A DECOMPOSITION PROOF THAT THE DOUBLE SUSPENSION
OF A HOMOTOPY 3-CELL IS A TOPOLOGICAL 5-CELL'

BY
LesLie C. GLASER?

1. Introduction and definitions

In [5], the author proved that if H® is a PL homotopy 3-sphere bounding a
compact contractible PL 4-manifold, then the double suspension of H® is
topologically homeomorphic to the 5-sphere 8°. (We write this as Z°H’ ~ §°,
where =* denotes double suspension and & means topologically homeo-
morphic.) In [10], Siebenmann gives an elegant proof that Z*H® ~ §,
for any homotopy 3-sphere H®. However, this proof is somewhat unsatis-
factory in that it has to make use of some deep results of the Kirby-Sieben-
mann triangulation theory, and a key theorem needed to obtain this result
was given merely by a reference to a paper by Kirby and Siebermann, which
apparently was not even in preprint form at the time.! In [6], the author
made use of a completely geometrical, but quite involved, argument, outlined
to him by Kirby, to show that if F* is a homotopy 3-cell, then Z°F* ~ I°.
This requires a long and complicated argument, which depends quite heavily
on the full work of [4]. In an addendum to [10], Siebenmann remarks that
the same proof used to show that Z*H® x 8%, also works to show that Z°F° ~ I°,

Here, we give an easy decomposition proof that Z*F* = I°, for any homotopy
3-cell F*. The proof only requires a simple application of the engulfing
lemma. of [11], plus the fact that all homotopy 3-cells can be triangulated [1]
and some basic fundamentals of geometric PL theory. Moreover, by using
the collaring theorem of [2] and the topological h-cobordism theory of [3]
(which itself only requires [2] and the engulfing lemma), the proof given here
actually can be used to show that Z°F® = I°, without even using the fact that
3-manifolds can be triangulated (also refer to the remarks at the beginning
of §5).

In Corollary 4.3, we show that if M® is an arbitrary homotopy 3-sphere and
h: 8 — N? © M?®is a homeomorphism carrying S* onto the locally flat sub-
manifold N? of M?, then there exists a homeomorphism

H: (2 (v * S *m), 2°8) > (2°M°, 2°N7)
such that H | 2°S* = =*h (here * denotes join and =%k : 2%8* — =’N* denotes
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the natural homeomorphism extending 4 : 8* — N* and carrying the suspen-
sion circle of 2°8?, by the identity map, to the suspension circle of Z*N?).

In Corollary 5.4, we show that if N°® is a homotopy 3-sphere contained as a
locally flat submanifold of the homotopy 4-sphere M*, then there exists a
homeomorphism

H: (2} (v » 8 xwp), 2°8%) — (2'M*, 2'NP)
such that H | ® = identity (here ®' denotes the suspension circle of each
pair).

We now give a few additional definitions. We will use = to denote PL
(or combinatorially) homeomorphic, and as we have already noted, &~ means
topologically homeomorphic. By a homotopy 3-sphere M*® (3-cell F*), we
will mean a closed (compact) topological 3-manifold (with nonempty bound-
ary) such that m(M®) = O (F® is contractible). By a homotopy 4-sphere
M* (4-cell F*), we will mean the above with 4 replacing 3, and w«(M*) = 0
(3 = 1, 2, 3) replacing m(M*) = 0.

If X is a metric space with metric p and Z is a subset of X, then, given
e > 0, we will use V(Z, X, €) to denote the set {x ¢ X | p(z, Z) < &}. Also,
if Z is a compact subset of X, we will use d(Z) to denote the diameter of Z, i.e.

d(Z) = max {p(21, 22) | 21, 22 € Z}.

If K is a compact subset of Euclidean n-space E", we define 2’K and ' < 2°K
explicitly in §2. Finally, if N* is a closed submanifold of the closed manifold
M™, we say N* is locally flat in M™ if, for every z e N*, there exists an open set
U © M" containing z such that (U, U N N*) ~ (E", E*).

2. Some preliminary notation and lemmas

Let F* be a homotopy 3-cell and let N (BdF®, F*) denote the regular neigh-
borhood of BdF® = §* in F® under the second barycentric subdivision of F®,
By [12], N(BdF®, F*) =~ BdF® X [0, 1. We identify N(BdF®, F*) with
BdF® X [0, 1], so that x ¢ BAF® corresponds to (z, 0) e BAF® X [0, 1]. Let
A’ denote a 2-simplex in BdF® and let {A;} denote a sequence of concentric
2-simplexes in A’ g0 that A; C int A%, Aiy; C int A, for each ¢, and NimA; = {p}
is the barycenter of A®. Foreach? = 1,2, ---,let

T:=F — (BdF* X [0,% — (3)™)),
Bi=AX[E— @M+ @™,

Fi = T; — {int B, ulint A; X (3 — (3)"™)}}
and
K = F — (BdF* X [0, })).

