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ON THE STRUCTURE OF THE GROUP OF
AUTOPROJECTIVITIES OF A LOCALLY FINITE
MODULAR p-GROUP OF FINITE EXPONENT

M. COSTANTINI AND G. ZACHER

Dedicated in memory of Reinhold Baer on the occasion of his 100th birthday

ABSTRACT. In the description of the group of lattice automorphisms of
modular groups, certain locally finite modular p-groups of finite expo-
nent play a basic role. In the present paper significant structural prop-
erties of the group of autoprojectivities of such groups are investigated
and placed in evidence.

1. Introduction

Given a group G, let P(G) be the group of autoprojectivities of G and
PA(G) be the subgroup of autoprojectivities induced by group automor-
phisms. In two seminal papers on projectivities of abelian groups, R. Baer [B],
[B1] proved the following basic facts: (1) Every modular locally finite non-
Hamiltonian p-group is projective to an abelian group. (2) P(G) = PA(G) if
G is either a non-periodic abelian group of torsion free rank greater than 1, or
an abelian torsion group where each primary component G, has the following
property: if G}, contains an element of order p™, then it contains at least three
independent elements of this order. On the other hand, simple examples show
that if these conditions are not satisfied, we may have P(G) # PA(G).

In a series of more recent papers ([GM], [Ho|, [C], [CHZ], [CZ] and [CZ1]),
the rather complex problem of describing the structure of P(G), with G a
modular group, has been investigated, covering also the cases left open by
Baer’s work. As a result of these studies, it turns out that a fundamental
role is played by a certain subgroup of the group of autoprojectivities of an
(n, s)-group M, i.e., of an abelian p-group M = H & C, where H = (a) & (b)
with |a|=|b] =p™ and expC =p*, 0 < s < n.
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The structural properties we are interested in are mainly those of the fol-
lowing subgroup of P(M):

(M) ={p € R(M) | p|Qs11(M)/p*Qs i1 (M) = 1},

where R(M) = {p € P(M) | H* = H, p|Qs(M) = 1}, with P(M) =
PA(M) - R(M). Given (a,b), we know [CHZ] that there exists a well de-
fined monomorphism j of R(M) into L = PR(R,,) X PR(pR,,) xU(R,/p*R,),
where R,, & Z/p"Z and PR(X) denotes the group of automorphisms of the
partially ordered set R(X) of all cosets of the group X (see [S, 9.4]). More
precisely,

U, =T(M) <&, ,=RM),

where R(M)7 is the subgroup of elements (o, 7, [u]) in L satisfying the follow-
ing conditions:

(a) io =i, it =i mod p°R,,.
(b) j = imod p/ R, = jo —ioc = (j —i)uf,jr — it = (j — i)p/ mod
ptR,, for 0 < f <n—s, with g € U(R,), p =1 mod p° 'R,
We shall freely make use of these identifications via j.

This paper is divided into five sections. In Section 2 we collect, for easy
reference, several results established in [CHZ] and [CZ] with regard to the
groups R(M) and I'(M). In Section 3 we determine the center of I'(M) relative
to an (n, s)-group M, while in Section 4 the derived and the Frattini subgroups
of I'(M) are characterized. In Section 5 we give a recursive construction of
the elements of R(M) and we study the action of R(M) on I'(M). Finally, in
Section 6 we give the exact nilpotent class of T'(M), even in the more general
situation of a proper (n,m, s)-group (see Section 6 for the definition), and
obtain bounds for the class of R(M), a p-group when s > 2 or s = 1 and
p =2 (see [CZ, Theorem A and Proposition 1.3]).

For notation and terminology we shall refer mainly to [R], [S], [CHZ] and
[CZ]. We denote by cl X the class of a nilpotent group X, while Cpn stands
for a cyclic group of order p™. Whenever convenient, we shall identify R,
with the interval 0 < ¢ < p™ of the ordered set N, and pR,, with the interval
[0,p™) of pN. For £ € R,, and 0 <t < n — 1, the coset £ + p!™' R, of R, will
be denoted by &,.

2. Preliminaries

Given the (n, s)-group M = H & C, for 0 < i < p, set

Sin = {0li +pRn | (0,7, []) € p s},
Sin ={0li+pRn | (o,7,[1]) € U s}
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Then

(2.1) <%ﬁgD@ﬁ?%wJ&mu%H:n
U, =S5, 4, ;

moreover,

~ -1 ifs=1
|Sanzn|: P ?S ’
’ ’ P if s > 2.

(See [CZ, Section 2].) Geometrically the group Sy, may be viewed as a group
of automorphisms of a tree, with root in (p"~'a), that is dual-isomorphic to
the partially ordered set R(pR,) = {&, | € € pR,, 0 <t <n—1, C}.

