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CHARACTERIZATIONS OF H! AND
APPLICATIONS TO SINGULAR INTEGRALS

ATANAS STEFANOV

ABSTRACT. We give a necessary and sufficient condition for an integrable compactly supported function
with mean value zero on the line to be in the Hardy space H!(R!). As a corollary, we obtain a new
characterization of H!(S') and p independence of the spectrum of homogeneous Calderén-Zygmund
operators.

1. Introduction and statement of results

It is a well-known result that if a compactly supported function is in L? (R") and
has mean value zero, then it is in the Hardy space H'!(R™). In the fundamental paper
[2], Calderén and Zygmund proved that L? can be replaced by f xIf ILog*™(1f]) < o0
for any compact subset K of R". Moreover, it is known that Log™ (| f|) cannot be

replaced by (Log'(|f]))!~¢ for any & > 0. Therefore the following question is
natural:

Question 1. Find a necessary and sufficient size condition for an integrable com-
pactly supported function on R™ with mean value zero to be in the Hardy space H'.

Although, it is unclear whether this question can be answered with a purely size
condition, we do have a satisfactory answer in dimension one.

Given a function f on the line, define almost everywhere a function m; on R! by
setting

dx.

M m@= [ em
Ix —al
R
The content of Theorem 1 below is that f € H!(R') if and only if m 1 is a function of
finite variation. We provide the following heuristic explanation for this. Anintegrable
function is in H! (Rl) if and only if its Hilbert transform is in L' (Rl). The result
in Theorem 1 states that m/ is of total variation if and only if Hf is integrable. But
formally speaking, the derivative of the function m; is the “Hilbert transform of the
function f” which explains the relationship between the variation condition and the
space H'!. This heuristic argument makes sense for some functions f but it cannot
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CHARACTERIZATIONS OF H' 575

be justified for a general integrable f since the integral giving H f is never absolutely
convergent in this case. Question 1 posed above is related to the following question
about Calderén-Zygmund singular operators with homogeneous kernels. Consider
an operator

Q@/1yD

@ Taf () =pv. [ 221
Iyl

n

fGx—ydy,

where  is an integrable function on the sphere S®~! with mean value zero.

In 1956 Calderén and Zygmund [2] proved that T is bounded on L?(R") if
Jgn-11R[Log™ (IR2]) < oo. The LLog* L condition is also sufficient for weak type
(1, 1) boundedness of T, as shown by A. Seeger [10].

Coifman-Weiss [4] and Connett [5] proved that if Q is in the Hardy space
H I(S“‘l), then Tq maps LP(R") into itself. We will refer to this condition as
the “H! condition”. In Theorem 2 we discuss other characterizations of H'! (S“‘l),
one of which gives a very simple proof of the results of Coifman-Weiss [4] and
Connett [5].

The case n = 2 is studied in further detail. Define

do.

3 mq(§) = / Q(6)In
Sl

1
16, &)1

As a consequence of Theorem 2 below (a < e) we have
Varg1(mgq) < +00 & Q € H'(S").

which gives a characterization of the multipliers corresponding to H!(S!) kernels,
since

m(§) = F(Qx)/|x[")E) = / Q) [—Sgn(9 ) +1In e E)I] de
sn-1
and therefore
Varg1(m) < +00 & Q € H'(R).
THEOREM 1. Let f be a compactly supported function, f € L'(RY),

[ f(x)dx = 0. Define a function ms on a full measure subset Ay < R! (e,
R! \Ay has measure zero) by

1
@ o = [ f@m——ax.
1

vl
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Then if Vara, (ms) < 0o, then

I fllgr < Vars, (mg) + C || fllx
and
Vart3 (my) = Vary, (mg) < +00.

Conversely, let f € H! ®RY) bea compactly supported function. Then

1

@ = (O In

)

is well defined (via the H'-BMO duality) and

Vart3(ms) < Clifllgn < oo.

Remark. We are uncertain as of now how to formulate a higher dimensional
analogue of Theorem 1.

The next theorem gives an equivalence between different definitions of H'! (S™ 1.

