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COMPACT COMPOSITION OPERATORS ON A HILBERT
SPACE OF DIRICHLET SERIES

FREDERIC BAYART

ABSTRACT. We study the compactness of composition operators on the
Hilbert space of Dirichlet series with square summable coefficients. In
particular, we give some necessary and sufficient conditions for compact-
ness. We also describe the spectrum of such operators, and we extend
our work to some weighted spaces.

1. Introduction

Let ‘H be the Hilbert space of Dirichlet series with square summable coef-
ficients:

+0o0 +o0 1/2
H=1{fs)= ann™: [|f]2= (Z |an|2> < 400
1 1

By the Cauchy-Schwarz inequality, the functions in H are all holomorphic
on the half-plane C,/, (where, for 6 real, Cy = {s € C: R(s) > 0} and
C, = Cp). Taking a, = 1/(n'/?logn) shows that the functions in H are in
general not defined on a larger domain. In [5], J. Gordon and H. Hedenmalm
solved the following problem:

For which analytic mappings ¢ : C;/3 — Cy/3 is the compo-

sition operator Cy(f) = f o ¢ a bounded linear operator on

H?

THEOREM 1. An analytic function ¢ : Cy/5 — Cy/o defines a bounded
composition operator Cy : ' H — H if and only if:
(a) It is of the form
¢(s) = cos + ¢(s),
where co € N, and p(s) = Zfoo cpn” % admits a representation by a
Dirichlet series that is convergent in some half-plane.
(b) ¢ has an analytic extension to Cy, also denoted by ¢, such that:
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(ll) ¢((C+) C (Cl/Q Zf Co = 0.

In this statement, conditions (a) and (b) have two different meanings: Con-
dition (a) is an arithmetic condition (f o ¢ must be a Dirichlet series), whereas
(b) is an analytic condition (f o ¢ must be in H).

The next step in the study of composition operators on a Banach space
of analytic functions is to compare the properties of the operator Cy and
of its symbol ¢. We began this comparison in [1], where, for example, we
characterized completely the Fredholm composition operators on H: C4 is
Fredholm if and only if ¢(s) = s +ir, 7 € R.

Here we consider the compactness question: What conditions should we
impose on ¢ for Cy to be a compact operator? In [1], we gave some sufficient
conditions: If ¢(Cy ) is strictly smaller than it can be, Cy is compact. More
precisely, if (C;) C C., e > 0, for ¢g > 1, or if ¢(C;) C Cy /o4, € > 0, for
co = 0, then Cy is compact. One of our aims is to obtain less trivial sufficient
conditions, and to give necessary conditions.

This paper is organized as follows. In Section 2, we give the background
material necessary to make this paper as self-contained as possible. In Section
3, we explain the main difficulties which we encounter. Next, we give some
partial results on the problem of finding sufficient (Section 4) and necessary
(Section 5) conditions for compactness. In Section 6, we describe the spectrum
of compact composition operators on H, and in Section 7, we extend our
results to some other Hilbert spaces of Dirichlet series recently introduced by
J. McCarthy [8].

Part of this work was done when I was visiting Professor Hakan Hedenmalm
at Lund University. I thank him and the mathematical department for their
hospitality.

2. Background material

Let © be the dual group of Q , where Q4 denotes the multiplicative dis-
crete group of strictly positive rational numbers. © is the set of all characters
x:Q —C

(a) x(mn) = x(m)x(n) for all m,n in Q.

(b) Ix(n)| =1.
© and T*°, the Cartesian product of countably many copies of the unit circle,
can be identified in the following way. Given a point z = (21, 22,...) € T,
we define the value of x at the primes through

X(2) =z, xB)=z2,..., X(Pm)=2m,---,
and extend the definition multiplicatively. This then yields a character, and

clearly all characters are obtained by this procedure. In the sequel, we will
drop the notation © and write x € T (see [6] for details).
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Characters are connected with vertical limit functions of H. Indeed, fix
any element f(s) = 1+°° an,n~* of H. The vertical translations of f are the
functions f-(s) = f(s+i7). To every sequence (7,,) of translations there exists

a subsequence, say (7,(x)), such that S, converges uniformly on compact

subsets of the domain C, 5 to a limit function, say f(s). We call f a vertical
limit function of f. In [6], the following result was proved.

LEMMA 1.  The vertical limit functions of the function f(s) => 1" apn=*
coincide with the functions of the form

“+o0
Fe(8) =D anx(n)n™,
1
where x is a character.