An element o € S, ,, is called an elementary transformation on i + pR,, if
there exists ¢ in R, an integer t with 0 <t <n — s — 1 and z in p'R,, such
that

olé x4 2p®, oli+pR,\ & =1
We shall denote o by o¢ .. Given z = ig + i1p + -+ + i,p” in R,, define
v(2) = v if i, # 0, v(0) = 0 and, for z # 0, w(z) = max{{ | z € p’R,}; set
O¢t i= O¢ pt,y and O¢ = 0¢ y(¢). Assume o¢ . # 1. Then:

(22) ot t=0ppy = & =& pTIR,, 2 =2mod p" R, t' = t;
|O'£,z,t | — pn—s—w(z) < pn—s—t _ |U§,t |’
Ug;tagf,zf,t/ag7z7t = Otioe . 2 ! if either Eﬂ ? =0 or ?t, C Zt;
[Ugl,zlvt/vo'&'vz,t] =1if ?t/ ﬂgt = @, or ?t/ g Et and t/ *U}(Z) < S;
for a¢l 2t 7& 1, 1 7é [Uf’,z/,t’agg,z,t] = [O’E/,Z/,t/,a'g] if ?t’ Q Et and
t'—w(z) > s.

Since the groups S; ,, for 0 < ¢ < p are all isomorphic, we usually deal only

with Sp,. One has:

(23) Sop=(oct | E€Jo=100,p""%),0<t<n-—s—1), expSpn =
P | Som | = pp" T+l and Son = leey, Ae, with € in
increasing (or decreasing) order, where A¢ = (o¢). For o € Sp,,
its components in A are uniquely determined. The derived length
of So n is g, where s¢ < n < (¢+1)s.

(2.4)  For & n € Jo, if By C _v(g) and v(n) — v(§) > s, then |UnA§ |
ptN—v(©=s+1 and 1 # of € C(oy); € < n implies £o,y =
& nog =n+p o).

From (2.3) and (2.4) it follows that Sy ,, acts transitively on pR,, only if s = 1;
otherwise its action splits into p*~! orbits {& + p*R,, | £ € [0,p°)}, each of
length p"~*. Since for £ € pR, and t < t/, £ + p'T'R, = Uo<kepr € +
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kpttt 4+ pt 1R, we get

t'—t
(25) Jg,t = H U§+kp‘+1,t"
0<k<pt' —t
We recall from [CZ, 1.2] that, in view of the restriction map from I'(M) to
['(Q(M)), we have:

(2.6)  There exists an epimorphism ¢ : Sy, — So such that if p: R, —
Ry, is the canonical epimorphism, then ag’ = o0¢p for £ € pR,,.

3. The center of I'(M)

We may restrict ourselves to G := Sp,,. Since, by (2.2), G is abelian for
n < 2s, we shall assume n > 2s. By (2.3) and (2.4), for £ € Jy the set
H5 <n A, is the pointwise stabilizer G|g ¢ of the points of the closed interval
[0,£] in Jo; hence

(3.1) G =G gl H A,) with 7 in decreasing order.
n€(0,¢]

Take n € pR,, son =& +kp®, £ € [0,p°), and for p € G ps—p) N C(00) we get
np = ((7706’“)/))06c =1, i.e., p = 1. Therefore from (3.1) and (2.4) it follows
that Z(G) < C(og) < Ag X Ap X -+ X Ape_y,.

Let £ € [0,p®). We note that agr € Q,(A¢) if and only if n — 2s —v(§) <
r. Now take € pRn. If 7,y N &) = 0 or §yy, then [0y, 0¢] = 15 if
To(n) (1 €o(e) = Moy then

_pnfzsf'u(g) pnf2sf'v(£)

O'ﬁ 0'7](75 = Un+pn—2s—v(§)+s—v(§) = 0',,7+pnfs = 0yp-.
In conclusion we have

3.2 Dr Q,(A¢) <Z(G)< Dr Ag.
(3:2) echbe) (B < Z(O) < Dr, A

ProproSITION 3.1. Z(G) = 561[8)1;75)QS(A5), Z(T(M)) = (Z(Q))rP+t.

Proof. Let z be in Z(G). By (3.2) z = [[¢¢o ) 025. Assume that for £, €
[0,p%), o® & Qu(Ag, ), while for § < &, 05 € Qu(A¢). By (3.2), [[eoe, 0c° €
Z(G); for € > &, €0py_s_1 ﬂgv(g) = (), and hence [05077l_s_1,02§°} = 1 which
means §0—|—250p5+”(50) =& mod p" *R,, i.e., Ugj" € Q5(Ag,), a contradiction.
Using (2.1) one obtains the result. O

From Proposition 3.1 and (2.2) it follows that

s—1
cr, ifn>3s—1
Z G = pnf s n—2s+1 n—2s s s—1 B ’
@ {Cg,’s T BT s O ) i 25 41 < < 3s - 2.
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One of our aims is to determine the nilpotent class of G. For s = 1 we can
already give an answer to this question:

PROPOSITION 3.2. If s = 1, the nilpotent class of T'(M) is p"~2, with the
factors of the lower central series all of exponent p.