THEOREM 2. Let Q2 € L'(S®™Y), [gn-1 @ = 0. Let R; be the j™" Riesz operator.
Then the following conditions are equivalent:

(a) Q e HI(S™1).
(b) &by o) € H'(RD).

x|

(c) Forevery j, R; (Q%QXugnsz)) € L'RM.
@ If Ry (2L = 4D then Vj € L'S™), j=1...m,

(e) (Only for n = 2.) Vargi(mg) < oo.
(f) (Only forn =2.) H (Q(e¥™*xp.11) € L'RY).

As an easy consequence of Theorem 2, we obtain the following

COROLLARY 1 (Coifman-Weiss 77, Connett 79). Let Tq, be defined as in (2). Then
ifQ e H'(S™1), then Tq: LP — LP,1 < p < o0.

COROLLARY 2. Using the implication a = ¢ in Theorem 2 we can easily deduce
L? bounds for the maximal operator

Q0/1yD

—y)dy|.
M fx—=y)dy

TS f(x) = sup /

>0
Iyl>¢
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We refer the reader to [7] and [8] for detailed proof of the corollaries. We omit the
proofs of both corollaries.

As another application of the results in Theorem 2, we prove p independence of
the spectrum of Calderén-Zygmund operators with H! kernels. More precisely, we
have

PROPOSITION 1. Let Q € H'(SY)and 1 < p < 00. Let m = F(Q(C/|- /|- 1)
be the multiplier corresponding to Tq. Then

0(Tq,p) = 0(Tq ) = essrange m,

where T p = Tq: L? — LP.

Proof. 'The implication o (Tq2) € o(Tq ) is trivial, for if A € p(Tq,,), then
(Tq —A)~': L? — LP and therefore by duality and interpolation (T — A)~!: L2 —
L?. The converse follows essentially from Theorem 2. Indeed pick A ¢ essrange m,
Since Vargi(m) < oo, we have Varg1 ((m(-) — A)~1) < oo too and by Theorem 2,
we conclude that the multiplier 7i2(-) = (m(-) —A)~! gives rise to an operator Ty with
Q € H'. Therefore

(Tq—A)"'=Ts LP - LP. O

Remark. To the best of our knowledge, the question of the p independence of
the spectrum remains open in higher dimensions (n > 3).

2. Proof of Theorem 1

In this section we give a characterization of compactly supported functions in
H'(RY). Let us remark that the compact support condition is necessary, since oth-
erwise the function m; may not be well defined even a.e. By Fubini’s theorem,
if f e L'(RY) has compact support then indeed my(a) = fo f@)In |'x"-1-_aT dx is
defined on a full measure subset Ay C R!. We will pass gradually from simple
functions to Lipschitz functions and then we extend our result to arbitrary compactly
supported function in L!.

Let us start off with the simplest possible case, a simple function supported in
[0, 1]. Set f(x) = Z?‘:(_)l Ci X(ai.ar1)> Where a; = i /2%, For symmetry, set ¢; = 0 for
i <O.

LEMMA 1. For any f simple function as above we have

2k+1_q 2 2k+1_q

7t Ibio|—CI|f||Lns/le(x)IdeT" > bl +Clflp,

ig=—2k+1 —1 ip=—2k+1
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where
k_
b = 2%_] ¢
=0z, L T 10
Proof. We have
k ai+
X —a;
Hf (x) = —f(y)d = n |2 |,
X — dit1
0
Note that
A+ 4o

® 1427 2= = w2 s - a2 <27,
io=—2K+1 n=k+2

Ifi #ip,ip—1and 27" < |x — ip27%| < 27"*! then

1 1
=l“(1+z—:o+0(<i—io)2))’

since 2¥|x — ip27¥| < 2%="*1 < 1/2. Therefore

X — a;
In

X — Qi

X — a; 1 1
1 = (0] .
! X — @iy i—io+ ((i—io)z)
Observe also that
In|Z= Gt _ —k)‘ <1,
X — aj,
In| 2= | _k—m| <1,
X = Gig+1

when 27" < |x — a;)| < 27"*!, Thus

© Hfm= Y. —+(c,0 Cip-1)(k = n+ O(1))+0 (Z(T-CT)z)

I;élo l() I i#io

for 27" < |x — a;)| < 27"*!. We integrate (6) to get

[Hf (x)|dx = 27"+

27" <|x—aj, | <2n+!

