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A GAUSSIAN AVERAGE PROPERTY OF BANACH SPACES

P.G. CAsAzzA AND N.J. NIELSEN

Introduction

In this paper we introduce a Gaussian average property, abbreviated GAP. A
Banach space X is said to have GAP if there is a constant K so that £(T) < Km (T*)
for every finite rank operator from £ to X. Here £(T') denotes the £-norm defined by
Linde and Pietsch [7]; see also N. Tomczak-Jaegermann [13].

We investigate this property in detail and establish that a large class of Banach
spaces have it. It turns out that every Banach space which is either of type 2 or is
isomorphic to a subspace of a Banach lattice of finite cotype has GAP and so does a
Banach space of finite cotype which has the Gordon-Lewis property GL, with respect
to Hilbert spaces.

GAP and GL,; are closely related, and this enables us to obtain some results on
GL, by investigating GAP. We prove for example, that GAP and GL, are equivalent
properties for cotype 2 spaces and that a K-convex Banach space X has GL, if and
only if both X and X* have GAP. It also turns out that if a space X is of finite cotype
and X™* has GAP, then X is K-convex.

We also prove that GAP gives rise to some extension theorems of operators with
range in a Hilbert space. We prove for example, that if X has GAP, then every operator
from a subspace of X into a Hilbert space, which factors through L, extends to an
L -factorable operator defined on X. Further, if the dual of a subspace E of a finite
cotype Banach space X has GAP, then every absolutely summing operator from E
to a Hilbert space extends to an absolutely summing operator defined on X. If X*
has GAP then the other direction is true for all subspaces E of X. This implies that
if X is a Banach space of finite cotype with GL, then a subspace E has GL, if and
only if every 1-summing operator from E to a Hilbert space extends to a 1-summing
operator defined on X.

We now wish to discuss the arrangement and contents of the paper in greater detail.

In Section 1 we prove the major results on GAP mentioned above. One of the
main tools for obtaining these is the duality theorem 1.7 which also relates GAP
to K-convexity. We provide several examples of Banach spaces with a reasonable
structure which fail GAP. At the end of the section it is shown that the £,-sum of
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a sequence of Banach spaces with uniformly bounded GAP-constants (respectively
uniformly bounded GL,-constants) has GAP (respectively GL;). This is obtained
from an inequality for p-summing operators defined on an £,-sum of a sequence of
Banach spaces with values in a Hilbert space (Theorem 1.18), which turns out to have
applications also outside the scope of this paper.

Section 2 is devoted to the extension theorems mentioned above.

0. Notation and preliminaries

In this paper we shall use the notation and terminology commonly used in Banach
space theory, as it appears in [8], [9] and [13].

If X and Y are Banach spaces, B(X, Y) (B(X) = B(X, X)) denotes the space of
bounded linear operators from X to Y. Further, if 1 < p < oo we let I1,(X, Y)
denote the space of p-summing operators from X to Y equipped with the p-summing
norm 7,. We recall that an operator T € B(X, Y) is said to factor through L, if it
admits a factorization T = BA, where A € B(X, L,(v)) and B € B(L,(v),Y) for
some measure v and we denote the space of all operators which factor through L, by
I'py(X,Y). If T € T'p(X, Y) then we define

¥p(T) = inf{|A|[|B|| | T = BA, A and B as above}.

¥p is anorm on I', (X, Y) turning it into a Banach space.

Throughout the paper we shall identify the tensor product X ® Y with the space
of w*-continuous finite rank operators from X* to Y in the canonical manner.

Welet (g,) denote a sequence of independent standard Gaussian variables on a fixed
probability space (2, S, u) and we let G(X) denote the closure of {Z;;l gixjlneN
xj € X, 1< j <n}in Ly(u, X). Further, we let (e,) denote the unit vector basis of
L.

Ifn € Nand T € B(£}, X) then, following [13], we define the £-norm of T by

2 3
«T) = (f du,(t))

More generally, if T € B(£;, X), wecall T an £-operator if Z;’;, gnTe, converges
in Ly(u, X) and we put
1
2 2
du(t)) .

