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INTERPOLATING SEQUENCES FOR HOLOMORPHIC
FUNCTIONS OF RESTRICTED GROWTH

ANDREAS HARTMANN AND XAVIER MASSANEDA

ABSTRACT. We show that the interpolating sequences for the algebra
of holomorphic functions in the unit disk of order at most o > 0 are
characterized by a hyperbolic density condition. We also give conditions
along the same lines for the analogous problem in the unit ball of C™.

1. Introduction

In 1956 A.G. Naftalevi¢ defined the interpolating sequences for the Nevan-
linna class

27
N ={fcHD): Sup/ log™ [ £(re'®)| df < oo}
r<l.Jo

in the unit disk D of C as those sequences {ax}x C D such that for every
sequence of values {vg }i with

(1) sup(1 — |ag|) log™ |vg| < oo
keN

there exists f € N such that f(ay) = vy for all k € N. With this definition,
interpolating sequences for A/ are characterized by the following conditions.

THEOREM A (Naftalevi¢ [Nab6]). A sequence {a}y is interpolating for
the Nevanlinna class N if and only if:

(a) {aw}tr is a Blaschke sequence, i.e., Y, (1 — |ag|) < oco.
(b) {ax}r lies inside a polygon inscribed in the closed unit disk.

(c) Hﬁék’%‘ > § exp (—m) for some ¢,§ >0 and all k € N.
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The geometric condition (b) is somewhat unnatural. In particular, it im-
plies that there exist interpolating sequences for H> (the space of bounded
holomorphic functions) which are not interpolating for A" (just take any {ay},

with infk Hj;ék
for the presence of (b) in Theorem A is that the maximal growth of Nevan-
linna functions reflected in (1) (if f € A then supyp (1 — |2])log™ |f(2)| < o0)
can only be attained in a finite number of Stolz angles ([Na56, Lemma 1]).

In our opinion (1) is the natural compatibility condition for interpolation by
a different class of functions. Given v > 0, consider the algebra of holomorphic
functions of order at most o > 0:

Ao ={f € HD): Slel]g(l = |2)*log™ |f(2)] < oo}

aj;—ag
175,]\10,]'

> 0 not inscribed in any polygon). An explanation

DEFINITION 1. A sequence {ap}r C D is A,-interpolating (denoted by
{ar}r € Int A,) if for all sequences of values {vy }) with

2) sup(1 — Jax])® log* Jux| < o0
keN
there exists f € A, such that f(ay) = vy for all k € N.

For z,{ € D consider the hyperbolic pseudodistance d(z,{) = |¢.({)],
where ¢.(¢) = (z — ¢)/(1 — 2() is the automorphism of D exchanging z and
0. Also, given {ax}, C D and 0 € (0,1), define the pseudodisk K(z,0) = {¢ €
D :d(z,¢) < ¢}, and the counting functions

n(zv 5) =# {ak}k N ]C(Zv 5);
6 j—
N(z,8) = / w dt + n(z,0) log .
0
Our main result is the following.

THEOREM 1. A sequence {ax}r C D is Ay-interpolating if and only if

N(ax,1/2)
<3> ek T = fau

The necessity of this condition is an immediate consequence of Jensen’s
formula, while the sufficiency is proved by an L2-estimate for the solution to
a O-equation, as in [BeOr]. The constant 1/2 can be replaced by any other
value § € (0, 1), as will be clear from the proof.

Henceforth we write A < B when A < ¢B for some ¢ > 0, and A ~ B when
A<Band B=xA.

REMARKS. (a) When {a}, is a Blaschke sequence and a = 1, condition
(3) and condition (c¢) in Naftalevi¢’s theorem are equivalent. Since log1/x ~
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l—zforz~1and1—|¢.(a)®=(1—|z*)(1—l|a*)/]1 — za|?, we have

1 (1 — Jax|2)(1 = |a,[?)
log ——
>, log (@) 2 11— aray|?

