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SHARP SUBELLIPTIC ESTIMATES FOR n—-1 FORMS ON
FINITE TYPE DOMAINS

LOP-HING HO

ABSTRACT. Let zg € b2 in a smooth domain Q C C", which is not as-
sumed to be pseudoconvex. We define a finite type condition R (L, zo)
for a vector field L € T10(b2), which equals the well-known type
¢(L,z0) in certain important cases. We prove that if R (L,zo) = m,
then a subelliptic estimate of order 1/m holds at z¢ for (p,n — 1) forms.

1. Introduction

Let ©Q be a domain in C" with smooth boundary. In conjunction with
proving local regularity results for d, Kohn and Nirenberg [20] introduced
subelliptic estimates (see Definition 2). There are many results on subelliptic
estimates in case Q is pseudoconvex (see, for example, [18],[19],[3],[4],[5]). In
particular, Catlin ([3],[4],[5]) established necessary and sufficient conditions
for subelliptic estimates for (p, ¢) forms on smoothly bounded pseudoconvex
domains.

In this paper we consider domains that are not pseudoconvex. We suppose
that there is a (1, 0) vector field L such that the Levi form Ay is nonnegative
near xo and also that L satisfies a certain type condition (see Definition 1) at
a boundary point zy. We then establish a subelliptic estimate for (p,n — 1)
forms at zq.

Before we introduce this new type condition, we recall some of the known
results on subelliptic estimates, both for the case when € is pseudoconvex and
for the general case.

On pseudoconvex domains Kohn [19] used the vector field estimates of
Rothschild and Stein [21] to prove that if the maximum order of contact of
n—1 dimensional manifolds with the boundary at o (which is the type at xg)
is m, then there is a subelliptic estimate of order ¢ = 1/m at 2. By the work of
Greiner [13] this is best possible in C?. Later, Catlin [3] gave general necessary
condition for subellipticity for (p,q) forms in C". He showed that ¢ < 1/m
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when the order of contact of a g—dimensional complex analytic variety with
the boundary is m. In a fundamental work [5] he proved that if a domain is of
finite type at g (in the sense of D’Angelo), then there is a subelliptic estimate
at zo. There are other proofs that establish Kohn’s subelliptic estimate in C2
and in convex domains. Catlin [6] proved this estimate as a corollary of the
construction of certain plurisubharmonic functions in pseudoconvex domains
of finite type in C2. Also, the construction of plurisubharmonic peak functions
of Fornaess and Sibony [12] lead to the same result in C? and in convex
domains in C".

On non-pseudoconvex domains Hérmander [17] proved that if the Levi form
has n — ¢ positive eigenvalues or g + 1 negative eigenvalues at g, then there
is a subelliptic estimate of order e = 1/2 at zq for (p,q) forms. In the case
when ¢ = n — 1, this implies that if the Levi-form has one positive eigenvalue,
then a subelliptic estimate of order 1/2 holds for (p,n — 1) forms. Subelliptic
estimates on non-pseudoconvex domains were studied by Derridj [10] and Ho
[14]. In [14] it was proved that if there is a vector field L of type (1,0)
with non-negative Levi form and the type ¢ (L, zp) equals m, then there is
a subelliptic estimate for (p,n — 1) forms. However, the value of € obtained
there is very weak, namely ¢ = 1/2™. There are attempts to improve this
value € to the expected value 1/m (see [15], [16]).

In this paper we define a new type R (L, zo) and prove that the expected
order of the subelliptic estimate € = 1/m is achieved if R (L, z¢) = m.

DEFINITION 1. Let Q = {z:r(2) < 0} be a smooth domain in C",xg €
b, and L € THO (bQ2). We define

R(L,z0) =2+ min {m | (Re(aL))™ A (zo) # 0

for some C*° function a near Jco}.

We will discuss the relation between R (L, xo) and the well-known vector
field type ¢ (L, zp) in Section 3. Our main result is as follows.

MAIN THEOREM. Let Q = {z:7(z) < 0} be a smooth domain in C", and
let zo € bS). Assume that there exists a vector field L € T (bQ) with
(1) A\ =980r (L,L) >0,
(2) R(L,z9) =m.
Then a subelliptic estimate of order ¢ = 1/m holds at xo for (p,n —1)
forms.

REMARKS.

(1) We do not assume that € is pseudoconvex. When it is, our result for
(p,n — 1) forms is well-known. It is the same as a theorem in Kohn
[19] and is also contained in a result of Catlin for C? [6].
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(2) The order of the subelliptic estimate e = 1/m is sharp in all known
cases. Though a general necessary condition theorem relating the type
m of L (in the sense of either ¢ (L, x¢) or R (L, zg)) and the value of ¢
in the subelliptic estimate has not been established, we know that the
subelliptic estimate is sharp in a great variety of non-pseudoconvex
domains (Ho [15]), and also in all pseudoconvex domains (Catlin [3]).

