

La(y) < Cédq(xo),

d(z,2') > d(2',a) — d(z,a) > 32 da(xo) — 76 (z0)

a

A
= 55 ala0) = O a(a o)
Since +y satisfies conditions (3) and (4) of the definition of a c-anchor, so does
v[z,2']. Now, Lemma 2.2 implies

(7.9) th(rfe,2']) < C' log<1 + ((J’)

A\ (59(.%‘/
, Cd(x,x")
<loe(1+ 5 G5 et
< C”log(l + M) +C'ogC
- 59(1’) A\ 59(1”)
(7.10) < C'k(z,2')+ C'logC.
This completes the proof. O

The following result is an analog of Theorem 2.4 of [V1], and provides a
starlikeness condition for the space (92, k).

THEOREM 7.4. Let (X,d) be a Cy-annular conver proper geodesic space
and Q C X a rectifiably connected open subset with OQ # (). Suppose that
is unbounded or diam(2) < diam(0€) /7 for some 0 <7 < 1. If (k) is J-
hyperbolic, then there is a constant C' = C(8,7,C,) such that for all a € 5*Q
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and all xg € ), there exists a quasihyperbolic geodesic line o with a as one
endpoint and k(xo, |a]) < C.

Proof. Let A=71/(3C?), and fix a € 9*Q, zg € Q. We divide the proof into
two cases.

Case 1: xg is a A-arc point. Then by Lemma 7.3, there is a c-anchor ~y
with g € |y|, where ¢ = ¢(\,Cy) = ¢(7,C,). Since c-anchors are (¢, ¢)-quasi-
geodesics in (2, k), by Lemma 3.4 there is a quasihyperbolic geodesic line
with endpoints &,n € 0*Q such that HDy(|5],|v|) < M, where M = M (4,c,
¢) = M(6,7,Cy). Therefore, there is a point z; € || such that k(zq1,x0) < M.
If a=¢ or a=m, we are done. Suppose a ¢ {¢,n}. Let 1:a~¢&, Ba:a—~n
be two quasihyperbolic geodesic lines. Since geodesic triangles in QU 0*) are
244-thin, we have k(z1,|61| U |B2|) < 245. Thus, k(xg,|01] U |B:]) < M + 240,
and hence k(zo, |3;|) < M + 246 for some i € {1,2}; we choose o = 3; for this
particular 7.

Case 2: xg is a A-annulus point. Then there is a point b € 92 such that
da(xo) =d(zo,b) and B(b,da(xo)/A) \ B(b, Ada(zg)) C Q.

First, we prove that there is a quasihyperbolic geodesic line § intersecting
the sphere S(b,dq(x0)). If diam(Q2) = oo, pick x,,y, € Q with d(xg,x,) — 00
and d(y,,b) — 0 and fix a quasihyperbolic geodesic [z, y,]. Since [z,,y,] in-
tersects the compact set S(b, dq(x)) for all sufficiently large n, a subsequence
of {[zn,yn]} converges to a geodesic line intersecting S(b,dq(zo)). Now as-
sume diam(Q)) < oo. Since diam(Q?) < diam(99)/7, we have by the choice
of A\,

Ma(xo) < Téa(x0)/3 < 7diam(2)/3 < diam(99N)/3;

hence, there is a point ¢ € 9Q such that d(c,b) > Adq(xg). The fact that
the annulus B(b,dq(zo)/N) \ B(b, \da(zg)) C 2 implies ¢ ¢ B(b,d(xg)/A). As
before, we can again obtain a quasihyperbolic geodesic line with end points b
and ¢, intersecting the sphere S(b, dq(x0)).

Given any z,y € S(b,dq(zp)), the annular convexity of X implies that
there is a path v: z ~y with £4(v) < Cad(z,y) and |y| C B(b, Cada(zo)) \
B(b,dq(20)/Cy). Since B(b,dq(x0)/A\)\ B(b,Ada(x)) C Qand A =7/(3C2) <
1/(2C,), we have dq(z) > da(xg)/(2C,) for all z € . Tt follows that k(x,y) <
le(7y) <4C2. Hence, diamy(S(b,dq(xo))) < 4C2, and so k(zg,x1) < 4C? for
x1 €8] N S(b,da(xo)). Now, one repeats the argument at the end of Case 1
and concludes the proof. (|

The following is a consequence of the proof of Theorem 7.4.
COROLLARY 7.5. Suppose that (2, k) is d-hyperbolic, diam(9) > 0, and
0<7<1. For any a € 0*Q and any xq €

(i) if zo is a 7/(3C2)-arc point, or
(i) if wo is a 7/(3C2)-annulus point with éq(xo) < diam(0Q)/7,
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then there is a quasihyperbolic geodesic line v with one endpoint a and satis-
fying k(zo,[y]) < C'=C(6,7,Ca).

The next result follows from the fact that triangles in QU 0*Q are 24§-thin.

LEMMA 7.6 (Lemma 6.35 of [V3]). Let (Q2,k) be d-hyperbolic, a € 0*Q and
Cy be a constant. Suppose that for each x € Q, there is a quasihyperbolic
geodesic line v with one endpoint a and k(x,|y|) < Co. Then for any x1,x2 € Q
there is a quasihyperbolic geodesic line o such that k(z;,|al) < C = C(Cy,?)
fori=1,2.

8. A “carrot” lemma for quasihyperbolic geodesics

In this section, we show that under the assumptions of Theorem 9.1, qua-
sihyperbolic geodesic lines in €2 have properties very similar to the defining
conditions for uniform paths. The proof of Theorem 9.1 will essentially be
reduced to this situation.

Throughout this section, (X,d) is a Cy-annular convex proper geodesic
space, and  C X is an unbounded rectifiably connected open subset with
0N #£0. We suppose that (Q, k) is §-hyperbolic, that there is a natural map
¢ (0" kwey) — (0'Q,d) (for some w € Q and g9 = £9(6) = min{1, 5}) and
that ¢ is n-quasimobius for some n. Recall that &’Q = 9Q U {oo} and that
the cross ratio in (9'Q2,d) is defined in the second paragraph of Section 6. By
Corollary 5.4, we may assume that for each € Q, ¢ : (0*Q, ky o) — (0'Q,d)
is p-quasimobius. With a (slight) abuse of notation, for £ € 9*Q we denote
#(&) also as &, and for € € §'Q, we denote ¢~ 1(£) also by &.