Proof. For s = 1, G is a transitive permutation group on pR,,. Now (2.3)
shows that the order of G equals that of a Sylow p-subgroup of Symp"~!. It
is well known that such a group is isomorphic to Cp 2 Cp 1 - - - 1 Cp, which has

—_—————

n—1
nilpotent class p™ <, with the factors of the lower central series all of exponent
p (see [K], [Hu, IIL.15.3]). O

n—2

4. The derived and the Frattini subgroups of I'(M)

Since G is abelian for n < 2s, unless otherwise stated, we shall assume
n > 2s. If £, n are different elements in [0,p!T1), 0 <t < n—s—1, then
& N7, = 0; it follows from (2.2) and (2.3) that
Xpi=(oci|E€pRy) = [ (0er) = (Cpuee)?,
(4.1) £€[0,pt+1)
G= XoX1- - Xn_s—1.
Using (2.2), for s <t —t, we get 1 # [Xp, Xt] < [Xv,00] < Xy hence
(42) Xt/“'XtﬁXt""Xt"'X();
in particular, X,,_4_1--- X3 < G. Set Y; := [Xy, ngt Xp]; then by (4.1) and
[Hu, II1.1.10a], [X;, 00] < Y: = [T0_,[X:, Xi] < [X:, 00], Pe.,
(4.3)  Y; = [Xi,00] = (Xt,00) and is different from 1 if ¢ > s; also
N(Y:) > X;- - Xo; in particular, N (V;) > Y; -+ Y.
Let s <t <t and for o, 4, o¢ assume that [o¢ ¢, 00]77t" # [0¢ 4, 00], so that
t'—t > s. Since £,NE + p5, = 0 (because s < t), either 7, = &, or i, = & + p*,.
In the first case,

[on,t,00]7mt" = (U;%)U"’tlgéwsyt = [Unyt’vgnyt]ag,%anﬂﬂt €YY, <G, 00,
while in the second case
(O ps 1, 00) €2 = [Un,t’ﬂfn,t]U;,%UnerS,t eYY, <G, o]
Hence, with (4.3), one concludes:

(4.4) NYpYy_ 1Y) > Xp Xy 1 Xgfors<t<t'<n-—s—1;in
particular, Y,,_,_1---Y; < G.

We may now prove:

PROPOSITION 4.1. G' =Y, 51 -Ys1Ys =[G, 00].
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Proof. We have S :=Y,_s_1---Y;11Ys; <G and S < G by (4.4). But the
group G/S is abelian since [o¢/ o1 1/, 0¢ . 1] € S, so that S = G’. Moreover, by
(4.3), &' =TI} Xk, 00] < [G,00) < G- O

Since (o) < N(X}) for any 0 < ¢ < n — s — 1, we may consider X; as a
(00)-module, which is non-trivial as soon as ¢ > s. One has

o ~ t—s+1
Xeoi=(oe) =[] (Gerhpen) = (Cpnoe)? T,
(4.5) Osk<pt=ett
Xt = 56[DOII')S) Xﬁ,ta C1<Xt, 0'()> = Cl(XE,t,O'0>.

Ifo<t<t <nm—s—1,using (2.5), we have

X,nXy =X =X, 0 (Xp o Xnos_1),
(4.6) (@) ifs=1,

XN - pt ’ X N =
¢t N {o0) = (0 ) &t M (00) {1 if s > 2.

From (4.6) and (2.3) it follows that

n—s—1 n—s—1

@7 X Xaesa | = [ IXel/1XE 1= T p" ="
k=t k=t

Set H = (X¢t,00), t > s and x = Ogippet, 0 < k < p!=5Ft1 Then N :=

Xet = ]%1“<$k> = <Ik><00>7 mgo = Tk+1, C(%)(xk) = <06>a r = pt_s+1 and
H = (zy,00). Hence:
(4.8) H' = [N, 00] = ([zo,00], ..., [zr,00]) = {CE e | mo +
-+ m, = 0modp" " tR } H/(06> st L Cp, 0 €
HUH) = B x s H S e and | V]
| Tecjo.pe [ Xet 0] | = (=)' 2"

Moreover:

(4.9) Fort>s>2, cl(Xy,00) = (n—s+1t)(p!~*Tt —p!=*); in particular,
C1<Xn75717 UO> = pn_2s'