The proof of the Main Theorem follows the argument of Ho [16]. The key
ingredient is the construction of real functions pj so that for some constant
C and every k,

28\ + X2 > C 273,
where m+2 is the R (L, o) type of L, X = Re(aL) for some smooth function a
near xg, and A is the Levi form of L. The functions u; may be compared with
the plurisubharmonic function used by Catlin [6]. However, it is of interest
to note here that the construction of uy only makes use of the Levi form A
and there is no explicit reference to the defining function . This is in sharp
contrast with the proofs of Catlin [6] and Fornaess and Sibony [12].

2. Preliminaries

Let ©Q be a smoothly bounded domain in C™ that is endowed with a
smoothly varying inner product ( , ), on TX0 for x € Q, where T} de-
notes the holomorphic vectors at x. This inner product extends to the space
of (p,q) forms at . We define an inner product on (p,q) forms u and v by

(u,v) = /(u,v) av
Q
and set
lul® = (u, u).

We will use |\|u|||z to denote the tangential Sobolev norm of u of order €, and
write & for the L? adjoint of 8. The domain of @ is defined as usual by

Dom(d") = {ue LP7(Q) | there exists C > 0 with |(9f,u)| < C|/f]

for all f € Dom(9)}
DEFINITION 2. Let Q be a domain in C". We say that a subelliptic esti-

mate holds for (p,q) forms at xg € bQ) if there is a neighborhood U of xg and
there are constants € > 0 and C > 0, such that

2 _ —x |2
Il < © <||8u”2 + o]+ ||u||2>

for all smooth (p,q) forms u € Dom(a*) with compact support in U.



1404 LOP-HING HO

Set TH0 (b)) = THO N T (b2), and let Ly, Lo, ..., L, be C° vector fields
that form a basis of TH?, with Ly,...,L,_1 € T4 (b2). We denote the “bad
direction” by T, where T' = L,, — L,,. Let wi,ws,...,w, be (1,0) forms dual
to L1, Lo, ..., L,. For the sake of simplicity, we will prove the Main Theorem
for (0,n — 1) forms only, but the proof is clearly equally valid for (p,n — 1)
forms. We will further assume that a (0,n — 1) form wu is of the form

U=uwi ANwa AN+ NWp_1.

(The use of u to denote both the form and its first coefficient will not lead to
any confusion.) We discard the other coefficients u; because these coefficients
all involve w,, and hence are zero on b). Thus they satisfy

2 _ 2
;< (ul® + "]+ 1ul?).

~ | Lvul® + | Lo + - + [ Do yu]> + || Tou]

'

It is easy to see that
= 112 —x |2
[@ull” +||o"u
(The reader may refer to Folland and Kohn [11] for these facts.)
If ¢ is a C? function on , we define, for functions u,v € C (Q),

(u,v) 4 = /Q uve? dV

and
Jully = [ ufte?av.
Q

3. Notions of vector field types

The following notion of type was introduced by Kohn ([18],[19]) to measure
the vanishing order of the Levi-form in the holomorphic and anti-holomorphic
directions that are tangential to the boundary.

DEFINITION 3 (Kohn [18]). Let Q be a domain in C", let p € b8, and
let L € TO (bQ) be nonvanishing at p. We define type, L to be the smallest
integer k such that there is an iterated commutator

(Or,[...[[L1,L2], Ls] , ..., Lg]) (p) # 0,

where each L; is either L or L, [ , | is the Lie bracket and { , ) is the con-
traction between co-tangent vectors and tangent vectors. If no such k exists,
then we set type, L = oc.

Another notion of type was introduced by Bloom [1].

DEFINITION 4. With the same notations as in the preceding definition, we
define ¢ (L,p) to be 2 plus the smallest order of a polynomial f in L and L
such that f (L,f) AL (p) #0. If no such f exists, then we set ¢ (L,p) = oco.
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In dimension n = 2 it is always true that type, L = c¢(L,p). Forn >3
it was proved by D’Angelo [8] that the two types are equal if the domain is
pseudoconvex and one of the two values equals 4. D’Angelo also proved that
for larger values of N = type, L,

N < c¢(L,p) < max (N,2N —6).

These partial results suggest that perhaps the two values are equal whenever
Q is pseudoconvex. These two vector types were used and discussed by other
authors; see, for example, Bloom and Graham [2], Catlin [4], Sibony [22], and
Talhoui [23].

