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ON THE REPRESENTATION OF DERIVATIVE ALGEBRAS
IN CHARACTERISTIC p >0

JIANGFENG ZHANG AND JIANGHUA ZHANG

ABSTRACT. In this paper we show that neither the Weyl algebra A, (K)
nor the derivative algebra DA, (K) has infinite irreducible representa-
tions in the case when the ground field K has characteristic p > 0. We
also give a complete classification of irreducible representations of the
first derivative algebra DA; when K is algebraically closed. Finally, we
present an algorithm that determines, in finitely many steps, whether
DA, /L is a simple DAj-module, where L is any left ideal of DA;.

1. Introduction

Let K be a field with characteristic ch(K) = 0 and K[X] := K|[z1,...,%4)
the polynomial ring in n variables. Then the Weyl algebra A,,(K), the ring of
differential operators D(K[X]), and the derivative algebra A(K[X]) generated
by {z;,0; : i = 1,...,n} in Endg K[X] are all isomorphic (see [8]). Because
of this relation, the derivative algebra has defining relations as Weyl algebra,
and hence has many applications. For example, symbolic computation in
A(K[X]) makes symbolic computation over D-modules and automatic proving
of function identities possible. However, if ch(K) = p > 0, then A(K[X])
is only a quotient of A, (K) (see [12]). Hence the study of A(K[X]) and
D(K[X]) becomes as difficult as any other problem in characteristic p, and
only a few properties of D(K[X]) and A(K[X]) are known in the case when
ch(K) = p (see [9], [10], and [12]). Some elementary properties and the
computing theory of A(K[X]) were developed in the papers [12] and [11]. In
this paper we consider the representation theory of A(K[X]) in the case when
ch(K)=p>0.

It is well known that, when ch(K) = 0, the representation theory of the
Weyl algebra A, (K) has important applications to several areas of mathemat-
ics and, in particular, to Lie algebras. Significant work has been done on the
irreducible representations of the first Weyl algebra A, (K); see, e.g., [4], [5],
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[6], [1], [2]. The paper [13] gives a complete classification of finite dimensional
simple Aj-modules when K is algebraically closed and ch(K) = p > 0.

In this paper we use a simple fact from polynomial identity rings to show
that, when ch(K) = p > 0, both the Weyl algebra and the derivative algebra
have only finite irreducible representations. Using this result, we give a com-
plete classification of irreducible representations of the first derivative algebra
A(K[z1]) for the case when K is algebraically closed with ch(K) = p > 0.
However, this classification does not provide the structure of simple modules.
That is, given any left ideal L of A(K[x1]), the classification does not allow one
to determine whether A(K|[z;])/L is a simple module. Using computational
methods developed in recent years for commutative and noncommutative al-
gebras (see, e.g., [7]), we will give an algorithm to determine, in finitely many
steps, whether A(K[x1])/L is simple, for any given left ideal L.

Throughout this paper, we suppose that K is a field with characteristic p >
0, and we set K[X]| = K[z1,...,2,]. We denote by Z> the set of nonnegative
integers. In order to stress the connection between A,, and A(K[X]) , we write
DA, for A(K[X]). To make this paper self-contained, we state preliminary
results in Section 2.

Acknowledgment. The authors are grateful to Professor Huishi Li for
his generous help.
2. Preliminaries
For convenience, we list some properties of the derivative algebra DA,, and

the ring of differential operators D(K[X]).

2.1 DEFINITION ([12]). Let x1,...,x, be the left multiplication operators
on K[X] (that is, z;(f) = z;-f for any f € K[X]), O1,..., O, the partial
differential operators on K[X] (that is, 9;(f) = 0f/0z; for any f € K[X]).
We denote by DA, (K) (or DA,) the K-subalgebra of the endomorphism
ring End g (K[X]) generated by z1,..., &y, 01, ..., On, and we call DA,, the
derivative algebra of K[X].

