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AN ALTERNATIVE TO THE HILBERT FUNCTION FOR
THE IDEAL OF A FINITE SET OF POINTS IN P"

ANTHONY V. GERAMITA, TADAHITO HARIMA, AND YONG SU SHIN

1. Introduction

Let X = {Py,..., Ps} be a set of s distinct points in the projective space
P"(k), where k = k is an algebraically closed field. Then P; « gp; =
(Li1, ..., Lin) C R = klzg,21,...,2ys], where the L;;, j = 1,...,n, are n
linearly independent linear forms and g; is the (homogeneous) prime ideal of

R generated by all the forms which vanish at P;. The ideal
I:IX ::p1ﬁ~--ﬂps

is the ideal generated by all the forms which vanish at all the points of X.
Since R = @2, R; (R; being the vector space of dimension (**") generated
by all the monomials in R having degree i) and I = &$2,1;, we obtain that

A=R/I =&Z(Ri/1;) = &0 A
is a graded ring. The numerical function
Hx(t) = H(A7 t) = dimk At = lel]C Rt - dimk It

is called the Hilbert function of the set X (or of the ring A).

In this paper, which is the first in a series, we introduce a new “character”
(the n-type vector), which is an alternative to the Hilbert function for the set
of points X. Our main theorem (Theorem 2.6) shows that our new character
is equivalent to the Hilbert function as a tool to describe finite sets of points
in P”. The proof of this result occupies all of Section 2.

In Section 3 we connect our character with the numerical character in-
troduced in 1978 by Gruson and Peskine [13] in their study of the points
in P? which are hyperplane sections of a curve in P3. Gruson-Peskine used
the numerical character to reveal properties of all sets of points with a given
Hilbert function. We translate their results using our new character; these
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translations suggest possible generalizations of the Gruson-Peskine results in
P? to results in P". Indeed, we give some initial applications (Theorem 3.7
and Proposition 3.8) in this direction, which establish an extremal property
of the collection of all sets of points in P™ with a fixed Hilbert function. The
study of such extremal subsets is developed further in the third paper of this
series [8].

We conclude this paper with a discussion of particular families of sets of
points in P whose construction is strongly suggested by our character. We
had done something similar in P? and P? (see [11], [12]), but it is only now,
with our definition of the n-type vector well understood, that we can give the
definition in higher dimensional spaces. A detailed study of these families of
point sets is undertaken in [7].

We now define some notation and make some preliminary observations.
The collection of functions

H,, := {Hx : N — N | X is a non-degenerate finite set of points in P"}

has been much studied. For example, we know:
(I) (Macaulay) If H € H,,, then the values of H, i.e.,

H(0) =1, H(1) =n+1, H(2), ...

form an O-sequence (see [18] for definition).
(IT) If H € H,, and H = Hy for some set X then, for all t > 0, H(t) = [X|.
(I11) If H € 'H,, and we define the function AH by AH(0) = 1 and AH(¢) =
H(t) — H(t — 1) for t > 0, then the values of AH, i.e.,

AH(0) =1, AH(1) =n, AH(2), ---
form an O-sequence which is eventually 0.
One can prove (see, e.g., [6]) that (III) is equivalent to saying that there is
a homogeneous ideal J C k[x1, ..., z,] satisfying
(1) JN(z1,...,2,)1 = (0);
(2) VT = (21, n):
(3) If B=k[z1,...,2,])/J = &2y B;, then AH(t) = dimy, B;.

That is, AH is the Hilbert function of some Artinian quotient of k[z1, ...,
Zn]. In fact, in the terminology of [10] one has the following characterization
of H,:

e H € H, (for some n) if and only if H(1) =n + 1,
e H is a 0-dimensional (condition (IT) above), differentiable (III), O-
sequence ().

We use (IIT) above to define the set of functions

H — Art, :== {H:N — N|H is the Hilbert function of some Artinian
graded quotient of k[z1,...,x,] and H(1) = n. }
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In light of the above remarks, we can consider A as a function from H,, to
‘H — Art,,. Since “integration” of a function in H — Art, is a left inverse to A,
we obtain that A is actually a 1-1 function. It is well-known (see, e.g., [6] or
[15]) that A is also a surjective function. Thus, we can often reduce questions
about H,, to analogous questions about ‘H — Art,,.

Given H € H,,, we define:

~ t

a(H) = least integer ¢ such that H(¢) < —;n )

o(H) = least integer ¢t such that AH(¢+ ¢) = 0 for all £ > 0.
Notice that if, as above, B is a graded Artinian quotient of k[x1, ..., x,]| and if

By = 0 for some t, then By, = 0 for all £ > 0. It follows from this observation
that we could have defined o(H) as the least integer ¢ such that AH(¢) = 0.
Clearly, a(H) < o(H), and H € H,, is completely known once we know the
first o(H) values of H, i.e.,

H(0),H(1) =n+1, -, H(o(H) — 1).

We shall also need to consider degenerate sets of points in P™ and their
Hilbert functions. In order to do that in a systematic manner we define

Sn=J M
i<n
Thus, S, is the collection of Hilbert functions of all sets of points in P™.
Unfortunately, in the case H € S,, the above definition of &(H) is not
appropriate. In order to avoid the possibility of confusion we define, for
Hes,,

Mm{i if H €7, i <n,
a(H) if HeH,.
Notice that the definition of o(H) does not depend on where we consider H.

In [13], Gruson and Peskine studied the case of S and observed that H € S,
could, in fact, be completely described by only «(H) numbers, which they
called the numerical character of H.

To understand the Gruson-Peskine result we use the fact that A gives an
isomorphism between the sets H,, and H — Art, and consider only AH €
H — Art,. Since AH is the Hilbert function of some graded Artinian quotient
of k[x1,x2], it is easy to see that

AH:=1 2 3 --- Oéha ha—i—l"' hg_1 0 (0422),
where o > hgy > hat41 > ... > hy—1 > 0 is any non-increasing collection of
non-zero integers and a = a(H), o = o(H).
Then the numerical character of H is defined as the sequence (b1, ...,b,)

with
a<b <by---< by
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such that, if there are u; occurrences of by in the numerical character then
AH takes on the value a — u; at by and stays at that value until we arrive
at by, +1; if there are us occurrences of by, 41 in the numerical character then
AH takes on the value v — uy — ug at by,+1 and stays at that value until we
arrive at by, 4u,+1; and so on. (For more details the reader is referred to [9].)

