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THE MCSHANE AND THE PETTIS INTEGRAL OF
BANACH SPACE-VALUED FUNCTIONS DEFINED ON R™

YE GUOJU AND STEFAN SCHWABIK

ABSTRACT. In this paper, we define and study the McShane integral of
functions mapping a compact interval Ip in R" into a Banach space
X. We compare this integral with the Pettis integral and prove, in
particular, that the two integrals are equivalent if X is reflexive and the
unit ball of the dual X* satisfies an additional condition (P). This gives
additional information on an implicitly stated open problem of R.A.
Gordon and on the work of D.H. Fremlin and J. Mendoza.

1. Introduction

The McShane integral of real-valued functions is a Riemann-type integral,
which is equivalent to the Lebesgue integral. R.A. Gordon [5] generalized
the definition of the McShane integral for real-valued functions to abstract
functions from intervals in R to Banach spaces and proved that the McShane
integral and Pettis integral are equivalent when f is strongly measurable or
the Banach space X is separable and contains no copy of ¢y. The relation
between the Pettis integral and the McShane integral for arbitrary Banach
spaces is unknown.

In this paper, we prove, among other results, the equivalence of Pettis
and McShane integrability of functions mapping an m-dimensional compact
interval I into a reflexive Banach space with a certain additional condition
on the closed unit ball of its dual, using the properties of the Pettis integral
appearing in [1], [4], [10] and [14].

2. Definitions and basic properties

Throughout this paper X will denote a real Banach space with norm || - ||,
and X* denotes its dual.
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Iy is a compact interval in R™ and X is the set of all y-measurable subsets
of Iy, u stands for the Lebesgue measure.

B(X*) ={z* € X*; ||l=*|| < 1} is the unit ball in X*.

We first extend the notion of partition of an interval. A partial M -partition
D in I is a finite collection of interval-point pairs (I, £) with non-overlapping
intervals I C Iy, where £ € I is the point associated with I. If we require, in
addition, that £ € I for this point, we get the concept of a partial K -partition
D in Iy. We write D = {(I,¢)}.

A partial M-partition D = {(I,€)} in I is an M-partition of Iy if the
union of all the intervals I equals Ip; a K-partition is defined similarly.

Let § be a positive function defined on the interval I. A partial M-partition
(K-partition) D = {(I,£)} is said to be d-fine if for each interval-point pair
(I,€) € D we have I C B(,4(¢)), where B(£,0(§)) = {t € R™; dist(&,t) <
0(£)} and dist is the metric in R™.

The m-dimensional volume of a given interval I C Iy is denoted by wu(I).

Given an M-partition D = {(I,£)}, we write

f(D) = (D)) f(&)ul)

for integral sums over D, whenever f : Iy — X.

DEFINITION 1. An X-valued function f is said to be McShane integrable
on Iy if there exists an element Sy € X such that for every € > 0, there exists
0(t) > 0, t € Iy, such that for every d-fine M-partition D = {(I,£)} of Iy we

have
|(0) > 1©ntn - 54 <
We write (M) ffo f =5y, and call Sy the McShane integral of f over Io.

f is said to be McShane integrable on a set E C I if the function f - x g is
McShane integrable on Iy, where x g denotes the characteristic function of E.
We write (M) [, f = (M) [} fxr = F(E) for the McShane integral of f on
FE, and denote the set of all McShane integrable functions f : Iy — X by M.

Replacing the term “M-partition” by “K-partition” in this definition we
obtain Kurzweil-Henstock integrability and the definition of the Kurzweil-
Henstock integral (K) ro f. Tt is clear that if f : Iy — X is McShane in-
tegrable, then it is also Kurzweil-Henstock integrable.

The following theorems describe some of the basic properties of the Mc-
Shane integral. The proofs of these results are virtually identical to the proofs
for functions defined on one-dimensional intervals, and the reader is referred
to R.A. Gordon [5][6] for the details.

THEOREM 2. A function [ : Iy — X is McShane integrable on Iy if and
only if for each € > 0 there exists a positive function § on Iy such that

[0 3 A€t = (02 S s <<
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whenever D1 = {(I,€)} and Dy = {(J,n)} are 6-fine M -partitions of I.

THEOREM 3. Let f and g be functions mapping Iy into X.

(a) If f is McShane integrable on Iy, then f is McShane integrable on
every subinterval of I C Iy.