In [6], it was also explained that it is illuminating to consider all functions
fx to obtain properties of f and of H. For example, for almost all (with
respect to the Haar measure m of T°) characters x, the function f, can be
extended to C,. Moreover, we can compute the norm of f in terms of the
function f, (see [6, Theorem 4.1] or [1, Lemma 5]):

LEMMA 2. Let u be a finite Borel measure on R. Then
1130®) = [ [ 150 Pdn(eyim().

We shall need to extend the notation f, to the class of functions of the
form ¢(s) = cos + ¢(s), where ¢y € N and ¢ is a Dirichlet series. For such
functions, ¢, will be defined by

¢x(5) = cos + ‘Px(s)~

It should be pointed out that in this case we cannot interpret ¢, as a vertical
limit function of @: ¢, is a vertical limit of the functions ¢, (s) = cos+¢(s+iT).
The connection between the composition operator Cy, and Cy, is clarified in
[5], where it was shown that for any holomorphic mapping ¢ : Cy/5 — Cy /5 of
the form ¢(s) = cos + ¢(s), for any f € H, and for any x € T°°, the following
relation holds:
(fod)x(s) = fxeo 0dx(s), s € Cyya.

Moreover, for almost all xy € T°°, this relation remains true in C,. Before
proceeding further, we mention that this formula, and the fact that almost
every f, is defined on C,, explain the strange appearance of the half-plane
C in Theorem 1.

Of course, Dirichlet series are connected with arithmetical conditions. We
recall a theorem of Kronecker in a form which will be useful for us:
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DEFINITION 1. A sequence (g;) of integers is said multiplicatively inde-
pendent if, for any d > 1 and for any c,...,cq in Z the equality

ciloggi +---+cqloggs =0

implies ¢c; = --- =¢q = 0.

LEMMA 3. Let q1,...,qq be multiplicatively independent integers. Then
the function
Td

R
t (at',-- - qd)

N
—
has dense range.

In particular, if P(s) = ai1q; * + -+ 4 aqq, ® is a Dirichlet polynomial with
spectrum in the g;’s, then

d
sup {|P(s)| = R(s) =0} =D lay]-
1

The last tool that we will need is the following lemma (Lemma 11 of [1], which
is a strengthening of Proposition 4.3 of [5]).

LEMMA 4. Let ¢(s) =cos+¢(s), ¢ : CL — Cp. If §(s) #s+ir, T € R,
then there exist n > 0 and € > 0 so that ¢(Cy/a—.) C Cyjoyy.

3. Main difficulties

Let ¢ : C;/2 — Cy/3 be an analytic function of the form ¢(s) = cos + ¢(s),
co > 1. We denote by ¢ : C4 — D = {z € C: |z] < 1} the conformal
transformation of C; onto I defined by #:(s) = (s—1)/(s+1). Let us
define ) =1 0¢o 1/)1_1. Then v is a holomorphic mapping from D to D, and
by the Littlewood subordination principle [10], Cy is a continuous operator
on the classical Hardy space

“+oo “+o0
H?*(D) = {f = Zanz" : Z|an|2 < +oo} .
0 0

To obtain the continuity of Cy on H, the main idea of Gordon and Hedenmalm
was to transfer the continuity of C'y, through the identity ¢ = ¢ o¢orp; ! One
might expect that similar arguments would allow us to obtain the compactness
of Cy from that of Cly.

Unfortunately, this is hopeless since, because of the behavior of ¢ near
+o0, Cy is never compact on H 2(D). Let us recall a classical result on the
compactness of composition operators on H?(D) (see [10, Chapter 3]). Let 1
be a holomorphic mapping from D to D. By using the images of reproducing
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kernels by C, it can be shown that the compactness of C'y, implies

1)l
) Jm S e

If 1) is written as 1) = 11 o ¢ o ¢}, where ¢(s) = cos + ¢(s), co > 1, this
condition is never satisfied. Indeed, there exists a half-plane in which the
Dirichlet series ¢ is absolutely convergent, and in this half-plane, |¢(s)| < A,
where A is a constant. Let sy be a sufficiently large real number, and let
S92 = @(s1). Let us set z; = ¥1(s1) and 2o = 91(s2), so that zo = (z1). It is
clear that z; tends to 1 if s; tends to +00. Now,

s2 5)(51) 1

s2—¢(s1) + 1

co

so —@(s1) —co
s2 —@(s1) +co

=1

1-|z=1-
=] 5141

81—1'

As s is large, |s2] is large too, whereas (s1) and ¢y remain bounded. Hence
there exists a constant C’ such that

s2 —@(s1) — co 3 i’
s — p(s1) + o |s2|
Moreover,
_ 1 C//
1— |z =1— |2 <=
S92 + 1 ‘82|

In particular,

L[z "

1=z — C
Since z; can be chosen arbitrarily close to the circle, this is in contradiction
with (1). Hence Cy is not compact.