«T) = ( / Y a®)Te,
n=1

We also need some notation on operators with ranges in a Banach lattice. Recall
that if E is a Banach space and X is a Banach lattice, then an operator T € B(E, X)

> g(Te;
j=1
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is called order bounded (e.g., see [12] and [3]), if there exists a z € X, z > 0 so that
|Tx| < |lxllz forallx € E ©.1)

and the order bounded norm ||T||,, is defined by

IT|l.» = inf{||z]| | z can be used in (0.1)}. 0.2)

B(E, X) denotes the Banach space of all order bounded operators from E to X
equipped with the norm || - ||,-

A Banach space X is said to have the Gordon-Lewis property (abbreviated GL) [2]
if every 1-summing operator from X to an arbitrary Banach space Y factors through
L. It is readily verified that X has GL, if and only if there is a constant K so that
y1(T) < Km(T) for every Banach space Y and every T € X* ® Y. In that case
gl(X) denotes the smallest constant K with this property.

We shall say that X has GL, if it has the property above with Y = £, and we
define the constant g/, (X) correspondingly. An easy trace duality argument yields
that GL and GL, are self dual properties and that gi(X) = gl(X*) when applicable.
It is known [2] that every Banach space with local unconditional structure has the
Gordon-Lewis property.

We now present a few theorems which all follow from well-known results and
which do not appear in the literature in the form we are going to use them.

The first proposition follows immediately from the contraction principle for inde-
pendent Gaussian variables; e.g., see [15].

PROPOSITION 0.1.  If X is a Banach space and (x;) C X then for alln < m and
all1 < p < oo we have
P
du(t) < /

[ Zgj(t)xj
j=1

As a corollary to Proposition 0.1 we obtain:

P
du(t).

Z gi(t)x;

j=1

PROPOSITION 0.2. If X is a Banach space and f € G(X) then for alln € N we

have
([ Zgj(t)ffgjdu
j=1

and the series 372, 8;([ f g;jdu) converges to f in Ly(u, X).

2 3
du(t)) < I fll2 0.3)

Proof. Let A be the subspace of G(X) consisting of all f of the form f =
Z}":, gjx; forsome m € N and some sequence (x;) € X. Forevery n € N we define
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P,: A— G(X)by

j=1

From the previous proposition it follows that P, is a bounded linear projection on
A with || P,|| < 1. Hence it can be extended to a norm 1 linear projection on G(X)
also denoted P,. This immediately gives (0.3) and since obviously P, f — f for all
f € Aand | P,|| < 1foralln € N we get the same forall f € G(X). 0O

PROPOSITION 0.3.  For every 1 < p < oo there is a constant K, so that if X is a
Banach space and T € B(£,, X) is an £-operator then T* is p-summing with

7 (T*) < K 8(T). (0.5)
IfT € £, ® X, then T is an £-operator and

&T) < K,m,(T). (0.6)

Proof. Letl < p < oo. By aresult of Kahane [6] there are constants a, > 0
and b, > 0 so that

apll fllz2 = W fll, £ bplifll2 forall f € G(X). 0.7)
To prove (0.5) we let T € B(€,, X) be an £-operator and define

f=Y gTen 0.8)
n=1

If I,: £, — L,(u) denotes the operator defined by I,e, = g, for alln € N, then
I, is an isomorphism and

(I, T*x*)(t) = x*(f(t)) foralmostallz € Q. 0.9)
It follows from [12] that I, T* is order bounded and therefore p-summing with
mp(T*) < a, ' mp (1, T*) < a N T* I = a, ' | fllp < @, 'Bp8(T).  (0.10)

To prove (0.6) we let T € £, ® X; hence there is a k € N, ( fj);?___l C ¢, and
G S XwithT =Y, f; ®x;. f g = Yr_ (I f;)x;, then for all n € N,

k

k
Ten =Y (en, fi)x; = z;(gn, Lfj)x; = f g(Dgn(B)du(r), 0.11)
j=

Jj=1
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and therefore, by Proposition 0.2

o0
g=) &Ten 0.12)
n=1

This shows that T is an £-operator and by [12, Corollary 4.8] we obtain

HpT*lm < bpmp(T) (0.13)

and
T) < a; | L,T*|m < a, " bpmy(T). (0.14)
O

1. The Gaussian average property and related topics

In this section we shall introduce our Gaussian average property and prove our
main results, which among other things relates this property to the Gordon-Lewis
property. We start with the following definition.