(b) If f is McShane integrable on each of the intervals Iy and Is, where
I, and I are mon-overlapping and Iy U Is = I is an interval, then f
is McShane integrable on I and

Jr=hte )

(¢) If f and g are McShane integrable on Iy and o and 3 are real numbers,
then af + Bg is McShane integrable on Iy and

/Io(af+ﬁg —a/ r+6

THEOREM 4. Let f : Iy — X be McShane integrable on Iy, and let F(I) =
fIf for a subinterval I C Iy; F is an X-valued interval function called the
primitive of f on Iy. Then for every € > 0 there exists a positive function
0 defined on Iy such that for any d-fine partial M -partition D = {(I,£)} we
have

H (D—FIH<8

in particular, if D' = )} is a 0-fine M -partition of Iy, then

H<D’> >~ HEm(r) — F(l)

<

Theorem 4 is called the Saks-Henstock lemma for the McShane integral.

THEOREM 5. Let f: Iy — X be McShane integrable on Ij.

(a) If f = g almost everywhere (with respect to the Lebesgue measure
in R™) on Iy, then g is McShane integrable on Iy and flo f= ro g

(b) If E=Uj_, Ej, where un(E;NE;) =0 fori# j,i,5 € {1,...,p}, and
ij f.3=1,...,p, exist, then [, f exists and

-2l

DEFINITION 6. A set K C M is called M -equiintegrable (McShane-equi-
integrable) if for every € > 0 there is a ¢ : Iy — (0, +00) such that

03 f(©utn —/IOfH <e

for every d-fine M-partition D = {(I,£)} of Iy and every f € K.
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Using the concept of M-equiintegrability we have the following convergence
result for the McShane integral (see, e.g., [5]):

THEOREM 7. If the sequence of real functions fp, : Ip — R, n € N, is
M -equiintegrable and

lim f,(t) = f(t) for t €I,

n—oo

then f € M and
lim / fn=1 f
n—oo Jr I

This result can be proved similarly to the analogous theorem for the Kurz-
weil-Henstock integral (see, e.g., [5], [7]).

DEFINITION 8. f : Iy — X is called (strongly) measurable if there is a
sequence of simple functions (fy,) with lim, . || fn(t) — f(¢)|| = 0 for almost
all t € Io.

[ Igp— X is called weakly measurable if for each z* € X* the real function
z*(f) : Ip — R is measurable.

Two functions f, g : Iy — X are called weakly equivalent on Iy if for every
x* € X* the relation

a"(f(8) = =" (9(t))

holds for almost all t € Ij.

THEOREM 9. If f: Iy — X is McShane integrable on Iy, then:
(a) For each x* in X*, x*(f) is McShane integrable on Iy and flo z*(f) =

2 (f1, )
(b) {z*(f); =* € B(X™)} is M-equiintegrable on Ij.
(¢c) f is weakly measurable.

Proof. Since f : Iy — X is McShane integrable on I, for every € > 0 there

exists a positive function § defined on Iy such that for any é-fine M-partition
D ={(I,&)} we have

|3 seun- [ 0 f<e

Hence for any z* € X* we have

](D) S trenun - ([ 0 f)}
<ol |2 S somin - [ 0 i < ene
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for any d-fine M-partition D = {(I,€)}. Therefore (a) holds. If * € B(X*),
then the above inequality gives

D) (e - ( | 0 /)

for every z* € B(X™), so the set {z*(f); =* € B(X*)} is M-equiintegrable
on Iy and f is weakly measurable because for every z* € X* the real function
x*(f) is Lebesgue integrable (see, e.g., [9]). O

<e

COROLLARY 10. If f: Iy — X is McShane integrable on Iy then:

(a) For every subinterval I C Iy and for every x* € X* the function x*(f)
is McShane (= Lebesgue) integrable on I and

frn==(])

(b) IfE = U§=1 I;, where I; are non-overlapping subintervals of Iy, then
f is McShane integrable on E with

fr-x

and for every x* € X* we have

éx*(f)-ji/{jx*(f)—x* jfjl/lf — ([ 1)

Proof. (a) follows easily from (a) in Theorem 3. For (b) we set f = 0 on
the boundary of every I;, j = 1,...,p, and take Theorem 5 into account. [

3. The Pettis integral and its relation to the McShane integral

We denote by £ the set of Lebesgue integrable real functions on Iy (with
respect to the Lebesgue measure p). It should be noted at this point that a
real function f belongs to £ if and only if it is McShane integrable, i.e., we
have £ = M (see [7], [8], and [9]).

We use the notation p(F) for the Lebesgue measure of a (Lebesgue) mea-
surable set E C I.

In [1, Definition 10, p. 74] the following concept is introduced.