We note, for each ¢, T; = B;u F;,
B;nF; = BdB;anFi
= BdA X B - B3+ BH™Du@ax G+ B
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is a combinatorial 2-cell which we denote by C;, Ty C int F®, Tiy Cint T,
BiwCintB;, K = Ni T;and 2z = (p, $) = Ni=yB;. Since B;n F; =
BdB; n BdF; = C;isa 2-cell, F; = T; = F*. Let D; denote the 2-cell

BdF; — int C; = BAT; — (int A; X (3 — (3)*™)).

We now quote an elementary lemma proved in [5]. This only requires a
simple application of the engulfing lemma of [11].

LemMa 2.1. Suppose M is a compact contractible combinatorial 5-manifold,
U s a contractible open subset of BAM, & is a positive number, and Z is a closed
subset of M such that Z n BAM < U. If there exists a connected open subset
W of BAM missing Z n BAdM so that m(W) = 0 and U u W = BdM, then
there is a piecewise linear isotopy fi (0 < ¢ < 1) taking M ondo itself such that

(1) fo = tdentily,

(2) fi = “dentity on BAM for all ¢, and

(3) f(Z) c V(U, M, 3).

Suppose K is a finite complex or an arbitrary compact subset of E*. Let
giand —q; (4 = 1 or 2) be the points of E” given by ¢s = (1, 0), ¢; = (0, 1),
—q = (—1,0),and —¢g, = (0, —1). Let 6, denote the origin of E” and for
i = 1 or 2, let u; and v; be the points of E"*? = E" X E* defined by u; =
(6., —q;) and v; = (6., ¢;). By the double suspension of K(= K X 6,)
in E"*?, we will mean the complex or compact set =’K < E"** given by

K = upx (ug % K %) %0,
where * denotes join (i.e. if A and B are two compact subsets of E™, then
AxB={(1—ta+th|aed,beB,and te]0, 1]}).
Let ©" denote the polyhedral 1-sphere in 6, X E* < E* X E* given by

@1 = uz*(uluvl)*vz.
Then
2K =K 0.

Let S' denote the unit 1-sphere in 8, X E’. Let g : ©®' — S' denote the
projection of ®" onto S from the origin (8, , 6;) of 6, X E’, and define

pr: K+x® 5> K8

to be the natural homeomorphism sending the interval z xy C K » 0"
(zeK, ye®) to zxpy) < K8 (ie. (1 — t)r + ty goes to
(I =tz +tpy) (0<t < 1))

Now every point of (K % 8*) — S' has a unique representation in the form
(x, ty), where z e K, y ¢ S' and £ € [0, 1). That is,

wty) = (1 —tr+tyexxy and (x,0y) = (z,0) = zeK.
Let ®x be the homeomorphism carrying K X E® onto (K % 8') — S defined
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by sending
(z,w) e K X E* to (@, w/(1+ [lwl])),

where w = (wy, wy) e E* and || w | = ((w1)® + (we)®)"™

Lemma 2.2 Suppose K and L are compact subsets of E* X 6, € E* X E,
and 2°K and Z’L are the double suspensions of K and L, respectively, as defined
above. Iff: K X E* — L X E* is a continuous map carrying K X E* onto
L X E® such that f is bounded on the E* factor (i.e. if ps: L X E* — E’, then
| w — pyof(z, w) || < constant), then f induces a continuous map g : 'K —
=*L such that g | ®' = identity. Furthermore, if for some subset B C K,f | B X E*
is of the form J X idge , wheref : B— L, then g | 2°B = 2%, 4.e.ifx x y e B % O,
then

g((1 = t)r + ty) = (1 — () + ty ef(x) * .

Proof. Since f: K X E* — L X E" isbounded on the E* factor, we claim
that the map § : (2°K) — ' — (2’L) — @', defined as the composition

-1
(K) — 0 = (K+0") — 0 —PF (ko) — g (2,

-1
K X E2 f L X E2 <PL (L *Sl) _ Sl (pL)

(Lx®") — 0 = (Z’L) — 0},

extends by the identity map on ©' to a continuous map ¢ : =°K — 2°L.