Z _+(C!o Cip—-1)(k —n 4+ 0(1))

l;élo I() 1 t =

—n Ci
+27"0 (Z G —io)Z)'

1 #Io
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We sum over n and use (5) to get

[Hf (x)|dx

O<|x—aj,|<27k-1

00
1biy]  (Iciy| + ICig—11)(n — k = C) - lcil
> _ —-C2 n+1
ng;-Z n-1 2n—] ’#Zm (l _ 10)2
|Hf (x)|dx
O<|x—ajy|<27k-1
0
< Z |n_|1 (lclo| + |C10 lnl)fn k+ C) 2—n+1 Z |cl 5.
n=k+2 2 2 i#io (l - 10)

Taking into account that Y _no, ., (n — k £ C)27"+! ~ 2%, we conclude that
2k+1_q 2271
b
Y | Bl (el el pesm el f |Hf ()l dx,
| 2k (i — ip)?
ig=—2¢+1 iiy Ry, S

2271

ok+1_q
bio iol + |Cig— 9= :
Hf@ldx < Y ['2—,('+c<._____'co' -1l | pays ol )]

2
. ! i—i
— 142741 ip=—2"+1 i (@ —io)

and therefore

ok+1_q 22+
27k zb,0|—c2-"<2|c,o|+2|c,)_ / |Hf (x)| dx,

ig=—2k+1 i0=0 142k
2274 P+ 2%_1
/ Hf)ldx <2753 |yl + €27 (Z lcio| + Z le; ) :
_1+2—k—-l i0="'2k+1 10—0

The same calculations applied on the intervals [—1, —1 +27%"1] and [2 — 27%~1, 2]
give

1

—1427k1 2
/ HF @)l dx < £l f2 L HPIdE <

Since || fll =27* Z,.z;g] |ci], we finally get the desired inequality. O
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LEMMA 2. With notations as in Lemma 1 we have

—k Icil
(/f(x)ln Wldx [f(x)ln loldx +2 0(2 (i-io)2>'

i#ip

Proof.
1 1

1 1
0ff(x)ln ] —! f(x)In |x—ai0|dx

=/f(>1 Lzl

Ix Ajgtl I

l dig+1

— a4 —a
= Ci / X = dil dx + c;, f In ———— o dx.
i=0. l;éu) o |x — ig+1 | |x = Qip+1 l
4

Casel. i <iy and x € (a;, a;41).
We have

[x — aj| 1 ( 1 )
=1- =l4+—4+0|—=).
[x — ajp41] 2%|x = ajg41l i —ip (i —ip)?
Thus

i1 l 1
— a; - Ci -
In —dx =2"F~_ +2’°0(, )
f [x — aig41l i—ig (i —ip)?

Case?2. i>1iy and x € (a;, aj11)-
A similar argument shows that

di+1

ci/m—'i:-f"l'—d =k G +2-kc,o( ! )
|x — @ig41l i—ip (i —ip)?

ai

Finally since

dig+1
X — a;
/ mET%l 4 g
|x — Gig41]
a,*o

we get

a,ol _ A—kyp. —k lcil
ff(x)l dx = 27%b;, +2 O(Z-————(i_io)z).

lo-H I i#io
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Observe also that

2k+1_1 2k+1_1

275 )" byl =

/ fIn / F@n
ig=—2k+1 10““2k+1 Aig+1 | lol

_ [ci
o (T3 f,(,)z)

iy il

2L+l__1

= ff(x)ln to+| /f(x)ln tol

ip==2+1 |

2
+0 (2—k > Ic,-l) :
i=1

By this observation and Lemma 1, we obtain

ok+1_1 1 2

@ > |[ rom =l ax - el < [1soa

io=—2t+1 |} io+11 J|

2k+l 1

ff(x) i E2 dx s Cfl

Qig+1 '

2
® |[Hf (x)|dx <
_[

ig=—2F+1
This is basically the assertion of Theorem 1 for simple functions, since it is easy
to control the contribution of [’ __olo |Hf (x)|dx and f2°° |Hf (x)|dx.