ExaMPLE 1.1. We will consider the numerical characters of all possible
Hilbert functions for sets of 6 nondegenerate points in P2.

(a) X consists of 6 points not on a conic in P2. Then H = Hx is given by
H= 1366 — andso AH:= 1 2 3 0,

and the numerical character is (3, 3, 3).
(b) X consists of 6 points on an irreducible conic. Then

H:= 13566 — andso AH:= 1 2 2 1 0,

and the numerical character is (3,4).
(¢) X consists of 5 points on a line and one point off that line. Then

H= 134566 — andsoAH:= 12111 0,

and the numerical character is (2,5).
(d) X consists of 6 points on a line. Then

H=1234566 — andsoAH:=111111 — .

Notice that in the last case we have H € H;. It follows that the numerical
character of H is (6).

It is easy to see that the set S5 is in 1-1 correspondence with the set of
numerical characters. Thus, the numerical character is an alternative to the
Hilbert function for distinguishing sets of points in P?. In fact, Gruson-Peskine
used the numerical character to characterize the Hilbert functions of points
sets in P? which are general hyperplane sections of irreducible curves in P3
(see also [9]).

We are now ready to define our new “character” (called “type vectors”), and
we show that there is a 1-1 correspondence between S,, and “n-type vectors”.
When n = 2 and H € S, then the 2-type vector corresponding to H is an a(H)-
tuple of non-negative integers (similar to, but not equal to, the numerical
character) which characterizes H. We will show in Proposition 3.2 how to
pass back and forth between our 2-type vector and the numerical character of
Gruson and Peskine.

REMARK 1.2. Forn > 2 and H € §,, we also explain how the n-type
vector associated to H can describe certain features of the point sets that
have Hilbert function H.

There is an ambiguity in the above discussion relating to the set Hy = Sp.
There is only one Hilbert function in this set, namely the constant function 1.
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This function is precisely the Hilbert function of the ring k[zg]. In this case
we set a(H) = —1 and o(H) = 1.

2. Type vectors
DEFINITION 2.1.

(1) A 0-type vector is defined to be 7 = 1. This vector is the only 0-type
vector. We define o(7) = —1 and ¢(7) = 1.

(2) A 1-type vector is a vector of the form 7 = (d), where d > 1 is a
positive integer. For such a vector we define a(7) = d = o (7).

(3) A 2-type vector is a vector of the form

T = ((d1),(d2), - -, (dm)),

where m > 1, the (d;) are 1-type vectors, and o(d;) = d; < a(d;11) =

d;+1. For such a vector T we define «(7) = m and o(7) = o((d,)) =

dp. Clearly, o(7) < o(7), with equality if and only if 7 = ((1), (2),
" m)).

Remark. For simplicity of notation we usually write the 2-type vector

((d1),..-,(dm)) as (d1,...,dm) .
(4) A 3-type vector is an ordered collection of 2-type vectors T,..., T,

TZ(Z?"'?’];'))

where 0(7;) < a(7Z;41) for i = 1,...,r — 1. For such a vector 7 we
define o(7) =r and 0(7) = o(7;.).

(5) Let n > 3. An n-type vector is an ordered collection of (n — 1)-type
vectors, Ty, . .., T,

T= (717""7;)’
such that 0(7;) < a(Z;41) for ¢ = 1,...,s — 1. For such a vector 7
we define a(7) = s and o(7) = o(75).

ExamMPLE 2.2. Clearly 77 = (1,2), 72 = (1,3,4), 73 = (1,2,3), and
71 = (2,3,4,5,6) are all 2-type vectors, but (73, 72) = ((1,2,3), (1, 3,4)) is not
a 3-type vector since o(73) = 3 and «o(7z) = 3. However, (72,74) is a 3-type
vector. Also,

(7'1; 7—27721) = ((13 2), (]—7 334)7 (27 3,4, 576))

is a 3-type vector since 0(71) = 2 < o(73) = 3 and 0(73) = 4 < o(7y) = 5.
We will, from time to time, use the simplified notation

((1,2),(1,3,4),(2,3,4,5,6)) = (1,2;1,3,4;2,3,4,5,6)

for 3-type vectors (see [12]).
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Note also that ( (71) ) = ( (1,2) ) is a 3-type vector and that ( ( (1,2) ) )
is a 4-type vector. A simple check shows that

((1,2),(1,3.4).(2.3,4,5,6)), ((1,2), (1,2,4), (2,3,4,5,6),
(1,2,3,4,5,6,7),(2,4,6,7,8,9,10,12), (1,2,3,4,5,6,7,8,9, 11,12, 14, 15),

(3,4,6,8,9,10,12, 23,24, 25, 30, 31, 40, 45, 50, 60))

is also a 4-type vector.

Before we begin the proof of our main theorem we recall a construction
given in [10], which is crucial to our discussion of n-type vectors. Let H =
{b;} € H,, (so that H(1) =n+1) and write 0 = o(H). Let Hpn—1(t) = {d; },

where d; = (t';’i;l) and define ¢; = b;41 — d;1+1. Then we have:

H: ("t - (v ba - by_g <by_1= be

1 n
(0) (1) . (a — 1) (a) . (a. _ 2) (a _ 1) (o’)
H[Pn—l -1 (n) . (a+n—2) (a+n—1) . (o’+n—3) (o’+n—2) (g+n_1)

n—1 n—1 n—1 n—1 n—1

1 : Ca—2 Ca—1 : Co—3 Co—2 Co—1
I
Since the d;’s are strictly increasing and the b;’s are eventually constant,
there is a unique integer h such that

l=c<cg < <cpo1>cp.

THEOREM 2.3 ([10]). The sequences
H =1c¢ - c,_1 —and H, = {c}},

t+n—1 .
, ( ) fori < h,

n—1
b; —cp_1 for i > h,

are 0-dimensional differentiable O-sequences.

where

We associate to H the (ordered) pair of Hilbert functions (Hy, H}).