A quasihyperbolic geodesic line from a point b € 02 to oo tries to avoid
the boundary of Q. In other words, a carrot-shaped region with the tip of the
carrot at the base point b, must lie in the domain. This is the content of the
next lemma, which generalizes [V1, Lemma 3.36]. The proof of this fact plays
out differently for A-arc points than for A-annulus points.

LEMMA 8.1. If a is a quasihyperbolic geodesic line with endpoints b, 0o €
'Y, then for all x € |a] we have

d(x,b) < coda(z),
where co = co(0,Ca,n).

Proof. Let = € |a] and A= 6_403/(3203). As before, we break the proof
up into two cases.

Case 1: x is a A-annulus point. Then there is a point a € 92 such that
da(z) = d(x,a) and B(a,dq(x)/N) \ Bla,Adq(z)) C Q. Since a: b~ co, we
can find a sequence {v,} from |a| with v, = «a(t,), t, — oo, such that v, ¢
B(a,dq(x)/A) for all n. Suppose b ¢ B(a,\oq(z)). Then b ¢ B(a,dq(z)/N).
As x € |alb, vy,]|, Lemma 2.3(i) applied to the quasihyperbolic geodesic a[b, v,)
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with ¢ = 2e1%25o(z) shows that d(z,a) > 20q(z), contradicting dg(z) =
d(x,a). Hence, b € B(a, A\dq(z)). Therefore,

d(z,b) <d(x,a) +d(a,b) < dg(x) + Mg (z) < 26q(x).

Case 2: x is a A-arc point. Then by Lemma 7.3 there is a c-anchor 7: a; —~
as with ay,as € 00 and z € |7|, where ¢ = ¢(\,C,) =¢(C,). Let 8: a1 —~ az
be a quasihyperbolic geodesic line. Since 7 is a (¢, ¢)-quasigeodesic in (€, k)
and z € |a| N |7, we have

k(lal,181) < k(z, [B]) < HDy(|7],18]) < C(6,¢,¢) = C(6, Ca).

Set Q = (a1,00,b,a2). Then sd(Q) < k(|al,|3]) < C. Since € < g¢(d) <1,
by Corollary 5.2 we have cr(Q, ks o) < coe®34@) < ¢pesC < cpe® = O, where
co = 4e86.
Therefore, by the quasimobius property of the natural map ¢,
d(al, b)
d(al, LLQ)
that is d(aq,b) < Cd(ay,az). Since 7 is a c-anchor of z with endpoints aq
and ag, by properties (3) and (4) of Definition 7.2 (with xg =z here),
Li(Tayz) < Coq(z) and Lg(Tua,) < Coa(x),
and therefore d(ay,as) < £4(7) < 2Cdq(x); hence d(aq,b) < Cdg(z). Finally,

d(z,b) < d(z,a1) + d(ar,b) < la(Tea,) + Coa(z) < Coa(z),

= CI‘(Q7 d) < U(Cr(@ kwﬁ)) < 77(0) = 0(6? Ca7 77);

where we used property (3) of Definition 7.2 again. O

LEMMA 8.2. Let xg € Q and 7: a; —~ ag be a c-anchor for xg (for some
ay,ag € 0N). Let a: a3 ~ag and «; : a; ~ o0 (i =1,2) be quasithyperbolic
geodesic lines. Let x € |a| be such that k(z,|o;]) < 248 for i =1,2. Then
k(x,x0) < =c(d,¢,Caym).

Proof. Since 7 is a (¢, ¢)-quasigeodesic in (£2, k) and 7 and « have the same
endpoints, we have HDy (||, |a]) <1 =¢1(,¢). Fix y € |7| with k(z,y) < c;1.
We claim that there is a constant co = ¢2(0, ¢, Ca, 1) such that dq(y) > da(zo)/
Co.

Assuming the claim, we proceed as follows. Since 7[zg,y] satisfies the as-
sumptions of Lemma 2.2 (this is because 7 is an anchor), Lemma 2.2 together
with Definition 7.2(3) or (4) applied to the point zq, implies k(xg,y) < c5 =
c3(d,¢,Ca,m), and hence k(x,z¢) < k(x,y) + k(y,z0) < 1 + c3.

We next prove the claim. Let co = 2c[c — 1 + (¢o + 1)e , where
co = ¢o(0,Ca,n) is the constant from Lemma 8.1. Suppose dq(y) < da(xo)/ca.
We may assume y € |T[az,xo]|. Then Definition 7.2(4) implies d(as,y) <
Ly(Tlaz,y]) < cda(y) < cda(xg)/ce. Let y1 € |aa| with k(y1,2z) <246. Then

c1 +245]
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k(y1,y) < c1 +245. By Lemma 2.1, we have d(y1,y) < (e 124 — 1)dq(y) <
eyt (e 124 1) (x0) and so

So(y1) < da(y) +d(y,y1) < 3 te 24950 (20).

On the other hand, Lemma 8.1 applied to «; and y; implies that

o 661 4246

d(a17y1) < CO(SQ(yl) < T(SQ(ZEO)

Now, the triangle inequality gives

5Q($0) 59(1‘0) .

d(alu a2) S d(ah yl) + d(yhy) + d(y7 a2) S 20 < c
This is impossible since by Definition 7.2(2),
d(ay,az) > La(T)/c > d(xg,a1)/c > dal(zo)/c. O

The following is our analog of the length carrot Lemma 3.40 of [V1]. It im-
proves the lower bound in the estimate of Lemma 8.1. Recall that by assump-
tion the natural map ¢ : (0*Q, ky.e,) — (0'Q, d) exists and is n-quasimobius.

LEMMA 8.3. If a is a quasihyperbolic geodesic line with endpoints b, oo €
9'Q, then there is a constant C = C(0,Cy,n) such that for all x € |a|,

Ly(afb,z]) < Cédq(x).