On the other hand, it is not as easy as usual to obtain good necessary
conditions for the compactness. Recall that on a Hilbert space H of analytic
functions on a domain U, a reproducing kernel at w € U is a function K, of
H which satisfies

Ve H, (f,Ky) = f(w).

For any composition operator Cy on H it is almost trivial that C;Z(Kw) =
Ky(w)- (The proof given in [10] for H?(D) can be transferred to this more
general setting.) In general, by considering the images of certain sequences of
normalized reproducing kernels one obtains conditions like (1) which 1 must
satisfy for Cy to be compact.

In the case of H, the reproducing kernel at w in C, /5 is given by K, (s) =

1/2

Z:ﬁ n~%n~%, whose norm equals ¢(2Rw)'/2. The previous arguments give

in this context the following result.
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PROPOSITION 1. Let Cy be a compact composition operator on H. Then

C2R(P(w))) R(w)—1/2
¢(2R(w))

Proof. Let (wy) be a sequence in C, /5, whose real part tends to 1/2. The
sequence (K, /|| Kw,||) converges weakly to 0. Now, the compactness of Cy

implies that of C, and
Kw n—-—+o00
C* n 0
¢ (IIKw ) ’

nH

HK¢(U1n)|| _ C(2§R¢(wn)) n—-+00 0 0
[ K, | ¢(2Rwn,) '

0.

or

Nevertheless, this proposition is not useful. Indeed, if ¢(s) # s+ir, Lemma
4 asserts that ¢(Ci/2) C Cy/a4c, and in this case the condition is always
satisfied. Thus the proposition just says that if ¢(s) = s+ ir, then Cy is not
compact. But this is clear since in this case Cy is even invertible!

In the following, we will handle the problem of compactness by different
and more efficient ways.

4. Sufficient conditions

Compact composition operators on H?(ID) have been completely charac-
terized by J. Shapiro [9]. Let us recall his method. His starting point is a
formula to compute the norm of an element of H?(D) by an area integral: If
f € H*(D), then

1
©) 13 = 1O +2 [ 17/(2)Ptog dA:),

where dA = %dxdy. This led Shapiro to introduce, for a holomorphic mapping
1 : D — D, its counting function defined by

Z log 1 if w e (D),
z€p~H(w) 1
0 if w ¢ P(D).
The condition (satisfied by any holomorphic function ¢ : D — D) Ny (z) =
O(log(1/]z])) as |z| — 17 is a way to interpret the continuity of Cy, on H*(D).
Shapiro showed that the strengthening of this condition to

1
Ny(z)=o (log ?|> as |z| = 17

Ny (w) =

characterizes the compactness of Cy.
We now apply the same idea to H. We begin by giving a new expression
for the norm of an element of H.
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PROPOSITION 2. Let pu be a probability Borel measure on R. Then, for all
fen,

+oo
© =4[ [ [ oo+ inPdundzine + e

Proof. By Lemma 2, if ¢ > 0,

L el + inPaueint) = X alanfn= 10g*m)

n>2

Now, an integration by parts shows that

+oo 1
/ n"°gdo = 5—-
0 4log”n

This gives the proposition. O

Inspired by Shapiro’s method and by the above proposition, it seems nat-
ural to introduce the following definition.

DEFINITION 2. Let ¢ : C4 — Cy, ¢(s) = cos + ¢(s). The counting
function of ¢ is defined by

S R(w) ifseg(Cy),
N¢>(5)= weEP—1(s)
0 otherwise.

We begin by proving a Littlewood-like inequality (see [10, Section 10.3])
for this counting function.