REMARK 2.4. (1) Notice that ¢ = 1 (since H(1) = n + 1) and so

h—1>0,ie., h>1. Thus ¢, = n, and this means that H} € H,,_;.

(2) By construction, o(H;) < h and (since H} € H,,_1) we have a(H/) >
h+ 1. Thus, o(Hy) < a(H)).

The following key lemma will be used often in the sequel.

LEMMA 2.5. Let H€ H,, Hy and H; be as above. Then o(H) = o(H}).
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Proof. Embedded in the proof that H] is an O-sequence is the fact that
¢ =bn—cp1  and ¢ =bpy1 —Choa -

Thus, if by, < bp41 then ¢j < ¢j, ;. It is easy to see that, in this case, the
numbers by, become constant exactly when the numbers ¢}, become constant;
i.e., we have o(H) = o(H}).

Suppose that b, = bpy1. Then ¢j, = ¢}, and we obtain o(H)) < h+1.
Since we always have ¢}, _, < ¢}, we also have o(H}) > h + 1. Thus the
hypothesis b, = by41 gives o(H}) = h + 1, and it remains to show that this
assumption also implies that o(H) = h + 1.

Now, by, = bp41 certainly implies that o(H) < h + 1, so it suffices to prove
that bp,_q1 < by. But if b,_1 = bn, then

h+n—2 h+n-1
Ch—2 =bp—1 — ( ) > by, — ( > = Ch—1,
n—1 n—1

and this contradicts the definition of h. Thus, we have again o(H) = h + 1,
and the proof of the lemma is complete. O

We are now ready to prove the main theorem of this paper.

THEOREM 2.6. There is a 1-1 correspondence
Sy, < {n-type vectors }
such that if He Sy, and H < T, then a(H) = o(T) and o(H) = o(7).

Proof. We begin defining an assignment of an n-type vector to an element
of S,.

Case n = 0: When n = 0, Hyp = Sp and the only element H € H, is
H :=1 —. We associate the only 0-type vector, T = 1, to H. By the
definition, we then have a(H) = a(7) and o (H) = o(7).

Case n = 1: Let H € §; and consider H(1). If H(1) = 1 then H € S
and, by induction, H (considered as an element of Sp) corresponds to the
0-type vector 1. We let H, now considered as an element of Sy, correspond
to 7 = (1). Then, by definition, «(H) = 1 and «(7) = 1. Also, c(H) =1
(this value has not changed) and, by definition, ¢(7) = 1. Thus we are done
in this case.

We may therefore assume that H € H;, i.e., H(1) =2 and so o = a(H) >
1, i.e.,

H= 1 2 ... o o
0) (@) (a=1) (@)
We associate to H the 1-type vector (o) = 7. All conditions are clearly
satisfied in this case since a(H) = a = ¢(H) and a(7) = a = o(7T).

Case n = 2: Now suppose that H € Sy and consider H(1). If H(1) < 3

then H € §; and by induction, H (considered as an element of S) corresponds



8 A.V. GERAMITA, T. HARIMA, AND Y.S.SHIN

to the 1-type vector T = (e) where H (again considered as an element of Sp)
satisfies

aH)=a(T)=e=0cH)=0(T) .
Now, considering H as an element of Sz, welet H «— ((e) ) = (7)) = T'.
Then, by definition, a(H) = a(7’) = 1 and o(H) = e with e = (7). Thus,
o(H) = o(7"), and we are done in this case.
We may therefore assume that H(1) = 3, i.e., H € H2 and a = o(H) > 1.
Writing H(i) = b;, we have

Hi= 1 3 - (I ba -+ byz < byy = by
© @O o @-1) (@ v (@-2)  (@-1) (0

where o = o(H). Thus, b, < (*3?).

We now apply the above-mentioned construction in [10] to H, this time
letting {d;} = Hp: (i), to obtain H; and H}, and we let H — (H;,H)).
There are two separate cases to consider: a(H) = 2 and «(H) > 2.

Case 1 (a(H)=2): In this case we have by < 6 and so ¢; = by—ds = by—3 <
6 —3 = 3. Since ¢; < 3 we have H; € &, and so by induction H; — (ey),
and since H] € S; (by Remark 2.4(1) above), we obtain H} — (e3). By
Remark 2.4(2) we have e; < ea. Thus T = ((e1), (e2)) is a 2-type vector.

In order to associate 7 with H we must ensure that «(7) = «(H) (this
is obvious by construction) and that o(7) = o(H). To obtain the latter
condition note that, by definition, 0(7) = o((e2)) = e2 = o(H}). Thus, it
suffices to show that o(H}) = o(H), and this follows from Lemma 2.5.

Case 2 (a(H) > 2): As in the previous case we let H — (Hp,H}). In
this case, ca—2 = (“3') —a = () and, since @ = a(H) > 2, we have
¢1 = H;(1) = 3. Thus, H; € Hy. Moreover,

Cam1 =ba —(a+1) < (a—2|—2> —(a+1) = (O‘;Ll>

and we conclude that o(H;) = a(H) — 1. Hence, by induction on «, we have

H, — ((61)7 sy (ea(Hl)))7

where the (e;) are 1-type vectors and o(Hiy) = o( (eq(n,)) ) = €a(H,)-
We have already remarked that H} € Hj, so we have H] — (e). We now
define the association

H— ((61)7 ) (ea(Hl))’ (e))’

but to do that we must verify the following:
(1) T =((e1),..-,(eaqm)), (e)) is a 2-type vector;
(2) a(H) = (T) ;
(3) c(H) =o(7).
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To prove (1) it suffices to prove that

U((el)ﬂ EERE (ea(H1))) < a( (e) )7
ie, eqm,) = o(Hi1) < a(H)). But this is precisely the content of Re-
mark 2.4(2). As for (2) and (3), we have a(H) = a(H;y) + 1 and so a(H) =
a(7). Since o(H}) = o(H) by Lemma 2.5, we also have o(H) = (7). This
completes the proof for the case n = 2.