In fact, [X¢,00] = [l¢ejppe)[Xets00], s0 cl{Xy,00) = clH. We have H' N

(o0) = 1; henceif g; € H, [g1,...,9m] € H for m > 2, so that [g1,...,9m] =1

if and only if [g1,...,9m] € (04). Therefore the class of H equals that of

H/(og), i.e., the class of Cpn-c—t 1 Cpr—st1. Using now [L, 5.1], one gets (4.9).
We are going to evaluate the order of G'. By (4.3),

Yy = ([0¢,1,00] = 0 {Oerpes | € € [0,0F1)),
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and since by (2.5)
p—1
- —1
el Tpes = L] Oeiipesn s Oesm vt s,
k=0
we have, similarly to (4.6), that Y =Y, NY; 1 =Y, N (Vo1 - Y_s_1). But
now, with the help of Proposition 4.1 and (4.8), we obtain

n—s—1

= II mvy

t=s

n—s—1
Il v
t=s

n—s—1
t s—1 s n—s—1 s—1
— D —p — P P —(n—2s)p
=1L =» e
t=s

|G| =

(4.10)

PROPOSITION 4.2.  Given & € [p®,p"~*), set A¢ = ([o¢, 00]). Then
= J] A
gelp®p™*)

with £ in increasing or decreasing order. For a given element g € G', its
components in A¢ are uniquely determined.

Proof. Set pe = [o¢,00]; then A¢ = (p¢) and for £ € [p',p!*!) we have
| pe | = p"~*~t. Using (4.10) we get

H el = H pn=s=H@ —p"™H)

(%) g€[pe.pn =) s<tsn—s-1

PS5l (n—25)pS L

=p =[G

n—s)

Note that for 7, £ in [p®,p and n < £ we have r][ogg,ao] = 7 and
Eloct,o0) = € — 2ep* V&) so that from [lere = 1l p? one has z¢ =
zé mod p"~*R,, i.e., ng = ng. This and (%) imply G’ = ng[ps,pn,s)Ag,
with ¢ in increasing or decreasing order. O

Our next goal will be to determine the structure of G/G’.

LEMMA 4.3. For any & in pR, the following holds:
(i) Ifs—1<t<n—s-—1, thenagt e G,
(i) fO<t<s—1, thenol, €.

Proof. (i) Since |o¢ n—s—1|=p, 0f,,_, 1 =1 € G'. Now we use induction
ont. By (2.5), 00, | = 0¢1 O¢q(p-1)pt,c and, by (4.8),

t—s

T= Usl,zpaﬁﬂ‘,tv'"U£+(p—1)pt,t € ((oe,00 ),

and hence also o, | =0{,7 € G".
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(ii) By (i), of ,_; € G'. By induction on ¢,
s—(t—1) s—t s—t s—t

gt = (01" =0, 0y, €G =

By (2.6) we have the epimorphism ¢ of G onto the abelian group Sy 2.
Thus, if S = ker ¢, we have G/S = (00S) X - - - x (0p<_,S), where |0¢ S| = p*~*
for € € [pt,pt*1), 0 <t < s. Since, by Lemma 4.3, Jgkv(g) € G'if € € [0,p%)
and 02) € G'if € € [p®,p"*), we conclude that
4.11 G/G'= Dr (0:G')xE,
(4. 6= Do (06

where |0¢G’| = p*~*(®) and E is an elementary abelian p-group. In particular,
exp G/G’ = p*. We can now describe the structure of G/G’.

THEOREM 4.4. Given the group G = Sy, we have:
(i) Ifn<2s,G= Dr (o¢) ZCpn-sx Dr (Cpu-s-t)P

€clo,pn—=) P 1<t<n—s' P

(ii) If n > 2s, G/G' = Cpex Dr (Cpoi)?' =" x (C,)(n=2900" "

1<t<s

t_pt—1

Proof. (i) This is the case when G is abelian, and the conclusion follows
from (2.2) and (2.3).

t t—1
(ii) By (4.11), |G/G" | = | E| p*[T1<e PP 7P ). Since for ¢ €
p%,p" %), | Ae | = | A¢ |, from Proposition 4.2 it follows that | G/G’' | =
ng[o,ps) A¢|. We also know that | Ag | = p" =5~ for £ € [p’,p'™!). Hence
1G/G | =p"s ] plns 0 ),
1<t<s
and thus | E| = p(=297""" and B =~ C’g(,nf%)ps_l. O

Finally, we deal with the Frattini subgroup of G. From Theorem 4.4 it
follows that

(4.12) G/B(G) = {

n—s—1

(Cp)? . if n < 2s,
(C,)n=2s+0p" 0 if > 2s.