For n-tuples a = (a1, ...,an) and 8 = (B1,...,8,) € Z% set
n

g =28 a9 =90 oP, |04|:ZO%‘-
i=1

2.2 PROPOSITION ([12]). The set
{2°0° ra = (a1,...,an), B=(B1,...,Bn) € Z2,,

/Bzgp_]-v Z:]wvn}
is a K-basis of DA,,.
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From now on we assume that, for any element f € DA,,, f is expressed in
terms of the above K-basis, and we call this representation the standard form

of f.
2.3 LEMMA ([12]).  For any o, B € Z%, |a| > |B|, we have

8a( ,8) al ifa:ﬂ7ai§p_171§i§n7
€T =
0 otherwise,

where a! = a1l-as!. .. ay!, 0l =1.

2.4 LEMMA ([12]). We have
Opxy=x50; (i #7J), Opwi=xi0;+1,
otz =z 0" + s-m-xf_lﬁim_l +s(s—1)m(m — 1)1:‘;_23;”_2

+ 8(s — 1) (s — 2)-m(m — 1)(m — 2)-25729" > + ...

2.5 THEOREM ([12]). Let A, be the nth Weyl algebra over K, that is,
the associative K -algebra generated by x1,...,%yn, Y1,-.-,Yn and the relations
Yilj — Ty = 045, Ti%j — T3 = Yiy; — Y% = 0, 4,5 = 1,...,n. Then there
exists a K-algebra isomorphism DA, = A,/(y},...,yP). Furthermore, the
center of Ay, (resp. DA,,) is K[, ..., 20, yV, ... yP], (resp. K[z¥,... aP]),
and A, (resp. DA,) is a finitely generated free module over its center.

By Theorem 2.5, we have DA, = A,,/(y},...,y2). Hence there is a one-
to-one correspondence between the set of left ideals of DA,, and the set of left
ideals of A,, which contain (y},...,y?). This correspondence can be obtained
as follows:

By Proposition 2.2, any element f € DA,,, can be written in the standard

form
f = Z Ca[jxaaﬁ,
a,B

where o = (aq1,...,ap), 8= (B1,...,0n) € Z%y, Bi <p—-1,i=1,...,n,
cap € K. Let f' € Ay, f' = capr®y?, with the same tuples a and 3 as
in the representation of f. Suppose L = (f1,..., fs) is any left ideal of DA,,.
Then it is easy to show that

L/:<f{7"'7f,;7yf7"'7yg>
is the left ideal of A,, corresponding to L. Thus we have the following isomor-
phisms of K-vector spaces:

(2.1)  DAn/L= (An/(7, - um)) /(L SO um) [t o)
~ A, /L.

This isomorphism is especially important in the computing theory of DA,,,
since DA,, is not a domain and therefore does not have a Groebner basis. We
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can use the above isomorphism and Groebner bases in A,, to perform efficient
computations in DA, ; see [11].

3. Representation theory of DA,

3.1 THEOREM. If K is a field with characteristic p > 0, then neither
DA, (K) nor A, (K) has an infinite dimensional irreducible representation,

Proof. By Theorem 2.5, A,(K) and DA, (K) are finitely generated over
their center, Hence, by [8, Corollary 13.1.13], they are polynomial identity
rings. Moreover, it is obvious that both A, and DA,, are affine K-algebras.

By [8, Theorem 13.10.3], in a affine polynomial identity K-algebra R, any
simple left R-module is a finite dimensional K-vector space. Thus every simple
module over A,, or DA, is finite over K, so A,, and DA, do not have infinite
irreducible representations. This completes the proof. O

It is easy to derive the following corollaries.
3.2 COROLLARY. K[X] is not a simple DA, -module.

Notice that if ch(K) = 0, then DA, = A,, and K[X] is a simple DA,,-
module (see [3]). By the corollary this result does not hold in the case when
ch(K)=p > 0.