Casen > 3: Let H € S, (n > 3) and consider H(1). If H(1) < n, then, by
induction, we have an assignment H — 7', where 7 is an (n — 1)-type vector,
with a(H) = a(7) and o(H) = o(7). In this case we assign H — (7) = T".
Since H € S, also, we have a(H) = 1 and «(7’) = 1. By definition,
a(T") = o(T), so using induction we obtain o(7’) = o(H). Thus we are done
in this case. Now assume that H(1) =n+1, ie., He H, and a« = a(H) > 1.
We write H(7) = b;. We have

1

H.— (Y (MY by e by < bgoy = by

n

© @ o (e=1) (o) v (0-2) (e—1) (o) « -
where o = o(H). So b, < (“}™).

n
As in the case n = 2, there are two cases to consider: «(H) = 2 and

a(H) > 2.
Case 1 (a(H)=2): We have

n+1 n+2 n+1
c1 = by — < — =n+1,
n—1 n n—1

and there are three possibilities for ¢1, namely ¢; <0, ¢; =1, and ¢; > 1.
Case ¢;1 <0: Then h =1 and
Hi:=1 — and Hj:=1n d
By induction, we have H; — 77, where 7; is an (n — 1)-type vector with
o(H;) = 1 = 0(71) and H} — T3, where T3 is an (n — 1)-type vector with
a(H)) = a(73). But H (1) = n and so a(H}) > 2. Thus, 0(77) < a(7z) and
we associate
H- (7,,5)=T.
Since a(7) = 2 we have a(H) = (7). It remains to show that oc(H) =
o(T) = o(73). This will follow if we can show that o(H) = o(H}). But
the latter relation follows from Lemma 2.5, and we thus have obtained the
required result.

Case ¢1 = 1: In this case we have h > 2 and
Hi:=1 —- and Hi:=1n ¢ - ¢ dy

By induction, we have H; — 77 with ¢(77) = 1 and H] — T3 with o(73) >
h+ 1. Thus, 0(71) < a(7z2) and so

T=(1,T5)
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is an n-type vector, which we associate to H.

By construction, a(H) = «(7), so it remains to show that o(H) = (7).
But 0(7) = 0(73) (by definition) and o(72) = o(H}) (by induction). Lemma
2.5 now completes the proof in this case.

Case n > ¢; > 1: As above, we have H — (Hy, H}) with Hy(1) = ¢;. In
this case we have H; — 77 and H} — 73 and (by Remark 2.4(2)) o(H;) <
a(H}), so T = (71,T3) is an n-type vector with a(H) = o(7) = 2.

Hence from Lemma 2.5 we obtain o(H}) = o(H), which completes the
proof for the case o(H) = 2).

Case 2 (a(H) > 2): We form H; and H} in the usual way from H. But
now observe that

a—14+n a—24n a—24n
Coz—2:bo¢—1*do¢—1 = - = .
a—1 a—1 oa—2

Since a > 2, we have « —2 > 1 and ¢; =n+ 1 and so H; € H,,. Also,

(a+n> (a—l—i—n) (a—1+n>
Ca1 =by —da < — = .
o «a a—1
Thus, a(H;) = a(H) — 1 Hence by induction on « we obtain

Hl - (717 s 7Ta(H1))7
where the 7; are (n — 1)-type vectors and o(Hy) = o(Z,(H,))-

Since H} € H,,_1, we have, by induction, H} — 7", where 7" is an (n—1)-
type vector with a(H}) = o(7") and o(H}) = o (7).

Consider

T=(Th,...,Tom,), T') -
By Remark 2.4(2), this is an n-type vector. By construction, a(H) = a(7T)
and o(7) = o(T') = o(H}). But, by Lemma 2.5, o(H}) = o(H) and so
H — 7 is an appropriate correspondence.

Now that we have defined how to associate to a Hilbert function in S,, an
n-type vector, we next show that this correspondence is a 1-1 correspondence.
We begin by first defining an assignment in the opposite direction. In order
to simplify our discussion, let us denote the assignments defined above by the
letters xn, i.e.,

Xn @ Sp — { n-type vectors }
We now define (inductively) assignments

pn o { n-type vectors } — S,
such that a(7) = a(pn(7)) and o(7T) = o(pn(7)).

Case n = 0: Since there is only one element in either of the sets involved,
the assignment is obvious.
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Case n = 1: Let T = (a) be a 1-type vector with a > 1. We define
p1(7) = H by setting

H= 1 2 --. a a —
0 @ -+ (a=1) (a)

Clearly p; and x; are inverses of each other, thus proving the 1-1 correspon-
dence of the theorem for n = 1. It is also obvious that «(7) = a(p1(7)) and
o(T) = o(p(T)).

Case n > 2: Let T = (T1,...,7;) be an n-type vector. Then the vectors
7; are (n — 1)-type vectors and, by induction, we have p,_1(7;) = H S, ;
and pp,_1 is a 1-1 correspondence between the set of (n — 1)-type vectors and
S, —1, which respects both « and 0. We define p,,(7) = H, where

H(t)=H,(t)+H,_(t—1)+ -+ Hy(t — (r — 1))

(with H;(j) = 0 if j < 0). We need to verify that this definition actually gives
an element of S, which respects a and o.

Let 7 be an n-type vector and suppose first that «(7) = 1. Then 7 = (7;)
where 77 is an (n — 1)-type vector. By induction, we have p,_1(71) = fIl €
Sn—1. Then we also have p,(7) = ﬁl, and obviously ﬁl is a 0-dimensional
differentiable O-sequence with Hy(1) < n (and hence Hy(1) < n + 1). Thus,
H,, considered as an element of S,,, satisfies a(H;) = o(7) = 1. We have
o(H;) = o(T7), by induction, and since ¢(7) = o(7;) by definition, we obtain
o(T) = o(H,), and we are done.

Now assume that a(7) = v > 1, i.e., T = (71,...,7,). As above, we
consider two cases, u = 2 and u > 2. We will leave the simple argument in
case u = 2 to the reader and concentrate on the case u > 2.