PROPOSITION 3. Let ¢: Cy — Cy, ¢(s) = cos + p(s), co > 1. Then,

1
Ny(s) < a%(s) foralls e C,.

Proof. If s ¢ ¢(C,.), the result is trivial. Otherwise, let wq,...,wx be any
distinct pre-images of s under ¢, where N is any finite number. For { > 0
let us set Ye(s) = (s — &)/ (s + &), which maps C; conformally onto D. We
define ¥ = ee 0o Ve ! which is a holomorphic function from D to D, with

R3]
vy = 2cof + (&)’

Clearly, ¥ (e (wi)) = teye(s), and Littlewood’s inequality asserts that

N 1
@ Ebg!wwk)

1 — e (5)1(0)
Veoe(s) —1(0) |

< log‘
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Now, if w denotes any w;, observe that
1 ‘ w]* + 26R(w) + €]
Ye(w) |w[? = 26R(w) + [¢]?
4ER(w)
|w[? — 26R(w) + (€]
Since w is in a finite set, if € > 0 is fixed, then for £ large enough and
i=1,...,N one has

log

1
3 log

1
—log |1
2og +

5 lo >2(1—¢ .
(5) 8| Getwr) | = (1—-¢) ¢
Likewise, if £ is large enough, then
1 — e (s)1(0) 1 ‘ 2 R(s)
6 log | ——2~2"—21 < (1+4¢)log <2(1+¢e)"—=.
) Genels) —00) | = T B |G Gy | 520 e
Now, inequalities (4), (5) and (6) give
N
(1+¢)2 R(s)
< .
;%(wk) ~(1-¢) ¢
By letting ¢ — 0 and N — 400, we obtain the proposition. O

Formula (3) requires an integration on T®. Therefore, we will need esti-
mates for all functions N¢X, X € T*°. Nevertheless, some estimates for N
transfer to Ny, , as the following result illustrates.

PROPOSITION 4. Let ¢(s) : C; — Co, ¢(s) = cos+(s), co > 1. Suppose
that there exists € > 0 and 6 > 0 such that, for any s € Co with R(s) < 0,
Ny(s) < eR(s).
Then, for any x € T and any s € C4 with R(s) < 6 we have
Ny, (s) < eR(s).

Proof. Let us recall that, for 7 € R, ¢, (w — i7) = ¢(w) — icor. Therefore,
N, (s —icoT) = Ny(s).

Let us assume that the proposition is does not hold for some xy € T,
and for a complex number s € C, with R(s) < 6. In particular, there exist
elements wy, ..., wy of C satisfying ¢, (wy) = s and

R(wi) + -+ + R(wn) > eR(s).

Let us fix n > 0 such that R(wy) + -+ + R(wny) — Nn > eR(s). We set
By, = B(wg,n) ={w € C4 : |w—wy| < n}. There exists a sequence (7,,) such
that ¢,, converges uniformly to ¢, on each By. Since s € ¢, (By) for each k,
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Hurwitz’s lemma implies that we can find an integer n such that s € ¢, (By)
for k=1,...,N. Let us consider w}, € By with ¢, (w},) =s. Then

R(wl) + -+ R(wy) > eR(s).

This is in contradiction with Ny _ (s) < eR(s). O
We are now able to prove the main result of this paper.

THEOREM 2. Let ¢:Cy — Cy, ¢(s) = cos+ p(s), co > 1. Suppose that:

(a) S is bounded on Cy.
(b) Ny(s) =o(R(s)) if R(s) — 0

Then Cy is compact on H.

Proof. Let (f,,) be a sequence in H which converges weakly to 0 and satisfies
[ full < 1. Let A be a constant such that |Sp| < A. By formula (3) we have

ano(ng = |fno¢(
+4/w/R / | oo (03 (0 +it)[* | (o + it)|* dtdodm(x).

The first term is easy to handle. |f,(+00)| converges to 0 if n — +oo. To
deal with the second term, we begin by making the non-univalent change of
variables w = ¢, (o + it). Observe that, since t € [0,1], —A < Sw < A+ ¢.
By applying, for example, Theorem 2.4.18 of [3], we have

1
/ /U’fr/L,XCo((bx(U'i‘it))‘Q‘¢;<(0'+it)‘2dtd0'
Ry J0

A+co 9
S/ / | frr oo (8)]” N, (s)dtdo.
R, J-a

We fix ¢ > 0 and 6 > 0 such that for s = o + it, R(s) < 0 implies Ny(s) <
eR(s). We split the integral in two parts:
(1) On the one hand,

0 prA+co , 9
/ . /O /_ ) | £ yeo (8)]” N, (s)dtdodm
A+C(J 2
Ss/ / / | £, 0 (8)|” R(s)dtdodm.
o JRyJ—A

Now, as in the proof of formula (3), this last quantity is dominated by (24 +
co)e| fall3-
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(2) On the other hand,
+oo pA+4co )
/ / / | fhxeo ()| N, (s)dtdodm

400 pA+co
< / / / 10 oo )2 2 Gt dm
/g —-A o

24 oo
< + / o Z an.1|*(log? k)k =% do,

Co 0 k>1

where we have written f,(s) = > .~ an,kk™°. We fix K large enough such
that, for &k > K, -