J:l¢ay (a;)1>1/2 Fil¢ay (a;)1>1/2
Ej 1 — |aj|

1 — |ag|

Hence (c) in Naftalevi¢’s theorem is equivalent to

1 _
Z log ——— =< (1 —|ax]) ™,

3:0<|¢a,, (a;)|<1/2 [Gai(a3)] ~

and therefore to (3) with oo = 1, since
1/2 1
N(ax,1/2) = Z logm—i-logi
§:0<|9a (a;)|<1/2 e

One could then conjecture that with an appropriate definition of an N-
interpolating sequence, conditions (a) and (c) in Naftalevi¢ theorem should
be sufficient. This is not the case, as long as we accept that with any such
definition one should be able to interpolate bounded sequences of values, or
just I’s and 0’s (see the Appendix for more details).

(b) Set @, (2) = (1—1z|*)~®. A direct calculation (see also (8)) shows that
(3) can also be viewed as the following hyperbolic density with respect to the
metric A®,:

o Na1/2)
keg f A(I)oz ’
K(ar,1/2)

The problem of interpolation by functions in A, can also be considered in
higher dimensions. Let B, denote the unit ball in C".

The analogous L2-estimate for the d-equation provides a sufficient condi-
tion which is formally identical to that in the disk.

THEOREM 2. Let {ax}r C By. If (3) holds then {ay }1 is Aq-interpolating.

This cannot be improved, in the following sense: no condition of type
N 1/2
sup e 1/2)
ken  A(lak|)
where A : [0,1) — R is an increasing function with lim, 1 A(r)(1 —r)* =
400, can be sufficient. This is an easy consequence of Theorem 1 and the

obvious fact that for sequences {ay}r C B, with ar = (ax,0) € D x {0}"~!
one has {ay}r € Int A, (B,,) if and only if {ay}r € Int Ay (D).
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To conclude, and for the sake of completeness, we state a necessary density
condition which is an adaptation to the ball of a result by Li and Taylor [LiTa]
for some spaces of entire functions. Let ®,(z) = (1 — |2]?)™ be as above.

THEOREM 3. Let {ax}r C B, be A, -interpolating. Then:
(a) {ag}x is weakly separated, that is, there exist ,p > 0 such that

d(ag,a;) > 2e max[e PPalar) o=PPalan)]
(b) There exists C > 0 such that

C

n(zm) S m

[Do(r) o(2)]” for allr € (0,1) and z € B,.

In particular,

n(z,1/2)
sup ———"——
z€B, (ba (Z)
This can be rewritten as a density with respect to the Monge-Ampere mass

associated to ®,. Consider

_ ®, _ _
(4)  100P,(2) = % [(a+1)i0|z|* A D|z|* + (1 — |2]*)i00|2|?]
— |z
and the fundamental form of the Bergman metric in B,,:

. 1 (1 —|2?)i00|2|? + i0|z|*> A 9|z|?
U(z) :=iddlog (1 — |22) = -2 .

Then a®,, - ¥ < i00®, < (a+1)®, - ¥, and fK(z 1/2)(i85<1>a)" is comparable
to (P, (2))"™. This shows that Theorem 3(b) is equivalent to

———=—— < C (Pu(r))" for all r € (0,1) and z € B,,.

See [Ln] for more precise Monge-Ampeére density conditions for interpolation
and sampling in some spaces of entire functions.

The paper is organized as follows. In Section 2 we prove Theorem 1. Sec-
tions 3 and 4 contain the proofs of Theorems 2 and 3, respectively, while
in Section 5 we state analogous theorems for slightly more general versions
of the weight ®,. Finally, in an appendix we collect some remarks on the
interpolation problem for the Nevanlinna class.

A final word about notation: C' will always denote a positive constant and
its actual value may change from one occurrence to the next.