Proof. Let a: R — ) be the k-arclength parametrization of a such that
lim; o at) =b and lim;_.o a(t) = co. For each n € Z let ¢, =sup{t €
R: da(a(t)) <2™}. Since lims,o a(t) = 0o, Lemma 8.1 implies that for
each n we have ¢, < 00, do(a(t,)) =2", and t, < t,i1.

Fix z € |a|. Then there exists n € Z for which z € |a|q,, +,.,)|- We have

ta(alb,z]) < la (a|(_°°»tn+1]) = ng (04|(t_7,t_7+1])-

By Lemma 2.1,
£y (a‘(tj,tjﬂ]) < 5Q(a(tj)) [ez"‘(o‘“tj:‘jﬂ]) . 1].
Hence,
n .
Ca(alb,z]) <3 27 [ les ) 1],
It suffices to show that there is a constant K = K (d,n,C,) such that for all
VASYZ
(8.1) L (O‘|(tj’tj+1]) <K,
for then

n 0
La(afb,z]) < (X —1)) 27 <ef2m) "7 =2eK2m,
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On the other hand, as x € |a/,,,
that

tnsa]l» We have dg(z) > 2". Thus, we can infer

La(alb, x])) < 2eK6q(x),

concluding the proof of the lemma.

Thus, it remains to prove inequality (8.1).

Let A= (4OCSe4C3)’1, where C'=max{C4,,2c} with ¢y the constant from
the conclusion of Lemma 8.1.

Case 1: Both x; := a(t;) and z9 := a(tj41) are A-arc points. By the choice
of tj41, we know that do(z2) =277 and so dg(w2) =227 < 25q(x) for every
x € |aly, ., By Lemma 7.3, there are c-anchors 7; : a; —~ ¢; for i = 1,2,
with a; € |73 and ¢ = ¢(\, Cy) = ¢(4,1,C,). Without loss of generality, we
may assume that d(a;,b) > d(c;,b) for i =1,2.

Fix yo = a(tg) with tg sufficiently large. For ¢ =1,2, let «; be a quasihy-
perbolic geodesic ray connecting yg to a; and 3; a quasihyperbolic geodesic
ray from yo to ¢;. Set X = |a[yo, 00]| U|afyo, b]| U oy |U|ag|U|B1|U|B2]. There
is a tree T'(X) and a map u: X — T'(X) with the properties stated in Theo-
rem 3.5. We denote the metric on T'(X) by dr. Let a} € 9T(X) be such that
u is an isometry from |a;| onto the geodesic [u(yo),a;] in T'(X). We similarly
define ¢, 00’ b € 0T(X).

Let y; € T(X) be the branch point of [u(yo),a;] and [u(yo),c;], that is
[u(yo),ai] N [u(yo),ci] = [u(yo),yi]. Choose yq € |ou| and y;. € |B;] with
w(Yia) = u(yic) = y;. By Theorem 3.5(i1) k(viq,yic) < ¢(d). Fix a quasihy-
perbolic geodesic +; joining a; and ¢;. Then the argument in the proof of
Lemma 5.1, inequality (5.4) shows that

H Dy (il |i[Yias ai]| U |Bi[Yic, ci] ) < e(8).

Pick y; € || with k(yi, via) < ¢(6). Then k(y;,yic) < 2¢(d). The proof of
Lemma 8.2 shows that k(y;,x;) < cg = c3(0,Ca,n). Hence, k(x;,yia) < c3 +
c(9). Set C1 =c3 + ¢(6). We have dr(u(x;),y)) < k(24 Yia) < Cy.

Consider the following subtrees of T(X): Y/ = [0/, ¢} U [0, a}], Z] =
[y, i) U [y;, a}]. Notice that Y/ is a tripod and that Z! is a geodesic line. Let
z} € Y/ be the point where [00’, b'] branches off from Y;: [o0’,0'|NY/ = [z}, o0'].
Since u(z;) € u(|a|) = [00’, V'] and y; € Z!, the inequality dr(u(z;),y;) < Ch
implies that dp([o0’,b'],Z]) < Cq. It follows that the branch point 2z has to
be close to Z!, specifically, dr(z}, Z!) < Cy.

Let Q; = (a;,00,¢;,b) for i =1,2; then

d(ai,ci) d(al,b) +d(Cl,b) 2d(a1,b)
< <

d(ai,b) - d(ai,b) - d(ai, b)

As ¢ (0" Q,ky.e,) — (0'Q,d) is n-quasimébius, ¢~ 1 : (9'Q,d) — (0*Q, kw.c,)

is 1’-quasimébius with 1/ (t) = 1/n71(1/t). Therefore,

cr(Qiy kw.eo) <1 (cr(Qi,d)) <n'(2) = C =C(n).

CI‘(Qi,d) = =2.
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FIGURE 2. Three configurations of Y/ U [V/, o0'].

By Corollary 5.3, we have k([a;,b],[c;,0]) < ¢4 = ca(n,€0,0) = ca(n,d) for any
geodesic [a;,b] joining a; and b and any geodesic [¢;, 00] joining ¢; and oo.
Now, the property of u implies dr([a}, '], [c},00']) < ca+¢(d). Let w} € [00’, V]
be the branch point of [o0’,d'] and [00’,af]: [00’,b'] N[00, af] = [w],o0]. See
Figure 2 for three possible configurations of Y/ U [V, 00’]. If w} € [y}, oo \{¥}},
then w; =z, and hence

dr(y;, w;) = dr(Z, %) < Cy;
on the other hand, if w} € [y}, a}], then the inequality dr([a},b'],[c},00’]) <
¢4 + ¢(6) implies that the branch point w} has to be close to y., that is
dp (wy, y;) = dr([a, V], [c}, 00']) < s+ c(9).
In either case, we have dp(y}, w}) < Cq:=max{C,cq + ¢(d)}. It follows that
(8.2) dr(u(z;),w;) < Cy + Cs.
As 7; is a c-anchor of x;, by Definition 7.2(3),
d(ai, ;) < Lla(Tilai, zi]) < cda (),
and by Definition 7.2(2),
da () <d(x,a;) <Llg(r) < ed(ai,c;) < 2cd(ag,b).
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By Lemma 8.1, d(x;,b) < cpdq(x;). From the above group of inequalities,
0 (x2) = 200 (x1) < 4ecd(ay,b),
and hence
d(az,b) < d(as,x2) + d(z2,b) < cdo(x2) + coda(x2) < 4c(c+ co)d(ar,b).
Thus, considering the quadruple Q3 = (b,00,a2,a1), we obtain

cx(@a.d) = G2

It follows that cr(Qs, kw ) <7'(C). By Corollary 5.3, we have
k([ba al}v [a27 OO]) <es= 65(57 Caﬂ?ﬁo) = 05(5a Cavn)