Let Hy(t) = Hi(t — (u—2)) + -+ Hu_1(t) = [pn(T1, ..., Tu—1)](t) and
let H)(t) = Hy(t) = [pn—1(7.)](t). Then H; and H] are both 0-dimensional
differentiable O-sequences in S,,, as can be seen by induction on u in the case
of H; and by induction on n in the case of Hj. We want to prove that the
same is true for

[on(T)](t) = H(t) = Hy(t — 1) + Hi (1) .

We have, by induction, a(H;) = u — 1, o(H;) = 0(pn—-1(Zu-1)), a(H}) =
O‘(pn—l(%)) and O'(Hll) = a(pn—l(%))'

Let & = o(Hy). Then H;(t — 1) is generic for t — 1 < « (i.e., for every
t < a). Since a < o(H;) < a(H)), it follows that H/(t) is generic for
t < a, and hence H(t) is generic for ¢ < a. Thus, H is a differentiable O-
sequence for t < a. Since [p,(7)](¢t) = H(t) is generic for t < a, we have
a(H) > a+ 1. If «(H) > a+ 1, then H is also generic for t = a4+ 1. Tt
follows that H) (t) and Hy (¢ — 1) are generic for ¢+ < o+ 1, which implies that
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a(H;) > a+ 1, a contradiction. Hence a(H) = a(H;1) +1 = a + 1 and so
a(H) —1=a(H;) < o(Hy). In particular, o(H) = «(7).

By the definition of H and by induction on u we also have o(H;) < o(HY)
(and, in general, a(H}) < o(H}). Thus, AH)(¢) = 0 implies that ¢ > o(H})
and so t > o(Hy), i.e., t — 1 > o(H;y). Since AH(t) = AH;(t — 1) + AH/ (¢),
this shows that AH (¢) = 0 and thus AH(t) = 0. Since the reverse implication
is obvious, we find that o(H) = o(H}). Thus it only remains to show that
pn(T) behaves like an O-sequence in degrees > «.

We first consider the case when o(H) — 1 = o(H;). Then the Hilbert
functions H; and H) are, respectively,

H, : 1 <n—|—1) (n—|—2> <n+a—1> _
1 2 a—1
H -1 <n) <n—|—1> <n+a—2> <n+a—1>
b 1 2 a—1 o
(0) (1) (2) (a—1) (@)

Now AH(t) = AH;(t — 1) + AH/(t), so if t — 1 > a then AH;(t —1) =0
and so AH(¢t) = AH/ (¢). Thus, for ¢ > a + 1, H behaves like a differentiable
O-sequence. Hence, it only remains to verify that

AH(a +1) < (AH(a))<*~ .
But AH(a + 1) = AH (o + 1), and this is always

() ()

since AH/ (1) =n — 1. Now,
AH(a) = AH(a—1)+ AH)(a)

_ ((a—l(i—l—(ln—l))_i_(a—l—z—Q)

and thus (AH())<*> = (2*7). Since (*177") < (217, this completes the
proof of the claim that, in the case «(H) — 1 = ¢(Hy), AH is a differentiable
O-sequence.

Now assume «(H) < o(H;) and consider those ¢ for which a+1 = a(H) <

t < o(H;). We first consider the passage from « to o + 1. We have
AH(a) = AH;(a — 1) + AH) («).
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Since a < o(H;) < a(H}), AH,(1) = n — 1 and AH; (1) = n, we have
AH(a) = ((a—li—&_—(;m—l)) N (a+2—2> _ <a+2—1) .

Therefore
+n
AH(a))<*> = (“ 1)
@)= = (2717)

Since AH(a + 1) = AH;(a) + AH} (o + 1), which is
< a+n—1 N (@+1)+((n—=2)\ _ (a+n) _ (AH(a))<*>,
o a+1 a+1
we obtain that AH behaves like an O-sequence when passing from a to o+ 1.
Now consider any ¢ in the range o + 1 < t < o(H;) < «(H}) and the
passage from AH(t) to AH(¢ + 1). Since in this range, AH(¢) = (H"Z_Q),
we have

AH(t) = AHy (£ — 1) + <t+’t‘2> .

Since AH,(t — 1) < ("1"]?), the (¢t — 1)-binomial ezpansion of AHy(t — 1) is

(AH.(t = 1)) = <Ti11) o @J)

where t+n —2>my_1 >--->m; > j > 1. Thus,

AH(t) = (HZ_Q) + (?i‘i) TR (?)

and since t+n —2 > my_1, this is the t-binomial exzpansion of AH(t). Hence,

@y = () (M) ()

= (AH) (1)< + (AH (¢ - 1)< 71>
Since, by induction, AH}(t + 1) < (AH)(#))<*> and AH,(¢) < (AH,(¢t —
1))<t=1> we are done in this case as well.

It only remains to consider the case when ¢ > o(H;) 4+ 1. But in this case,
AH(t) = AH/(t), and the result easily follows.

This completes the proof of the existence of assignments p,, that respect
both o and 0. We now show that p,, is injective for each n. We have already
seen that this is true for n = 0 and n = 1. For the general case, we need the
following lemma.

LEmMA 2.7. Let T = (Ty,...,7,) be an n-type vector, where u > 2. Let
o =0(T1) and pn—1(T;) = H;. Then

Hio+(i—2) = (”“L(U“L(i_Q))_l) fori=2,.. . ,u.

n—1
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In other words, H;(t) is mazimal (i.c., generic) in k[x1, ... xn] fort < o+
(t—2)andi=2,...,u.

Proof. Since 0 = o(71) < a(T;) — (i — 1) for i = 2,...,u, we have o +
(1 —2) < a(T;), for ¢ in this range. The conclusion is immediate from this
observation. g

We now return to the proof of Theorem 2.6. Let n > 2 and let 7 =
(T1,...,7,) and 7' = (T{,..., 7)) be two n-type vectors such that p,(7) =
pn(T’). Since, by construction, p,(7) is generic up to u — 1 and p,(7’) is
generic up to v — 1, we obtain u = v.