—+00
log? k / ok™%%do < e.
6

By setting
—+o0
M= max log2k/ ok~ do,
0
we obtain
+o0o pA+4co 9
/ / / | fr o (8)|” N, (s)dtdodm
~.Jo —A
K
2A + ¢
LMo (zwzan,ms) |
€o
k=1
It remains to observe that, for each £ = 1,..., K, we have a,, — 0 as
n — 400, and the compactness of Cy is proved. O

COROLLARY 1. Let ¢ :Cy — Cy, ¢(s) = cos+c1+Y,55 Can . Suppose
that: N

(a) Z len|logn < ¢p.
n>2
(b) Re(s)/Rs 2= 4o,
Then Cg is compact.

Proof. Condition (a) ensures that S is bounded on C,, and that ¢ is
univalent. But in this case, if w € ¢(Cy), then Ny(w) = R(¢~(w)). Hence,
condition (b) of the corollary implies condition (b) of the theorem. O

REMARK. For other sufficient conditions for compactness, with cg = 0,
we refer to [4].

R

QUESTION. The condition “S¢ bounded on C,” seems to be just a tech-
nical one. Does the theorem remain true without this condition?
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5. Necessary conditions

DEFINITION 3. For w € C; and [ > 1 we define the partial reproducing
kernel of order [ in w by

l
Koo =TT (S0 = % e
j=1 \n>1 n>1
P+(")§Pl

where PT(n) denotes the greatest prime divisor of n.

These partial reproducing kernels are defined on C and not only on C; /5.
Clearly, by Euler’s identity we have

. . 1/2
1wl = ] (W) :

Jj=1 J
K ., reproduces partially H: If f(s) = Zfoo apn~° € H, then
<f7 Kl7w> = Z ann_w~
PF(n)<m

For certain composition operators Cy, it is easy to compute C;(Khw).

PROPOSITION 5. Let ¢(s) = cos+ Z:iol cnn™%, with ¢, = 0 if PT(n) > I.
(a) If co # 0, then (O (K1w) = Ki,g(w)-
(b) If Co — O, then C:; (Kl,w) = Kd)(w)'

Proof. (a) If ¢y # 0 and n > 1, we compute n~?():

n—%0s) — (n®)~* n— %)

—+oo
= (n®) "exp | — Z ek logn
k=1
Pt (k)<p
—+o0 —+oo i
s —cp 1 J —s
(nco) ( Ck ?gn) (kj)
k=1 j=0 J:
P (k)<pi
_ (nco) s Zakk s ,
k>1

where ay = 0 if P*(k) > p;. (This formal computation of the Dirichlet series
of n=?(%) is justified in [5, Section 3].) Therefore, if P*(n) > p;, the Dirichlet
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series n=?(5) = S°F% by k=9 satisfies by, = 0 for P (k) < p;, and so
(n=s, O:z; (Kl,w» = <n7¢(s)aKl,w> =0.

On the other hand, if PT(n) < p;, then the Dirichlet series n~¢(*) =
1+°° bpk~* satisfies by = 0 for P (k) > p;, and so

<nis’cz>; (Kl,w» = <n7¢(s)7Kl,w> = <n7¢(s)va> =n =00,
(b) If ¢g = 0, then for n > 1,

“+o0
n—?0) — Zbkk757
1

with by = 0 if PT(k) > p;. This gives directly, for every n > 1,
(n=%) K ) = (n"?®) K,) =n"%W),
and so C;(Khw) = Ky(w)- O

We deduce from these considerations the following result.

THEOREM 3. Let | be an integer, and let Cy, ¢(s) = cos + ¢(s), be a
composition operator on H such that ¢, = 0 if PT(n) > p;. Suppose that Cy
1s compact.

(a) If co > 1, then limg(5)—o Ro(s)/Rs = +oo0.
(b) If co = 0, then limgp(s)—o R(s)'¢ (2RG(s)) = 0.

Proof. (a) Let (s,) be a sequence in C; with R(s,,) — 0. We can always

assume that R¢(s,) — 0. As before, K;, /|| K, | converges weakly to 0.
The compactness of C implies that

Kl S, ) Kl d(sn)
C: e = ———"2 converges to 0,
¢ (nKz,snn 1K, ©

or equivalently

—2Rsy,
—2Rp(sn !
i \1-p; $(sn)
Now,

—2RP(sn
1—p; 200 o 2R (s,) log pj,

where u,, ~ oo v, means that u, /v, — 1 if n tends to +o00. Similarly,

f28‘€(sn)

1—p; ~ oo 2R(s5) log p;.