<dc(c+C)=C=0C(4,Ca,n).

for any geodesic [b, a;] connecting b to a; and any geodesic [as, 00] connecting
as to 0co. Now, the property of u implies dr([b, a}], [ah, 0']) < C3 := 5+ ¢(9).

If k(xq1,22) < 3C1 + 3Cy 4+ C3, then we are done. If k(xy,z0) > 3C) +
3C5 + C3, then dr(u(zy),u(x2)) = k(x1,22) > 3C1 + 3Cs + C3. Then since we
have w; € [V/, 0], dT(w u(z;)) < Cp 4+ Cy (by inequality (8.2)), and u(z1) €
[u(z2),b], we have w) € [wh,b] and dr(wi,wh) > Cy + C2 + Cs. It follows
that

dr([t',a1], [ag, o0']) = dr(wy,wh) > C1 + C2 + C5 > Cs,
contradicting the inequality dr([V', a!], [a},00']) < C5 from the preceding para-
graph.

Case 2: At least one of x1 = «(t;), 2 = a(tj+1) is a A-annulus point.
Then for some i € {1,2}, there exists a € 9Q such that Jq(z;) =271+ =
d(a,z;) and B(a, 5o (x:)/A) \ B(a, Aa(z;)) C Q. Since A =e~4C" /(40C3) with
C at least as large as the constant in the conclusion of Lemma 8.1, we see
that

d(a,b) <d(b,x;) + d(z;,a) < (co + 1)da(z;).

We break the rest of the proof up into two subcases.
Subcase 2(a): We consider the case when x5 is a A-annulus point. As
59(562) = 259(171),

1
d(z1,a) > dq(x1) = 559(3}2) > 2C, Mq(z2).
On the other hand, by Lemma 8.1 dq(x1) =27 > d(x1,b)/co, and we have
d(z1,a) < d(x1,b) +d(b,a) < coég(xg) + (co+ 1)da(x2)
= (2¢c0 + 1) (z2) < 5C. )\5(2@2)

It follows that z1 € B(a,dq(x2)/(2C,N)) \ B(a,2C3 oq(x2)). Hence, by the
annular convexity of X, there is a path § joining 1 and x9 in B(a,dq(z2)/
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(2M\)\ B(a,2Xdq(x2)) C Q with
gd(ﬁ) < Cad(l‘l,xg) < Ca[d(l‘l, b) + d(l‘g, b)]
< 03[805Q($1) + CQ(SQ(JZQ)] < 30259(331)

For all w € |8|, we have

saw) 2 mind (5 - 3+ )n(aa), (A~ Nia(ea) | = Ma(aa)

Thus,
o a2) < 6(3) = [ 5 d5() < 1 tald)
z1,%2) < = | —ds(z) L ———
b g 5 00(2) Nog (22) ¢
30259(321) - 3—02
)\552 (1’2) o 2\ ’
proving inequality (8.1) in this subcase.
Subcase 2(b): x; is a A-annulus point. The proof of this subcase is similar
to the proof of Subcase 2(a), and is left to the reader. O

LEMMA 8.4. Let ai,as € 02 and « : a1 — az be a quasihyperbolic geodesic
line. Then for all z € |a|,

da(z) < Kd(ai,az)
where K = K (6,Cy,n) is independent of a1,as, .

Proof. Let z € |a| and A= 6_403/(6503). Two possibilities arise.

Case 1: z is a A-annulus point. Then there exists a € 9 such that dg(z) =
d(z,a) and B(a,dq(z)/A)\ B(a,\oq(z)) C Q. Lemma 2.3 implies that exactly
one of ay, as lies in B(a, \dq(z)) with the other one in X \ B(a,dq(2)/A).
Hence,

1
d(ay,as) > |d(ag,a) — d(ay,a)| > (X - A) da(2).

Case 2: z is a A-arc point. Then by Lemma 7.3 there is a c-anchor 7 : by —~
by for z with ¢ =c¢(\,Cy) =¢(C,). Let 8: by —~by and «; : by ~ 00 (i=1,2)
be quasihyperbolic geodesic lines. By Lemma 3.1, there is some z € |§] such
that k(z, |a;]) <246 for i =1,2. By Lemma 8.2, k(x,z) < = (d,¢,Ca,n) =
' (6,Ca,n). It follows that

k(lal, |as|) < k(z,|ou]) < k(z,2) + k(x, |a;]) < + 246.
For i =1,2, set P; = (ay,00,b;,az2). Corollary 5.3 implies that
cr(Pikye) <C=C( +248) = C(6,Ca,n).
Since the natural map is n-quasimébius, we have
d(ay,b;)

CI‘(Pi,d) = m =

n(C).
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By the definition of a c-anchor, we have
da(z) <d(by,z) <Lg(T) < cd(by,bs)
< cld(b1, a1) + d(ay, b2)] < 2en(C)d(ay, az),
which is the desired estimate. O

The following is an analog of Lemma 8.3 for quasihyperbolic geodesic lines
that do not have co as one of the endpoints. It says that there is a “bana-
na”-shaped region with respect to the metric d around such a line in 2. The
proof in [V1] holds in our case, and we skip the details.