LEMMA 3. Let f: R! > Rl bea Lipschitz function and supp f C [0, 1]. Let
mg(a) = fol @) In ﬁdx. Then

©  Var(mp) —cllfl, < f IHf (o dx < Var2(m) +c I f L, »

where c is a constant independent of f .

Proof. Note that there exists a sequence of simple functions { f; }, such that

(1) fi = f pointwise, | fi| < |f,

2k—1

2) fk = Z CiX(ai.air1)>

i=0
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3) 1fi(x) = f(x)] < L27* forevery x € [0, 1], where L is the Lipschitz constant.

These can be taken to be the lower Darboux sums for f corresponding to the uniform
partition0) =a; < ... <ax = 1.

L. Let us start with the left inequality first. We may apply (7) to each individual
Jx (these are simple functions supported on [0, 1]):

2k+l 1 2
(10) f Aoy =t Aol gy —cfil, < f |H ()| dx.
fo=—2F+1 Qio-+1 il 2
Also
2 2
(1 ]1 \H ()] dx — fl \Hf (o) dx.

On the other hand, m is well defined and continuous (due to the Lipschitz assumption
on f), so the total variation of this function can be evaluated as a total variation on a
dense subset. In particular,

Varti(ms) = sup Z|mf(b,+1) my(bi)l,

—1=bp=...<bs<2 7
where the supremum is taken on a dyadic partition of [—1, 2], i.e., b; = ¢q;/2" i =
0,...,s for some integers q; and n;. Let us fix such a partition. Choose n =
max{ni, ..., ns}. Then obviously the b;’s will be part of the dyadic partition with
diameter 2" and therefore part of any dyadic partition with diameter 2%, k > n.

Consider (10) for k£ > n. Since the b;’s are part of the dyadic partition (with diameter
27%), we have

Y_; f fk(x)ln / Ji(x) ln

ffk(x)ln ffk(x)ln
lo+ I lol

2&4—1 1

IA

lo-—2k+|

IA

/ |Hfy(x)|dx + C | filly
-1

and therefore taking limit in k yields

2 /f(x)ln dx ff(x)ln

2
x s/IHf(x)Idx+CIIfII1~
el



CHARACTERIZATIONS OF H! 583

Since the partition was arbitrarily chosen,

Vart2(m;) < / \Hf ()l dx +C £l .

II. The proof of the right-hand side in (9) is more involved. First of all, consider
sequence { f} of simple functions as above. For this part of the proof we use (8). We
have

2 2k+l_1 |
[ 1sicoax < [fk(xn Bl gyl iy,
) '0""2‘4‘1 to+ l
ok+1_1 |
f fk<x>1n Bl gl < A+ B,
,0=_2k+1 - alo+1|
where
2k+1__1 I ) |
A = f /i) — £l [ln 2%l g )
:o—-—2‘+1 Ix — i1l
2L+l 1 I
B, = f fx)In ——dx
10-——2“”1 |x - alo+1|
Clearly By < Var?t (m ) < oo. For Ay we use the estimate
ok+1_1 i1 Ix — a; |
YEED DS f |£e(0) = £ GOl [In ——=2_| dx
ig=—2F+1 li—ip|>1 a | ‘0+l|

dig+2

+ / 1@ = 700! [in

ip-1

|x — aj,|

| 10+1|

dx.

AsinLemma 1, if x € (a;,a;4+1) and i # ip — 1, ip, ip + 1, then

Ix - a,~0| 1 ( 1 )
In =—+4+ 0 —— .
[x —aip+1]l i —io (i —ip)?