DEFINITION 11. A set K C L is called uniformly integrable if

lim / =0
wWE)—0 Jg 17

uniformly for f € K, where the sets E' C Iy are measurable sets.
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For uniformly integrable sets we have the following well-known result (see,
e.g., [11, p. 168]).

THEOREM 12 (Vitali theorem). If on a measurable set E C Iy a sequence
fi € L, j €N, is given such that f; converges to f in measure, and if the
sequence (f;) is uniformly integrable, then f € L and

lim fi= / f
J—00 E E
We first give the basic definitions concerning the Pettis integral. We will

take these from the book [1] of Diestel and Uhl or from the extensive survey
paper [10] by K. Musial.

DEFINITION 13. If f: Iy — X is weakly measurable such that 2*(f) € £
for all z* € X* and if for every measurable set £ C Iy there is an element
g € X such that

v(ee) = [ 209,

then f is called Pettis integrable and the Pettis integral of f over F is the
element zp € X. We write zg = (P) [, f and denote by P the set of all
Pettis integrable functions.

Since (I, X, 1) is a finite perfect measure space we can use the result of
Theorem 6 from [4] in the following form.

THEOREM 14. The function f : Iy — X is Pettis integrable if and only if
there is a sequence (f,) of simple functions from Iy into X with the following
properties:

(a) The set {x*(fn); o* € B(X™*),n € N} is uniformly integrable.
(b) For each x* in X*, lim, o z*(fn) = *(f) a.e. on Ip.

The following result due to K. Musiat (see [10, Theorem 10.1]) gives im-
portant information on Pettis integrable functions.

Let X be an arbitrary normed space and let f : Iy — X be a Pettis integrable
function. Then the following are equivalent:
(i) {z*(f);x* € B(X™*)} is a separable subset of L.
(ii) There exists a sequence (fy) of simple functions from Iy into X, such
that for each x* € X* one of the following conditions is satisfied:
(a) The sequence {x*(fn);n € N} is uniformly integrable and con-
verges to x*(f) almost everywhere.
(b) The sequence {x*(fy);n € N} is uniformly integrable and con-
verges to x*(f) in measure.
(¢) {z*(fn);n € N} is convergent to x*(f) in L.
(d) {z*(fn);n € N} is convergent to x*(f) weakly in L.
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(iii) v¢(3) ={(P) [, [ € X; E € ¥} is a separable subset of X.

In Musial’s paper [10] it is mentioned that the uniform integrability of the
sets {«*(f,); n € N} in the conditions (ii)(a) and (ii)(b) may be replaced by
the uniform integrability of the set {x*(f,,); =* € B(X*),n € N}. This leads
to the following formulation of the result of Musial.

THEOREM 15. Let X be an arbitrary normed space and let f : Iy — X be
a Pettis integrable function. Then the following are equivalent:

(i) {z*(f);x* € B(X*)} is a separable subset of L.
(ii) There exists a sequence (f,) of simple functions from Iy into X, such
that for each x* € X* one of the following conditions is satisfied:

(a) The set {z*(fn); =* € B(X*),n € N} is uniformly integrable
and the sequence x*(f,), n € N, converges to x*(f) almost ev-
erywhere.

(b) The set {x*(fn); z* € B(X™*),n € N} is uniformly integrable and
the sequence *(f,), n € N, converges to x*(f) in measure.

(c) {a*(fn);n € N} is convergent to x*(f) in L.

(d) {=*(fn);n € N} is convergent to x*(f) weakly in L.

(iii) vf(X) ={(P) [, [ € X; E € ¥} is a separable subset of X.

It is possible to combine Theorems 14 and 15 to obtain the following corol-
lary.

COROLLARY 16. For a function f : Iy — X the following are equivalent:

(a) feP.

(b) {z*(f);a* € B(X™)} is a separable subset of L.

(¢c) There exists a sequence (fn) of simple functions from Iy into X such
that for each x* € X* one of the following conditions is satisfied:

(i) The set {x*(fn); z* € B(X™*),n € N} is uniformly integrable
and the sequence x*(f,), n € N, converges to z*(f) almost ev-
erywhere.

(ii) The set {x*(fn); z* € B(X™*),n € N} is uniformly integrable and
the sequence *(fy), n € N, converges to =*(f) in measure.

(i) {z*(fn);n € N} is convergent to x*(f) in L.
(iv) {x*(fn);n € N} is convergent to x*(f) weakly in L.

Proof. By Theorem 14 the Pettis integrability of f is equivalent to (ii)(a)
of Theorem 15. Theorem 15 now gives the corollary. (]

D.H. Fremlin and J. Mendoza [3, Example 3C] give an example of a Pettis
integrable function with values in {°°(N) which is not McShane integrable.