3.3 COROLLARY. Let M be any left DA, -module (or left A,-module). If
GK-dim M > 0, then M is not simple.

Proof. By the definition of the Gelfand-Kirillov dimension (see [8]), M is
not finite dimensional over K when GK-dim M > 0. Thus M is not a simple
module. d

Since for general n the classification of simple DA, -modules is quite com-
plex, we consider here only the case n = 1. We shall use the concept of
Harish-Chandra modules to obtain a classification for finite irreducible repre-
sentations of DA; when K is also algebraically closed. Since, by Theorem 3.1,
DA, has only finite irreducible representations, this classification provides a
complete classification of all simple DA;-modules.

3.4 DEFINITION. Let hy = 011, and let V be any DAj;-module. If V
satisfies

(i) V=B, cx Va, where V) = {v € V : hyv = v},
(ii) dimg V) < o0, for all A € K|

then V is called a Harish-Chandra module over (DAq, hq).

We retain the notation V) through the rest of this paper.
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3.5 THEOREM. Let A={0,1,....p—1}C K, \,u€ K.
(1) If p #0, let V(A p) = @;cp Kvi, where {v; : i € A} is an arbitrary
set of p elements. Define the action of DAy on V(A u) as follows:
T1v; = vig1, 0<i<p-—1,

T1VUp—1 = UV,

A—1

O01v9 = Up—1,

611)]' :(/\4’].*1)’03'_1, 0<j§p71,

where v_1 = Up_1, U, = vg. Then V(A u) is a finite dimensional
irreducible DAq-module and also a Harish-Chandra module.

(2) Let V. = @, Kvi, where {v; : i € A} is an arbitrary set of p ele-
ments. Define the action of DAy on'V as follows:

v = —iv;—1, 0<i<p-—1,
(91’01':’[}7;4_1, 0§Z<p71,

811)11,1 = 0,

where v_1 = vp_1, vp = vg. Then V is a finite dimensional irreducible
DA -module and also a Harish-Chandra module.

Proof. (1) Tt is obvious from the definition that V(A i) is a finite dimen-
sional left D A;i-module, and that

hiv; = O121v; = 8wi+1 = ()\ + Z')’UZ', 0<i1<p—1,
hl’l)p,1 = 81.%‘11)}7,1 = udi1vg = ()\ — 1)’();0,1 = ()\ +p— 1)1}p,1.

Let Vg = Kv; for 0 <i<p-—1,and set Vs =0 for § € K and § # \ + i,
i=0,1,...,p— 1. Clearly, V(\, u) = @sc Vs is a Harish-Chandra module.
We now prove that V(A p) is an irreducible D A;-module.

Suppose this is not true. Then V' (A, 1) has some nonzero proper submodule
N. If there exists an element v; € N, i € A, then {v;;7 € A} € N by
definition. Hence N = V(\, 1), contradicting our hypothesis. Therefore v; ¢
N for all i € A. Take any nonzero element f in N. Then f has the form

f=aivi, +av;, +--- +asv;,,

where s > 1,a; € K, a; #0,j=1,...,s,and p—1>1i1 >ip > -+ > 15 > 0.
(We have s > 1 since for any i € A, v; € N.)
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Note that hiv; = (A +¢)v; for i =0,...,p — 1. Hence
[ =a1vi, +agvi, + -+ +asv;, €N,
hif = (A +i1)arvy, + (A +iz)azvi, + -+ (A +is)asv;, € N,
R2f = (N +i1)%a1v;, + (N +1i2)%a0vs, + - + (A +1i5)%asv;, € N,

W = i)  arvs, + (A +d2)*agus, +
+ A+ is)s_lasvis €N.

We put this system of equations in matrix form:

(3.1)

f ay as ... Qs Vi,

hif (A +i1)ay (A +i2)ag oo (A +is)as Vi

hiilf ()\+i1)5’1a1 ()\+i2)5*1a2 ()\+i5)3’1a5 Vi
The determinant of the above matrix equals

1 1 |

(A +11) (A +i2) oo (A i)
(32) a1a...ag |, . .