Definition 1.1. Let X be a Banach space. X is said to have the Gaussian average
property (GAP) if there is a constant K, so that forall T € £, ® X we have £(T) <
KT[[(T*).

X is said to have property (S,) 1 < p < oo if there is a constant K so that if
T € B(£2, X) with T* € I11(X*, £5), then T € I1,(€2, X) with m,(T) < Km((T™).
We shall say that X has (S), if it has (§,,) for some p, 1 < p < oo.

Recall that a Banach space Y is called a Grothendieck space (abbreviated GT)
[15] if B(Y, £;) = I1;(Y, £;). It follows from Grothendieck’s inequality that every
L1-space is a GT space. We make the following observation:

PROPOSITION 1.2. If X is a Banach space so that X* is a GT-space then X does
not have GAP. In particular, L, does not have GAP.

Proof. Let K be the GT-constant of X and let n € N be given. By Dvoretzky’s
theorem [8] there is an isomorphism T : £5 — X so that ||T]| < 2 and 1= = 1.
Clearly 7(T*) < K||T|| < 2K and -;— n < £(T) < 2./n, which shows that X does
not have GAP. O

It follows easily from the results of the previous section that if X has GAP, then
the £-norm of an operator T € B({;, X) is equivalent to the 1-summing norm of
the adjoint. If X has (S,) then it follows that the p-summing norm of an operator
T € I, (€3, X) is equivalent to the 1-summing norm of the adjoint.
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It is readily seen that both GAP and (S) are hereditary properties and from the
principle of local reflexivity it is easily seen that X has GAP, respectively (S), if and
only if X** has GAP, respectively (S). Furthermore we have:

THEOREM 1.3. Let X be a Banach space. Then the following statements hold.

(i) If X has (S), then it has GAP.
(i) If X has (Sp), then it is of cotype max(2, p).
(iii) If X has GAP, then it is of finite cotype.
(iv) If X is of finite cotype and has GL,, then X has (S) and hence also GAP.

Proof. (i) and (ii) Let X have (S,) with constant K for some p,1 < p < oo and
put ¢ = max(p, 2). It follows from Proposition 0.3 that for every T € £, ® X we
have

7q2(T) < mp(T) < Kmy(T*) < KK (T)
< K,KKmp(T) < K’Kp K1y (T*). (L.1)

From (1.1) we obtain directly that X has GAP. Furthermore, together with [13,
Theorem 12.2], (1.1) gives that X has cotype gq.

(iii) Assume that X has GAP. If X is not of finite cotype it contains £ uni-
formly [11] and since GAP is hereditary this implies that £,, has GAP, which is a
contradiction.

(iv) Let X be a Banach space of cotype g with GL; and let p > q. By self-duality
X*has GL, aswellandif T € B(£z, X) with T* € T1;(X*, £2) then T € Mo (£2, X**)
and hence by [11]1T € I, (£2, X). If g = 2, we can actually take p = 2aswell. O

The next theorem describes some classes of Banach spaces which have GAP.

THEOREM 1.4. Let X be a Banach space.

(i) If X is of cotype 2 then X has GAP if and only if it has GL,.
(i) If X is of type 2 then it has GAP.

(iii) If X is a subspace of a Banach lattice of finite cotype, then X has (S) and
hence GAP.

Proof. (i) If X is of cotype 2 it follows from [13, Theorem 12.2] that there is a
constant K so that

m(T) < KT) forallT € £, ® X. (1.2)

If X has GAP with constant C then it follows from (1.2) that forall T € £, ® X
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we have

V(T*) = Yoo (T) < m2(T) < K&(T) < KCr((T™). (1.3)
This shows that X* and hence X has GL,.
The other direction follows from Theorem 1.3.

(ii) Let X be of type 2 with constant K and let T € €, ® X. Again, by [13,
Theorem 12.2], we get

£(T) < Kmpy(T*) < Km(T™), 1.4

which shows that X has GAP.