Suppose first that w = 1, i.e., T = (71) and 7’ = (7{), where 7; and
7] are both (n — 1)-type vectors. By construction, p,(7) = pp—1(71) and
pn(T") = pn—1(T{). So, by induction on n we get 7y = 7/ and so T =T,

Now suppose that u > 1. If 7; = 7{ then, by construction, p,(73,...,7,) =
pn(Z4,...,T)). By induction on u we get 7; = 7 for i = 2,...,u and so
T =T’ in this case. If T; # 7/ then, by induction on w, p,(71)(t) # pn(7{)(t)
for some t. Let s be the least such integer t. We can assume, without loss of
generality, that o(77) < o(7{). Then clearly s < o = o(73).

Write fIZ = pn-1(7;) and ITI; = pp—1(7)). If s < o, we have, by Lemma
2.7,

Hi(s+ (i— 1)) = Hj(s + (i — 1)) (n+<s+;l(:1))—1>

for i = 2,...,u. But then
H(s+ (u—1)) = Hi(s) + [Ha(s + 1)
# Hy(s) + [H(s + 1)
L pnlT)(s+ (u— 1)),
which contradicts the relation p,(7) = pp(77).
Now suppose that s = ¢(77). This forces o(7;) < o(T3) and hence Hy (s) <
ﬁ/l(s) Since s < o(7{) we have, by Lemma 2.7,

Hi(s+ (i— 1) = <”+(5+(i—1))—1)

/

+o o+ Hy(s + (u—1))]
o+ Hy(s+ (u—1))]

n—1
and clearly
~ i—1))—1
H(s+ (i — 1)) < (nHH(Z ) ) .
n—1
Since pn(T)(s+ (u— 1)) = pu(T")(s + (u — 1)) we must have H; (s) > HL, (s),
which is a contradiction. Therefore 7; = 77, and so 7 = 7’ as we wanted to
show.
The proof will be complete if we can show that, for each n, the composition
PnXn 1s the identity map. We have already shown this for the cases n = 0
and n = 1. Now suppose that n > 2, let H € S,,, and consider H(1). If
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H(l) < n+ 1 then H € S,_; and by induction p,—1xn-1(H) = H. If
Xn—1(H) = T, where T is an (n — 1)-type vector, then x,(H) = (7) and
pn((T)) = pn—1(7) = H, and we are done.

Suppose now that H(1) = n + 1 and, as above, let H — (Hy,H}). If
a(H) = 2 then, as we have shown above, H; and Hj are both in S,,_; and

Xn(H) = (Xn—l(Hl)aXn—l(Hll)) = (171775);
where the 7; are (n — 1)-type vectors. By definition,

pn(T1, 12)(t) = pu—1(T2)(t) + pn—1(T1)(t — 1)
Hi(t) + Hy(t - 1).

by induction on n. Now, it is immediate from the definitions of H; and Hj
that this is the description of H(¢). Thus, we are done in this case as well.
The case o > 2 is handled similarly, where now H — (H;, H}) with H; €
S, and H} € S,,_;. This time, however, a(H;) < a(H) and we must also use
induction on «. This completes the proof of the main theorem. O

3. Some applications

In this section we give a few applications to illustrate the idea of the “type
vector” of a Hilbert function H € S,,.

The numerical character. As mentioned in the introduction, Gruson
and Peskine [13] introduced, for H € Sy, an o(H)-tuple of non-negative inte-
gers called the numerical character of H. (See [9] for a thorough discussion.)

Recall that a set of points X € P™ is said to have the uniform position
property (UPP for short) if, whenever X; and X3 are subsets of X with the
same cardinality, then Hx, = Hx,. There has been a great deal of work done
in an attempt to characterize the Hilbert functions of points in P” with UPP
- we will not go into the reasons as to why this is an interesting question, but
refer the reader instead to some of the works which consider this problem ([1],
[2], [3], [5], and [16]). Combining the work of [13] and [16] we now state the
solution to this problem for points in P? given in these papers.

THEOREM 3.1.  Let H€ Sy and let (p1,...,pacm) be the numerical char-
acter of H. Then H is the Hilbert function of a set of points in P? with UPP
if and only if

pit1 <pi+1 fori=1,...,a(H)—1.

We now exhibit the relationship between the numerical character and the
2-type vector for a Hilbert function H € Sy. Consider H(1). If H(1) = 2 then
a(H) = 1 and the numerical character is (p) and the 2-type vector of H is
((e)) = (e), where e > 1. In this case p = o(H) = e and both the numerical
character and the 2-type vector of H agree.

Now suppose that H(1) = 3, i.e., that a(H) > 1.
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ProrosiTiON 3.2.  If (p1,p2,-.-,Pa—1,Pa) is the numerical character of
He S, then

(e1,---€a) = (p1 — (@ —1),p2 — (@ = 2),...,Pa=1 — 1, pa)
is the 2-type vector associated to H.

Proof. We leave this simple exercise to the reader. O
It follows from this result that
Pit1 <Spitle e <e+2.

Thus, the result of Gruson-Peskine and Maggioni-Ragusa can be stated very
simply in terms of 2-type vectors:

COROLLARY 3.3. Let H € Hy and let T = (e1,...,eqm)) be the 2-type
vector associated to H. The following are equivalent:

(1) H is the Hilbert function of a set of points in P? with UPP.
(2) ejy1—€, <2 for i=1,...,a(H) —1.

There exists a somewhat more precise result which, in the case of Hs, is
due to E.D. Davis [4] (see also [1] for a generalization). The result of Davis
can be rephrased in terms of 2-type vectors as follows. Let H € Sy and
let 7 = (eq,...,e,) be the 2-type vector associated to H. Choose i so that
1<i<randlet 7y =(e,...,e) and T3 = (€i41,...,€-). Then 7; and T
are also 2-type vectors, and so we let 77 < H; and 75 < Hs.

THEOREM 3.4 ([4]). Suppose that e;1 —€; > 2 and let X be any set of
points in P? with Hilbert function H. Then X = X; UXy (where the union is
disjoint) and Hyx, = Hy and Hx, = H>.

In particular, in the above notation we have:

COROLLARY 3.5. Suppose that e;41 —e; > 2 fori=1,...,7 —1. Then,
if X is any set of points in P2 with Hilbert function H, we can find a set of
lines Ly, ..., L, in P? and subsets X; of X with the property that

(i) X; CL; and X; NX; =0 ifi#£j;
(i) |X;| = e;;
(i) Ur_,X; =X.