Next we determine a minimal generating set, the situation being clear in the

case n < 2s, for ®(G) = GP = el Dr 1)<g§>p and the set {o¢ | € € [0,p" %)}
€l0,pn—s—
is what we are looking for. In the case n > 2s we introduce

I:{(£7t> |§€ [Oaps)v s§t<n—s},
X = {oe | €€ [0.p)} U {oe. | (.)€ I}

ProproSITION 4.5. Ifn > 2s, then:

(i) X is a minimal generating set for G.
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ii) G/G'= D G’ D G').
(i) G/G' = Dr (oG x Dr (o0,C)

£€[0,p®)
iii) G/®(G)= D Py x D D).
(i) G/2(G) = Dr_(oc®)x Dr (o)
(iv) ®(G)/G' = Dri <0§G’>.
£€o,ps—1)

Proof. (i) We have
X)) = {oe, | € €pR,, 0<t<n—5—1},

and hence (X) = G. But | X | = (n—2s+1)p*~!, so, by (4.12), X is a minimal
generating set of G.

(ii) By (i) and (4.11), it is enough to show that [[ ,c;|0eG"| < | E|.
This follows from |o¢ .G’ | < p for (§,t) € I, by 4.3 (i), and |E| = p(n—20p° "

(iii) The statements follow from (4.11) and (4.12).

(iv) Since ®(G) = GPG’, this is a consequence of (4.11). O

5. Construction of the elements of R(M) and their action on I'(M)

We have @, 5 = Uy, (0, 7, [1])¥n s, with ¥, o = (So.n)P*L. According to
Section 2 in [CZ], to construct an element of ®,, s it is enough to construct an
element of So,w Select € U(R,,), with 4 = 1 mod p*~'R,,, and define & in
the following way. Let i = iyp+ -+ +i,_s 19" *"! be an element of [0, p" %)
and let j in pR,, be such that j —i € p"*R,,. Set

(%)

10 = Zlﬂp + i2M2p2 Lt in_s_lunfsflpnfsfl’
j& =6+ (j — D).

It is not difficult to check that & € PR(pR,), that j& = j mod p*R,, and
that if j, i are in pR,, with j = i mod p’R,,, 0 < f < n — s, then j& — i6 =
(j —i)p/ mod p/**R,,. Therefore & € Sy, and & & Sy, as soon as [u] # [1].
Considering the elements of the form & ngh Ot z¢, § € PRy, 2¢ € p" R,
one gets all the elements of Sp ,, relative to [u].
A recursive procedure to assign, for a given p, an element j of 5‘0,", goes
as follows: for ¢ € pR,, set

kop® ifi = 0, with 0 < kg < p™~%,
ip=1< (i —p')p+ pipt + kipstt ifieptpt),1<t<n-s—1,
with 0 < k; < pn—s—t.
Finally, if j € pR, and j —i € p" °R,, with i € [0,p" %), set

Jp=ip+ G — i,
Again one may check that 5 € Sy,,. We remark that & as in (%) is obtained
from the construction of p by choosing k; = 0 for all i € [0, p"*).
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In the remaining part of this section we shall investigate the action of ®,,
upon ¥, ;. Again we shall study the action by conjugation of SO.,n on Sp.pn.-

Let p € 5’07n be relative to p € U(R,,). Take O'&t eXy,,0<t<n—s—1,
and conbider pLloep. For a given i € pR,,, if ip~! & &,, then iptog1p = i;
but ip~! & €, is equivalent to i € (£p)¢, so we also have zogp pettpt ¢ = i

Assume now that ip~! € &; then ip~logp = (ip~! + p5+t) =i+
w5t mod p?s T R,,. On the other hand, io¢s ystepry = @ + pstipsth
It follows that for y = 5,37us+tps+t7tp 1057tp and i € pR, we have iy =
imod p** 'R, i.e., X € Son Nkerpp 95—t = Xept- + Xns—1 if t < n — 2s,
and x =1ifn —2s <t <n—s— 1. Equivalently,

{p 105”)70&? mod Xgqp- - Xp_gs—1 for0<t<n—2s—1,

ploep = ngt forn—2s<t<n-s-—1.

Recall that if n —2s +1 <t <n—s—1, s > 2, then u*Tip*Tt = p*T 5o that
P 10@/):055,,5 forn—2s+1<t<n—s—1,s>2.

From this it follows that if n < 2s then ﬁflag’tﬁ =0 for0<t <n—s-1,
while, for n = 2s,

1
o =0¢54, 1<t<n—s—1,
(51) {p ﬁtp ﬁpt -~ >~

plogop = ng,

We are now in the position to determine in which cases R(M) is abelian.

PROPOSITION 5.1.  The group R(M) is abelian precisely in the following
cases:
(i) n < 2s,
(ii) n=2s, s > 2, pls,
(iii)y n=2,s=1, p=2.