We see this as follows: Suppose {(z;, t:ys)} (¢ = 1,2, 3, --+) is a sequence
of points of (K *8') —8 tending to yo € 8. We note that {¢t} — 1, {y;} is a
sequence of points in S converging to y,, and {z} is a sequence of points of
K. We consider a subsequence {{z;, ty;)} of {{x:, t:y:)} so that {z;} -z K
and {y} — woeS'. Then {(&")(z;, t;)} is an unbounded sequence of
K X E* of the form { (x;, syy,)}, where {s;} — . Let

=z, s;) = (25, 3;§;)
where
prof(xi, syi) = 2;, 8 = | peof(x;,suy;) |l

G = ((p2of(zs, s91))/%) € S
Since || sjys — 37, || < M, 8;— »,and {|| y; — §; ||} = 0. Thus
{(®1) of o (Bx) @i, tay)} = {Bulzs, &)} = @5, Lifs)

is a sequence in (L x 8') — S' converging to ¥, € S*, and our claim follows.
The final conclusion follows easily from the manner in which the various
maps defining § are defined.

and

3. A shrinking theorem and a pseudo-isotopy
THEOREM 3.1. Suppose F* is a homotopy 3-cell and {T'} is the sequence of
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closed neighborhoods enclosing the contractible complex K in int F° given in §2.
Also, suppose z = iy B; is the point of BAK as given in §2. Then for each
i and & > 0 there is a piecewise linear isotopy u: of F X E onto itself such that
po = tdentity, w ts uniformly continuous, and

(1), = identity on {(F* — int T;) X E} u{z X E* for each t,

(2) i changes E* coordinates < e, and

() for each w € B’, d(pm(Tisa X {w})) < e.

Prcof. Step 1. Let F° be subdivided so as to contain subdivisions of
Ti+;i, Bir;, and F;y; as combinatorial submanifolds forj = 1, ---, 4. Let
81 be a positive number less than (%) d(B;y1) (a further restriction will be
placed on the size of §; later). Let D be a combinatorial 3-cell contained in
int Byt such that z eint D and d(D) < 6. Since each of D and B,y are
combinatorial 3-cells contained in the interior of the combinatorial 3-cell B;,
given any closed neighborhood N of z in int D, it follows by [13] that there
exists a piecewise linear isotopy f: carrying B; onto itself such that

fo = identity,
fi = identity on N u BdB; for all ¢,
fi(Biya) = D.

We extend f; to all of F° by the identity, and we denote the extended
isotopy by f: also. Let hy,, be the isotopy of F* X E* onto itself defined by
hy(z, w) = (fu(x), w), where z, f.(z) e F* and w ¢ E*. We note that for all
t€e[0, 1] and w e E?, hy,, carries B; X {w} onto itself and is the identity on
(N u (F* — int B;)} X {w}. Also, for any we E*and k > 7 + 1, we have
d(hi(Br X {w})) < &

Step 2. For each pair of integers (m, n) and positive number 7, let

D*((m,n),r) = D(ay7) (a = (m,n))

denote the 2-cell [m — r,m + r] X [n — r,n + r] € E*. Let M5 denote the
combinatorial 5-manifold A;,(Fiy; X D*(a, 3)). Let Ca be the combina-
torial 4-cell

h1(Cip1 X D*(a, 1))

(vecall C341 = Biyyn Fipy). Define Z, to be
hia(Tige X Dz(a’ $))n M .

Since Z, n BAM?, < int C% and BdM? is simply connected, we can apply
Lemma 2.1. (We can take U and W of Lemma 2.1 to be int C'% and

(BdM:, — int C%) u {an open collar of BdCs in C4},

respectively.) Let & be a positive number less than d(M%) (this number
will also be restricted further later). We note that because of the way that
h1.1 was defined, 6, is independent of the pair of integers (m, n) = a. Thus,
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we obtain a piecewise linear isotopy f... taking M% onto itself such that
fa0 = identity,
fa,: = identity on BAM?, for all 1,
faa(Za) € V(Ca, Mo, &).
Let hs,; be the isotopy of F* X E” onto itself defined by
ho,: = fa,; on M4 for each pair of integers & = (m, n) € E*
= identity outside U{M% | « = (m, n)}.

We note that for each w € E?, hy,, = identity on Ay (Biy X {w}). Also, for
each ¢ ¢ [0, 1], hs,t moves no E* coordinates by more than %, as measured along
either axis of E°. Furthermore, for each pair of integers (m, n) = a,

haa(ha(Tize X D*(e, 3)) © V(ha(Biss X D¥(a, 1)), F* X B, &),
In particular,
d{hg10 ha(Fips X Bd (D* (o, 3)))} < 614+ 1 + 25,

and ka0 hyy = fi (of Step 1) X identity on B4 X E°.
Step 3. 'This step will be quite similar to Step 2. For each pair of integers
(m,n) = B, let Dj, be the 2-cell

m—t,m+ 3 Xh+tn+1-43
and let Dj, be the 2-cell
m+3m+1-—-%§XMr-—3%n+ 3
‘We now want to consider the 5-manifolds
Mgy = hapohia(Fise X D3y) and Mg, = hpyo ha(Fire X D).