(iii) Let X be a subspace of a Banach lattice Z of finite cotype. Hence, by [9], Z
is g-concave for some g, 1 < g < oo with constantsay K. If T € £, ® X and I :
X — Z denotes the identity operator, then it follows from [12, Proposition 4.9] that

T m < (T* 1) < 7 (T). (1.5)

Since T is of finite rank it follows from [12, Theorem 2.9] that there exists a compact
Hausdorff space S and operators A € B(£3, C(S)), B € B(C(S), Z)sothat ||A| =1,
B>0,|Bl| =WT|lmand IT = BA. Since B > 0 and Z is g-concave, B is g-
summing with 7, (B) < K||B|| (I9]). Hence T is g-summing as well with

7, (T) < |Allmg(B) < K||Tl|m < Ky (T™). (1.6)
This shows that X has (S;). O

Since GAP is a hereditary property, Theorem 1.4 gives the following corollary:

COROLLARY 1.5. If X of cotype 2 has GL, then so does every subspace. In
particular, if X is a Banach lattice of cotype 2, then every subspace has GL,;.

Corollary 1.5 can of course also easily be deduced from the fact that if X is of
cotype 2 then I'1; (X, Ly) = IT(X, L,) and the fact that 2-summing operators extend
to 2-summing operators.

The cotype 2 situation is not the only one where GAP and GL; coincide. We shall
return to this after we have proved an important duality theorem. First we need:

PROPOSITION 1.6. If X is a Banach space of cotype r andr < q < 00, then there
is a constant K, ; > 0 so that

UT) < Krg¥oolT) forallT € £, ®X. (1.7

Proof. Let X be of cotype r and let ¢ > r. From [11] it is easily derived that
there is a constant C, , so that

K;'UT) < 74(T) < CrqveoT) forallT € £ ® X, (1.8)

where the first inequality in (1.8) comes from Proposition 0.3. O
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‘We are now able to prove the following duality theorem.

THEOREM 1.7. If X is a Banach space then the following conditions are equiva-
lent:

(i) X is K-convex and there is a constant K > 0 so that K™ 'yso(T) < £(T) <
Ky (T) forallT € £, ® X.
(ii) X* has GAP and X is of finite cotype.

Proof. (i)= (ii). Assume that (i) holds and let C denote the K -convexity constant
of X (for the definition of K-convexity we refer to [15]).
If S € £, ® X* we get

£(S)

IA

Csup{|Tr(T*S)| | T € 62 X, &T) <1}
KCsup{|Tr(T*S)| | T € £, @ X, voo(T) < 1}
KCm(S"), 1.9)

IA

which shows that X* has GAP. Clearly X is of finite cotype.
(ii) = (i). Since X is of finite cotype it follows from Proposition 1.6 that there

is a constant C; so that £(T) < C Ywo(T) forall T € £, ® X. If C, denotes the
GAP-constant of X* then forevery T € £, @ X

Yoo(T) = sup{|Tr(S*T)| | § € £, ® X*, m1($¥) < 1}
Cosup{|Tr(S*T)| | S € £, ® X*,£(S) < 1)

= CU(T™) = GUT) = C1Cayoo(D). (1.10)

IA

This shows that the fourth and fifth entries in (1.10) are equivalent, which clearly
implies (see [13]) that X is K -convex. In addition (1.10) shows that Yo (T) < C2£(T)
forall T € ¢, ® X. Hence we have proved that (ii)) = (i). O

Since X has GAP if and only if X** has GAP, as noted just after Definition 1, it
follows that the roles of X and X* can be interchanged in Theorem 1.7.
Theorem 1.7 has several corollaries.

COROLLARY 1.8. If X has GAP and X* is of finite cotype then X is K -convex.

The next corollary we formulate as a theorem.
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THEOREM 1.9. Let X be a Banach space. The following statements are equiva-
lent:

(i) X has GL, and both X and X* are of finite cotype.
(it) X and X* have GAP.

Under these circumstances X is K -convex.

Proof. (i) = (ii). Since GL, is a self dual property it follows that both X and X*
have GAP.

(ii) = (i). Assume that (ii) holds. It follows from Theorem 1.3 that both X and
X* are of finite cotype.