Kohn [19] proved that the type can also be characterized by the order of
contact of manifolds with the boundary:

THEOREM 5. If Q C C" is pseudoconvex and p € b2, then

. _ . _ n—1
Lein ) YPey L= L (L,p) = Ay (2,p),

where Afegl (Q,p) is the mazimum order of contact of n — 1 dimensional

complex manifolds through p with the boundary.

D’Angelo[7] defined a type A (M, p) which is the maximum order of contact
of complex analytic varieties with the boundary. It is this type value that
Catlin used to prove the necessary and sufficient condition for subelliptic
estimates on pseudoconvex domains.

We now discuss the relation between the types ¢ (L, p) and R (L, p), defined
in Section 1. It is clear that if (Re(aL))™ AL (p) # 0, then there is a polynomial
f of degree m such that f (L,f) A (p) # 0. Hence

c(L,p) < R(L,p).

There are many cases in which we can prove the reverse inequality. In partic-
ular, this is true in the following two important cases.

PROPOSITION 6. Let Q be a smooth domain in C" and p € bS). Suppose
that

(a) Q is pseudoconvez, and L € THO (bQ) minimizes c¢ (L,p), or
(b) for some L € T4 (bQ2), {L,L, T} is closed under the Lie bracket.
Then
¢(L,p) = R(L,p).

Proof. (a) First we consider the case n = 2. If ¢ (L, p) = m, then

(1) LlLQ...[LZ‘7Li+1]L7;+2...Lm,2)\L (p) :0,

where L; equals L or L (see Kohn [19], Lemma 5.32 and Lemma 5.34). Now
there is a choice of L; such that L1 Ly ... Ly,—2A (p) # 0and L1 Ly ... LA (p) =
0forall j <m—3. Let X = ReL and Y = Im L. We need to show that
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(aX + bY)™ 2)\(p) # 0 for some real numbers a and b. This will imply that
(Re (ozL))m*2 A(p) # 0 for some complex number «. Otherwise we have

(@ 2XM 2 4 am I (XTTY 4 XY X 4+ Y XTTP)
o ET2Y ™A (p) = 0
for all @ and b, and hence
X" (p) = (XY + XY X 4+ YX™3) X (p)
= =YY"\ (p) =0.

We use (1) to conclude that the terms AjAs... A, 2 (p), where each A;
equals X or Y, all vanish. But this contradicts the fact that, for some choice
of the LZ‘, L1L2 .o Lm_2)\ (p) 7é 0.

Now suppose n > 2 and that L minimizes ¢ (L,p). We need to show that

L1L2 . [LZ, Li+1] Li+2 ‘e Lm,QAL (p) =0

for all choices of L; € {L,L}. This will then imply the desired conclusion as
in the above case. If this is not true, then by Kohn’s definition of type we
have

min  type, L < min c(L,p),
LeTL.0(b) YPe Le(1)TL0(bQ) (L. p)

which contradicts Theorem 5.
(b) The proof is the same as in the case n > 2 of (a) since (1) is true by
the assumption of the closedness of the Lie bracket. O

EXAMPLE. The domain defined by »r = 2Rez3 — |21 — 2122|2 + |22|10 is an
example that does not satisfy assumption (b) in Proposition 6 for the following
holomorphic vector field L at the origin:

_ 0 0 2_ 2 5\ 9
L12187z1+8722+<*|21| Zo + 7 |2 752323)8723

The Levi-form of L is
A =2z — |z z2)? — 2220 — 222 + 25222 > 0

near the origin. But

— 0 0 0 0
L Ll=—-2—+7Z1— — —
[ ’ ] Zl@zl +21821 +a823 +ﬁ873
is not a linear combination of L, L and T = Ls — Ls. Though the hypotheses
of Proposition 6 are not satisfied here, the conclusion ¢(L,p) = R(L,p) still
holds: in fact, we have ¢(L,p) = R(L,p) = 10 in this case. We have not yet
found an example in which both A, > 0 and ¢(L,p) < R (L, p) hold.

For small values of R (L, p), we can give the following estimates for ¢ (L, p):

PROPOSITION 7. Let Q be a domain in C",p € b2, and L € T+ (b82).
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R(L,p) =4, then ¢(L,p) = 4.
R(L,p) =6, then 5 < ¢(L,p) <6.
R(L,p) =8, then 6 < c¢(L,p) < 8.
R(L,p) =10, then 7 < ¢(L,p) < 10.