A+i)™ (A+ig)s b Lo (W i)

Since ajas...as # 0 and the determinant in (3.2) is a Vandermonde de-
terminant with pairwise distinct entries A 4+4;, j =1,...,s, the determinant
of the system (3.1) is non-zero. Hence this system has a unique solution.
Thus v;,,...,v;, can be expressed as K-combinations of f,h;f,.. .,h‘i_lf,

and hence of v;,,...,v;, € N. This contradicts the fact that v; ¢ N for all i.
Hence V(A p) is an irreducible left DA;-module.

(2) It is obvious that V is a finite dimensional D A;-module, and that

hiv; = O1x1v; = —101v;—1 = —iv;, 1=1,...,p—1,

hivg = Ohx1v9 = 0.
Let

V_; = Kv;, 1=0,1,...,p—1,
Vs =0, deK, 0#—i, i=0,1,...,p—1

Then V = Psc i Vs is a Harish-Chandra module. We now show that Vis an
irreducible D A;-module.

Suppose this is not true. Then there exists a nonzero proper submodule N
of V. As in the proof of part (1) we see that if v; € N then N = V. Thus
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v; € N for all i € A. Take any nonzero element f in N. Then f has the form
f=awvi, +azvi, + -+ asv;,

where s > 1, a; € K, a; #0,j=1,...,5,p—12>14 >ig > --- > 1, > 0.
Since hiv; = —iv; for e =0,...,p — 1, we have

f = av;, +agvi, +--- +asv;, €N,
hif = (—t1)arv, + (—i2)agvs, + - -+ (—is)asv;, € N,

hiilf = (—7;1)871&11]7;1 + (—i2)571020i2 + -4 (—is)sflasvis € N.

Thus
f ay as S Qg Vi,
hlf (—7;1)0,1 (—ig)ag . (—is)as Viqy
hfflf (—i1)* " tay (—i2)*tay ... (—is)* las v;,

As in the proof of (1), we see that the above matrix is invertible, and the
above system equations therefore has a unique solution. Thus v;,,...,v;,
can be expressed as K-combinations of f, hif,..., hfflf. Hence v;; € N,j =
1,...,s, contradicting the fact that v; € N for all j. Hence V is an irreducible
DA -module. This completes the proof.

After these preliminaries, we can now state the classification announced in
the Introduction.

3.6 THEOREM. Let K be an algebraically closed field with characteristic
p >0, and let V' be any irreducible left DAy (K)-module. Then either V is
isomorphic to V', or there exist \,u € K, u # 0, such that V is isomorphic to
V(A ).

Proof. By Theorem 3.1, V' must be a finite dimensional K-vector space.
Since h1V C V and K is algebraically closed, by the eigenvalue theory of
linear operators there exist A € K and 0 # u; € V such that hyu; = Aug.

We now show that 3, Kztu + 2250 K&, is a nonzero submodule of
V. Indeed, for i > 1 we have, by Lemma 2.4 and the relation hyu; = Auq,

Iy - 5‘{u1 = ((’9;951 - u’?i*l) Uy
= 8flh1u1 — i@{flul

=(\- i)@{_lul e K@{_lul.
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If 7 > 2, then
151 -x{ul = (81x{71) T1Ug
= x{_lhlul +(- 1)x{_1u1

At+j—1 xj_lul S ij_lul,
1 1

while for j = 1 we have
81 s T1Uul = h1u1 = )\Ul S K’U,l.

i Y :
Thus Zz‘zo Kazju + ijo K0{u, is a nonzero submodule of V, and since V/
is irreducible, we have

V= ZKxiul + ZK@{ul.
i>0 §>0
Let
Wti={veV: ihv=A+1i)v}.
Then Vy,; is a K-subspace of V, and for ¢ > 1 we have
hi - xiul = 81x1x§u1
= xihlul + ixiul
= (AN +i)ziu,
hy - Otuy = Oy (x10%)uy
= aihlul - i@ful
= (A —1)diu;.
Thus ziu; € Vay,; and djuy € Va_; = Vajp—i. Notice that uy € V. Therefore