We will consider the problem when a Pettis integrable function f with
values in X is McShane integrable. By the above mentioned example of
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Fremlin and Mendoza this is a problem related to the properties of the space
X or some additional properties of the function f.

PROPOSITION 17. If f : Inp — X is Pettis integrable then the set {z*(f);
x* € B(X™*)} is uniformly integrable.

Proof. By Theorem 14 there is a sequence of simple functions (f,) such
that for each z* € X* we have

lim z*(f,) =2*(f) a.e. in Iy,

and the set
{z"(fn); 2" € B(X™),n € N}

is uniformly integrable. Hence

lim /|x (fn) =0
n(E)—0

uniformly for z* € B(X™*), n € N, for measurable £ C Iy. By the Vitali
convergence theorem (Theorem 12) we have

hm |:E (fn) \—/ lz*(f

for every measurable E C Iy. This yields

lim / z* = lim lim / z*(fn)]= lim lim / () =0
L EI (A= Jm L [ fe"(fa)l = lim L fje(f)]
uniformly for z* € B(X™*), and the statement is proved. O

LEMMA 18. Assume that f : Iy — X is Pettis integrable. Then f is
McShane integrable if and only if the set {x*(f); «* € B(X™)} is M -equiinte-
grable.

Proof. By (b) in Theorem 9 the set {z*(f); z* € B(X*)} is M-equiinte-
grable provided f € M.

Assume that {z*(f); «* € B(X*)} is M-equiintegrable. Then, by defini-
tion, for every € > 0 there exists §(§) > 0, £ € Iy, such that for every d-fine
M-partition D = {(I,£)} of Iy and z* € B(X™*) we have

D) Y (semn - | 0 o) <

Since f € P, we have flo x*(f) = x*((P) f]o f), and

D)y at(f —2* (D)) F©u(D)
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holds evidently. Hence for every d-fine M-partition D = {(I,£)} of Iy and
x* € B(X*) we have

s (X sun - @) [ 0 )| <

and this yields immediately

| semn - @) [ 1

Io

<

for every d0-fine M-partition D = {(I,&)}. Consequently we obtain that f is
McShane integrable on Iy (and (M) [, f = (P) [} ). O

R.A. Gordon [5, Theorem 17] proved the following result:

THEOREM 19. Let f : Iy — X be (strongly) measurable. If f is Pettis
integrable on Iy then f is McShane integrable on 1.

REMARK 20. In fact, Gordon proved the result given in Theorem 19 for
the case when Iy = [a,b] € R is a one-dimensional interval. An inspection
of the proof in [5] shows that the approach of Gordon can be adopted to the
case of a compact interval I in R™.

LEMMA 21. Assume that f : Iy — X is Pettis integrable. If f is weakly
equivalent to a measurable function g : Iy — X then for every sequence x, €
B(X*), m € N, the set {z},(f); m € N} is M-equiintegrable.

Proof. Since g : Iy — X is assumed to be measurable, by Theorem 19 the
function g is McShane integrable, i.e., g € M.

By Theorem 9 the set {z*(g); =* € B(X™*)} is M-equiintegrable. Assuming
that (x,) € B(X*), m € N, is an arbitrary sequence, the set {z%,(g); m € N}
is evidently also M-equiintegrable.

From the weak equivalence of f and g we obtain that for every m € N there
is a measurable N,,, C Iy with u(N,,) = 0 such that

Lo (f(8)) = 27, (9(2)) for ¢ € Io \ Np,.
Let us put N = J;-_; Ny, Then p(N) = 0 and for every m € N we have

2, (f(1)) = 27, (9(t)) for ¢ € Io \ N.

By Theorem 5 the function gx,\n is McShane integrable, and again by The-
orem 9 we obtain that the set {z;, (9x7,\n);m € N} is M-equiintegrable.
Let us set

) f(t), fortely\ N,
ht) = {0, fort e N
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and

0, fort e Iy \ N,
fa(0) = {f(t)7 fort € N.

Then f = f1+ f2, 2, (f1(t)) = 23, (g(t) X 1,\n (t)) for every m € N and ¢ € I,
and f2(t) = 0 almost everywhere in Iy. This yields that {z},(f1);m € N} is
M-equiintegrable because of the M-equiintegrability of {7, (9x1,\n); m € N}.
By Theorem 5 we have fo € M, and the set {«7 (f2);m € N} is also M-
equiintegrable.