Proof. We first note that R (L, p) is always even, since we are considering
the derivatives of a real vector field on a non-negative function (see Kohn [19],
Lemma 5.28). It is not clear whether the type ¢ (L, p) is always even. Also,
note that

R(L,p) =2+ min{m | (aX 4+ bY))™ AL (zo) # 0
for some C™ functions a, b near xo}.
We now move on to the proof of the four statements. The first statement
is trivial since R(L,p) = 4 implies X\ = YA = 0, which in turn implies
L\ = L\ = 0, from which ¢ (L,p) = 4 follows. (All derivatives are evaluated
at p.) We outline the proof of the fourth statement here; the proofs of the

second and third statements are similar.
If R(L,p) = 10, then setting X = ReL and Y = Im L we have

(aX +bY)* A= (@aX +bY)° A= (aX +bY)° A= (aX +bY) A =0
for all smooth functions a and b defined near the point p. We will show that
we get the following linear system, which implies that all four terms are 0:
XXXY A+ XXYX A+ XYXXA+YXXXA=0
AXXXYA+ 3XXYXA+2XYXXA+YXXXA=0
I0XXXYA+ 6XXYXA4+3XYXXA+YXXXA=0
20X XXY A+ 10XXY XA +4XYXXA+YXXXA=0

Consider the equation (aX —|—bY)4)\ = 0 for constants a and b. The left
hand side of the first equation in the above system is just the coefficient of
a®b in (aX + bY)4 A, and we conclude that it equals to 0 as in the proof of
Proposition 6.

Next we consider the equation (aX +bY)° A = 0. This time we need to
consider a and b as smooth functions. The expansion of (aX + bY)° A will
involve X and Y derivatives of the functions a and b. We get

(aX +bY)° X =a® XA+ -+ 6°Y°A
+a (XD)AXXXYA+3XXY XA+ 2XYXXA+ YXXX)\)
4. =0

where --- stands for terms involving the second, third, fourth, and fifth X
and Y derivatives of the functions a and b. Since a and b are allowed to be any
smooth functions, (Xb) (p) is just another variable. Hence we conclude that
the coefficient of a* (Xb) must be equal to 0. This gives the second equation
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in the above system. In a similar manner, the third equation is obtained by
considering the coefficient of a®(X?2b) in (aX + bY)6)\ = 0, and the fourth
equation comes from the coefficient of a(X3b) in (aX +bY)" A = 0.

Next we need to set up six equations for the six terms X XYY\, XY XY\,
XYYXAN YXXYN YXYXA and YYXXA. Here the computations and
the equations involved are more complicated. By considering the coefficients
of a2b% in (aX 4 bY)*\ = 0, of a3b(Xb) in (aX +bY)° X = 0, of a2b? (Xa)
in (aX +bY)° A =0, of a*b (X?b) in (aX +bY)° X = 0, of a?b? (Xa) (Xb) in
(aX 4+ bY)° A = 0, and of a®b (X3b) in (aX + bY)" A = 0, we get the following
six equations:

XXYYA+ XYXYA 4+ XYYXA+ YXXYA
+ YXYXA+ YYXXA=0

TXXYYA+ 6XYXYA4+ 5XYYXA+ 5YXXYA
+ 4AYXY XA+ 3YYXXA=0

SXXYYA+ 2XYXYA4+ 5XYYXA+ S5YXXYA
+ 6YXY XA+ 7TYYXXA=0

I6XXYYA+13XYXYA+ 9XYY XA+ 11YXXY A
+ TYXYXA+ 4YYXXA=0

DPBXXYY A+ MUXY XY A +41XYY XA+ 43Y X XY A
+3BY XY XA+ 31YYXXA=0

0XXYYA+24XY XY A+ 14XYY XA+ 21Y X XY A
+1UYXY XA+ S5YYXXA=0

This clearly implies that
XXYYA=XYXYA=XYYXA=YXXY A=YXYXA=YYXXA=0.

Finally, in a similar way as in the proof of the first four equations above, we
see that

XYYYA=YXYXA=YYXYA=YYYXA=0.
Hence ¢ (L,p) > 7. O

4. Lemmas

We need the following lemmas for the proof of the Main Theorem. For
the sake of convenience we will assume that x¢g = 0. The constants C' in the
following proofs are not necessarily the same at each occurrence.

LEMMA 8. Let Q be a domain in C" with smooth boundary, and let L €
T (bQ) with A = 99r(L,L) > 0. Then, given any € > 0, there exists a
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neighborhood U of the origin such that for any function u € C§° (U N ﬁ) we
have

n—1

@) || Lul? > ||fu||2+/m)\|u|2 dS —e (Z | Laul|® + ||Znu”2> —0 (Hu||2)
=1

The proof is standard and can be found in Folland and Kohn [11] or Ho [14].