Since X has GAP it follows from Theorem 1.7 that there is a constant K > 0 so
that forall T € £, ® X* we have

Yoo (T) < K&(T). (1.11)
If C denotes the GAP-constant of X* we get from (1.11) that if S € X ® £,, then
Y1(8) = Yoo (8*) < K£(S*) < KCm1(S) (1.12)
which shows that X has GL,. [

It is well known that if X is of cotype 2 then B(Lyo, X) = I13(L, X) or equiv-
alently IT;(X, £;) = TI,(X, £;) and it is an open question whether the converse
implication holds. Pisier [14] showed that this is the case if X has GL,. Here we
prove a similar result using GAP.

THEOREM 1.10. Let X be a Banach spaceand 1 < p <2,1 + % = 1. If X has
GAP, then B(L, X*) = I1,(L, X*) if and only if X is of type p-stable.
In particular, X is of type 2 ifand only if it has GAP and T11(X*, £3) = I(X*, £3).

Proof. 1If X is of type p-stable then it follows from [11] that B(£uo, X™)
M, (£oo, X*). Next, assume that X has GAP with constant M and that B(Lo, X*)
M, (Ly, X*) with K-equivalence between the norms, hence also IT{(X*, £3)
I1,(X*, £;) with K-equivalence between the norms.

IfT =3 e®x €& ®X,then

k 7 k 7
(Zuxju") sup (Zl(z,ej)rf) lze bzl <1
j=1 j=1

k ?
(Z llx; Il”) (1.13)
j=l

m,(T)

IA

IA
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and therefore

( / 2 du(t)) %

which shows that X is of type p.
If p =2wearedone. If p < 2thenby[11],{p <2 | N;(Le, X*) = B(Loo, X*)}
is an open interval and therefore X is of type p-stable. O

&T) < Mm(T*) < MKmp(T™)

k
> gilt)x;
Jj=1

IA

k ’
(Z Ilx; II”) : (1.14)
j=1

Let us now look at a few examples.

Example 1.11. Let X be the space constructed by Pisier in [14]. Both X and
X* are of cotype 2, but X is not isomorphic to a Hilbert space. Therefore X is not
K -convex and hence cannot have GAP nor GL, by Corollary 1.8.

There exist K-convex Banach spaces of cotype 2 not having GAP (equivalently
GL,), which the following example shows.

Example 1.12. Let 2 < p < oo. By Figiel, Kwapieri and Pelczyriski [1] it
follows that there exists a subspace X € L, (0, 1) which does not have GL, (See also
Pisier [16] for the case p > 4 and Johnson [4, Lemma 1] for a more general result).
X* is K-convex but does not have GAP by Theorem 1.9. Hence it does not embed
into a Banach lattice of finite cotype.

Similar arguments as in this example leads to

COROLLARY 1.13. Let X' be a Banach space with GAP. If X* embeds into a
Banach lattice of finite-cotype, then X has GL,.

From the result of Johnson quoted in Example 1 we can also conclude
COROLLARY 1.14.  Every Banach lattice of finite cotype which is not of weak
cotype 2 contains a subspace X, so that X* does not embed into a Banach lattice of

finite cotype.

We can pose the following problem:

Problem 1.15. Can the above mentioned theorem of Johnson be strengthened.
Specifically, is a Banach space of cotype 2, if all subspaces have GL,?
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The convexified Tsirelson space T® (see [15]) is of type 2 and weak cotype 2,
and one could try to investigate whether there is a subspace X of T® failing GL,.
Hence X* will fail GAP and therefore X would be the first example of a weak Hilbert
space, which does not embed any Banach lattice of finite cotype.

One of the many results on unconditional structures obtained by Gordon and
Lewis in [2] states that the Schatten class c,, p # 2, does not have lust, but going
through their methods of computing ideal norms for spaces with enough symmetries,
in particular those in Chapter 5, it can be derived from their results that in fact c, does
not have (S) for any p # 2.

Combining this with our Theorems 1.4 and 1.9 we obtain:

Example 1.16. For every q,2 < q < 00, ¢, has GAP, since it is of type 2, but
not (S). ¢, does not have GAP for 1 < p < 2.