HOLOMORPHIC FUNCTIONS OF RESTRICTED GROWTH 933

2. Proof of Theorem 1

The topological structure of the algebra A, plays an important role in the
proof of Theorem 1. It is clear from the definition that A, = Up>0 AP,
where

427 = { £ € HD):1flLr = sup |7 <o

A, is the inductive limit of the Banach spaces A_?, and it enjoys the structure
of a Fréchet (LF)-space.
Similarly, given S = {ax}x, we consider the Fréchet (LF)-space A, (S) =
Upso AaP(S), where
4:7(8) = { uhe s suplual 7o) < oo
keN

In these terms, S is A,-interpolating if and only if the restriction operator
Rs: Aa — Ay(9)
fo= A (ar)br

is onto. An application of the open mapping theorem to Rg yields the follow-
ing result.

LEMMA 1 ([Gro, Theorem 2, p. 148]). If S is Ay-interpolating, then for
every q > 0 there exist p,C' > 0 such that for all k € N there is g, € AP with
gk(aj) = 5jkeq<pa(ak) and HngA;p <C.

Proof of the necessity. Take the functions g given by Lemma 1 and define
fi = gk © ¢q,. Since

(5) Do (Pay, (2)) < Ca®a(2)Palar),

we have log |fi(2)| =X @ (2)Pu(ar), and an application of Jensen’s formula
yields

T -1 1 27 ]
/ et =1 o —/ log | fi(rei®)] df < Clo @ (r) B (ar)

for all » < 1. In particular, N(ag,r) < Cy @u(r) o (ag)-

Proof of the sufficiency. Given {vy}, satisfying (2), we will show first that
it is possible to construct a smooth interpolating function having the charac-
teristic growth of A,. Then, by solving a 0 equation with estimates, we will
see that the interpolating function can be taken to be holomorphic. For this
purpose it will be convenient to express A, as a union of weighted Bergman
spaces:

Aa = U Boz,pa

p>0
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where
“p {fGH(]D) : Hf||2Ba :*/ |f|2€pq>“dm<oo}
s P ]D)

and dm denotes the Lebesgue measure.

Condition (3) implies that {a}, is weakly separated, i.e., for some €, ¢ > 0,
and 0j, = ee~9®=(@) the hyperbolic pseudoballs Ky, := K(ay, d;) are pairwise
disjoint.

Let X be a smooth cut-off function of one real variable, with derivative X’
uniformly bounded, X (¢t) = 1 for t < 1/2 and X(¢) = 0 for ¢ > 1. Define the
smooth interpolating function

Zv X(m ar)| )

The support of F' is contained in Uiy, and for z € Kk

[F(2)] < |vkl;
11

aF —.
| | 2 k| — Jax| 0%

Using the estimate (1 — |ag|)~" < e®=(@) and (2) we see that there exist a
constant C' independent of k and s big enough so that

|F(Z)|2 675(1)"‘ <(C and |5F(Z)|2 678@0‘ <C.
Because of the weak separation, there exists M > 0 such that ), e~ Mo (ar)

oo. Hence, taking again s big enough, we have

(6) /|F|2 ®o <00 and /|(“)F|2 ®o < o0
Now, when looking for a holomorphic interpolating function of the form
f=F —u we are led to the d-problem
Ou = OF,
which we solve by Hérmander’s theorem [Hor, Theorem 4.2.1]: Given a sub-
harmonic function v in D, there exists a solution u to the above equation such

that
2 [P e < < [1orp
I ey <

We apply this estimate to the weight
Vp(z) = B Palz) +v(2),

where 3 > 0 will be chosen later and
= 1

v(z) = log |¢.(a 2——/ loggbza.cgdmg“

( ) Z[ | ( k)' 7T/82 D(0.1/8) ‘ b= ( k)( )‘ ( )

k=1
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Changing to polar coordinates and using the identity

1 2 )
—/ log |¢ — re'?|? df = max(log [¢|?,log ?)
2w 0

we see that
2

M we= Y o \ )

k:|pz(ax)|<1/8

. ¢z (ak)

1
* 18

LEMMA 2. If (3) holds, there exists C > 0 such that
Av(z) > —C(1 — [2]?) 2@, (2).