LEMMA 9. Let Q be a domain in C" with smooth boundary, let X be a
real tangential vector field defined in Q, and let ¢ € C%(Q). Then, given any
€ > 0, there exists a neighborhood U of the origin such that for all functions
u e C§° (U ﬁﬁ) we have

(3) /Q (X2¢) [ul” ™ dV < 4[[(X o) ully, + 2| Xul[§ + C [lul5

Furthermore, assume v € C? (ﬁ) s a bounded function and M is a constant
so that M > 4e¥. Define ¢ = i;e¥ and X = Re(aL) for some smooth
function a. Then we have the following estimate:

(4) /(X%/)) uf? e~ (=) dV+/ Aul® dS
Q 29
n—1
< C (I1Zull® + Jul’) + e (Z Ll + anu||2> :
=1

Proof. Letting g denote a smooth function, we have

(X?9) u, u)¢ = (X ((X¢)u),e_¢u) - ((X9) (Xu),e_‘%)
=—((Xo)u, X (e_¢u)) + (9(X9) u,e_d’u)
— ((X6) (Xu), &%)
= ((X¢)u,e_¢ (X9) u) — ((X¢)u,e_¢Xu) + (g (X9) u,e_¢u)
— ((X(b) (Xu),e_¢u)
< 4[[(Xo)ull}, + 2 | Xul} + C llul}

To prove the second statement, we note that if ¢ = ﬁed’ and M > 4e¥,
then

2, 2 iw2
(5) X2~ 41X6f* > e X2y,
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Also, using Lemma 8 to estimate HZUHQ we get

©  IXul? < (ILul + |Tu])

n—1
<C (||Lu|\2 + Hu||2) +e (Z ILiul® + anuH2> .
i=1

If we put (5) and (6) into (3) and add the resulting inequality to inequality
(2), we get the desired inequality (4). O

LEMMA 10. If there is a neighborhood U of the origin such that for all
k > 1 we can find a function p;, € C? (Uﬂ Q) that is uniformly bounded in
k, and a constant C > 0 independent of k such that

N+ X2, > C 2%

in U NQ, then there is a subelliptic estimate of order % for (p,n —1) forms
at the origin.

The proof of this lemma is very similar to the proof of Theorem 1 in Ho [16];
the only difference is that we need to use inequality (4) of Lemma 9 instead
of inequality (8) in [16]. Hence we omit the proof here.

For the construction of uj we also need the following technical lemmas.

LEMMA 11. Given any € > 0 and K large enough we can find a non-
negative function p € C§°[0,00) that satisfies the following properties, where
u depends on K, but the constants C' and M are independent of K.

(1) p(x) ==z forxz <40.
(2) w is supported in [0, MK].
(3) There exists xg independent of K such that p' (x) =0 on g, 155K
(4) p ( )>0 ifx< 100K
(5) zp” (z )_—e ifr < 5 K.
(6) [p
(7)

()|< zfx>100K
/~L/( )‘<K2 fo>100K

Proof. By Lemma 3 of Ho [16] we can find ¢ € C§° (R+) such that
(1) ¢ (z) =z for 0 < x < 40;
(2) ¢ () > —e for all z > 0;
(3) z¢" (x) > —e¢ for all z > 0.

In fact, the proof given in [16] shows that ¢’ is a decreasing function on
[0, 20, where 29 > 0 is some number that ¢’ (zg) = 0. By slightly modifying
this proof, we can assume that ¢(™ (xg) = 0 for all n > 1. We define the
function u(x) by

(1) p(z)=9¢(x) forz < wo;
(2) p(z) =¢(x0) formy<z< 5K;
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3) pu(z)=o (% +xo) for # > K.

If ¢ is supported in [0, A], then pu is supported in [O,K (A —x0 + ﬁ)].
We now verify that the properties stated in the lemma are all satisfied. In
fact, properties (1)—(5) are obvious from the construction, and (6) and (7)

follow easily from the fact that when z > ﬁK ,

1 - K C
@) =g [0 (RS ) <
and
1 r— =K C
@) = a0 (TR )| < g 0

LEMMA 12. There exists a function x € C™ (R+) which satisfies the
following properties:

(1) x(x) =0 when x < 20K and x () = 1 when z > 40K.

(2) X' >0.
(3) |Xi/| < %1'
4) Ix ‘ < Tokz-

Proof. First, we can find a function 6 (¢) € C§° (R) with the following
properties:

(1) 0 (¢) is supported in [20,40].

(2) 6(t) >0 in [20,30].

(3) 6(t) < L. (

(4) [y 0(t)dt = 75 and [, 0 (t)dt < §.
(5) 6(t—30) = —0(30 — 7).