Proof. Ifn > 2s, then even I'(M) is non-abelian. If n < 2s, R(M) is abelian
(see [CZ, 3.2]). So assume n = 2s. Then I'(M) is abelian. Suppose first
s > 2. From (5.1) it follows that R(M) is abelian if and only if (14 p*~1)% =
1 mod p*R,,, that is, if and only if p|s. Finally, assume s = 1. By [CZ, 1. 3]
R(M) is abelian if and only if p = 2, i.e., only when R(M) =T'(M).

6. The nilpotent class of I'(M)*

An abelian p-group M is called a proper (n, m, s)-group if M = H®C with
H = (a) ® (b), where p" = |a| > |b| = p™, expC =p® and 1 < s < m.
In what follows we are mainly concerned with determining the nilpotent class
of T(M). To this end we embed M in an (n,s)-group M = (a) @ (b) ® C,
so that b = p"~™b; we denote by S(M) the stabilizer of M in T'(M). By

1We are grateful to M. Newell for stimulating discussions on this topic.
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[CZ, Theorem A] we know that the restriction map ¢ — @|M defines an
epimorphism of S(M) onto I'(M), and hence, via j, an epimorphism p of
S(M)T < W, s =Sp, X+ X Sp_1.n X Socn, onto I'(M), so that cl['(M) =
cl S(M)7/ ker p. If R is any subgroup of S(M)’, we shall call cl(R/R N ker p)
the class of the action of R on M.

We note that

(o,7,[1]) € S(M)? <= (a+ (00)b) < H <= 00 € p" ™R,.
In particular, we get
(6.1) S(M)? = (S(M)? N Spn) X S X -+ X Sp_1n X Sooon-
LEMMA 6.1. Let o be in Sy, and write, in accordance with (2.3), 0 =
ngJO o?, with & in decreasing order. Then o lies in S(M)7 if and only if
zop® € p"T R,

Proof. This follows from the fact that 0o = 0o(°. O

REMARK 6.1. Using Lemma 6.1 and (2.5), one concludes that S(M)’ can
be generated by convenient elementary transformations of the form o¢ ;, with
¢ € pR,, and t > v(§).

We know that G = XOX1 e 'Xn—s—l and Xt/ < N(Xt), 0 < t/ <t. Let us
define
T — XiXiJrl---Xn,S,l if 4 <n-—s,
1 ifi=n-—s,

H; i = (0¢4 | ¢ckp+p™ R, i<t<n—s—1).

Given 0 < k, k" < p' — 1, the translation 74/ : @ +— z + (k' — k)p on pR,
induces the isomorphism 7 1y @ Hyx — Hypr, 0 Tkil_kaTk/,k. With the
help of (4.2) and (2.2), we have

(62) Tll < G, T’z = Hi,O X oo X Hi’pi,fl, G = <00,T1>, O'g € Tl.
We claim that
(63) Hi,k gS()’n,i, 0 S’L STL—S—]..

In fact, via obvious identifications, «; :  + p'z defines an isomorphism of
R;l" ;, onto p’R;f. Now the monomorphism given by p; : o¢t — 7; 10“%
defines an isomorphism p; of H; ¢ onto Sp ,—;.

It follows from (6.2) that clT; = clSp,—;. For our computations with
elements in Sy ,, the following formula, established in [L, 3.2], turns out to be
useful:

(-1)*
(6.4) Set oy, := o} ,0<h<n—sfl Then | O’gt,rO'h HO—§+kp5+ht
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LEMMA 6.2. The nilpotent class of G/T] is less than or equal to p.

Proof. It suffices to show that for z; € {o¢,0¢¢ | £ € pR,, 1 < t <
n—s— 1}, [z1,22,...,2p41] € T, Since for z; # o¢ we have x; € T, it is
enough to show that [U;tl,pa'o] €T assoonas { € pR,, s <t <mn—s—1
We have

[+ po0] = H%mﬁt ’

by (6.4). We claim that o, 1" € T{ for 1 < k < p— 1. Tn fact, by (6.2)
and (6.3), Th = (So,n—1)", so the claim follows using Lemma 4.3 for n — 1 and
observing that p|( ) for1<k<p-1.
If p is odd, then agga&psﬂ’t € T| by (2.2), and we obtain the result. For
p =2, we have
O¢,t0¢42s+1 ¢ = Ug,tagtlf"@rzsﬂ,t €1y,
by (2.2) and Lemma 4.3 (i). O

We remark that the proof shows that v (Th) = [G, poo] = Vp+1(G).

THEOREM 6.3. Let M = H & C be an (n, s)-group relative to the prime
p. If s <mn < 2s, then clT(M) = 1 and expT'(M) = p"~ 5. If 25 < n, then
AAT(M) = p=25, exp (M), (T(M)) = p* and expy;(T(M)) /i1 (T(M)) =
p for all i > 2.