Let Cj, and Cj, be the contractible 4-manifolds in Bd M}, and in Bd M}, , re-
spectively, given by

Coy = hagohia({Fipe X [m — k m + 3] X {n + 3}} u{Cii2 X D3y}
U{Fie X [m— %, m+ 3] X{n+1-—3}),
Che = hepohia({Fiza X {m + 3} X [n — 3,7 + 3]} u{Cli2 X D}
U{Fia X m+1—3 X[n—}n+3)).

It follows from last comment of Step 2, that each of Cp, and Cs, have di-
ameter lessthan (6, 4+ 14 28) + (& + 1) + (61 + 1 + 28;) = 36 + 3 + 46,.
Let Zg, and Zg, be defined by

Zgy = hopomy(Tiss X m — fg,m + 2] X [n + %,n + 1 — §]) n M3, ,
Zgs = hogohya(Tiys X [m + tm+1—-3Xn — {5 n + f5l) n Mgz'
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Then Zg, n Bd M}, C int C4, and Zg, n Bd M3, C int Cg,. We again apply
Lemma 2.1, where U and W of Lemma 2.1 correspond to int C§. and
(Bd M}, — int C5.) u {an open collar of Bd C3, in C5a},

a=2 or y. Letd;beapositive number less than both d(M§,) and d(Mp,).
We will add a further restriction in Step 5.

Thus by Lemma 2.1, for & = & or y, we obtain a piecewise linear isotopy
fsa,: taking M3, onto itself such that

foan = identity,
fsa,: = identity on Bd Mj, for all £,
Sa1(Zga) C V(Char M, 33).
Let ks, be the isotopy of F* X E* onto itself defined by
st = foa,:on Mj, for each pair of integers 8 = (m,n) anda = zory
= identity outside u {M§, |8 = (m,n) anda =  or y}.
We note for each w € E?, ks, = identity on hs o hy1(Biyz X {w}). Hence
hspohago by = fi (of Step 1) X identity on Bie X E*.

Also, for each ¢ € [0, 1], ks changes no E* coordinate by more than i, as
measured along either axis for E*. Moreover, for each pair of integers (m,n) =
Band a = z or y, if Dj, is the 2-cell used in defining Zg, , then

hai © haa o haa(Tis X Da) C (e haa(Bite X Do)} U{V(Cha, Mpa, 8}
Step 4. We note, if w € D*(, 3) (defined in Step 2), since
hs,. = identity outside U {Mga |8 = (m, n) and a = x or g},
hspohgyohia(Tivs X {w}) = hago ha(Tiqs X {w}) and hence
d(hspohgyohia(Tivs X {w})) <6+ 14 25,.
If w € D}, , then it follows from the last comment of Step 3, that
d(hspohgpohia(Tiys X {w})) < (81 + 1) + [(361 + 3 + 46:) + 28]

= 451+4+482+263.
For convenience, we will denote ks 0 ka0 hg by Hy. For each pair of in-
tegers (m, n) = v, let
Dy=1Im+dum+1— 2 X[+ dpn+1— 7
Let M% = Hy(Fis X D) and let C5 < Bd M’ be defined by the equation
C5 = Hy((Cisa X D) U (Fise X BdDY)).
We note,
Bd M5 — int C4 = H3(Dys X DY)
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(we recall that D} ,; = Bd Fiys — int Ci4;5). Thus
Bd C% = Hy(Bd (Dis X D))
is a 3-sphere and C’ is contractible. Also,
d(Cy) < (8 + v2) + (VG + G + 2040 + 4 + 45, + 28])
< 13 + 95, + 85, + 455

Let Z, = (Hs(Tiya X D3)) n M5 . Then Z,nBd M5 < C% and we can
apply Lemma 2.1 a final time. Let 8, be a positive number less than d(M?).
Hence, fory = (m, n), we obtain a piecewise linear isotopy f. .. taking M, onto
itself such that

fv.0 = identity,

fv.¢ = identity on Bd M’ for all ¢,
fra(Zy) € V(Cy, M5, 8.
Let ha,. be the isotopy of F® X E® onto itself defined by
ha, = fy,. o0 M for each pair of integers y = (m, n)
= identity outside U {M} |y = (m, n)}.
For each w, contained in E’,

hs,: = identity on H3(Biys X {w})
and
hago Hs = fi (of Step 1) X identity on Biys X E°.