Taking into account the choice of f;’s (condition 3), we obtain

1 C
dx < L|——+ —— )2“2",
(Il —io] (i —ip)?

(12) f |fe() = £GO! [In

a;

|x — aj,|

' lo+1l
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Qig+2 2~k

—a 1
(13) f Lfi(x) = F(0)| 1n|x'x—“°' dx < CLZ‘k/ln;dx < CLk2™%.
aio-l

Thus

- aio+1|

IA

2k+1_1 1 C 2k+1_q
-2k -2k
Acs ) Z( +(i_i0)2)2 L+ Y. Lk2

io=—2+1 izip li = ol ip=—2¢+1
k+1
c Y (Lk2*)+cL2™k =cLk2™ - 0.
ig=—2k+1

IA

Thus
2
limsup | |Hfi(x)ldx < Vart2(mg) + ClIfll, -
1

k— 00 -

The only fact that remains to be proved is

2 2

14) /IHf(x)Idx slimsuprka(x)ldx.
k—>o00

2 4
But since f; — f in L', we have that for every A > 0
C
{x: [Hfi(x) — Hf ()] = A} < X I fe—flly =0

and therefore Hfy — Hf in measure. Then select a subsequence {fi,} so that
Hfi, — Hf ae. The assertion follows from the Fatou’s lemma. 0O

The next lemma follows from Lemma 3 by dilation and translation.

LEMMA 4. Let f be a Lipschitz continuous function with compact support, such
that [ f(x)dx = 0. Then

+00

(15)  VartSm) —c I fll, < / \HF ()| dx < Varr2(m) + ¢ L £1 .

-0

Proof. If supp f C [0, 1], then it is easy to see that

|Hf (X)| Xegt-1.2n < C I flly 12172

Also observe that m; is differentiable outside [—1, 2] and

Im ;@) X@g—1.20 < C I fllya™>.



CHARACTERIZATIONS OF H' 585

Therefore

-1 o0 -1 o0
0 < (/+ )le(x)ldx sc(/+f) Ifl /i dx < CllflL
—00 —00 2

2
0 < VarZl (ms) + VartP(ms) < Clifl,

and combining the last two inequalities with Lemma 3 we get (15).

The general case follows by an easy dilation and translation argument. To this end,
notice that every compactly supported function f can be recovered from a function
f with dilation &, and translation t,, where f: suppf < [0, 1]. Observe that

H($; o f) = & o (Hf),
msofr(a) = mg(a/t)

where the second identity holds because of the mean value zero property of f. Having’
these in mind one easily gets

NHG: o HHll; = 180 (HHI, =1HSfN,,
Vart® (ms,op)) = Vart3 (my (/1)) = VartX(my).

It is also straightforward to check that the translation does not affect the expressions
involved in (15) and therefore the lemma follows. O

We are finally ready to proceed with the proof of Theorem 1.

Proof of Theorem 1. Let ® be a C* function supported in [0,1] and
f |®(y)|dy = 1. Define fi = f * ®y;r. We know that fi is a smooth function

with mean value zero ( fk(O) = 0) and has compact support. Thus, we are in a
position to apply Lemma 4. We have

(16) NHfellp < Varr2(mg) + C |l fll o1
where my, (a) = Rf (f * Dk (x)lnl—x—l—aldx. But

1
mg(a) = f(f q’l/k()’)f(x—)’)dY) In |x_a|dx

1
- ] In——d d
/ / e f(2)In pypp——y y | dz

a—Ay

= /q’l/k()’)mf(a —y)dy,
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where we used Fubini’s theorem (1 is defined and an absolutely convergent integral

on Ay, which is a full measure subset of Rl).
So

a17) mg(a) = / ®1()my(a — y) dy.

Take any sequence of points a; < a; ... < a,. Notice that since Ay is a full measure
set, so is [)_; (@i — Ay). Thus

n—1
Z |mg (ais1) — mg (ai)|
i=1

n—1
= Z '/ Dy (Y)(mp(@iv1 —y) —mp(ai —y)) d)"
i=1

n—1
= -/ﬂ(ai—A;) |¢1/k(y)| [Z |myg(aiz1 —y) —mg(a; — y)|] dy

i=l1

< / |®1/4(y)| Vara, (ms) dy = Vary, (my).
Therefore
Varf@(my,) < Vara, (my)
and in particular, by (16),
(18) | Hfell,r < Vara, (mg) + C |l fiell 1 -

‘We now finish with an argument similar to the one in Lemma 3. Select a subsequence
such that Hf, — Hf a.e. An application of Fatou’s lemma then gives

IHf N = Cllfllpr < Vara, (my)

and this proves the first assertion in Theorem 1.