Proof. From (7) we have

d:(an) |* _ oo (1~ Jax[*)?
k:l¢z(ar)|<1/8 k:| ¢ (ar)|<1/8
- _82 n(zal/S) .
(1—12?)?

In order to see that n(z,1/8) is controlled by ®,(z) take any aj € K(z,1/8)
(if n(2,1/8) = 0 there is nothing to prove) and notice that (3) implies

1/2 _
n(ak,1/4)flj/ nfag,t) — 1
1/4 t
Since K(z,1/8) C K(ag, 1/4), by (5) we have then
n(z,1/8) < nlag,1/4) = ®y(ar) = Pu(2). O

dt j N(ak, 1/2) j @a(ak).

A straightforward calculation gives

®) ava(:) = S

Thus taking 8 big enough and applying Lemma 2 we see that i3 is subhar-
monic and Awg is bounded below:

D, (2).

o,
= > e
Ay = BAD, + Av > (SEE

Since v is negative (by definition) and (1+ |z|?)? is comparable to a constant,
the L?-estimate for the O solution yields

-9 _
/|u|2efﬁ% < 2/ ju? ———— g/|aF|2e*6%e*v.
D p (142 D
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If z is in the support of OF, it belongs to one of the annuli Ay = {2 : 0;/2 <
|p.(ar)| < dx}. Then, by (7),

—v(z) < Z log LSQ

)2
o ai<iys1P=(as)]

1 1/8
=< log —F—— + log
|¢z(a'k)| ¢z((§<1/8 |¢z(aj)|
i#k
1 1/8 t)—1
S e "
5k 25k t

The first term is dominated by ®,(ax), by definition of d;. In order to

estimate the integral we use the inclusion K(z,t) C K(ay, f_tfé’“k) and perform

the change of variable s = % Since {§;} \, 0, we obtain

1+t °
1/8435),
/1/8 n(z,t) —1 i < /5 n(ag,s) —1 1—63 d
E— < ) s
255, t 1i521;,k s — 0k (1 — (5k8)2
1/845; 1
1446 ’/8 nla S) —
j k ( k> ) ds.
36k S — 51@
1+26%
We can assume §;, sufficiently small so that }ﬁ:j’é < % Since s — & > s/2
when s > %, we have

V2 n(ak, 8) —
—v(2) 2 Polar) +/0 (2/2)1 ds = ®o(ar) X Palz).

Thus e~ < e° ®e for some ¢ > 0, and

/ e < / OF Pe(B-0)%a,
D D

This and (6) show that if 3 > ¢+ s then f = F —u € A,. Moreover
e™¥8 ~ |¢.(ax)| "> around each ag. Hence [ |u|?e™ %% < oo implies u(ay) = 0
for all k € N and f(ar) = vg, as required. O

3. Proof of Theorem 2

The proof in higher dimension goes along the same lines. We only indicate
the minor changes required to adapt the proof given above to the ball.

As before, given {vy} verifying (2) we can find a smooth interpolating
function F satisfying (6). Then we solve the corresponding 0 equation by
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Hormander’s theorem [Hér, Theorem 4.2.6]: Given a plurisubharmonic func-
tion ¢ in B,,, there exists a solution u to Ou = OF such that

-

e _

2/ |u|27§/ OF | e
B, (1412?27 Jg,

Consider the C! function

[ loglzPH+1—2]2  if 2] <1,
“’(z)_{ 0 if |z > 1,

and the weight

- o (ak)
v(z) = nZw ( s )
k=1
which is formally the same as in (7). Define ¢g = 5@, + v.