Forwe U {D |y = (m,n)},
hago Hy(Tiys X {w}) C Hy(Bays X {w}) U V(Cy, MY, 8),
for somey = (m,n). Thus, forweu{D% |y = (m,n)},
d(hago Hs(Tipa X {w})) < 60+ ((13 4 96, + 83 + 48;) + 25,)
= 13 + 100, + 88, + 495 + 20, .

By the first paragraph of Step 4, since hs,, = identity outside U {M 'f, |y =
(m,n)}, i we E* — (U{D), |y = (m,n)}), then

A(Tips X {w}) < 46 + 4 + 46, + 265,

Also ha,; changes no E* by more than I, as measured along either axis of E.

Step 5. 'We now can obtain the desired isotopy u. of Theorem 3.1. Let
e > 0 be given. We modify our scale on each axis of E® so that
1 < ( ¥5)(¢/5), and then apply Steps 1-4, where we further restrict the
various 8’s used in these steps as follows:

3 < () (e/5), & < (§)(e/5), & < (§)(¢/5) and & < (3)(e/5).
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We define the isotopy u: of F* X E” onto itself by

pe = hiae if 0<t<1%,
= hgae-10 his if +<t<4d,
= haaohaohs  if <<
= hgarsohgiohpiohyy if $<¢< 1.

Clearly, u; is well defined and uy = identity. Also, if during each step, we
just don’t arbitrarily define the various fm,»,s’s, applying Lemma 2.1 sepa-
rately for each (m, n), but obtain one “model” function via Lemma 2.1 (we
need two such functions in Step 3) and then translate this “model” function
around to obtain the various fim,,.'s of the given step, it will follow that, for
each? =1, ---,4and {€[0, 1], h;,. is uniformly continuous (also, the diameters
of the various M, »’s of a given step would be independent of (m, n)). Hence,
w 18 uniformly continuous.
It is also clear from the way the h;,,’s have been defined that

(1) p. = identity on { (F* —int T;) X E% u{z X E"} for each t.

Since p changes E* — coordinates <3, as measured each axis of E?, it follows
that

(2) e changes E” coordinates < 4/(3)? + (3)? < 5 < ¢/13. Finally, by
the last paragraph of Step 4, we see, for all w ¢ E’, that
d(Tiva X {w}) < 13 4 108, + 83, + 465 -+ 20, .
Hence, by the further restrictions on the 6,’s above, we get that
(3) for each w e B, d(u(Tire X {w})) < &,

and this completes the proof of Theorem 3.1.

Let F* be an arbitrary homotopy 3-cell and let z ¢ Bd K be the
point z = Ni=; B; as defined in §2. Let @' denote the decomposition of F*
given by

& = {4 |g isapoint of F* — K or g’ = K}

and let G denote the decomposition of F* X E* given by
G={g=¢ Xw|g e@d and weE%.

The following result is modeled after Theorem 3 of [14] and is included for
completeness.

THEOREM 3.2. Suppose F* is an arbitrary homotopy 3-cell and G is the de-
composition of F* X E* defined above. Then, given ¢ > 0, there is a pseudo-
isotopy f(z,t) (z e F* X B°, 0 <t<1)of F* X E* onto itself such that

(a) f(z,0) s the identity (i.e. f(x. 0) = z),
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(b) for each fized t < 1, f(x, t) is a homeomorphism of F* X E* onto itself,
(e) foreacht(0 <t < 1),f(x,t) = identity on

(F' = V(K,F, &)) X B} u{z X B}

and changes E* coordinates < &, and
(d) f(z, 1) takes F* X E* onto dtself and each element of G onto a distinct
point.

Progf. We will obtain the isotopy promised above by a sequence of appli-
cations of Theorem 3.1. Let {T';} be the sequence of compact neighborhoods
in int F* enclosing m as given in Theorem 3.1. We suppose 2¢ < distance
(K, Bd F*). Let &, &, -+ be a sequence of positive numbers such that
D& < &/2. We will define a monotone increasing sequence 7y, Mg, * - *
of integers and a sequence of isotopies

f(x9t) (xeFasz,OStg%), f(x’t) (QEstEz,%StS'g')’ e
such that

T., © V(K, F, ¢),

f(z,0) =z,

two adjacent f(x, t)’s agree on their common end,

each f(x, /(¢ + 1)) is uniformly continuous,

(1) f(z, (@ —1)/i) = f(z,¢)((¢ — 1)/7 < t < 4/(4+ 1)) except possibly
on (Ta, X E*) — (2 X EY).