Proof. Since I'(M) 2 (Sy.,)PT!, we may restrict our considerations to the
group G = Sy, and, by (2.3), to the case 2s < n. Finally, by Proposition 3.2
we may assume s > 2. Let us begin with n = 2s 4+ 1. Then G = X X7 - - - X§
with X, < G by (4.2), and XX, --- Xs_1 is abelian by (2.2). By (4.1), X is
elementary abelian, and exp G/G’ = p® by Theorem 4.4 (i).

We shall now use induction on n > 2s + 2. For T' = T, let us consider the
series
(*) G=m(G) > 7(G) >7(T) >w(T) > > (T)>1
with ¢/ = clT. Using (6.2) and (6.3) one sees that (x) is a normal series of
G and that T = S, ;. By induction ¢/ = p"~'72% expT/7,(T) = p* and
expYi(T)/vi+1(T) = p for ¢ > 2. By Theorem 4.4 (i), exp G/v2(G) = p®,
and since y2(T) < 72(G) < T, 72(G)/v2(T) is abelian. We have o¢; € T
for 1 <t<mn-—s—1and ol €T. Applying Lemma 4.3 with n and n — 1
one gets expy2(G)/v2(T) = p. Consider now the normal series () as a (og)-
series. By Lemma 6.2 we may refine the group G/T” in at most p steps to a
lower (og)-central series with y2(G/v2(T)) = G'/v2(T'), because G = (09, T).
Since o} € T, the elementary abelian p-group v;(T)/vi+1(T), for i > 2, can
be refined in at most p steps to a lower (og)-central series (see [L, 5.1]). In

conclusion the normal series (%) can be refined in at most p-p(»~1) =28 = pn—2s
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steps to a (og)-central series of G call this series (xx). Since for g € G we have
g = opx,x € T, () turns out to be a central series of G. But each term of this
series is generated by simple commutators of proper weight. Hence (xx) is the
lower central series of G. In it, besides exp G/v2(G) = p?, all other factors are
of exponent p. Since G > (09, X,,_s_1) and, by (4.9), cl{cg, X, _s_1) = p" 2,
the conclusion follows. O

We remark that the proof shows that vi+1(Th) = Ypi+1(G) for i = 1,...,

n—2s—1

p
We describe the last non-trivial term of the lower central series of T'(M).

COROLLARY 6.4. Let M be an (n, s)-group. Then~v.I'(M) = Q(Z(T(M))),
where ¢ = p" 2.

Proof. Again we may restrict ourselves to G = Sy ,. We already know that
Y(G) < Q(Z(@)). In the other direction, by Proposition 4.5

Xpn—s—1= Dr Xg,nfsfly
£€[0,p°)

where
2s

X&,n—s—l = <U§,n—s—l>G = <O—§,n—s—1><go> = an_
It follows that

k

L # ge == H ‘72.317571 = H O¢tkpsn—s—1 € UZ(G)).

0<k<pn—2s 0<k<pn—2s
By order considerations we get Q(Z(G)) = . ][)r )(gg> and, by (6.4),
€[0,p®
) c—1 (_1)k(u;1)
(¢ a1 e-100] = H Tetkps = g
k=0

since (—1)F(“,") = 1 mod p for 0 < k < ¢ — 1. Hence g¢ € 7.(G), and we are

done. O

Given an (n, s)-group M = H @ C and a basis (a,b) of H, we introduced in
[CHZ] the frame A = ({a), (b)), the unit point v = (a+ b), and the subgroups

TAM)={peT(M)|A? = A}, Tau(M)={peTaM)]|u =u}.
We are going to prove:

COROLLARY 6.5. With the above notation we have
pnT2s if p is odd,

T 4(M) =p" 2, T4, (M) =
A( ) p A,u( ) {pn—1—2s pr —9
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Proof. First we observe that Sy, < T 4(M), and hence clT 4(M) = p"~2°.
If p is odd, we have Sz, < I'4,(M), and hence clT" 4, (M) = p"~2%. Now
assume p = 2. In this case 71 = Hy x Hy, and H; < T'4,(M), so that
eIl 4 (M) > p"~1725. On the other hand, if we write I'(M) = Sy, X S1., X
Seo,n, then it is clear that I' 4 (M) = Sy, (0) x S1.,(1) X Seo,n(00), where
Sk.n(k) is the stabilizer of k in Sy . Hence clT' 4, (M) = cl .Sy, (0). Finally,
So,n(0) = Il,e5y>02y is contained in T3, so that cll'4 (M) < Ty =

p" 1725 and we are done. O

We finally give a bound for the nilpotent class of R(M).

COROLLARY 6.6. Let M be an (n, s)-group with s > 2. Then
A R(M) <p" *(s(p— 1) + 1).