LEMMA 8.5 (Lemma 3.54 of [V1]). Suppose a1,a2 € 0Q and o : a3 —~ ag is
a quasthyperbolic geodesic line:

(1) There exists & € |a| such that if x1,z2 € |afar,&a]| with k(zs,€n) <
kE(x1,€) or if 1,22 € |alln,az]| with k(z2,8a) < k(x1,&4), then Ly(afzy,
x9]) < Céq(xs) for some C'=C(d,n,C,).

(ii) If y1,y2 € o] are such that max{dq(y1),0a(y2)} < 2d(y1,y2), then
gd(a[ylayQ]) < Cd(y17y2)7 where C' = 0(57777 Ca)'

9. Sufficiency

In this section, we prove the main result of the paper. This result (Theo-
rem 9.1), together with Theorem 6.2, provides a characterization of uniform
domains among Gromov hyperbolic domains in annular convex metric spaces
in terms of the quasiconformal structure on the Gromov boundary.

The reader is advised to review the three paragraphs before Theorem 6.1
for the notation &2 and the notion of natural maps.

THEOREM 9.1. Let (X,d) be a c-quasiconvex and c-annular conver proper
metric space, and 2 C X a rectifiably connected open subset with O # ().
Suppose that (Q, k) is 6-hyperbolic and that the natural map ¢ : (0*Q, ky <) —
(0'Q2,d) exists (for some w € Q and g9 = £o(6) =min{1, &5 }) and is n-quasi-
mébius. Then (,d) is c1-uniform with ¢1 = c1(c,d,7).

The following lemma reduces Theorem 9.1 to the case of geodesic metric
spaces.

LEMMA 9.2. Let (X,d) be a proper c-quasiconvex metric space, and 2 C X
a rectifiably connected open subset with OQ # 0. Let d’ be the length metric
on X associated with d, and k' the quasihyperbolic metric on Q C (X,d'):
(i) Forallz,y € X, we have d(x,y) < d'(z,y) < cd(x,y); in particular, (X,d")
i a proper geodesic space;
(ii) If (X,d) is Ca-annular convez, then (X,d') is ¢ -annular conver with
¢ =c/(e,Cu);
(i) For all z,y € Q, we have k(x,y)/c <K' (z,y) < ck(z,y);
(iv) If (,d") is ¢/ -uniform, then (Q,d) is ¢’ -uniform with ¢’ = cc;
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(v) If (2, k) is §-hyperbolic, then (2, k') is &' -hyperbolic with &' = &'(0,c);

(vi) Suppose (Q,k) is 0-hyperbolic and there exists a natural map ¢ : (9*Q,
kye) — (0'Q,d) for somexz € Q and 0 < e <ey(d) and ¢ is n-quasimdobius.
Then for 0 <&’ <eo(0') there is a natural map ¢ : (05, ki, 1) — (0'Q,
d') such that ¢' is ' -quasimobius with ' =n'(n,0,¢c,e'/e). Here &' is the
constant from (v).

Proof. (i) For any x,y € X, there is a path v: z ~y with £4(y) < cd(z,y).
Hence d'(x,y) < cd(x,y). The inequality d(z,y) < d'(x,y) is clear. Since
(X,d) is proper, it now follows that (X,d’) is also proper. Being a proper
length space, (X,d’) has to be geodesic.

(ii) This follows easily from (i) and the annular convexity of (X,d).

(iii) For any x € €, let dg(z) = d'(z,09Q). It can be verified that £4(y) <
Ly (7y) < cly(ry) for any path v C X, and that do(z) < dg(x) < cdq(x) for all
x € Q. Let z,y €, v a geodesic in (Q, k) connecting = to y, and 7’ a geodesic
in (Q,k") joining z and y. Then

(z,v) /5’ d's( /69( )cds(z):ck(m,y),

kmw</j§5mw</wéds@=muw»

(iv) Let z,y € Q and v: ¢ ~y a ¢-uniform path in (©,d’). Then
La(y) < lar(v) < dd'(z,y) < ded(,y),

and

and for any z € v,

Sal2) > 2654(2) = minfla (1, 1), Ca (412, )

> imin{éd(v[m,Z])/d(’Y[Zay])}-

Hence, v is (¢’¢)-uniform in (€, d).

(v) By (iii), the identity map (Q,k) — (Q, k') is ¢-bilipschitz. Recall that
(Q,k) and (9, k') are geodesic metric spaces, see [BHK, Proposition 2.8]. So
by [V3, Theorem 3.18] if (2,k) is d-hyperbolic, then (Q2,%’) is §’-hyperbolic
with §' =¢(9, ¢).

(vi) We claim that the identity map (Q,k) — (k") induces an 7;-quasi-
mébius map f: (0°Q, ky ) — (05, Q, K, ) with n1 =mn1(d,¢,€’/e). With this
claim, the identity map g¢: (9'Q2,d) — (8’Q,d') is used to construct the de-
sired natural map ¢’ :=go¢o f~1. Now, we prove the claim. First, assume
g >e. Let i: (k) — (Q,k') be the identity map. Since by (iil) ¢ is ¢-
bilipschitz, Proposition 5.10 implies that the boundary map 9i : (0*Q,k, ) —
(04,2, KL, ) is nQ—quasimébius With N2 =12(J,¢). By Lemma 5.5, the identity
map p: (3 kG ) — (05,9 /) is m3-quasimobius with n3 =n3(e’/e). Tt

’w&
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follows that f =po di is 11 := 13 o Na-quasimdbius with 7y = n1(4,¢,e'/¢e).
The claim is similarly proved when ¢’ <e: f in this case is the composi-
tion of the identity map (0*Q, k) — (0*Q,ky o) and the boundary map
(0" kg er) — (97, k), /) of the identity map (Q,k) — (2, k). O

Theorem 9.1 follows from Lemma 9.2, Theorem 9.3, and Theorem 9.5.

THEOREM 9.3. Let (X,d) be a C,-annular convex proper geodesic met-
ric space, and 2 C X an unbounded rectifiably connected open subset with
0N # (. Suppose (Q,k) is §-hyperbolic and there is an n-quasimobius natural
map ¢ : (%N, ky.eo) — (0'Q,d) for some w € Q and g9 =e0(0). Then (2,d)
is cq-uniform with c; = ¢1(Ca,6,n).