Assume that ¢ > 0 is given. By Definition 6 there is a function §; > 0 on
Iy such that

<e

](D) S whOWn - [ )

Io
for every d1-fine M-partition D = {(I,t)} and every m € N, where

[ = [ win=si (o[ 1)

Similarly there is a function d2 > 0 on [y such that

(D) s (D) <«

for every do-fine M-partition D = {(I,t¢)} and every m € N, since ro zt (f2) =
0 for every m € N.
Taking now an arbitrary min(d, d2)-fine M-partition D = {(I,t)}, we get

DYt -z, | 0 )
< ‘(D)Zw;(fl(t))u(f) - [ )

I

+ (D) Y i (fa0) )
< 2

for every m € N. This proves the lemma. O

For the next lemma we need to assume that the ball B(X*) in X* has the
following property.

PrROPERTY (P). There exists a sequence {z}, € B(X*); m € N} such
that for every z* € B(X™*) there exists a subsequence {z} € B(X*); k € N}
of {z¥, € B(X™*); m € N} such that

(1) zi(x) — 2" () for every z € X if k — oc.

LEMMA 22.  Let f: Iy — X be Pettis integrable. If f is weakly equivalent
to a measurable function g : Ip — X and X has the property (P) then the set
{z*(f); =* € B(X*)} is M-equiintegrable.
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Proof. Assume that z* € B(X*) is given. Then by (1) we have

(2) 2 (f(t)) — a2 (f(t)) for every t € Iyif k — oo.
By Lemma 21 the set {«,(f); m € N} is M-equiintegrable and therefore also
(3) {z7(f); k € N} is M-equiintegrable.
Applying the convergence theorem (Theorem 7), (2) and (3), we get
(1) dm [ 5= [ a0,
=%/, Io

Assume now that € > 0 is arbitrary. Then, by (2), for any ¢t € Iy there is a
Jjo = jo(e,t) € N such that
(5) k>jo = [ap(f(1) — 2" (f(1)] <e.
Since the set {z},(f); m € N} is M-equiintegrable, by Definition 6 there is a
positive function 0 : Iy — (0, 00) such that

s () - / 5 ()

<e€

(6)

for every m € N, provided D = {(I;,t;); ¢ =1,...,p} is a d-fine M-partition
of Io.
Finally, (4) gives that there is a kg € N such that for & > ky we have

™) [ ain-[ x*<f>\ -| [ @i —x*(f»\ <-

Let D = {(I;,t;); i = 1,...,p} be an arbitrary 0-fine M-partition of I and

let k € N be such that k > max(ko, jo(e,t1),...,J0(¢,tp)). Then using (5),
(6) and (7) we obtain

> (et - [ x*<f>|

<[ Sl (G 0) = i) + [ S i st - | xZ(f)‘
[ x*(f)\

< Z 2% (f(t)) — an(f(ta)|p(li) + € + ¢

< €§p:u(1¢) +2e = e(pu(lo) + 2).
i=1

Since z* € B(X™*) and € > 0 can be taken arbitrarily, we obtain the M-equi-
integrability of {z*(f); =* € B(X*)}. O
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THEOREM 23. If f: Iy — X is Pettis integrable on Iy, f is weakly equiv-
alent to a measurable function g : In — X, and X has property (P), then f is
McShane integrable on Iy, i.e., P C M.

Proof. By Lemma 22 the set {z*(f); =* € B(X*)} is M-equiintegrable.
Lemma 18 implies that f € M and the theorem is proved. O

A weakly measurable function f : Iy — X is said to be determined by a
subspace D of X if for each x* € X* which restricted to D equals zero (i.e.,
x*|p = 0) the function z*(f) equals zero almost everywhere on Ij.

G.F. Stefansson [14] proved the following result.

PROPOSITION 24.  All weakly measurable functions determined by reflexive
spaces are weakly equivalent to strongly measurable functions.

Since every weakly measurable function f : Iy — X is determined by the
space X itself, we conclude easily that the following holds.

ProrosITION 25. If the Banach space X is reflexive and f : Iy — X is
weakly measurable then there exists a strongly measurable function g : Iy — X
which is weakly equivalent to f.

Using this result together with Theorem 23 we arrive at the following result.

THEOREM 26. If the Banach space X is reflexive, X has the property (P)
and f: Iy — X 1is Pettis integrable, then f is McShane integrable on Iy, i.e.,
P Cc M.

REMARK 27. Stefansson’s Proposition 24 can be used to obtain the fol-
lowing stronger result.

If f : Iy — X is Pettis integrable on Iy, f is determined by a reflexive space
and X has the property (P) then f is McShane integrable on Ij.

According to a remark in Stefidnsson’s paper [14, p. 412] an even more
general statement holds.