VCYicaWVayi, and V= 37\ Vagi. We now show that ), ) Viyy is, in
fact, a direct sum, i.e.,

(3.3) Z Vayi = @ Vi
€A 1€EA
To prove this, let v; € Vi44,1=0,1,...,p—1, and suppose there exist a; € K,
such that
agVy + a1V + -+ Ap_1Vp1 = 0.
By considering the action of h{(= 1), hi,..., hll’_l on the above equation and
using the relation hyv; = (A + i)v;, we obtain the system
1 1 o1 apVo
A (A+1) o (A+p-1) a vy

AL+t L A p—1)pt ap—1Vp—1
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Since the above matrix is a Vandermonde matrix and the numbers A\, A+1,. ..,
A 4+ p — 1 are pairwise distinct, this matrix is invertible. Hence the above
homogeneous system has only the trivial solution, i.e., we have

apVp = aivy =+ = Ap—1Vp—1 = 0.

It follows that for any ¢ with 0 < i < p — 1 we have a; = 0 whenever v; # 0.
Hence ),y Vayi is a direct sum, proving (3.3).
We now distinguish between two cases, A € A and A € A.

Case 1. \¢&A.

If there exists ¢ € A and a nonzero element v € Vy,; such that x1v = 0,
then hyv = O1z1v = 0, and A +¢ = 0, A = —i = p — i, contradicting the
agssumption A ¢ A. Thus, for any i € A, there is no nonzero element v € V)4,
such that xyv = 0. Therefore the action of 1 on V)4, is faithful.

Given v € Vy, it is easy to see that hyziv = Azfv. Thus z{v € Vy, and 2f
may be viewed as a K-linear endomorphism of V). Therefore there exists an
eigenvalue u € K and a nonzero eigenvector vy € Vy, such that z{vy = pv.
We now show that u # 0.

Suppose p = 0. Then z{vy = 0. Since the action of z; on V) is faithful,
there exists i, 1 <i < p — 1, such that %y # 0, 217 vy = 0. But

hlm’ivo = 8@%%11}0
= xihlvo + imivo
= (A +i)ztvo,
SO xﬁvo € Vqi- Since zq - x’ivo = m”lvo = 0, this contradicts the fact that
x1 is faithful on Vy;;. Hence we have p # 0.

Next, we show that Y. \ Kz%vg is a submodule of V. Indeed, if i = 2,
3,...,p—1, then

(34) 81 '.’17%’()0 = 8133371 X109

iEA

=2 hyve 4 (i — 1)zt g

= (A +i—1)2i vy € Kot tog.

If : =0, then
1
(35) 81 sV = (91 (;2611)’1}0>
1 _
= —81.%'11) 11‘1’00
M
1 - -1
= ;xf lhlvo + P .’13117 1’1)0

A -1 ,_ _
:++x1f Yog € Kab ™y,
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and if ¢ = 1, then
(3.6) 01 - T1v9 = hivg = Avg € K.
Moreover, if j =0,1,...,p— 2, then
T ~x{vo = x{+1v0 € Kx{+1v0,
and for j = p — 1 we have
xy - 28 g = 2Py = oy € K.

Thus ), .0 K xivg is a nonzero submodule of V.
Similarly to (3.4), (3.5), and (3.6), we see that

hizivg = 01 oy = (N +i)xtvg, i=0,1,...,p— 1.

Hence z{vg € Vayi- By (3.3), 3,00 Kalvg is a direct sum, i.e.,

Z Kzivg = @Kwivo.

i€A ieA
Since V is an irreducible left DA;-module, we have V = @, Kaivg. Let
v; =2V, t =1,...,p— 1, vp = vy, v_1 = vp_1. Then
T1V; = UH_l,i = O,l,...,p—?,

— 4P —
T1Vp—1 = T1V9 = Mo,

Ad4p—1 A—1
81’00 = Ll’? 1’00 = u ’Up,1 (by (35)),

81vj = ()\ + 45— 1)Uj_1, j=1...,p—1 (by (34) and (36))
Thus we have V' 2 V(A u) when pu # 0.