More generally, in [16], Pisier showed among other things, that if A is a unitarily
invariant crossnorm on £, ® £, then £2®A£2 does not embed into a Banach space
of finite cotype with lust unless X is equivalent to the Hilbert Schmidt norm. His
argument actually shows that, except for the Hilbert Schmidt case, 2,®L, does
not have (S). Indeed, an inspection of the proof shows that the conclusion of his
Proposition 2.1 holds, if the space E is just assumed to have (S) (called (I) there)
and this observation together with his Theorem 2.1 show our statement.

The following condition is stronger than (S).

Definition 1.17. A Banach space X is said to have (), ifthereisap,1 < p < oo,
and a constant K so that

ip,(T) < Km(T*) forallT €4, ®X

where i, denotes the p-integral norm [13].

Condition (/) is equivalent to X being of finite cotype and having GL,. Indeed,
if X has (I), then it has (S) and is of finite cotype. (I) immediately implies that
MM (X*, £,) € I'1(X*, £,) and therefore X* and hence X has GL,. On the other
hand, if X is of finite cotype and has GL,, an inspection of the proof of Theorem 1.3,
(iv) shows that in fact X has (I) (use I,(Le, X) = I,(Ls, X) together with the
principle of local reflexivity).

This equivalence was also established by Junge [S].

We now wish to show that GAP is closed under the formation of £;-sums of
Banach spaces. For this we need the following theorem, which turns out to have
some importance in itself.

THEOREM 1.18. Let (X,) be a sequence of Banach spaces and put X =
(Z;’,":I Xp)2. If Y is another Banach space, 1 < p < ocoand T € I,(X,Y)
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with T, = Tix,, then

00 H
(Z er(T,,)2> < mp(T) forl<p<2 (1.15)
n=1
(Zn,,(:r,,)l’) < m,(T) for2<p < oo. (1.16)
n=1

IfY = £, then (1.15) holds for all p, 1 < p < oo.

Proof. Lete > 0 be given arbitrarily. For every n € N we can find a finite set
0, C Nand {x;(n) | i € 0,} C X, so that

(TP < ) ITx ()P + 627", (1.17)
i€o,
sup {Z G| | x* € X2, ™| < 1] <1 (1.18)
i€oy
For every sequence (a,) € R, U {0}, from (1.17) and (1.18) we obtain

o0 o0
D e, (TP = D Y T @/ P i)l +e
n=1 n=1 i€o,

IA

7,(T)? sup [Z D1 @),y Pxi ()P |

n=l1 ieo,
* * > * 2
x*m) e X5, Y Ix*@mI*<1t+e
n=1

p

IA

( x*(n)

nx*<n)||’x"(")>

Tp(T)? sup 4 D" Ix* ) 1Pern D
n=1

i€o,

00
() e X5, Y I < 1} +e
n=1

IA

o0 o0
7p(T)P sup {Z Ix* @) 1Pan | x5 € X3, Y lIxpl? < 1]
n=1

n=1

+e&. (1.19)

If 1 < p < 2 we take the supremum in (1.19) over all sequences (c,) considered
with "% &7/®"P = 1 and let & — 0 to obtain (1.15).
For2 < p < oo weputa, = 1 foralln € Nin (1.19) to obtain (1.16).
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Since I1,(Z, £2) = I12(Z, £;) for every Banach space Z and every 2 < p < o0
(this follows easily from Maurey’s extension theorem [10] and the formula B(L ,, L3)
= IN,(Ly, Ly)) the statement for Y = £, follows from the above. [

This enables us to prove:

THEOREM 1.19. Let (X,) be a sequence of Banach spaces, which all have GAP
with uniformly bounded constants. Then X = (3 _no; X, ,,)2 has GAP.