Let ¥ denote the fundamental form of the Bergman metric in B,,, as in the
introduction. We use the notations

i00|d. (a)|?
N(éo(a) = m

i0|¢- (ax)|* A 0| p: (ar)|?
5 .
(1= ¢=(ax)]")?
As a consequence of the invariance by automorphisms of ¥ (or by a direct
calculation) we have

T(¢z (ak)) =

N(o:(ar)) + T(o-(ar)) = ¥(2),

and, since T'(¢.(ax)) is a positive form,

i00v(z) > — > idd ¢=(a0)|*
= 1/8
klg= (ar)|<1/8

= = > N(a(a)(1 — ga(ar))
k¢ (ar)|<1/8
= —n(z,1/8)¥(z).

On the other hand, (4) shows that i00®,(z) > a ®,(2)¥(z), and therefore
10015 > [Ba 4(2) — n(z,1/8)] ¥(2).

As in the proof of Lemma 2, the hypothesis implies n(z,1/8) < ®,(z). Hence
for 8 big enough 13 is plurisubharmonic. Therefore

—¥p -
/ |u2e=PPe < 2/ |u|26722 < / |OF |2e=PPaev,
B, B, (1+12]2) B,

From here we finish as in the proof of Theorem 1.
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4. Proof of Theorem 3

Part (a) is an easy consequence of Lemma 1 and a gradient estimate; it can
be proved in the same way as Theorem 2 in [Ma97].

The proof of (b) is just an adaptation to the ball of the proof of Theorem
3.6 in [LiTa]. We include a sketch for the sake of completeness.

First we see that {as}, can be included in the zero set of a suitable map.
Let D, F denote the derivative of F' in the unitary direction w.

THEOREM 4. A sequence {ai}, is Aq-interpolating if and only if there
exists a map F = (F1,...,F,) : B, — C", F; € A,, and constants §,p > 0
such that F(ar) =0 for all k € N and

Z |D.Fj(ay)] > e PPal@) VE €N Vu unitary.

Jj=1

This can be proved in the same way as the Main Theorem in [Ma98]. We
give the proof of the necessity part, which is the one we will use.

Proof of the necesity. Because of (a), there is M > 0 with ), e=M®alar) <
0o. By Lemma 1, there exist p, K > 0 and functions g5 € A_P such that
||gk||A;p <K, gk(aj) = jkeM<I>a(ak). Define

oo

Fi(z) = Y e M@ () (2 —a]), j=1.....n.
k=1

where 27 denotes the jth coordinate of z. Then F vanishes on {ax}x, F €
A% and

OF; _

. L (ar) = 8j1 gr(ar)e M®a(ak) — 1. O

2
Theorem 3 will then be a consequence of the following proposition and

the invariance by automorphisms of interpolating sequences. Given a map
F=(Fr, B et [Fll e = 305 [1F 4z

ProOPOSITION 1.  Let {ai}r C B,. Assume~yy >0 and F = (Fy,..., F,):
B, — C", Fj € AP, are such that F(ax) =0 for all k € N and

Z |DyFj(ar)| > v VkeN Yu unitary.

Jj=1

Then there exists C = C(n,p) > 0 such that

1
n(0,r) < log ||FHA;P + log ”y_ + @a(r)
0

|
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The following lemma is crucial to the proof of Proposition 1. Given a map
F = (F1,...,Fy) let np(z,7) = #F710) N K(z,7). For 7 = (11,...,7),
7; >0, and ¢ = (p1,...,¢,) € T" denote Te'? = (111, .., 7,,€"%).

LEMMA 3 ([Gr, Theorem 2.9]). Let F = (Fy,...,F,) : B, — C" be
nondegenerate and let M(Fy,t) = sup,_ |Fj(2)|. For 7= (11,...,7n), 7j >
0, and p € T" let F. , = F — 1€'?. Then, for anyr € (0,1) and 8 > 1 such
that B™r < 1

/n nr, ,(0,7) dp < m H (log+ M(F;, " r) +log™ ),

j=1
where dy is the product measure in T™ and o(B"r) the volume of the ball
B(0,8™r).