Case 2. A€ A.
In this case it is easy to see that V = @, ., Vi. We now distinguish two
subcases.

Subcase 2.1.  There exist s € A and nonzero element u € Vy, such that
ziu = 0.
In this case, we have

su = hju = 0xru = 9,0=0,
and thus s = 0 and u € Vy. Let U =3, ., K&{u. Then for 1 <i<p—1 we
have
Ty - }u = (8{331 — i@ifl) u= —i@iflu e U.
Since 97 = 0, we also have
o - lu=0el,
o -du =&TueU, j=01,...,p—2
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Hence U is a nonzero submodule of V', and since V is irreducible, we have
u=V.

For 1 <i < p—1 we have h10iu = —id'u, and hyu = 0. Thus 8{u eV,
for j =0,1,...,p — 1, Combined with (3.3), this shows that ), , Kdiu is a

direct sum, i.e.,
ZK@{u: @K@fu.
i€EA €A
Hence V = @, Kju.
Let vg = u, v; = Qjvg, i =1,...,p— 1. Then
r1v9 = 0,
T10; = xlaivo (6{9&1 — i@f_l) o
= —i0i g = —ivi_1, i=1,...,p—1,
01v; =vjt1, 7=0,1,...,p—2,
Ovp—1 = Hvg = 0.
Thus V & V.

Subcase 2.2. For any s € A, there is no nonzero element u € Vs such that
ziu = 0.

In this case, for any s € A, the action of x7 on Vj is faithful. It is easy to
see that hyziv = 2hv +pav = 0 for any v € Vp. Thus zfv € Vj, that is,
2% maps Vj to V. Therefore there exist nonzero elements vy € V and p € K
such that 2fvg = pvg. When i =1,...,p — 1, we have

hl’Uo = 0,
hizivg = izt vg.

Thusx{vo e€Vforj=0,1,...,p—1.

If 4 = 0, then zfvy = 0. By the faithfulness of x; on Vj, there exists i,
1<i<p-1, such that xivg # 0, xﬁ“vo =0, and thus z; - (z%vg) = 0. Since
z4vg € V;, this contradicts the fact that z; is faithful on V;. Hence p # 0.

Let U =) ,cn Kxjvg. Then fori =0,1,...,p -2,

T ~x’ivo = xiﬂvo eU,
and for i =p — 1,
1 -x’f_lvo = xlvg = pvg € U.
Forj=2,....,p—1,
81 . ZL‘{’UO = 81${_1$100
= x{_lhwo +(j— 1)x{_1v0

=@ -1)z] v e,
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and for j = 0,1,
O1-x1v9g = hivg =0 € U,

1
61 sV = 81 (— . .’L‘fﬂo)
M

1 _ _
= (x’f Yhivo + (p — )2 1110)

-1 ,_
b bty e UL

Hence U is a nonzero submodule of V| and by the irreducibility of V' it follows
that U = V.
Since zivg € Vi, i =0,1,...,p — 1, it follows from (3.3) that Y, , Kaivg

is a direct sum, and
V= ZKxivo = @Kxivo.
i€A ieA
Let v; = 2ivg,i = 1,...,p — 1. Then it is easy to see that V = D,cr Kvi,
and
T1V; = Ui41, iZO,l,...,p—2,
Z1Vp—1 = Mo,
Ow; =G -1, j=1,...,p—1,
p—1
611}0 = 71)[)_1.

Hence V 2 V(0, ). This completes the proof of the theorem. O

By the structure of V' (), 1) and V, we have dimg V(\, ) < p, and dimg V'
< p. Thus Theorem 3.6 has the following corollary.

3.7 COROLLARY. IfV is any finite dimensional D Ai-module and dimg V/
> p, then V is not a simple module.

Theorems 3.5 and 3.6 give a complete classification of irreducible DA;-
modules in the case the field K is algebraically closed with characteristic
p > 0. In the next section, we give an algorithm to determine, in finitely
many steps, whether DA, /L is a simple module. Corollary 3.7 above may
reduce the complexity of the algorithm.