Proof. Forevery n € N we let P, denote the canonical projection of X onto X,,.
If x1, x2, ..., xx € X then it follows immediately from the definition of the norm in

X that
k 2 00
[ aox] =3 |
i=1 n=1

Therefore if T € B(£,, X) is an £-operator, then

00 3
«T) = (Z e(P,,T)Z) ) (1.21)
n=1

Let K > 0 be a constant so that for all n € N,

2
du(t). (1.20)

k
Y g Pux;
i=l1

£(S) < Kmy(S*) forall S € £, ® X. (1.22)

Now, if T € ¢, ® X, then by Theorem 1.18 with p = 1, (1.21) and (1.22), we
obtain

«T) = (Z e(P,,T)2) <K (Z n,(T*P;)Z) <Km(T%.  (1.23)
n=1

n=1

This shows that X has GAP. O

Combining Theorems 1.9 and 1.19 we immediately obtain that if (X,,) is a sequence
of Banach spaces with uniformly bounded K -convexity constants and GL,-constants,
then X = ( X ,,)2 has GL,. However it was pointed out to us by Junge that this
conclusion can be obtained without the K-convexity assumption by combining the
inequality in 1.18 with its dual form. We need:

LEMMA 1.20. Let (X,) be a sequence of Banach spaces, X = (E;,“;l X,,)z,
P, : X — X, the canonical projection.

() IfT € B(&y, X) with Y. Yoo (PaT)? < 00 then T € Too (£, X) with

00 2
Yoo(T) < (Zyoo(P,,T)z) :

n=1
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(ii) If S € B(X, £3) with z;’;l Y1(SP,)? < oo then S € T'1(X, £3) with

1

00 2
n(s) < (Z yl(SPn)z) :
n=1

Proof. (i) follows immediately from Theorem 1.18 by applying trace duality to
the inequality there. Applying (i) to X* we obtain (ii)). O

This leads to:

THEOREM 1.21. Let (X,) be a sequence of Banach spaces all having G L, so that
K = sup, gly(X,) < 0o. Then X = (X_;2, X,), has GL,.

Proof. LetT € I1;(X, £;). From Theorem 1.18 and our assumptions we get
o0 o0
> n@TP)? < K*Y m(TP) < K*m(T)% (1.24)
n=1

n=1

Lemma 1.20 now gives T € I'1 (X, €;) with

n(T) < Km(T), (1.25)
which shows that X has GL,. [

Reisner [17] has proved using different methods that the conclusion of Theorem
1.21 holds for more general unconditional sums of Banach spaces.

Let us end this section by discussing the following problem which seems to be
important since it has some applications to various areas of Banach space theory.

Problem 1.22. Let (X,) be a sequence of Banach spaces. Under which assump-
tions on the X,,’s does there exist a constant K so that

foe) 2
m(T) <K (Z nl(TP,,)2> forall T € X ® £,. (1.26)

n=1

The next theorem gives some conditions for the inequality (1.26) to hold. (iii) was
shown to us by Junge.

THEOREM 1.23. Let (X,) be a sequence of Banach spaces, X = (3_ X,)2. The
inequality (1.26) holds, if one of the following conditions is satisfied.

(i) X has GAP for every n € N with uniformly bounded GAP-constants.
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(i) X, has GL; for every n € N and sup gl,(X,) < oo.
(iii) X, is of cotype 2 for every n € N with uniformly bounded cotype 2 constants.

Proof. 1If (i) is satisfied, we choose K > 0 so that
£(S) < Km(S*) forall S € £, ® X},

X* has GAP by Theorem 1.19 and by repeating the calculations there with X replaced
by X* combined with Proposition 0.3, for every T € X ® £, we have

m(T) < Ki&(T*) = K, (Z e(P;T*)2) < KK, (Z m(TP,,)2> (1.27)

n=1 n=1

which gives (1.26).
Next, assume that (ii) holds. Put K = sup, gl,(X,). If K denotes the Grothendieck

constant, then by repeating the calculations in the proof of Theorem 1.21, for every
T € X ® £, we have

1

1
2 00 2
m(T) < Keni(T) < Ko (Z yl(TP,.)Z) <KKg (Z m(TPn)Z) (1.28)
n n=1
which gives (1.26).
Finally, assume that X is of cotype 2 with constant K and let § € £, ® X. By [13,
Theorem 12.2] we have

m(P,S) < KE(P,S) foralln e N (1.29)

and hence

! !
2

(Z 7t2(P,,S)2> <k (Z E(P,,S)z) = K(S) < K2Kmy(S),  (1.30)
n=1 n=1

where K, is the constant from Proposition 0.3.