If f: Iy — X is Pettis integrable on Iy, [ is determined by a subspace of
X which has the Radon-Nikodym Property, and X has the property (P), then
f is McShane integrable on I.

4. McShane integrable functions are Pettis integrable

In this section we show that the converse inclusion M C P also holds in
the case of Iy C R™. We first prove some some auxiliary results.

LEmMA 28. If f : Iy — X is McShane integrable on Iy, then for every
€ > 0 there is an n > 0 such that for any finite collection {J; : 1 < j < p} of
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non-overlapping intervals in Iy with ZJ 1 1(J5) < n we have

jz:/ij <e.

Proof. Let € > 0 be given. Since f is M-integrable on I, there exists a
positive function 6 on Iy such that H(D) SO — ro fH < € whenever
D = {(I,£)} is an arbitrary d-fine M-partition of I. Fix a d-fine M-partition
of IO

Do={(Int):1<i<q},
put M = max{||f(t)| ;1 <i<q} and set n=¢/(M +1).

Suppose that {J; : 1 < j < p} is a finite collection of non-overlapping
intervals in o such that Y-%_, pu(J;) < 7. By subdividing these intervals if
necessary, we may assume that for each j, J; C I; for some i. For each 1,
1<i<glet M; ={j;1<j<p with Jjgfi}andlet

D = {(Jj,ti) j S Mi,i = 1,...,(]}.
Note that D is a d-fine partial M-partition of Ij.
Using the Saks-Henstock Lemma (Theorem 4), we have

>/ Z/ff j+2wwm

<€+MZM ) < e+ Mn< 2e. (]
j=1

REMARK 29. The above lemma can be reformulated as follows.

If F is the primitive of a McShane integrable function f : Iy — X, then
for every € > 0 there is an n > 0 such that for any finite collection {J; :
1 < j < p} of non-overlapping intervals in Iy with Z] 1 u(Jj) < n we have

o] <

LEMMA 30. Assume that F' is an X -valued interval function defined for
intervals in Iy such that for every e > 0 there is an n > such that for any
finite collection {J; : 1 < j < p} of non-overlapping intervals in Iy with

S8 mu(Jj) < n we have H i F(Jj)H < e. Then:

(a) For any sequence {I; :i=1,2,---} of non-overlapping intervals I; C
Iy, i € N, with "2, p(L;) < p(lo) the limit

o0

i=1 i=1
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exists.

(b) If for the sequence {I; : i =1,2,---} of non-overlapping intervals we
have Y2, w(I;) < n, where n > 0 is the value of n corresponding to
e > 0 by the assumption, then ||> 2, F(L;)|| <e.

Proof. Suppose that {I; : i = 1,2,---} is a sequence of non-overlapping
intervals with Y .2 pu(I;) < co. Assume that € > 0 is given and that n > 0 is
the value of n corresponding to e by the assumption. Since >, u(I;) < oo,
there is an N € N such that for n > N we have >~ u(I;) <.

Assume that n,m € N, N <n < m. Then

ZF(L‘) - ZF(L')
i=1 =1
because Y1 pu(l) < 302 w(l) <. So Yo, F(I;), n € N, is a Cauchy

sequence in the Banach space X, and (a) is proved.
If Y00 w(I;) < m, then Y7 wu(I;) < n for every n € N and therefore

Y F(L)
i=1

Since by (a) o) F(I;) € X exists, we obtain || Y72, F(I;)|| < ¢ and (b) is
proved. O

= > FL)

1=n—+1

<g,

< ¢ for every n € N.

LEmMMA 31. If f is McShane integrable on Iy, then for every open set
G C Iy there is an element xg € X such that

"t =" (ao)
for every z* € X*.

Proof. From Theorem 9 it follows that f is weakly measurable and for
every * € X* the real function z*( f) is McShane and therefore also Lebesgue
integrable.

Given a A\, 0 < A < 1, an interval I in R™ is called A-regular if

(1)
r(I) = > A,
[a(1)]™
where d(I) = sup{|z — y|; z,y € I'}, |z —y| = max{|z1 — y1], .- |Tm — Yml},
and x = (z1,...,Tm), Yy = (Y1,---,Ym). (r(I) is the regularity of the interval

1)

Suppose that G is an open subset of Iy. For ¢ € G let §(t) > 0 be such
that B(¢,0(t)) C G and assume that 0 < §,(t) < 6(¢) for n € N, where
On(t) > 0pt1(t), dn(t) — 0 for n — oo.