4. Algorithmic recognition of irreducible DA;-modules

In this section we use the computing theory of DA, to give an algorithm
which can determine, in finitely many steps, whether D A; /L is simple, where
L is any left ideal of DA;. In fact, the proof of Theorem 3.6 yields such an
algorithm, and we have the following theorem.
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4.1 THEOREM. Let K be an algebraically closed field with characteristic
p > 0. Then, given any left ideal L = (f1,...,fs) of DA1(K), there exists
an algorithm that determines in finitely many steps whether DAy /L is an
irreducible DAy-module. If DA, /L is simple, this algorithm also gives the
structure of DA, /L as a Harish-Chandra module; i.e., the algorithm generates
the parameters X and p, and the vector vy, represented in terms of a basis of
DA, /L, in the representation of DAy/L as a Harish-Chandra module V or

V(A ).

Proof. By Theorem 3.1 and Corollary 3.7, we only need to determine the
modules for the case when dimg DA;/L < p. By the last part of Section 2,
L' = (f{,..., fl,y7) is the left ideal of the Weyl algebra A; corresponding
to L, and we have DA, /L = A;/L’. Thus dimyg DA,/L = dimg A, /L’ if

Since the first Weyl algebra A; is a solvable polynomial algebra (see [7]),
L' has a Groebner basis, say, G = {g1,...,9¢}. Let

B = {xﬁy{ € SM(4,) : xﬁy{ is not divisible by LT(gx),k = 1,...,t},

where LT(g) denotes the leading term of g in the graded lexicographic order.
Let [ziy]] be the coset of z%y] modulo L’. Then

B' = {[ziy]] : 2] € B}
is a K-basis of A;/L’, and Ay /L’ is finite dimensional if and only if there exist

Jk1» Gk, € G such that LT(gg, ) is a power of 21 and LT (gx,) is a power of y;
(see [7]). Since DA;/L = A;/L' and B’ is a K basis of A;/L’, the set

B’ = {[xllé){] ., satisfies [ziy]] € B/}

is a K-basis of DA;/L. If the sets B’ and B” are finite, denote by |B’| and
|B”| their respective cardinalities. Then |B’| = |B”|.

From the above analysis and the proof of Theorem 3.6, we have the follow-
ing algorithm:

Define a boolean variable T so that T=true if DA;/L is a simple module,
and T=false if DA;/L is not simple.

(1) Compute the Groebner basis G = {g1,...,g:} of L' = {f1,..., fL,yi},
and construct B, B’, and B” as above. If no element in the set LT(G) =
{LT(g1),...,LT(g+)} is a power of z1 or a power of y;, or if |B’| > p, let
T=false, and stop the algorithm. Otherwise go to Step (2).

(2) Let |B”| = m. Then dimg DA;/L = |B"”| = m. Using the multi-
plication in DA;, compute the action of the operator h; on the elements of
B”, and represent this operator by an m x m matrix H using the basis B”.
Clearly, H € M,,(K), where M,,(K) is the matrix ring over K. Determine
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an eigenvalue A of matrix H, and compute a basis of the eigenvector space Vy
corresponding to A. Here the basis of V), is represented by vectors in K™.

3) If AN e A={0,1,...,p — 1}, then compute a basis of Ker H = {a €
K™ : Ha = 0} using the matrix H. It is obvious that Ker H is just Vo = {v €
DA, /L : hyv = 0}. Using the multiplication in DA;, compute the action of
the operators z1 and d; on the basis B”, and represent x; and 9; by two mxm
matrices X and P. If xyu = 0 has nonzero solutions in Vj, i.e., if the linear
system Xa = 0 has nonzero solutions in Ker H, then take any such nonzero
solution vg. If the set of vectors {vg, Pvg, P?vy, ..., PP"!vg} has rank m, then
set T=true, output B”, v, V = V, and stop the algorithm. Otherwise (i.e.,
if the above rank is not m), set T=false, and stop the algorithm.