Finally, we obtain
RP(8n) n—too
notoo,
R(sn)

+00,

which is the result.
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(b) In this case, since C}(K,s,) = Kg(s,), the same reasoning shows that

l
I (1= 227) ¢ @Ro(s0)) “= 0,

j=1
)

Risn ~ oo 2R(sy,) log p; gives the result. O

Using 1 — p;2
COROLLARY 2. Let ¢(s) = cos +¢1 + Z?Zl ¢g;q; 5 co # 0, where (g;)
are multiplicatively independent integers, and cq; # 0. Then the following are
equivalent:
() R(cr) > legy [+ -+ +[egal-
(il) ¢(Cy) C C,, where e > 0.
(ili) Cy is compact.

Proof. Observe that, by Kronecker’s theorem, if we want Cy to be bounded
on H (equivalently, ¢(Cy) C C,), we have to assume R(c1) > |cg, |+ -+ |cq, |-
By the same theorem, assertions (i) and (ii) are equivalent, and as mentioned
in the introduction (or by an application of Theorem 2), (ii) implies (iii).
Therefore it remains to prove that (iii) implies (i).

If R(c1) = |eg, |+ - -+]cq,|, there exists a sequence (s,,) in C4 with R(s,,) =
1/n and

d

d
—s “1/n 1
B(Seor) < Sleola s
1 1
Then,
q
_1/n 1
St = 5000 Sl

1

I 1 S %, |logq; 1
:;°+%<c1>—;|cqjl+%+o(g)
c0+sz|cqj|logqj —|—o<l>.

n n

In particular, Ré(sy,)/R(s,) cannot converge to 400, so Cyp is not compact.
(]

COROLLARY 3. Let ¢(s) = c1 + 227, with R(c1) > |ca| +1/2. Then the
following are equivalent:
(i) R(cr) > leaf +1/2.
(ii) ¢(Cy) C Cyjo4c, where e > 0.
(iii) Cy is compact.
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Proof. Here, too, it suffices to prove that (iii) implies (i). Without loss

of generality, we can assume that ¢; € R. If ¢; = |ca| + 1/2, there exists a
sequence (s,) in C such that R(s,) = 1/n, and ¢227°" = —|¢3|27 /™. Now,
C@RO(s0)) = ¢ (1+ [eal(1 = 271/))

1
T Jeaf (1= 271/m)
~too Kn.
In particular, R(s,){(2R¢(s,)) does not converge to 0. O

REMARK. This result was also proved in [4], using different methods.

REMARK. For composition operators C, with ¢(s) = cos + 1 +
Z?:1 ¢q;q; °, Where (gj) are multiplicatively independent integers, the sit-
uation is quite different according to whether ¢y = 0 or ¢y # O:

If ¢g # 0, then for Cy to be bounded it is necessary and sufficient that
R(c1) > |eq |+ +]cg|- Cp is compact if and only if this inequality is strict.

If ¢y = 0, then the boundedness of Cy is characterized by the condition
R(c1) > 1+ [cq| + -+ + |cgu]- The strict inequality is still necessary and
sufficient for Cy to be compact if d = 1. On the other hand, for d > 2 it was
proved in [4] that Cy is always compact (and even Hilbert-Schmidt if d > 3).

6. Spectrum
If T is an operator on a Hilbert space H, we denote by Sp(T') its spectrum:
Sp(T) ={X € C: T — Adp is not invertible} .

Even on H?(D), our understanding of the spectra of composition operators is
far from being complete. If a power of the operator is compact, the situation is
much easier, since determining the spectrum becomes equivalent to finding the
eigenvalues. In [2], J. Caughran and H. Schwartz gave a complete description
of the spectra of compact composition operators on H?(D). In this section,
we will do the same for H.

We recall the following lemma (see [7, p. 270]), which allows us to reduce
the eigenvalue problem to a finite dimensional problem:

LEMMA 5. Suppose H is a Hilbert space with H = K® L, where K is finite
dimensional and C' is a bounded operator on H that leaves K or L invariant.
If the operator C' has the matriz representation

(b 2) (v 2)

with respect to this decomposition, then Sp(C) = Sp(X) U Sp(Z2).
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Here, too, we will distinguish between the two cases ¢p = 0 and ¢y # 0.
Observe that, if cg = 0, then ¢(Cy) C Cy /5 and ¢(+00) # +o00. In particular,
¢ admits a fixed point in Cy /5.