(2) f(=,t) changes E* coordinates < &; ((1 — 1)/ <t < i/(1 + 1)),

(3) A(f(Taypy Xw,3/(i+1))) < e;forallw e B},

(4) no point moves more than 2e,_, during

K}

f@,t) (G- 1)/i <t <i/(E+ 1)),

and
(5) f(F* X V(w, B, &), (i — 1)/3) D f(F* X w,4/(i + 1)).

Before defining the sequence of f(z, t)’s, we show that the existence of such
a sequence is enough to guarantee the truth of Theorem 3.2. Since f(z,0) =z,
it follows by (1), that f(x, ) = identity on

{((F* = T,) XE%}u{e XE} (0<t<1).

Condition (4) and the above fact, along with the fact that each f(z,4/(¢ + 1))
is uniformly continuous, implies that f(z, 1) = lim (¢ — 1)f(z, t) is a con-
tinuous map of F° X E” onto itself. Conditions (1) and (2) insure that for
eacht (0 <t < 1),

f(z, t) = identity on {(F® — V(K, F®, £))X E*} u {z X E}

and changes E* coordinates < e.
Condition (3) insures that f(g, 1) is a point for each element g of G. Condi-
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tion (1) implies that, if f(g1, 1) = f(g2, 1)(g1, 92 € G), then each g; must be of
the form K X w; (w; € E®, 4 = 1,2). The reason is as follows. If one of ¢, or
g» is a point, 8ay g , then there is an integer ¢ so large that f(z, (¢ — 1)/7) = f
(z, 1) in a neighborhood of ¢;.  Finally, Condition (5) implies that no two
points with different w coordinates to into the same point under f(z, 1). That
is, if w; # w,, there is an ¢ such that

it e+ o <d=|w—w|/2

and Condition (5) implies that
f(Fa X V(w7 E27 €+ €41 + - ')7 (’L - 1)/1‘) Df(Fs X V(w) E27 €41 + - ');
JE+1)D - DFF X w,1).

Thus, f(F® X w;, 1) and f(F® X ws, 1) lie respectively in the mutually ex-
clusive curved ‘“‘tubes”

FF* X V(wy, B, 8), (1 —1)/i) and f(F* X V(ws, E*, 8), (i — 1)/3).

The existence of the desired f(z, ¢) (z ¢ F° X E*, 0 < ¢t < %) and n, follow
directly from Theorem 3.1. (Clearly, n, exists so that T, € V(K, P ).
The € and 7 used in Theorem 3.1 is & and n, , respectively, and n, = n, + 4.
We ignore Condition (4), since & is not defined.) We now proceed, induc-
tively, to define f(z,t) ((1 — 1)/1 <t <4/(¢+ 1)) and n4 .

Let v be a positive number so small that

d(Tn; X V(w, B% 7)) < 2 i1,

for all w ¢ E>. The existence of such a y follows from Condition (3) and the
uniform continuity of f(z, (+ — 1)/¢). Let § be a positive number so small
that for each set S of diameter <8, d(f(S, (¢ — 1)/7)) < &;. It follows from
Theorem 3.1 that there is an isotopy

w(@) (el X E, (i —1)/i <t <i/(i+1))

and an integer n,41 = n; + 4 such that

p(@ — 1)/i(z) = =,

p(z) = z unless z € (Tn; X E*) — (2 X E),

1 TMOVes no point with respect to the E* factor by more than the minimum
of (v, 6):

A(pisi4n(Tagyy X w)) < 8, and

Wi+ 18 uniformly continuous.
Then

f(p(z), (= 1)/7) = f(=,8)((¢ = 1)/s <t < 5/(5 + 1)).

The f(z,t) (x e F* X E*, (i — 1)/i < t < i/(3 + 1)) we have defined satisfies
Condition (1) because u-1,:(2) = 2 except possibly on

(Tn; X E*) — (2 X EY).