Proof of Proposition 1. Let F the map given by Theorem 4 and fix aj, with
lak| < r. Because of the estimate on D, F'(ay), there exist constants ¢;, A; > 0,
i = 1,2, depending only on n,p and || F|| ,-» such that

d(ag, F710)\ {ar}) > d, := o cre 1 ®aln)
and
9) |F(w)| > 8, =0 ce™ 2% for w € dK(ay, d,).

This is proved using the analog for the ball of Lemma 3.9 in [LiTa].
By Sard’s lemma there exists 7 € R™ with

oy 5y ,
<< ——, j=1,...
an TS o m
and a zero measure set E C T" such that for all ¢ € T™\ E the value T7¢* is

regular for F. Hence F~!(7¢%) is a discrete variety in C".
By (9) we have on 0K(ag,d,)

(10)

’n7

[F—Fr? =3 Inl <nit < |FP.
j=1

From the above and Rouché’s lemma [BGVY, Theorem 2.12] one deduces that
np(K(ag,d)) = nr, ,(K(ag,d,)) (where np(U) is the number of zeros of a
map F in U, counted with multiplicities). Hence

n(0,7) <np, (B(0,r)) forall peT"\ E.
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Now take 8 > 1 such that 8"r = (14 r)/2 and apply Lemma 3. If R > 1/2,
then

n(0,r) < #/ an(B(O,r)) dy
o T . . 4y/n
< WE {108“ M(Fy,3"r) + log 5 }
Cn n _
< G-1r {log |l g=r + Pa(B"7) + log(4y/ncy ')
1 n
+A2®,(r) + 3log } .
7o
Since f—1 > (1—r)/(2n) and 1—"r = (1—7)/2, there exists C' > 0 depending
on n,p and « such that ®,(8"r) < CP,(r), and the proof is finished. O

Proof of Theorem 3. Let F' be the map provided by Lemma 4 and take
p > 0 such that F € AJ?.

Fix z € B,,. Define S, = {¢.(ar)}x and F* = Fo¢,. Then F* € A_P and,
because of (5),

log [F*(¢)| < log|[F|| y=» + P Ca®a(2)Pa(C).
Also Flg'z =0, and letting by, = ¢.(ax), we have

n

Y IDuF ()] = Y IDuEFj ()| T ¢2(¢:(an)) - Tz (ar)l| =

Jj=1 Jj=1

(1 _ |Z|2)2(n+1)
Vv

Then we get the desired result as an application of Proposition 1. O

5. Generalizations

The results above can be immediately generalized in two different direc-
tions: the spaces of functions and the multiplicity of the interpolation.

DEFINITION 2. A radial increasing subharmonic function ® : D — R™
is called a weight if for some C, D > 0:

(i) ®(Pa(z)) < C P(a)P(2) for all z,a € D.
(i) (1 —2]?)72®(2) < A®(2) for all z € D.

Associated with these weights we consider the spaces
A = {f € HD) :sup @ '(2)log™ | f(2)] < oo} .
zeD

Notice that assuming ¢ € C? is no restriction. Otherwise we can replace ®
by the average ®(z) := m f,c(z 1/2) ® dm and observe that Ap = Aj.
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Examples of such weights are

#) = (1= ) g (= ) s>

2\ -« 1
®(z) = (1= [2[7)"“log---log m

Also, given m € N, we consider the variety X = {(ag, m)}x, in which with
each ay there is associated a fixed multiplicity m.

), a>0, neN.

DEFINITION 3. A variety X = {(ag, m)} is Ag-interpolating if for every

sequence of values {vt}r;, k € N, [ =0,...,m — 1, with
m—1

sup & *(a) log™ Z [vi| ] < oo
keN =

there exists f € Ag with

©)
fl—(fl’“):v}w keN, 1=0,...,m—1.
With these definitions the following result follows by a straightforward

modification of the proof of Theorem 1.