Proof. Let x1,z2 € 2, and v : 1 —~ x2 be a quasihyperbolic geodesic. By
Theorem 7.4, Lemma 7.6, and the existence of a natural map, there is a
quasihyperbolic geodesic line «: a; —~ az with aj,as € &Q such that for
i=1,2, k(z,|a]) < C =C(6,C,); there are points wi,ws € |a| satisfying
k(x;,w;) < C. Let f:|y| — |a| be a length map with f(z1) =w;. Then
by Lemma 3.6, for every x € |y| we have k(f(x),z) < C. We will show that ~
is a uniform path. By Lemma 2.4, we may assume that

(9.1) d(z1,x2) > max{dq(x1),da(z2)}.

We first demonstrate that £4(y[z1, x]) Ala(v[z2, z]) < Cdq(z) for all x € |y]|.
If as = oo, then by Lemma 8.3, fly4(a[f(x1), f(2)]) < La(alay, f(x)]) <
Céq(f(x)). Hence, by Lemma 2.6, as k(f(z),z) < C for all z € ||, we have

la(ler,a]) < ela(alf(21), f(2)]) < Ceba(f())
< CeCeYq(x) = Cog(x).

The last inequality follows from inequality (2.1). We obtain a similar inequal-
ity if a3 = co. Now, we assume that a; # 0o # ag, and let &, € |a| be the
point given by Lemma 8.5. After switching a; and as if necessary, we may
assume f(z) € |afar,&]|. We have f(z;) € |afar, f(x)]| for some i € {1,2}.
By Lemma 8.5(i) and inequality (2.1),

la(alf (1), f(2)]) < Cda(f(x)) < Cebq(a).

Again by Lemma 2.6, we have £4(y[x;, z]) < Cdq(z). This completes the proof
that ~ satisfies the second condition for a uniform path.

Finally, we need to prove that £4(v) < Cd(x1,22). We break the proof up
into two cases.

Case 1: We first assume 2d(f(x1), f(x2)) > max{da(f(z1)),da(f(z2))}.
Note that by Lemma 2.1, as k(f(x;),z;) < C, we have d(f(2:),7;) < e“dq(w;).
If a1 = o0 or if ag = 0o, then Lemma 2.6 together with Lemma 8.3 now implies
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that
r2)]) < Cmax{do(f(71)),da(f(r2))}

<20[d(f(z1),21) + d(z1,22) + d(f(22), 22)]
< 2C[ebq(z1) + €0 (22) + d(z1,x2)].

By the basic assumption of (9.1), we made at the beginning of the proof, we
now get

Ly(vy) <207 [Zecd(xl,@) +d(x1,29)] = Cd(x1,2),

and we are done. If a; # 0o # ag, then Lemma 2.6 and Lemma 8.5(ii) show
that

ééd(v) <la(a[f(z1), f(22)]) < Cd(f(21), f(22)).

Now, we repeat the above argument and again obtain £4(y) < Cd(x1,22).

Case 2: We now assume 2d(f(x1), f(x2)) < max{da(f(x1)),da(f(z2))} =
Sa(f(x2)). Then f(z1) € B(f(z2),6a(f(x2))/2). Hence, a geodesic 3 with
respect to the metric d joining f(z1) and f(z2) is a l-uniform path (see
Lemma 2.4), and

2
k(f(z1), f(x2)) /59 759(f( ))fd(ﬁ)

= md(f(ml) o flze)) < 1.

So k(z1,22) = k(f(z1), f(z2)) < 1. Hence, £x(7) <1, and by Lemma 2.1,
La(y) < edq(zr) < Cd(x1,22),

where we again used the assumption (9.1) at the end. O

LEMMA 9.4. Let (X,d) be a c-quasiconvex c-annular convex metric space,
and Q C X be an open subset. If 0= {p}, then (Q,d) is 6¢-uniform.

Proof. Let x,y € Q. We may assume d(z,p) < d(y,p). Set t = d(z,p). First,
assume that d(y,p) < 2t. The annular convexity of (X,d) implies that there
is a path |y| C B(p,2ct) \ B(p,2t/c) connecting z and y such that its length
0() < cd(z,y) < 3ct. Observe that |y| C Q. For any z € ||, we have
2t 2
o) = d(z,p) 2 24 > 20)

“c T 32’

and hence v is a 3c?-uniform path.

Now, assume d(y,p) > 2t. Then d(y,p)/2 < d(z,y) < 2d(y,p). Let n > 2
be the integer with 2"t < d(y,p) < 2"t. Take any path v from y to z, let
x;, 1 <i<n—1, be the first point on v with d(xz;,p) = 2°. Set 2o = and

=vy. Then z; € Q. Let ; C B(p,c2't) \ B(p,2t/c) be a path from x;_; to
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x; with £(y;) < cd(z;_1,7;) < 3c2°71t. Let o/ be the concatenation of the ;.
Then
() = ZE(%) < ZSCQFlt < 3ct2"™ < 6cd(y,p) < 12cd(z,y).
i=1 i=1

Similarly, Zle £(y;) < 3ct2®. Let z € |y;|. Then

2kt

k
1 1
> N> —0(y .
2 52 200 2 50l 2) O

THEOREM 9.5. Let (X,d) be a Cy-annular convexr proper geodesic space,
and Q C X a bounded rectifiably connected open subset with OQ # 0. Suppose
that (2, k) is 0-hyperbolic, and that the natural map ¢ : (0*Q, ky o) — (09, d)
exists (for some w € Q and €9 =¢€0(d)) and is n-quasimdébius. Then (,d) is
c1-uniform with ¢; = ¢1(Ca, 6,7).