Next, we set 01 (t) = f(f 0 (y) dy. Then it is clear that 6, (¢) has the following
properties:
(1) 61 (t) =0 for x < 20.
(2) 0 <6, (t) <3 and 6; is supported in [20, 40].
(3) [%6: (t)dt > 1.
We may assume that f040 01 (t)dt = 1.
Finally, we set & (z) = foz 01 (t)dt, and define x (z) = {(%), so that

X

X (z) = %5’ (?) It is clear that x satisfies the required properties. O
5. Proof of the Main Theorem
In view of Lemma 10 the following proposition implies the Main Theorem.

PROPOSITION 13.  Assume that there is a neighborhood U of the origin, a
non-negative function f € C'* (U N Q), and a C™ real vector field X in UNK
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such that X™f(0) # 0 and X'f (0) = 0 for all i < m — 1. Then there exists
a neighborhood V-C U of 0 and a function i € C'* (V N ﬁ) that satisfies

o f 4+ X2 > C2mtz
in VN Q, where the constant C is independent of k.

We define
N 2k _ 2k _ X 'f
H:ZQ‘M (27”*2‘ ) HX]( mt2

i=1

where we let X" f = 1 in the above definition of the functions i, and xm,—1,
the constants ¢; will be chosen later, and the functions u; and x; are defined
as follows:

(1) p(z) = ,u(Kl 1)forlgigm;
(2) xj(z) = X(Ky—l)forlgjgm_L

From the properties of the functions g and x given in Lemmas 11 and 12
it is clear that for ¢ > 1 we have:

(ml) pf(z) = = for @ <40K'~ 1
m2 ,ul is supported in [0 MK ﬂ where M is independent of K.

) = Zci¢i7

=1

m3 ( )>0 1f91:<100KZ
1o K"
mb |/1l( )| < & forx>mKl

(m2)

(m3) p

(md) zu! ()_K71 ifz <
(m5)

(

m6) |u; (z) < Kzz for z > 55 K.
Also for j > 1 we have:
(c1) x; =0 for z <20K7.
(c2) xj =1 forz > 40K7.
(¢3) x; > 0 and is supported in between 20K7 < z < 40K7.
(cd) x| < 2110
() X7 < torm7-
The number K here will be specified at the end of our estimates. In the
following argument C' is independent of K.
The above function [ is well-defined in a small neighborhood V of the
origin since X™f (z) # 0 if V is small enough. Hence if Xf = 0 in some

1,2
XX ff ) , then there will be a term equal to 0 in the product

term p; Qi+

XIf
Xty

-1 _2k_

M (o

To show why this function i gives the desired result, we first prove two
lemmas.
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LEMMA 14.  With the same notations as in Proposition 13, given any € > 0
there exists a meighborhood V' of the origin so that when K is large enough

the following inequalities are satisfied in V N}
(1) X*pm > gt 12m+2 if | X1 f* < 40- 2—%?-2 K™l

) [X200| < gimr27tm if | XL P > 4027 K,

Proof. We have

X2hm = X2 i (2% |X’"*1f|2)
27, (278 [ 1) (2(X7 )7 2X X )

4ot (zn?—iz \Xm—lff) (2xmFxm=1 )2

It is clear that if the neighborhood V is small enough, then

(X™f)? +

Xm+1me—1f > O > 0.

Hence when |X™~!f|" < 40-2 w2z . K™= then from property (m1) and
the fact that p!/, = 0 we get X2¢,, >

C 2k

> O 9,

If | X1 F|" > 40 2~ w+7 . K™ then we distinguish two cases
(1) When 2m+2 |Xm*1f|2 < 155 K™, we have by (m4)

97tkz ! (2# |Xm*1f|2> (xm1f)% > K;f .

and p/, > 0 by (m3). Hence X2¢m > — == C_omiz,
(2) When me <

2mits | x™m= 1f’ < MK™, we have by (mb) and
(m6), ] < S and [uly] <

K% . Hence

mt2 + MK™

X2p,| < -Zot
Km

2k2
Ko 2"
This proves (2) when K is large

O
LEMMA 15.

With the same notations as in Proposition 13, given any e > 0

there exists a neighborhood V' of the origin so that when K is large enough
the following inequalities are satisfied in V N )

2k -
(1) X2¢m—l > K —2m+2 Zf‘ﬁm,—lf

| X1 f|* > 4027w L L
) |X2¢7n—1| S

2 T
< 40 - 27 m+2

K™= 2 gnd

2m+2 Zf‘Xm 1;

2k
> 402" m+z M2,
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The complete proof of this lemma follows from the proof of the proposition,
so we will only give an outline. Since

when |Xm*1f|2 > 40-2"m+2 . K™ we have xm_1 = 1 from (c2), and hence
Om—1 = m—1 there. The rest of the proof is similar to the proof of the above
lemma. Of course we need to estimate the derivatives of p,,,—1 and X,—1.
This will be carried out later.