486 LESLIE C. GLASER

It satisfies Condition (2), since u; changes E? coordinates < &, and satisfies
Condition (3) because d(pi/cyny (Tn;y, X w)) < 8. It satisfies Condition (4)
because

d(Tni X V(w, E2, 'y)) < 28,‘_.1 ,

and p, moves no point along the E” factor by more than v. Finally, it satisfies
Condition (5) because u,(F* X w) < F* X V(w, E*, 8) and

FF* X w,3/(0 4+ 1)) = f(pyem(F* X w), (i — 1)/5)
C f(F* X V(w, B, &), (5 — 1)/i).
4. The main results
TaEOREM 4.1.  Suppose F* is an arbitrary homotopy 3-cell, and

h: §*— BdF®
is @ homeomorphism carrying S* onto BAF®, Then, given ¢ > 0, there exist a
point z e int F° and a homeomorphism

H:(wvxS) XE>F XE

such that H| 8* X E* = h X idgs, H(v, w) = (2, w) for all w e E*, and

lw— ProH(z,w) | <e
for all w e E.
Proof. Let K and z e BAK denote the subcomplex of int F* and the point
of int F* described in §2 and used in Theorem 3.2. If @' and @ are the de-

compositions of F* and F* X E?, as given just before the proof of Theorem 3.2,
then F*/G’ = F*/K ~ z » BAF® and

(F* X B)/G ~ (F*/G') X E' = (F'/K) X E®~ (2 * BdF’) X E".
Let i : (v* 8% X B — (F!/K) X E* denote the homeomorphism defined by
A(((1 — )z 4+ ), w) = ((1 — t)h(z) + {K}, w),

where z € 8%, w ¢ E?, and {K} e F°/K corresponds to z €z * BAF® under the
natural homeomorphism z * BAF® ~ F*/K. Then

RS X B = h Xids, h(v,w) = ({K}, w)
and
R((v* 8% X w) = (F/K) X w.

Let f : F* X E* — F* X E” denote the map of F* X E” onto itself given by
Theorem 3.2, where f = f( , 1) described there. We see that f = identity
on (BdF* X E*) u (2 X E*) and ||w — psof(x, w) || < & for all weE".
Also, G = {f(z, w) | (x, w) eF* X E%} and hence f factors through
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(F°/K) X E’. That is, if
p: F* X B* - (F*/K) X E*
is the quotient map, then g = fo (o ') is a 1-1 continuous map taking
(F*/K) X E* onto F* X E’. Since (F'/K) X E' is a manifold
(=~ (v%8%) X E*) and ¢ is a compact map (preimage of compact sets com-
pact), g is a homeomorphism carrying (F°/K) X E* onto F* X E*. We note,
g = identity on BdF® X E’, g({K}, w) = (2, w) and
g((F*/K) X w) € F* X V(w, E%, ¢).

It follows immediately that H = g o 4 is the desired homeomorphism carry-
ing (v % 8*) X E*onto F* X E°.

CoROLLARY 4.2. If F® is an arbitrary homotopy 3-cell, and

h: §*— BdF®

is @ homeomorphism carrying S onto BAF’, then Z°h: Z*S* — *(BdFY)
extends to a homeomorphism H : Z*(v » §*) — =*F°.

The proof follows immediately from Theorem 4.1 and Lemma, 2.2.

COROLLARY 4.3. If M® is an arbitrary homotopy 3-sphere and

h:S —>N cM

is @ homeomorphism carrying S* onto the locally flat submanifold N* of M®
then there exists a homeomorphism

H: (2 (v % 8 %), 228%) — (Z*M°, =°N?)
such that H | 2*8* = Z’h.

The proof follows immediately from Corollary 4.2, since N* decomposes M*
into the union of two homotopy 3-cells F3 u F3 , where Fi n Fi = N°. That
is, if H;: 2%(vi* 8*) — 2°F} (i = 1, 2) is the homeomorphism extending
=*h, then H is defined by

H|Zv:x8) = H: (1=1,2).

5. Some corresponding results involving homotopy 4-cells
and 4-spheres

Clearly, the proof of Theorem 3.1 applies, as given, to PL homotopy 4-
cells F*, where BdF* is a homotopy 3-sphere. Moreover, it is not necessary to
assume that F*is a PL 4-manifold. That is, Lemma 2.1 holds for all compact
contractible topological n-manifolds M" (n > 5), since we really only need
(and, in fact, only use) the hypothesis that int M" is a PL manifold (and
this fact follows from [3]). Also, by [3], int F* X E* ~ E°. Thus, int F* X E*
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has a PL structure and the interior of any compact 6-manifold in int F* X E*
has an induced PL structure. Therefore, the following result, corresponding
to Theorem 3.2, will also hold.