Let 0 < A < 1 be fixed. For n € N define

®,, ={I C Iy,Iis an interval; t € I C B(t,6,(t)),r(I) > A\, t € G}.
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Then ® = J. 7, ®,, is a Vitali cover of G, and if I € ® then I C G.

By the Vitali covering theorem (see, e.g., [12, Proposition 9.2.4]) there is a
sequence F,, n € N, where F, is a finite union of non-overlapping intervals
belonging to ®, such that

PG\ B < =,

ie, p(G\ E,) — 0 for n — oo and E,, C G for any n € N.

Set Ey = U,—; En. Since G\ Ey C G\ E, for every n € N, we have
w(G\ Ey) < u(G\ E,) < 1/n for every n € N and consequently u(G\ Ey) = 0.
This yields u(Eo) = u(G).

Let us set F,, = [J;—_, E;. Then clearly F,, / E, for n — oo, and for
every n € N the set F,, can be expressed as a finite union of non-overlapping
intervals in R™.

Set Fy = 0 and define K,, = F,, \ F_,, where F°_, is the interior of the
set F,_1. We have Ey = J,— Ky, KN K =0 for n # [, and again K,, can
be expressed as a finite union of non-overlapping intervals in R™, i.e.,

Pn
K, = U I,
i=1

while {I"; i = 1,...,pn,n € N} forms an at most countable system of non-
overlapping intervals contained in Ej.
Since | J!_, K,, C Ey, p € N, we have

D Ky =p (U Kn) < u(Eo) = u(G) < u(lp) < 0.

n=1

S K= p (ZI"> = Ziu(fz-”) < o0,

i=1 n=11i=1

and by Lemmas 28 and 30 we obtain the existence of the limit

m  Pn m
i 33 FU) = fim 3 F () = w6 € X
n=1 1= n=

where F' is the McShane primitive of f.
Given z* € X*, the real function 2*(f) is McShane integrable on Iy, and
therefore it is also Lebesgue integrable on Iy. Hence the Lebesgue integral

Jo ¥ (f) exists and
Lﬁm=éfw»



1140 YE GUOJU AND STEFAN SCHWABIK

because u(G \ Ey) =0 and Ey C G. Further we have

n=1 n 1

= lim 2*(f) = lim z* / f
m=oo Jym, yt, Iy mos U

n=1 n=1

lim z* (/ f) = lim z* (Z F(Kn)> =z"(zq),
m— o0 m K, m— o0 —

and [, z*(f) = *(zq) for every z* € X*. The proof is complete. O

LEMMA 32. If f is McShane integrable on Iy, then for every closed set
H C Iy there is an element xy € X such that

| e =o(on)
for every z* € X*.

Proof. If H C Iy is closed then Iy \ H is open and for every z* € X* we
have (cf. Theorem 9 and Lemma 31)

M>/IO / -/ = *(f)+/IO\Hx*(f)

- / 2*(f) + 2" (@1o\10),
H

where for the open set Iy \ H the element x7,\y € X is given by Lemma 31.
Hence
[ = =00 [ e,
H Io
and we can take vy = (M) [, f—xr\u € X. O

LEMMA 33. If f is McShane integrable on Iy, G C Iy is open, then for
every € > 0 there is an n > 0 such that if u(G) < n, then ||zg| < €, where
xg € X is such that [, x*(f) = 2*(xg) for every x* € X*.

Proof. As in the proof of Lemma 31 we see that there exists a sequence of
sets K,, C G, n € N, which are finite unions of non-overlapping intervals and
satisfy K2 N Ky = () for n # [, such that for every 2* € X* we have

/Gx*(f :ngnooz (ZF )zx*(xg).

By Lemma 28 and Lemma 30(b), for every & > 0 there is an 7 > 0 such that
if >0 w(Ky) < nthen || Y07, F(K,)|=|z¢| < e. Hence the lemma is
proved. O
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THEOREM 34. If f is McShane integrable on Iy, then f is Pettis integrable,
i.e., M CP.

Proof. By Definition 13 and Theorem 9 it only remains to prove is that for
every measurable subset E of I there is an element xp € X which satisfies
z*(zp) = [y a*(f) for every z* € X*.

Suppose that E is a measurable subset of Iy. Then there exists a sequence
of open sets G,, C Iy, n € N, such that

1
EC---CGpy1 CGyp C-+- and p(Gp \ E) < >
n
and a sequence of closed sets H,, C Iy, n € N, such that
1
-++CH,CHpt1 C---CE and u(E\ H,) < o

Then G, \ H,, n € N, are open sets and

PG \ Ho) = G\ EU B\ Hy) = u(Go \ B) + (B \ Hy) <

Since G, C Iy, n € N, are open sets, by Lemma 31 there exist zg,,, n € N,
such that

/ z*(f) =2 (zq,) for every z* € X*.
G'Vl

Let € > 0 be given and let 17 > 0 be the value corresponding to £/2 by Lemma
33. Then there exists N € N, such that 1/n < n if n > N and therefore
w(Gp \ Hy) <nforn>N.