THEOREM 4. Let Cy be a composition operator on H, ¢(s) = cos + ¢(s).
Suppose that there exists N > 1 such that C’é)v is compact.
(a) If co = 0, then Sp(Cy) = {0,1} U {[¢'(a)]* : k > 1}, where « is the
fized point of ¢ in Cy 5.
(b) Ifco =1, then Sp(Cy) = {0,1} U{k~ : k> 2}.
(c) If co > 1, then Sp(Cy) = {0,1}.

REMARK. If ¢ = 0, Lemma 4 implies that ¢ o ¢(Cy) C Cy/p4. (¢ >
0). Therefore (Cy)? is compact and Theorem 4 gives the spectrum of all
composition operators in this setting.

Proof. The proof uses ideas from the corresponding theorem in Section 7.4

of [7]. We begin by proving (a). We denote by K, the reproducing kernel at

a € Cy/3 and by K™ its m-th derivative. If fls) = ;roo a,n~%, then

(fLEEM) =3 (=1)™ (logn)™ apn™* = f)(a).

n>1

Let us set K,, = span(K,, ..., Kém)). K is invariant under C7. Indeed,
(£ CHEL) = (f 2 9)™ (a).

Now,
(F09)"™ () = [/ (@) f™ 0 () + M SV 0 d(a) 4+ Amorf 0 (),
and so
03 (KE™) = 16/ ()] K& + ME™D o4 A 1 K
Let X, be the restriction of Cj to K,,. The matrix of X,, in the basis

(Ko, K&m)) is upper-triangular, and the coefficients on the diagonal are

1, [d)’(a)]k, 1 < k < m. These numbers are in the spectrum of X,,, and
therefore also in the spectrum of C.

Now, for each m, let £,,be the orthogonal complement of IC,, in H. The
block matrix for C7 is then

s _ [ Xm Ym
G = ( 0 Zn ) ’
By the lemma, Sp(C}) = Sp(Xm) USp(Zy,), and it is sufficient to prove that
the spectral radius of Z,, tends to 0. Suppose that this is not the case. Like

Cs, Zy, has compact square, and its spectrum, except for the value 0, reduces
to eigenvalues. By passing to subsequences, we obtain a sequence of scalar
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numbers (Ay,), with |A;,,| > € > 0, and a norm 1 sequence (z,,) € L,,, such
that Z,zm = Amzm. Since U, Km = H? and 2z, L Ki, (25,) converges
weakly to 0. Now, Cd*)(zm) =Y2m + Zmzm = Ymzm + Amzm, and

(02)2 (zm) = X Ymzm + AmYmzm + )\fnzm .
——
e m €L

In particular, ||(C})?(2m)|| does not converge to 0, which contradicts the com-
pactness of (C})*. O

Assertions (b) and (c) of Theorem 4 are direct consequences of the following
propositions, where Sp,(Cy) denotes the point spectrum of Cy, i.e.,

Sp,(Cy) = {A € C: Cy — M dy is not one-to-one} .

PROPOSITION 6. Let Cy be a composition operator on 'H, with ¢y > 1.
Then:

Spp(Cg) = {1} if co > 1,
Sp,(Cy) C {1 U{k™ : k>2} ifco=1.

Proof. Let f be an eigenvector of Cy4 for A, so that f o ¢(s) = Af(s). We
first take s = +00. Then we have either A = 1, which is in Sp,(Cy) since any
constant function is an eigenvector, or A # 1, in which case f(+o00) = 0. Next,
write f(s) = >, akk™®, with [ > 2 and a; # 0, and consider the coefficient
of I7% in f o ¢(s). By [5], the Dirichlet series of f o ¢ can be obtained by
expanding the product in the representation

= X (—e 1og k) .
9= akeorke [ {143 Cealoe RV s
k>l n=2 j=1

In particular, if ¢g > 1, there is no term involving /=%, and Sp,(Cy) = {1}. If
co = 1, the coefficient of [7° is aq;l7“*. Hence, Aa; = q;l~°, and A =["“1. [O

Conversely, we have:
PROPOSITION 7. Let Cy be a composition operator on 'H, co = 1. Then
{1} U {kfcl k> 2} C Sp(Cy).