Proof. By Lemma 9.4, if 9Q consists of a single point, then Q is 6C2-
uniform. Hence, we may assume 0f) contains at least two points. Fix some p €
0 and consider (I,(X),d,). By Theorem 4.1, (I,(X),d,) is ¢’-quasiconvex
and ¢’-annular convex with ¢ = ¢/'(C,). Since (€, k) is §-hyperbolic, Propo-
sition 4.2 implies that (£2,%,) is ¢’-hyperbolic with §' = ¢'(d,Cy). Set k' :=
k, and &' =¢€(6,C,) := min{ey(0),e0(¢')}. Proposition 5.6 implies that the
boundary map 0f : (03,2, k,, ./) — (9582 kw,er) of the identity map f: (£,
k') — (Q,k) is n1-quasimébius with n; =11 (6, C,). By Lemma 5.5, the identity
map g1 : (05, kw o) = (058, kw ey ) is no-quasimobius with na(t) = AT
Similarly, the identity map g2 : (05, k., .. ) — (05, k! is m3-quasimobius

; ! » Vw,eq w,e’)
with n3(t) = AT where g, = £0(8"). Set ¢ =pogy0dfogs. Then ¢
is a natural map for (Q,d,) and is n’-quasimébius with 1’ = 7'(9,Ca,n) :=
nomngomn ons. Since (2, d,) is unbounded, Theorem 9.1 in the unbounded case
now implies that (,d,) is ¢’-uniform with ¢’ = "(¢',c',n") = (8, Ca, 7).
Now, the theorem follows from Theorem 4.1(iii). O

10. An application to quasimd6bius maps

In this section, we show that quasimobius maps between domains in annular
convex metric spaces preserve uniformity. This result is quantitative.

THEOREM 10.1. For i = 1,2 let (X;,d;) be a proper metric space and
Q; C X; an open subset with OQ; #0. Let h: Q1 — Qo be an n-quasimobius
homeomorphism. If Q4 is c1-uniform and (Xa,ds) is ca-quasiconver and ca-
annular conver, then Qg is c-uniform with ¢ = ¢(c1,c2,1).

Theorem 10.1 has been generalized to the more general case where (X2, ds)
is not assumed to be annular convex [X].
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The remainder of this section is devoted to the proof of Theorem 10.1.
Some segments of the proof have been highlighted as lemmas.

Let ¢ € {1,2}. If Q; is bounded, set X! = X; and d; = d;; if Q; is unbounded,
then fix any base point p; € dQ; and set X! = S, (X;) and d; = d;,,. Let
be the image of ; in X/, and denote by 9, the boundary of €} in (X/,d})

and ﬁ; the closure of 0 in (X/,d}). Let f; : (Q,d;) — (,d}) be the identity

79 1 (2

map, and set b’ := fooho f1: (), d}) — (Q,dh). Let no(t) = 16t.

LEMMA 10.2. The map h' extends to a 7' -quasimobius homeomorphism
ﬁll — ﬁ;, which is still denoted by h'. Here n' =ngonony. In particular,
there exist a1 € 0, as € 0, such that for any {x;} C Q) with z; — a1 we
have h'(x;) — as.

Proof. The fact that f; is ng-quasimébius implies that the map h': (Q,
dy) — (Q%,d}) is n'-quasimdbius.  Since diam(2;,d}) < oo, the map A’ is a
quasisymmetric map. Notice that (X, d}) is proper. By Theorem 6.12 of [V2],
h' extends to a quasisymmetric map between the closures of the domains. The
continuity implies that the extension is also 7'-quasimobius. Now, the lemma

follows. O

If 9} is a single point, then 90, and 9 are also single points. By
Lemma 9.4, (Q2,ds) is 6c3-uniform. From now on, we assume that 9§} has
at least two points.

Now, we fix a; € 0], as € 0Q, with the property stated in Lemma 10.2.
Let X! =1,,(X]) =X \{a;} and d = (d})s,. Let Q7 be the image of Q) in
X/, and denote by 99} the boundary of Q) in (X[, d}) and Q! the closure
of Q7 in (X!,d"). Tt is readily seen that 99 = 0\{a;} and O, = 0,\{a;}
as sets. Let

g+ (Xi\{a:}, d) — (X7, dif)

be the identity map and set
W' i=gyoh'ogrt: (], d) — (R, dY).

Since g; is no-quasimobius, h” is 1”’-quasimobius, where i :=ngon’ ong. The
choice of a; and as implies that for any x € Qf and {x;} € QY with d (z;,2) —
oo we have dj(h"(z;),h'(x)) — oo. It follows that A" is n"-quasisymmetric.

Since (4,d;) is c¢p-uniform, Theorem 4.6(ii) implies that (Q),d}) is ¢}-
uniform with ¢} = ¢} (¢1). Since 9 contains at least two points and a; € 99,
it follows from Theorem 4.1(iv) that (QY,d}) is ¢/-uniform with ¢} = ¢/ (c}) =
ci(e1). Let k; be the quasihyperbolic metric on (2/,d}). By Theorem 6.1,
(97, k1) is d1-hyperbolic with §; = §1(c}) = d1(c1). Let g1 =e1(cf) be as in
Theorem 6.2. Then for any ¢ satisfying 0 < & <e7, Theorem 6.2 implies that
there is a natural map ¢; : (95, 27, k1., o) — (0'Q,df) and the natural map
is m1-quasimdobius with 7y =1 (cf, &) = n1 (e, €).
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The fact that (27, dY) is ¢/-uniform implies that (ﬁlll, dy) is ¢{-quasiconvex.
On the other hand, since (Xa,ds) is co-quasiconvex and cp-annular convex,
Theorem 4.6(iii) and Theorem 4.1(i) together imply that (X%,dj) is both
cy-quasiconvex and c¢j-annular convex with ¢ =} (c2).

LEMMA 10.3 (Lemma 2.3 of [V2]). Suppose X is Ai-quasiconvex, q >0,
A2 >0, and f: X =Y is a map such that d(f(x), f(y)) < Ay whenever d(z,
y) <q. Then d(f(x), f(y)) < (MA2/q)d(z,y) + A2 for all z,y € X.

LEMMA 10.4. For i=1,2 let (Y;,d;) be a proper metric space and Q; CY;
a rectifiably connected open subset with 0Q; # 0. Suppose that Y; is ¢ -quasi-
convez and that there is an 1" -quasisymmetric homeomorphism g : (1,d;) —
(Qo,d2). Let k; be the quasihyperbolic metric on (Q;,d;). Then the map
g: (1, k1) — (Qa,ke) is an (L, A)-quasi-isometry with L and A depending
only on cf, ¢ and 7.