Dualizing (1.30) and again using the fact that X is of cotype 2, forevery T € X®¢,
we have
3

Kmy(T) < K*K, (Z nz(TPn)Z)

n=1
!

%) 2
K%K, (Zm(TP,,)2> , (1.31)

n=1

m(T)

IA

IA

which gives (1.26). 0O
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2. GAP and extension properties of certain classes of operators

In this section we shall prove some results concerning extensions of certain oper-
ators defined on a Banach space with GAP with values in a Hilbert space. We start
with the following:

THEOREM 2.1. Let X be a Banach space with GAP. Then there is a constant K
so that for every subspace E € X and every T € {, @ E we have

m(T*) < Kmi(T*Q) 2.1

where Q is the canonical quotient map of X* onto E*.
Consequently, every S € T'|(E, £,) admits an extension Se ' (X, £,) with

n(S) < Kn(S). 2.2)

Proof. Let C be the GAP-constant of X and let T € ¢, ® E be arbitrary. It is
obvious that £(T: €, — E) = £(T: £, — X) and hence

m(T*) < Ki&(T) < K\Cm(T*Q), 2.3)

where K is the constant from Proposition 0.3, (2.3) gives (2.1) with K = K;C.

An easy dualization argument shows that the second statement is equivalent to
{42, E) € I'f(£2, X) with K-equivalence between the norms. (I'} denotes the
dual operator ideal.)

However, I'f (€2, E) = {T € B({y, E) | T* € I11(E*, £)} and similarly for X,
and hence the latter statement is exactly (2.1). 0O

The next theorem gives a characterization of subspaces E of a given Banach space
X so that E* has GAP in terms of extensions of 1-summing operators.

THEOREM 2.2. Let X be a Banach space and E a subspace. Consider the state-
ments

(i) E* has GAP.

(ii) There exists a constant K > OsothateveryT € I1|(E, £;) admits an extension
Te IT; (X, €3) with m(T) < Kn(T).

If X is of finite cotype then (i) implies (ii). If X* has GAP then (ii) implies (i).

Proof. By duality, (ii) is equivalent to:

(iii) Moo (£2, E) € I'n (€2, X) with equivalence between the norms.
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Let X be of finite cotype and assume that E* has GAP.
We wish to show that (iii) holds. By Proposition 1.6 and Theorem 1.7 there exist
constants K > 0and C >0sothatif T € £, ® E,

Yoo(T) < CUT) < KCyoo(T : £ > X) 24

which shows that (iii) holds.
Assume next that X* has GAP with constant M and that (ii) holds. It clearly

follows tha)} there is a constant K > 0 so that every T € II|(E, £;) admits an
extension T € IT (X, €;) with

m(T) < Km(T). 2.5

Letnow T = )7, fi' ®ej € E* ® £; and let T be an extension of T so that (2.5)
holds. Without loss of generality we may assume that the range of T is contained in
[ej | 1 < j < n]and since X* has GAP we therefore easily obtain

eT*) < 6(T*) < Mny(T) < KMmny(T), 2.6)

which shows that E* has GAP. [

Combining Theorem 2.2 with the results of the previous section we obtain the
following corollary.

COROLLARY 2.3. Let X be a Banach space of finite cotype with GL, and let
E C X be a subspace. Then the following statements are equivalent.

(i) E has GL,. -
(ii) Every operator T € I1|(E, £;) admits an extension T € T1,(X, £;).

Proof. Trivially (ii) implies (i) (for this the finite cotype assumption on X is
superfluous). Next, assume that E has GL, and let T € II|(E, £;); hence T €
I (E, £3) as well and since X has GAP we get from Theorem 2.1 that T admits an
extension T € (X, €,) C T11(X, £,). O

The assumption that X is of finite cotype cannot be omitted in Corollary 2.3 as the
following example shows.

Example 2.4. Let E be a subspace of £, isometric to £;, and let T € B(E; £3)
be onto. E has GL, and T is absolutely summing by Grothendieck’s theorem. If T
could be extended to a T € I1;(£o0, £2), then T and hence also 7* would be nuclear
and therefore compact. Since T* is an isomorphism this is a contradiction.
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