THEOREM. Let ® be a weight and let X = {(ax, m)} be a variety in D.
Then X is Ag-interpolating if and only if
N(ak7 1/2)

< Q.
ken  P(ar)

A similar generalization of Theorem 2 can be obtained (see Section 5 of
[HaMa] for the case of entire functions). As for Theorem 3, there is no diffi-
culty in generalizing this result to the weights defined above, but the higher
multiplicity case is more delicate (see [LiVi] for a treatment of this problem
in the case ®(z) = —log(1 — |2]?)).

6. Appendix. Some remarks on free interpolation in N/

It is not clear what growth condition one should impose on the values {vy }
in order to obtain an appropriate definition of interpolating sequences for NV.
We can, however, give the following definition.

We say that a sequence space [ is ideal if for every sequence {v}, € [ and
every sequence {uy}, with |ug| < |vg|, & € N, we also have {uy}, € [. This
can also be expressed in terms of multipliers. Indeed, a sequence space [ is
ideal if it is stable under ¢°° multiplication: ¢*°l C I, i.e., if {ugvr}r € 1 for
all {ug i € €°° and {vg}i € 1.

We can now introduce free interpolation sequences in the following way (we
refer the reader to [Nik] for more information on free interpolation).
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DEFINITION 4. Given a space X of holomorphic functions on D, a se-
quence S C D is of free interpolation for X if X|S is ideal. We denote this
by S € Inty< X (to distinguish it from the notion of interpolating sequences
defined earlier).

PROPOSITION.  Let S = {ax}, C D.

(i) If S € Inty~ N then conditions (a) and (c) in Theorem A hold.
(ii) There exist sequences S € Intys N that are not N -interpolating in the
sense of Naftalevic.
(iii) Conditions (a) and (c) in Theorem A are not sufficient for free in-
terpolation in N (and hence they are not sufficient for being N -
interpolating in the sense of Naftalevic).

An example of (ii) has already been given in the introduction. Any se-
>0

is obviously not interpolating in the sense of Naftalevi¢, but it is interpolating
for the space H>°(D) of bounded holomorphic functions, and therefore it is
of free interpolation for N. In particular, this suggests that the trace cho-
sen in Naftalelevi¢’s result is somewhat unnatural, in the sense that it is not
compatible with free interpolation.

Part (i) of the proposition could be proved similarly to the necessity part of
Theorem 1. We prove it instead by showing that free interpolation sequences
for N are also interpolating for A;. This is an immediate consequence of the
following lemma, which also indicates that the above definition is reasonable.

aj—ag
l—ara;

quence {ay}, not inscribed in any polygon and with infy [,

LEMMA 4. Let S C D and o > 0. Then S € Int A, if and only if S €
Int[oc Aa.

Observe that if X is an algebra containing the constants (or just a function
with trace 1 on S), then the definition of free interpolation is in fact equivalent
to £° C X|S. The spaces under consideration here (A4, or N') are algebras
containing the constants, so this lemma actually shows that a sequence is
Agy-interpolating (in the sense of Definition 1) if and only if A,|S contains
{0,

Proof. Tt is clear from Definition 1 that if S is A,-interpolating, then the
trace space A,|S is ideal.

For the converse, assume that A,|S is ideal. It will be enough to show that
in this situation the conclusion of Lemma 1 holds, since then we can proceed
as in the proof of Theorem 1 and obtain (3).