Thus the 2-type vectors of Corollary 3.5 correspond to Hilbert functions of
very special point sets in P2.

Another special class of Hilbert functions in Sy are the Hilbert functions of
complete intersections. A Hilbert function H € Ss is a complete intersection
Hilbert function if AH satisfies

AH(oc — (i+1)) = AH(i) for 0<i<oc=0(H)
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(i.e., if AH is symmetric). It is a simple matter to verify that, if H has
numerical character (p1, ..., p,) and associated 2-type vector (e, ..., e.), then
the following result holds.

PROPOSITION 3.6. The following are equivalent:

(1) H is a complete intersection Hilbert function;
(2) pirr=pi+ 1 foralli=1,...,r—1;
3) eip1—e; =2 foralli=1,...,r—1.

Since, for a set X of points in P2, A = k[xg,z1,22]/Ix is a Gorenstein
ring if and only if Ix is a complete intersection ideal in R = k[zg,x1, z2],
we obtain that H(A,—) is a complete intersection Hilbert function. Thus,
using Proposition 3.6 we see that the 2-type vectors can be used to describe
all possible Hilbert functions of Gorenstein sets of points in P2.

Extremal subsets. Let H € S, and let X be a set of points in P" with
Hilbert function H. We consider all the subsets of X which lie on a hyperplane
of P™. (To avoid trivialities, we will assume that not all of X is in a hyperplane
of P* ie, H(1) =n+1).

We can then partially order the Hilbert functions of the subsets of X that
arise in this way as follows. Suppose that X; and X, are two subsets of X
which lie in hyperplanes of P". Then we define

Hx, <Hx, := Hx, (i) <Hx,(i) forevery i.

Clearly, if X; C Xy then Hx, < Hx,. We do this for every set X in P with
Hilbert function H and thus obtain a finite, partially ordered set of Hilbert
functions in H,,—1, which we will call LinSub(H).

Now suppose that x,(H) =7 = (71,...,7;). Then we have the following
interesting result.

THEOREM 3.7.  LinSub(H) contains a mazimal element, namely pp_1(7;).

Proof. We have stated more than what we will prove in this section. The
proof given below will show that p,_1(7;) is an upper bound for the elements
of LinSub(H). The proof will be completed in the next section (more precisely,
in Remark 4.3(1)) when we construct, for any Hilbert function H € S,,, a set of
points with Hilbert function H having a subset on a hyperplane with Hilbert
function p,—_1(7;).

Let pn—1(7.) = H,, let Z be any set of points in P with Hilbert function
H, and consider L a hyperplane of P". We will show that

AH(ZNL,j) < AH,(j) for every j.

This will be enough to prove that H,. is an upper bound for the elements of
LinSub(H).
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Now H,.(5) is generic in P"~! for 0 < j < «(H,.), so we obviously have
AH(ZNL,j) <AH,(j) for 0<j<a(H,).
The result for j > o(H,) will follow easily from the following claim:
AH, (j) = AH(j) for all j > a(H,).
To prove this claim, let T = (T1,...,7,—1) and pn(’ZN') = H;. Then, as we

have seen,
H(j) = H,() +H(—1) forall j
By definition, o(H;) < «a(H,). Let s be the (eventually) constant value of
H,,ie,H(t) =sforallt >o(Hy)—1. Then, for all j > «(H,)— 1 we have
H(j) = H,(j) + s
and so
AH(j) = AH,(j)

for all j > «(H,), as we wanted to prove.

Since ZNL C Z, we have AH(ZNL, j) < AH(j) for all j. Combining this
with the observations made above completes the proof. (]

There is one final observation we would like to make about sets of points
X < P" which have Hilbert function H, where H = p,(7), with 7 =
(T1,...,7,), an n-type vector. Theorem 3.7 tells us that any subset of such
a set X, which lies on a hyperplane, must have a Hilbert function which is
< pn—1(7;). The following proposition deals with the situation in which a
set X with Hilbert function H actually has a (hyperplane) subset U for which

Hy = pn—l(lz;‘)

ProrosiTiON 3.8. Let X, H and T be as above and let U C X be such
that the Hilbert function of U, Hy, satisfies Hy = pn—1(7,). Then, setting
7' =(T,...,7Tr—1) and X' =X = U, we have Hx = p,(T").

Proof. Let L be the linear form in R = k[zo,...,x,] which describes the
hyperplane containing the points of U. We have the exact sequence

(3.1) 0 — Ix(—1) ¥ Iy — (Ix + (L)) /(L) — 0,

since X’ is precisely the set of points of X that do not lie on the hyperplane
defined by L. Let Iy be the ideal (in R) of the set of points U. Then J =
Ix + (L) C Iy. Thus,

(3-2) Hp);(t) = H(R/(Ix + (L)),t) > Hpp,(t) = Hy(?) .
From (3.1) we obtain

(3.3) Hx () = Hx (t = 1) + Hp/, (1) -
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From our earlier discussion of n-type vectors we also have
(3.4) Hx(t) =Hzp (t—1)+Hy(¢) .
Let 3 be the smallest integer such that
n+p3—-1 n+p3
H — >H +1)—
0 - (") ey - (517)

and let cg_1 = Hx(08) — ("""g_l). Then the Hilbert function of U is

n+t—1

Hy(f) = Ho (1) = < ' > for 8 < 6,
Hx(t)—05_1 for t > f3.