Assume that my,mg > N. Then

(26, —c,,)| = /G ()

mq

/.
:/G x*(f)—/HNx*(f)—/G x*(f)+/HN:v*(f)‘

my

-1/ - / . x*(f)‘

/ R /| W

12 (12, a1+ [ ) < 12 e

IN

+

IN

because G, \ Hv € Gy \ Hy and pu(Gpm, \ Hy) < p(Gy \ Hy) < 1, and
similarly ©(Gm, \ Hy) < 7.
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Hence for every z* € B(X*) we have |rv*(zg,, — 7g,,,)| < ¢ provided
my1,mg > N and therefore ||zg, — zg,,| < & for mi,ma > N. The se-
quence zg, € X, n € N, is therefore Cauchy, and consequently the limit
lim,, e zq,, =z € X exists.

Moreover, we have E C (\~_, Gy, and ()°_; G \ E C G, \ E for every
n € N and therefore p()o_; Gm \ E) < p(G, \ E) < 1/2n, n € N, and
w(N>_, G \ E) = 0. Hence

m=1

¥ (zp) = lim z*(zq,)= lim x*(f)

m—0o0 m—0o0 G
m

-/ Gmx*(f)/E:v*(f)

m=1

for all z* € X*.
This holds for any measurable E C Iy. Therefore, by definition, f is Pettis
integrable, (P) [, f = x5, and the theorem is proved. O

5. Remarks on previous results

Let us note that Theorem 19 of R.A. Gordon yields the following result
(see [5]).

THEOREM 35. If the Banach space X is separable and f : Iy — X, where
Iy C R, is Pettis integrable, then f is McShane integrable on Iy, i.e., P C M.

Let us mention that if X is a separable Banach space, the weak measura-
bility of a function f : I — X is equivalent to its (strong) measurability and
X has the property (P). For this fact see the Pettis theorem and its proof in
[15, V.5]. Hence, if the conditions of Gordon’s Theorem 35 are fulfilled, then
also the conditions of our Theorem 23 hold, and Theorem 23 implies Theorem
35.

On the other hand, the property (P) does not imply the separability of the
space X. From this point of view our Theorem 23 is slightly more general
than Gordon’s Theorem 35.

D.H. Fremlin and J. Mendoza [3, Theorem 2C]| proved our Theorem 34 for
the case of one-dimensional intervals Ij.

From Theorems 26, 34 and 35 we obtain the following result:

THEOREM 36. Let the Banach space X be reflexive with the property (P)
or separable. Then f : [a,b] — X is McShane integrable on [a,b] if and only
if f is Pettis integrable, i.e., M = P.

D.H. Fremlin [2, Theorem 8] proved the following result for one-dimensional
intervals (i.e., for the case m = 1):



THE MCSHANE AND THE PETTIS INTEGRAL 1143

THEOREM 37. Let X be a Banach space. Then f : [a,b] — X is McShane
integrable on [a,b] if and only if it is Pettis integrable and Henstock-Kurzweil
integrable.

By Theorems 26, 35 and 37 this yields that if the Banach space X is reflex-
ive with the property (P) or separable, then every Pettis integrable function
f :]a,b] — X is automatically Henstock-Kurzweil integrable.

Let us denote by B the set of all Bochner integrable functions f : Iy — X
(see, e.g., [1], [10]). In our paper [13] we gave some characterizations of B and
we proved the following result.

THEOREM 38. The inclusion B C M holds in general, and we have B =
M if and only if the Banach space X is finite dimensional.

Since finite dimensional Banach spaces are separable, we can combine this
with Theorems 26 and 35 to obtain the following result.

THEOREM 39. The inclusion B C P holds in general, and we have B =P
if and only if the Banach space X is finite dimensional.

Added in proof. Luisa Di Piazza and David Preiss pointed out that the
assumption of reflexivity of the Banach space X together with the property
(P) imply the separability of X. Therefore the result of Theorem 26 is a
consequence of Gordon’s result presented in Theorem 35. The authors express
their thanks to L. Di Piazza and D. Preiss for this essential observation as
well as for their progress in characterizing Banach spaces for which the Pettis
and McShane integrals coincide. As we know, their sophisticated and deep
results in this direction will be published soon.
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