We will use a standard argument based on Baire’s theorem (see, for exam-
ple, [BeLi, Lemma 3.3]). Define for n € N

0 = {u €(®:3fe A" with |f(2)] < ne"®) 2 €D, and f|S = u}.
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Clearly £;° # 0. Also £;° C £°°, and hence J,,cy €50 C £°°. To obtain the
inverse inclusion, assume that u € £*°. By the 1nterpolat10n condition there
exists f € Ay, and so f € A" for some n € N, such that f|S = p. Moreover,
for some m > n, we will get |f(2)] < ce"®(*) < me™®a(2) 50 that pu € £°.
Hence we also have £>° C [,y £ and £ = |, oy £

Let us show that £5° is closed. Let {u(®)} be a sequence in £2° converging
in > to p. By definition there exist f; € A;™ such that fx|S = u®) and
|fe(2)| < ne"®=(®) 2 € D. In particular, the sequence {fy}) is uniformly
bounded on every compact set, and by a normal family argument we can
extract a subsequence { fkj } j converging uniformly on every compact set to
some function f € H(D). Clearly |f(z)| < ne "®=) for every z € D, and
since p; = limg_, o ul(k) = lim; u( 0) limj o0 fr, (@) = f(a:), we also
have f|S = p.

By Baire’s theorem we can now conclude that at least one £7° contains a
ball of £*°: Bys(0,e) C £2° for some £ > 0 and some n € N. In particular,
((e/2)0r;); € €5°. Hence there exist functions gr with gr(a;) = (£/2)0k;
and [gp(2)| < ne "®«(2) for all z € D, i.e., lgkll 4=» < n, k € N. So, the
conclusion of Lemma 1 is still valid under the a priori weaker condition of
free interpolation. As mentioned above, we can proceed as in the proof of
Theorem 1 to get the result. O

Proof of the Proposition. (i) That {ax} must be a Blaschke sequence is
immediate: Define wy =1 and wy = 0 for all k > 1. Since {wg }r € £°N|S C
N|S (observe that 1 € N), there exists f € N with f(ax) = 0 for all k > 1,
and so (z — ag)f € N vanishes on S. It is well known that zero sequences of
Nevanlinna functions satisfy the Blaschke condition.

Let us now prove condition (c) of Naftalevi¢. Since N' C Ay, it is clear that
if M|S is ideal then ¢ C N|S. Hence £ C 4,5, and by the remark made
after Lemma 4 we know that S is Aj-interpolating. The result follows now
from Lemma 4 and the fact that (3) together with the Blaschke condition are
equivalent to condition (c) of Naftalevi¢ (see Remark (a) in the Introduction).

It only remains to prove (iii). To do this, we give an example of a sequence
satisfying (a) and (c) of Naftalevi¢’ theorem, which is not of free interpolation
for NV.

For a given Blaschke sequence S = {by},, denote its associated Blaschke

product by
2=

and let By = B% /{0
Take 0 = {0} to be a Carleson sequence (i.e., infy, | Bf (0)| > 0) approach-
ing the unit circle tangentially at some point. Take also o/ = {07} such that

d(og,07,) = exp(—ﬁ) and define S = 0 Uo’. Since o and ¢’ are Carleson,
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we have for any ay € S

Hence ¢

1B (a)| :exp( ! )

1 fag

onditions (a) and (c) in Naftalevi¢’ result are satisfied.

Assuming that {ay}, is of free interpolation for N there exists f € A/ such

that

1 if ag € o,

f(“k){o if ai €0,

and so f can be factorized into f = B”/g, with g € M. Since

exp <

we get
(11)

which ¢
growth

1

’ 1 ].
— )~ |B? < |B° < 2|B? ~ e
o) = B < 1B 0] < §1BE o] = e ).

1— |o|
l9(o)| L vk €N
og)| ~exp| ——
g \ok p 1 _ ‘O'k| )
ontradicts the fact that Nevanlinna functions can only attain such a

within a finite union of Stolz angles (see [Na56, Lemma 1]).
U

REMARK. Notice that part (iii) of the Proposition will be true with any
other possible definition of AM-interpolating sequence, as long as such a defi-
nition permits interpolation of bounded sequences of values (or just 0’s and

1’s).
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