Proof. By symmetry, we only need to show that there exist constants L
and A depending only on 1" and ¢ such that k2(g(z),g(y)) < Lki(z,y) + A
for all 2,y € Q1. Since (21, k1) is a geodesic space, by Lemma 10.3, it suffices
to find a constant ¢ depending only on 1" and ¢§ such that k2(g(x),g(y)) <1
whenever k1 (z,y) < ¢q. We choose ¢ to be the number

g=log(1+(n")"((2¢c) ™).
Notice that ¢ depends only on 7" and ¢f. We next show ¢ has the required
property.

AsY; and Y3 are proper and g : (Q1,d1) — (Q2,d2) is an n”’-quasisymmetric
map, Theorem 6.12 of [V2] implies that g extends to an n”’-quasisymmetric
map (Q1,d1) — (Qa,ds), which is also denoted by g. Let z,y € Q; with
k1(z,y) <g. Then Lemma 2.1 implies dy(z,y) < (e? — 1)d1(z), where 6;(z) =
di(z,08) for any z € Q;. Let z € 091 with d2(g(z)) = da2(g(x), g(2)). Since g
is n”'-quasisymmetric, we have

do(9(x),9(y))  dalg(x),9(y)) _ , (di(x,y) u di(z,y)
5a(9(@)) dalg(a)g(z) =" (dmyz)) =1 ( 51 () )

<n'(e?—1)=—.

Since (Y2, d2) is ¢4 -quasiconvex, we can find a path « connecting g(x) and g(y)
such that £(v) < c§da(g(x),g9(y)). It follows that £(v) < cfda(g(x),g9(y)) <
d2(g(x))/2, and hence 62(z) > d2(g(x))/2 for all z € v. Therefore,
1 2
ka(g(x), §/—d52§4€ <1. d
Lemma 10.4 implies that A" : (Qf, k1) — (94, k2) is a (L, A)-quasi-isometry
with L and A depending only on ¢/, ¢§ and n”. Since (2, k1) is §;-hyperbolic,
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(94, k2) is da-hyperbolic with
62 - 62(617 L7A) = 62(617 011/7012/777//) = 52(017 02777)'

Set €2 = ea(c1,c2,m) := min{ey,e0(d2)}. By Proposition 5.10, the bound-
ary map Oh" : (05 QY k1w, e,) — (0F, 05, K2y, e,) Of the map A"+ (Q7, k) —
(94, k2) is n’"-quasimébius with "' =n""(61,L, A) =n""(c1,c2,n). By Lem-
ma 5.5, the identity map g : (95,25, k2w, 20(55)) — (05,25, k2w, ,) 18 Ma-quasi-
mobius with 1y =n4(e0(d2),e2) = na(c1,co,n). It follows that ¢ :=h" o ¢ o
(Oh")"t o g is a natural map of (Q4,dy) that is 7ms-quasimdbius for 7, =
na(c1,c2,m) :=n" omy o n3 ony, where n3 depends only on n"”/. Now, Theo-
rem 9.1 implies that (), dY) is ¢/-uniform with ¢/ =¢/(c}, d2,m2) = ¢/(c1,¢2,n).
Now, the result follows from Theorem 4.1(iii) and Theorem 4.6(iv).
The proof of Theorem 10.1 is now complete.

11. Two examples and one question

We give two examples that show the conclusion of Theorem 9.1 may fail if
the space X is not quasiconvex and annular convex.

EXAMPLE 11.1. The space X is a subset of R2. Let B; be the graph of
y=uasin(1), -1 <2 <0, By thegraph of y = (x—1)sin(-15), 1 <z <2, By =
{(z,y) : x=—1,8in(1) <y <2}, By={(z,y) : x=2,sin(l) <y <2} and Bs =
{(x,y): —1<x<2,y=2}. Let Q=J_, B; and X =QU{(0,0),(1,0)}. We
equip X with the Euclidean metric. We notice that X is homeomorphic
o [0,1], © is homeomorphic to (0,1) and 99 = {(0,0),(1,0)}. The space
(Q,k) is isometric to the real line, and hence is hyperbolic; 8*Q consists
of two points. The natural map (0*Q, k; ) — (09, d) exists and is trivially
quasimébius, but (£2,d) is not uniform. Indeed, for z,y € Q, let v, be the
(unique) arc in Q connecting = to y; then ¢(ygy) — 00 as x — (0,0) and
y — (1,0) while d(z,y) < 2. The metric space (X,d) is not quasiconvex.

EXAMPLE 11.2. Let n > 1 be an integer and set
X = ([-n,n] x {0}) U ({0} x [-1,n]) C R*.

Let p1 = (n,0), p2 = (—n,0), p3 = (0,n) and py = (0,—1). Let X be equipped
with the path metric, and Q = X\{p1,p2,p3,ps}. Then 0Q = {p1,p2,p3,p4}.
The space (2,k) is a tree with 4 rays glued at a common vertex, hence it is
0-hyperbolic. Let w = (0,0) be the origin. The natural map ¢ : (0*Q,ky 1) —
(09, d) exists and is a bijection. Notice that for any quadruple @ of distinct
points in 0*Q, we have cr(Q,dy 1) =1 and cr(Q,d) =1. It follows that ¢
is p-quasimobius with 7(t) =¢. The domain (£2,d) is n-uniform, but is not
c-uniform for any ¢ < n: any path from p; to ps has to pass through w,
which is at distance 1 from p4. Therefore, the quantitative statement fails
for Q@ C (X,d). Observe that the metric space (X,d) is geodesic but is not
annular convex.
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Given the main theorem of the paper and the above two examples, it is
natural to ask the following question:

QUuESTION 11.1. Let (X,d) be a quasiconvex proper metric space and
Q C X a rectifiably connected open subset with 9Q £ (). Suppose (,k) is
Gromov hyperbolic, and the natural map exists and is quasimébius. Is (€, d)
uniform?

Example 11.2 shows that one can not expect to control the uniformity
constant even if the answer to the above question is yes.
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