From these two lemmas we see that the only “bad part” in X2 <Z;n:2 cj¢j)

is the part where X*~!f is 'large’. When 4 = 1 this part is covered by the
function f itself. O

)

Proof of Proposition. Let us consider the first term

f 2\ m—1 .
> H XJ (2 m+2
Jj=1

Xf
We need to compute X2¢;. We write

Xif

b1 () = (2’”"2iz

X2y =2mts (I4+ I+ I+ 1V + V + VI),

oy

) <2 _GIX 6P () 2f2X3f>
(Xf)* (X! (Xf)°

f
Xf

2 2m—1
2k 2k 2f 2f2X2f 2k
II = 2m+z Y (2 m+2 ) (X—f — x )3 | I x; |27+

j=1
| X 6X7FXIHf 6 (XIf)7 (x2)
=2 (2%2 owf| )T ey T oy
<
2 (X7 £)? xi+3 ok 2\ mot " 2
_M>‘ul <2m—+2 < > HXZ <2m+2 )7
=

f
(X1 f) X7
2\ (oxif 2(xif)2xit2p\’
XitLf o (xatip)?

Xtf
X1y

S
Xf

IV = Q%X;’ (2%2
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. f 2\ m—1 . 2

2 2k

Qm+2 | —— I | 2m+2
Xul( ‘X'f >l—1 Xl( >’

g | P\ o (g | X007 ((2F _2°X%
X Xitlf Xf (Xf)3

Xf
zxaf 2 (X7 f)? xi+zp\ mt w | XU
><< ( ) Xt | 2m+2 XTlf )

Xitif (Xg+1f)

Xtf
Xl+1f

X0 f

m—1
_2k _ 2k
VI = 2w+l Z Xj <2
jil=1
i<l
2X7 f Q(ny XJ+2f 92X f 2(le)2Xl+2f
X Xitif Xj+1f XiHf (Xi+1f)?

X 1 (2’"2—*]i2 ) H Xp (2"‘2$ )
p=1

p#Lj
We will estimate I-VI in different regions of ‘X)f—;’;f‘ First we note that

f X?f

by (cl) we have, in the support of xi, 9wtz X7 f g

kb .
WQWLH . In general, in the support of x; we have ‘ Xjff ’ < \/%K]ﬁ 2m

2
Xf’ > 20K, ie.,

;12 o 2| xip |2 i :
Case 1. ‘X—f‘ < 402775 and 27%2 | | 2 40K forall 1 <0 < m-1.
In this case p} = 1, Y = 0, and we have x; = 1 for all j and ij =0

for 1 < j5 <m — 1. Hence the terms II, III, IV, V and VI are all 0, and we
only need to estimate I. We have
1 2k
m—+42
) (20[( >

_ 1 _
71>2-6 (\/Earfz) (2mi2) —6 (40 P

mKl/Q
_2(40 2&1’3) (#2#12)( ! Qmirz)
V20K1/2 V20K
6v2 12 4

K1/2 K K3/2°

Hence, when K is large enough, we get

X3¢, > 2mis.

2 _ ok o i
Case 2. ‘XLf’ <40- 9wtz and 27tz X)f—Jrflf’ arbitrary.
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We want to find a lower bound for X2¢; in this and the following cases.
As in Case 1, we have, for K large enough, I > 0 and II = 0.

We use (c4) and (c5 ie., |X]‘ < 2K77‘X ‘ < 1gxz> and the fact that
X (%) is supported in [20K7, 4OKJ] to obtain, for all j > 1,

< VA0KI/2,

(7) V20K < 2w

Xif
+1f
Also note that |u] < C.
Estimate for III. Using (c4) and (7), we get

1 k
E _ VAOKI/29mta —— — 9w
|IH|< C- <2+6 0K7/42m+z2 +2m (j+1)/22 2

2k
2m+2

+6 - 40KI2m72

1
20KI+1

V20K G+1)/2 V20K (5+2)/2

1 6v2 12 4
<ZC'%<“W+?+W>'

J

+ 2 A0K7 2w L 97ve L 2m’12>

Estimate for IV. Using (c5) and (7), we get

1
10K2%

V<> ¢ 2w 2(4-40Kj2m_-2+k2
J

2
. —2k 1 k
4. (d0KI27ds 9w
- (0 © 0K G ”))

1 320
< .
- z]: 5KI <16O K>
Estimate for V. Using (ml), (c4), and (7), we get
- - 1
; (2\/402mf2 +2.40- 2m«2¥°272mk+2)

ok 2
VIi<SN C.omts
Vi< Yo

V20K1/2
x ( 2v40K3/227+ +2-40Kj2%ik2;2ﬁ+2
V20K (i+1)/2
¢ V20 2 (G—1)/2
DI <2f+K1/2> (2vA0K7/2 + 4v30K D12
J

s i)