TaEoREM 5.1.  Suppose F* is an arbitrary homotopy 4-cell such that BAF* 4s
a homotopy 3-sphere. Also, suppose that N is a collared neighborhood of BAF*
in F*. For convenience, we identify N with BdF* X [0, 1], with x e BdF*
corresponding to (x, 0) (such an N exists by [2]). If K s the subset of int F*
defined by
K = F' — (BdF* X [0, %)),

@ is the decomposition of F* given by
& =1{g | ¢ isapoint of F* — K or g = K},
and G s the decomposition of F* X E® given by
G={g=¢ Xw|g eG and weEY,

then, given € > 0, there is a pseudo-isotopy f: of F* X E* onto itself such that

(a) fo = identity,

(b) for each fized t < 1, . is a homeomorphism of F* X E* onto dtself,

(¢) foreacht (0 <t < 1) f, = identity on (F* — V(K, F*, ¢)) X E*
and changes E* coordinates < &, and

(d)  fitakes F* X E* onto itself and each element of G onto a distinct point.

Remark 5.2. In [5], we show that an analogous result holds for F* X E'
(where E" replaces E* above, and F* is an arbitrary PL homotopy 4-cell such
that BAF® is a homotopy 3-sphere). Since int F* X E' & E° [3], we also did
not really need the fact that F* was a PL 4-manifold, and this corresponding
result, in [5], was used to show that Z(BdF*) ~ §°.

THEOREM 5.2. Suppose F* is an arbitrary homotopy 4-cell such that BdF*
18 @ homotopy 3-sphere. Then, given & > 0, there exists a homeomorphism h
carrying (v » BAF*) X E* onto F* X E* such that

| w— psoh(z,w)]| <e forallwekE’
and h| BdF* X E* = ‘““identity”. Furthermore, h induces a homeomorphism
H : 2*(v » BdF*) — =°F*
such that H | Z*BdF* = “identity”.

Remark 5.3. If we further assume that BdF* ~ §, then it follows from
[5], when extended by [3], that ='F* ~ ='(v x 8*) = I’. This requires the
use of a difficult result of [7]. (By also using [3] and [7], this same result was
obtained in [8]. Also, refer to [9].)

Proof. Let g be a homeomorphism of BdF* X [0, 1] onto a closed neighbor-
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hood N of BAF* in F* such that g(z,0) = z e BAF* ¢ N < F*[2]. Let
K = F' — g(BdF* X [0, })).

By Theorem 5.1, there exists a map f; taking F* X E* onto itself such that
f = identity on (F* — g(BdF* X [0,4))) X E*, f, changes E* coordinates < &,
and f; factors through (F*/K) X E* (ie. {fi' (z,w) |z e F*,w ¢ B®} = G, as de-
fined in Theorem 5.1).
If p : F* X E* — (F*/K) X E'is the quotient map, then
fi=fiept: (F'/K) X B> F' X E

is a 1-1 continuous compact map carrying (F*/K) X E* onto F* X E* such
that & = identity on BdF* X E* and

R((FY/K) X w) € F* X V(w, E', ).

Since f = identity on {a neighborhood of BdF*} X E* and fis a compact map,
f is a homeomorphism. Let k denote the natural homeomorphism carrying

(v *» BAF*) X E? onto (F*/K) X E* (i.e.
k((v %« BdF') X w) = (F*/K) X w

with k((v, w)) = ({K}, w) and k| BdF* X w = identity). The desired
homeomorphism
h: (vsBdF') X E®— F* X E*
isgivenby h = hok.
It follows by Lemma 2.2, that » induces a homeomorphism

H : Z*(v » BdF*) — 2°F*
such that H | Z’BdF* = identity.

CoroLLARY 5.3. If k: 8 X E* — BdF* X E* is any homeomorphism
carrying 8 X E* onto BAF* X E” that is bounded on the E* factor, then k induces
(by Lemma 2.2) a homeomorphism k : 2*S* — 2*(BAF*') such that k| @' =
identity (recall ' is the suspension circle of each set), and k extends to a homeo-
morphism K : 2} (v » §*) — Z'F,

Proof. Since
SHo* 8% = vx (2% and Z*(v* BAF') = v x (Z*BdFY),
k: 2’S* — Z*(BdF*) extends to a homeomorphism
f=oxk:vx (28 - v (Z°BdF*).
We define K : 2*(v x §°) — 2*F* by K = H o f, where
H : 2*(v » BdF*) — =*F*

is the homeomorphism of Theorem 5.2. Since H | Z’BdF* = identity,
K|2*8*=f|2*8 =k
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CoROLLARY 5.4. If N° is a homotopy 3-sphere contained as a locally flat
submanifold of the homotopy 4-sphere M*, then there exists a homeomorphism
H: (20 % S x0), 228%) — (Z°M*, Z’N®) such that H | ©' = identity.

This follows immediately from Corollary 5.3, just as Corollary 4.3 followed
from Corollarv 4.2.
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