4 EXxgA={0,1,...,p—1}, or if A € A and the equation Xa = 0 has
no nonzero solution in Ker H, then compute the action of the operator =} on
the elements of the basis B” using the multiplication of DA;, and represent
¥ by an m x m matrix W. Compute a nonzero eigenvalue p of W and a
corresponding eigenvector vy # 0, such that p and vy satisfy the following
conditions:

o If A& A, then vy € V).
e If A€ A, then vy € Vj = Ker H.

By the proof of Theorem 3.6, such nonzero values of 1 and vy do exist. If the
set of vectors {vg, Xvg, X2vg, ..., XP" 1oy} has rank m, then V =2 V (A, u). In
this case set T=true, output B”, A, u, v, V =2 V (A, 1), and stop the algorithm.
Otherwise set T=false, and stop the algorithm.

From the proof of Theorem 3.6 and the above analysis it is easy to see that
this algorithm satisfies the requirement of the theorem. This completes the
proof. O

We conclude this paper with two examples which illustrate the above al-
gorithm. In these examples, K is an algebraically closed field.

4.2 EXAMPLE. Let p =ch(K) =5, fi = 210?, and let L = (f1) be a left
ideal of DA;(K). We now determine whether DA, /L is a simple module.
It is obvious that
L= <f{7 yia> = <x1yf, yi)>a
and the Groebner basis of L’ is G = {y?} (see [7]). Now there is no term in
LT(G) which is a power of x;. Hence, by Step (1) of the above algorithm,
DA, /L is not simple.

4.3 EXAMPLE. Let p = ch(K) = 3, f1 = x1, and let L = (f1) be a left
ideal of DA;. We now determine whether DA; /L is simple.

It is obvious that L' = (z1,y3) is the left ideal of A; corresponding to L,
and its Groebner basis is G = {x1,%5}. By the above algorithm, A;/L’ is
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finite dimensional, and its basis is
B = {[1], [y, [yi]} -
Thus DA, /L is also finite dimensional, and its basis is
BH == {ula Uz, 'LL3},

where uy = [1], uz = [01], uz = [0?]. Since dimg DA, /L = |B"| =3 = p, we
move on to Step (2) of the algorithm.

It is obvious that the action of h; = d;21 on the basis {u1, us, uz} is given
by

hiuy = [O121] = 0,
hiug = [3133131] = —uz,
hius = [81531812} = [8?3@1] — [28%] = us.
Hence hy can be represented by the following matrix with respect to the basis

{ula 'LL27’LL3}2

H =

o O O
I

O = O

= o O

The matrix H has eigenvalues 0,1, —1. Take the eigenvalue A = 0. The
eigenvector space Vj corresponding to A =0 is

1
Vo=KerH=<k| O ke K
0

The action of the operator 1 on {uy,uz2,us} is given by
riuy = [21] =0,
T1Ug = [33161] = [61%1 — 1] = [—1] = —Uq,
Triuz = [l’laf] = [8%£C1 - 281} = [—281] = —2162 = Uus.
Thus 1 can be represented by the following matrix with respect to the basis
{ula uz, 'LL3}Z
0 -1 0
X=10 0 1
0 00
Let vo = (1,0,0)7. Then vy € Vi, and Xvg = 0, so ;1 is not faithful on Vj.
The action of 91 on {uy,us,us} is given by
O1uy = [31] = Uz,
81u2 = [8%] = us,
81U3 = [8?] =0.
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Hence 07 can be represented by the following matrix with respect to the basis

{u17u27u3}:
0 0 O
P=11 0 0
0 1 0
Since
0 0
Puy=|1], P?vg=1{0],
0 1

the set of vectors {vg, Pvg, P?vo} has rank 3. Since dim DA, /L = 3, it follows
that DA;/L is a simple module, and DA, /L 2V, where

(1

[10]
(1]
[12]

(13]

V = @ K’Ui7 v = (911}0, Vo = 6%’00.
€{0,1,2}
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