Hence

(35) H(t) = Hr. () = By ()= (")
for t < 8. Moreover,

(3.6) AHy(t) = AH7, (t) = AHp, ()

for such ¢. Since o(Hz+) < 3, we see that

(3.7) AHz (t) =0

for every t > 3. From (3.3) and (3.4) we have

(3.8) AHx(t) = AHz (t—1)+ AHy(¢)
(3.9) = AHgx (t - 1)+ AHg/ ().
Since AH7/(t —1) =0 and AHx/(t —1) > 0 for t — 1 > 3, we have
(3.10) AHy(t) > AHg,,(1)

for every t > 8+ 1. From (3.6) and (3.10), we obtain
(3.11) AHy(t) > AHpg/,,(t)

for every t > 0. Hence we have

(3.12) Hy(t) > Hp) (1)

for such ¢. It follows from (3.2) and (3.12) that

(3.13) Hy(t) = Hg,, (1)

for every t > 0. Therefore, we obtain from (3.3), (3.4), and (3.13) that
Hx (t) = Hy (t)
for every t > 0 and we are done. O

Notice that, as a bonus, we obtain that Ix + (L) = Iy in this case.
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4. k-configurations in P"

Let H € S,,. Then H can, in general, be the Hilbert function of many
different sets of points in P”. For example, if

H=1356 — €38,

then H is the Hilbert function of the complete intersection of a conic and a
cubic. However, H is also the Hilbert function of the set

which (by Bezout) cannot be the complete intersection of a conic and a cubic.

We will show how to associate, to any Hilbert function H € S,,, a special
point set in P™ which, naturally, has Hilbert function H and is “extremal”
with respect to Theorem 3.7.

These types of point sets have been studied in P? and P2 by Geramita,
Harima, and Shin [7], Geramita, Pucci, and Shin [11], Geramita and Shin [12],
Harima [14], and Shin [17]. In this section we will define the point sets in
question and give a few of their elementary properties. A deeper study will
be carried out in a subsequent paper [7].

Our assignment of a point set to a Hilbert function H € §,, will be done
inductively.

DEFINITION 4.1 (k-configuration in P™).

So: The only element in Sy is H := 1 —, which is the Hilbert function
of PY, which is a single point. This is the only k-configuration in PY.

S1: Let H € Sy. Then x1(H) =T = (e), where e > 1. We associate to H
any set of e distinct points in P!. Clearly, any set of e distinct points
in P! has Hilbert function H. A set of e distinct points in P! will be
called a k-configuration in P* of type T = (e).

Sy Let He Ss andlet T = ((e1),. .., (er)) = x2(H), where T; = (e;) is a
1-type vector. Choose r distinct sets P!’ in P2, i.e., lines in P2, and la-
bel these Ly, ...,L,. By induction we choose, on L;, a k-configuration
X; in P! of type T; = (e;) such that no point of L; contains a point
of X; for j < i. The set X = |JX; is called a k-configuration in P? of
type T'.

Sn, n > 2: Now suppose that we have defined a k-configuration of type
T € P! where T is an (n — 1)-type vector associated to G € S,,_;.
Let H € S,, and suppose that x,(H) =T = (T4,...,T,), where the
T; are (n — 1)-type vectors. Then p,_1(T;) = H; and H; € S,,_1.
Consider distinct hyperplanes Hy,...,H, in P" and let X; be a k-
configuration in H; of type T; such that H; does not contain any
point of X; for any j < 4. The set X = X, is called a k-configuration
in P™ of type T.
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We claim that the set of points so chosen has Hilbert function H. To prove
this claim, we proceed by induction on 7.

The case r = 1 is obvious. Suppose r > 2. We will have shown, by
induction, that H; = p1(7;) is the Hilbert function of X; and that H(t) :=
Hi(t—(r—2) 4+ -+ H,_2t—1) + H,_1(¢) is the Hilbert function of
Xy U---UX,_;. By Corollary 2.8 of [10] (which is applicable here since
o(H) < a(H,) and the line containing X, contains no point of Xy U- - -UX,_1)
we obtain _

Hx(t) =H(t—1)+H.(¢) .
As we have seen, this is the description of the Hilbert function associated to
T, i.e. H. This completes the proof of the claim.

Notation and Terminology: If H € S,, and x,,(H) = 7, where 7 is an
n-type vector, and X is a k-configuration associated to H (or 7), then we say
that X is a k-configuration in P™ of type T .

If we write 7 = (71,...,7;) and let X be a k-configuration in P™ of type 7
then, by definition,

X=X, U...UX, with a disjoint union,

where X; is a k-configuration of type 7; and X; C L;, where L; ~ P! is a
linear subspace of P*. We will call the X; the (first) sub-k-configurations of
X.

Now 7; = (7i1, - - -, Tir;) where the T;; are (n — 2)-type vectors. Thus

Xz' :X,'J U...UXZ'JA“

where the X; ; are in linear subspaces LL; ; of L; and X; ; is a k-configuration
of type 7; ; in P2 ~ L, ;. The spaces X; j, 1 <i<r, 1<j <r; are called
the (second) sub-k-configurations of X. The description of the remainder of
this hierarchical decomposition of X should now be clear.

ExAMPLE 4.2. Let H be the Hilbert function
H:=149 12 15 17 19 21 22 —

Then H - 7 = ((1,2),(3,7,9)).

A k-configuration in P3 of type T is a set of points X = X; U Xy where
X; CL; and Xy C Ly (where Iy and Ly are two distinct linear subspaces of
P3) and no point of X; U Xy is in IL; N Ly. Moreover, X is a k-configuration
in L; ~ P? of type (1,2), Xy a k-configuration in Ly ~ P? of type (3,7,9),
and X; and X, are the first sub-k-configurations of X. Now X; consists of
3 points on two distinct lines in L; ~ P2, Li: and L2, with one point
in L1 (say, X;,1) and 2 points on Lo (say, X;2) of X. Similarly Xo =
X211 UXy 9 UXy 3 where Xy contains 3 points, Xz contains 7 points and
X3 contains 9 points, on three separate lines g 1, Lo 2, and Lo 3 in Lo ~ P2,



22 A.V. GERAMITA, T. HARIMA, AND Y.S.SHIN

The sets Xj 1, X192, Xa,1, Xo2, Xg 3 are the (second) sub-k-configurations of
X.

REMARK 4.3.

(1) Notice that if H « 7 = (7y,...,7;) and if X is a k-configuration
of type 7, then the first sub-k-configuration X, has Hilbert function
Pn—1(7;). This remark, then, completes the proof of Theorem 3.7.

(2) Corollary 3.5 shows that, for some Hilbert functions H € Sa, the only
possible point sets with Hilbert function H are k-configurations in P2.
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