Proof. We set K, = {1,27%,...,m™*} and L,, = K. L,, is invariant
under Cy, and we have the block decomposition

X 0
“=(v 2),
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which ensures that Sp(X) C Sp(Cy). Now,
C¢ (]{1_5) =k 4+ Zajj_s.
i>k

In particular, the matrix of X is lower-triangular and therefore Sp(X) =
{1,271 ... ,m~ 1} O

7. Other spaces

In [8], J. McCarthy introduced new weighted Hilbert spaces of Dirichlet
series

+oo
Ho = f(s) = ann™ ¢ |fll22 = larf* + ) lan|*(logn)® < +oo ¢,
1

n>2

where a € R. For a = 0, this is again H, whereas H_; and H; correspond,
respectively, to the Bergman space and to the Dirichlet space in the setting
of the disk. The methods used in the previous section can be generalized to
those spaces. More precisely, we have the following result.

THEOREM 5. Fiz o < 0 and ¢ : C4 — Cy, ¢(s) = cos + ¢(s), co > 1.
Suppose that:

(a) S is bounded on C.
R(s)—0

(b) Ro(s)/R(s) ——— +o0.

Then Cy is a compact composition operator on He.

REMARK. It must be pointed out that in this theorem we do not mention
any counting functions. The same phenomenon occurs in the disk for Bergman
spaces (see [9]).

Proof. First, we give an area integral formula like (3) for the norm of an
element of H,. Recalling that

oo r(3)
—20 ﬁ—ld _
/o T T logn)i2d

we then obtain
2—a+2

1 = P+ pags [ [ [ o ke + P autdsdm(),

where p still denotes a probability measure on R. We introduce a new counting
function Ny o by letting

Noals) = { OZwe¢—1<s> RI7e(s) ifw e @(Cy),

otherwise.
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By copying word for word the proofs of Propositions 3 and 4 and Theorem 2,
and by using the classical inequalities for counting functions on the disk (see
[9] or [10, Exercises 12-15]), one easily sees that the conditions (a) and

(0') Npals)=o0(R'7(s)) if R(s) =0

imply the compactness of Cy on H,. Thus, it remains to prove that, if & <0,
(b") is a consequence of condition (b) of the theorem. To see this, fix ¢ > 0
and 6 > 0 such that

R(w) < § = R(w) < eRo(w).

Let s € C4 with R(s) < 0. If s ¢ ¢(C4), then Ny o(s) = 0. Otherwise,

YR w) < T RTs) > R(w)
wEP~1({s}) weEP~({s})
< e M RTY(s)Ny(s)

€% -
—RTY(s). O
—RITs)

IN

The necessary conditions given in Section 5 remain valid. The partial
reproducing kernels are now given by

1 _
K ,(s)=1+ Z —n~ Y7

= (logn)~
Pt (n)<p

REFERENCES

[1] F. Bayart, Hardy spaces of Dirichlet series and their composition operator, Monatsh.
Math. 136 (2002), 203—236.

[2] J. Caughran and H. Schwartz, Spectra of compact composition operators, Proc. Amer.
Math. Soc. 51 (1975), 127-130.

[3] H. Federer, Geometric measure theory, Springer-Verlag, New York, 1969.

[4] C. Finet, H. Queffélec, and A. Volberg, Numerical range and compactness of compo-
sition operators on a Hilbert space of Dirichlet series, preprint.

[5] J. Gordon and H. Hedenmalm, The composition operators on the space of Dirichlet
series with square summable coefficients, Michigan Math. J. 46 (1999), 313-329.

[6] H. Hedenmalm, P. Lindqvist, and K. Seip, A Hilbert space of Dirichlet series and a
system of dilated functions in L?(0,1), Duke Math. J. 86 (1997), 1-36.

[7] C.C. Cowen and B.D. MacCluer, Composition operators on spaces of analytic func-
tions, CRC Press, Boca Raton, 1995.

[8] J. McCarthy, Hilbert spaces of Dirichlet series, preprint.

[9] J.H. Shapiro, The essential norm of a composition operator, Ann. of Math. 125 (1987),
375-404.

, Composition operators and classical function theory, Springer-Verlag, New

York, 1993.




COMPACT COMPOSITION OPERATORS 743

UNIVERSITE DES SCIENCES ET TECHNOLOGIES DE LILLE, LABORATOIRE AGAT, U.F.R. DE
MATHEMATIQUES PURES ET APPLIQUEES, BAT M2, F-59655 VILLENEUVE D’AscqQ CEDEX,
FRANCE

E-mail address: bayart@agat.univ-1lillel.fr

Current address: Laboratoire Bordelais d’Analyse et Géometrie, Université de Bor-
deaux I, 351, cours de la Libération, F-33405 Talence Cedex, France

E-mail address: bayart@math.u-bordeaux.fr