K1/2
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Estimate for VI. Using (c4) and (7), we get
1 1 , .
< - il2 (1—1)/2
\VI| < §jljc et (2\/40K +4V20K )

« (2K 4 4B

44/20
<ZC K(JH (2\/_+K1/2>

Comblmng these estimates, it is easily seen that if K is large enough, we
have
X2p; > — (C : K‘1/2> 9wk

—2k 2 —2k
Case 3. 40-27+2 < ‘Xif‘ < w2miz < LK. 2mis,

We first note that, in this and all subsequent cases, the estimation of the
terms III, IV and VI is the same as in Case 2, since the terms do not involve
Xif. Hence we only need to consider the terms I, II, and V.

Estimate for I. By (m3), we have pf > 0 in this part, and hence

12 (e-o i ()~ () (o)
-+ (5) (s () =+

Estimate for II. If pf > 0, then II > 0, for otherwise using (m4) and (7)

we get
2f (x21)\

Estimate for V. Using |p}| < C and (c4) we get
2k 1 1 _k
|V| < ; 2.9m+z2 . 2K] (\/_2 mH 4 po2mtT m+1 oK 1/2 2m+2>

297 9. a0Kionk 1 -
x (2\/401( 2 4 2 AR e 2

_ZKJ/2<\/_+\/_K1/2><\/_+§Z>.

Combining these estimates we get

X?¢ > — (96+C’K_1/2) 2%,
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where € > 0 is independent of K.

Case 4. mOQ% < ‘XLf‘Q < K- =

In this part g3 = C. Hence pf =pf =0and I = II = [T = 0.

Case 5. ﬁK Qe < ‘ ‘ <MK - Qe (This is the last case since
w1 = 0 when ’XLf‘ > MK-2M+2.)

Estimate for I.  Using (mb) we get

2k
2m+2

1 1
1< (24 6VME27t ——— 9wt 4 6MK2mts
1 ( + Joriec T 0K

+ 2M K2m+2 oK1/ 2m+2 oK 2m+2 )

+

S Cfy VM 3M M
V20 10 T 10K1/2

Estimate for II.  Using (m6) we get

C ) 1 o
< 2T — m ™ ™
IT] < 27> +2K <8MK 9t + SM2K22 +220K2 +2)
C 2
< — (8M+ZM?).
< % (3o 30r7)
Estimate for V. By (m5) we have
2 C 1 —k —2k 1 k
Vi<S 2.0mr 2 (VMEK27tT 4+ MK2731 — 9w+
VI Y23 Ly (VTR kst ot )

1205k 1 o . 40KI9Es 1 .
x (zx/EKJ 2mtz 4+ 2. 40KI2m+2 mK(j+l)/22 +2)
C M 4/20
SZW (VM—F\/—Q»O) (2\/_"‘1‘ K1/2>
J

and we get again |X?¢;| < C- K—1/29%45
Combining Cases 2-5, we conclude that in each of these cases
X2y > —Cle+ K~ /2)2mi7.

Performing the same computations for X2¢; it is not hard to see that for
any ¢;, i > 1, we have:

If‘X7 f‘ < 40
m — 1, then X2¢; > -1

2401(1—1 fori+1<j<

mir if K s large enough.
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(2) In all other cases, X2¢; > _0(6;75;1/2)27&2.
We set ¢; = K'~1. We now choose ¢ > 0 small enough and K > 0 large
k
enough that for all ¢ we have ¢; X%¢; > 752"127%, where § is as small as we
please. We then have:
(i) I 2752 | X1 f[* < 40K™1, then fin, = 1, and ¢,y X2, > 2757,
From (1) and (2) above, we have
m—1
Z ciX?¢i > —(m—1) 527,

=1

and it is clear that X2/l > %2%
(ii) If (i) is not satisfied, then 27+= | X™=1 f|* > 40K™~1. If in addition
f(m:rf; ’ < 40K™~2 then as in (i) we have X?/i > %27%2
(ii) Repeating this argument shows that if
Xm=2f
X1y

2k
2m+2

2
> 40K™ 2,

2miz |X™Lf|P > 40K, 2w

2
< 40K

2k
2m+2

Xiflf

ey

2k

then X2f > §2m+2.
(iv) Finally, if

2

2k Xm72f > 40Km72

2k 2
2m+z | X™TLET > 40K™ omes
} f| — 0 ’ X’m—lf

2
2k
2 m+2

> 40,

“ey

then -
|f|2 > 2%40me(m—1)/2
Hence 2K f > 22,
Combining Cases (i)—(iv) we get
2k

of f 4 X201 > C2m+z,
which is the desired inequality. O
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