Proof. By a result of P. Hall ([H, Theorem 7]) we have clR(M) <
c(R(M)/T(M)")p"=25. Now R(M)/T(M)" embeds in A1 C,, where A is
abelian of exponent p°. By [L, 5.1] we get cl(R(M)/T'(M)") < s(p—1) + 1,
and the proof is complete. O

We will now determine the nilpotent class of T'(M), when M is a proper
(n,m, s)-group. Recall from (6.1) that S(M)7 = (S(M)’ N Spn) X S1n X
Sy 1m X Saom. Set p' i D(M)! — T(Q,(M)), @7 — |Q(M). Then, for
k=1,...,p—1,00, we have ker pN Sk, = ker p’ N Sk, », so that, by Theorem
6.3, the class of action of Sy, on M is p™~2%. Here, and in the following, we
are using the convention that p" = 1if h < 0.

We note that with the help of (6.4) one has

(6'53) [00_,711—5—1a (p”*2571)00]|pn75Rn # 1,

(6.5b) [007’7117571, (pm—2-1)00 Ip" R, #1 ifn—m>s.

PROPOSITION 6.7.  Let M be a proper (n,m, s)-group relative to the prime
p. If n—m < s, then cl['(M) = p"=2%.

Proof. Since n —m < s, we are in the case Sy, < S(M). If n < 2s,
(M) =1 by (2.2), so I'(M) is abelian. Assume now that n > 2s. Since

clT(M) < clT(M) = p™~2¢, the conclusion follows from (6.5a). O

It remains to deal with the case s < n —m. Here we already observed that
S(M) N {(og) = <O'gn "), In particular, G N S(M)? < T and, since Hy
stabilizes M for every k =1,...,p — 1, we have more precisely

(6.6) GNSM) = (HyoNS(M)?) x Hyq x -+ x Hyp 1.

PROPOSITION 6.8. Assume 0 <i <k <n-—s. Then clT;/Ty = ph—i=s,
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Proof. Set r =n —1i, and let 0 < j <r. The restriction map I'(Q2,.(M)) —
I'(Q,_;(M)) induces an epimorphism ¢; : So, — Sp,—;. Consider the se-
quence

H;o 5 Sor =5 So,—j
Then, by Theorem 6.3, we get

r—j—2s n—i—j—2s

ClHi70/k€I'pi(pj = Cl SO,?"/ ker (pj = Cl SO,r—j =D =p

With the help of the relation 05 ;'77_ ; = Opt—i One checks that

(Hipo/ kerpisﬁj)pi = Dr Hiy/(ker pjp;)" 0 =T; /T, _j_s,
0<k<p?
so that c1T;/Ty,—j_s = p" 79725, So for k = n — j — s we have clT;/T}, =
k—i—s
D . O

We are now in a position to prove the main result of this section.

THEOREM 6.9. Let M = H @ C be a proper (n,m, s)-group relative to the
prime p. If n < 2s, then T'(M) is abelian. If n > 2s the nilpotent class of
(M) is given by

=25 ifn—m < s,

P ifn—m > s.

AT(M) = {p

Proof. By our previous results, it remains to deal with the case n —m > s
(which implies n > 2s). Since cIT'(M) is determined by the action of S(M)7
on M, by (6.6) we may consider the action of A := Hy1 x --- x Hy p_1 and
that of B := Hy 9N S(M)7 separately. As already pointed out, we have

(6.7) clA/kerpN A < clT(Q(M)) = pm=28 < pm=s.
It remains to work out the nilpotent class of the action of B on M. To generate
B, according to Remark 6.1, we may restrict ourselves to those o¢; € Hyg
with ¢ € p?R,, and v(¢) < t. Assume ¢ € p'R,, \ p"t'R,, where 2 < i <
n —m — s. Then Oo¢ ¢ = 0, and hence o¢; € B, i.e.,
Ri:=(0¢s | E€P'R\DP TR, t >i) < B.
Finally, if £ € p"~™7*T!R,, and t > n —m — s, then Oo¢ + € p"~™R,,, so that
Ry:= (0| €€ p" TSRt >n—m—5) < BN Ty ms;

in particular, cl Ry < p™~*° by Proposition 6.8.

We obtained B = (R; | i =2,...,n—m—s,0), which is the direct product
Ry x -+ X Ry_m—s X Ry since if o¢y € R; and o¢ ¢ € R; with ¢ # j, then
E+pTIR, NE +pt' R, =0. Fori=2,...,n—m— s set

Vi=(oes | € EpiPn\p”an, t>m—s+i).
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Then V; < kerp N R;, and since R;/V; embeds in T;/T,,—sts, it follows by
Proposition 6.8 that cl R;/ ker pN R; < p™~2%. Thus the nilpotent class of the
action of B on M is < p™~*, from which it follows by (6.7) that cIT'(M) <

pme.

[Cz1]

But then we conclude that clT'(M) = p™~*° by (6.5b). O
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