The converse direction of the proof is in fact easier, since everything is correctly
defined via the H! — BM O duality. Let f € H' and f;, = f * @), as above. Apply
(15) to get

(19) Vart2(ms) — Cllifillp < NHfills -
Observe that fy = f * 1 — fin H' sense. (See [11], p. 127, 5.1(c).) Therefore
Hfi, - Hf in L'

mg (a) = (fk’ In T_}:a—|> - <f, In

1
|~—a|>=”’f(“)'

Taking limits in £ in (19), we obtain

Vart%(mys) < 1HfIp +Clfllp <Clfllg - o
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3. Characterization of H'(S™™1)

In this section we prove Theorem 2, which gives equivalence between various
notions of H'! (S“‘l). Let us recall that (a) < (d) in Theorem 2 is the Ricci-Weiss
result in [9].

Proof of Theorem2. (a) < (b) Let Q@) = ) Aia;(6), where a; are
H'(S™ 1) atoms. It clearly suffices to check that

a(x/|x))

|x|"

S C’
H!

X(1<|x]<2)

where C is uniform on H' atoms. Let b(x) = 9—%{@ X(<|x|<2)- Also, denote by
J (@1, - .., @n—1) the Jacobian factor of the unit sphere surface measure as a function
of the polar angles. In what follows we will always assume that a vector x € R"
is represented by its polar coordinates (¢, ..., @,—1,7), Where the first (n — 1)

components are the polar angles and the last one is the polar radius. Hence
J(@1, s 1) = |GI0" 2 1) (sin" 7 @2) ... (sin gn2)).

Clearly, J(¢1, ..., ¢s—1) does not vanish on an open set on the unit sphere and
therefore without loss of generality we may assume that

diam(supp a) < 6,
0<cy, <J(p1,...59n-1) <1 on the support of a

where the small constants 3,, ¢, depend only on the dimension n. These can be
achieved; otherwise, if diam(supp a) > §,, we use the trivial estimate ||b]| ;1 < 8, ntl
Define the auxiliary function

~ alpl, ..., en—)J (@1, ..., Opn-1)
b((pl,"',(Pn—l’r): (pl (pn lr ((pl (pn 1 X(1<r<2)'

We prove that III;IIHI(Rn) <C. Observethata(pi, ..., u—1)J (@1, ..., Pn-1)isafixed

multiple of an H'(R®~1) atom. Consider g(¢1, . .., on_t, )=V (@1, - .., u_1)h(r),
where

1) ¢ =0 h>0,
(2) supp ¢ C B(0,1); supph C B(0, 1),
?3) fw=1, fh=l.

Define
Mgl;(x) = sug Il; * g¢](x).
1>
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The idea is to show that this maximal function has enough decay at infinity (due only
to the fact that b has mean value zero and is an L' function), while around the origin
we exploit the structure of b. _Obviously supp b c [0,271""! x [1,2]. Choose a
compact set K, so that supp b C K and dist(K¢, supp b) > 1. This can be done
independently of a, so every constant that appear later on, depending on K is actually
uniform with respect to a. For x € K¢ we have

- 1 - —
bxgi(x) = ;;fb(z)g (it—z) dz
1 e — 9z
= o [ BV (F52)

Since supp g C B(0, 2) and x € K¢ we have

1 2 C
- S =<
t [x — s,2| |x]
thus we get
(20) Mgb(x) = sup |b * g/|(x) < C/|x|"*!,
>0

which is the desired estimate at infinity. For x € K,

).

. 1
bxgl(@r, ..., on-1,7) = (@) * Yil(e1, ..., Pn-1) ‘;X(1<r<2) * by

which yields

Mb(pr, ..., 0u-1,1) < My(a )M (xa<r<p/7).

Thus by Cauchy-Schwartz we obtain

IA

[ b dx < 1My @D g, VR M (/)]

c "Mﬂll(a1)||L1(Rn'1) V2 (K) “X(l<r<2)/r"L2 <C,

where 7, (K ) is the measure of the projection of K on e;. This, together with (20),
implies Al m®™ < C. By the atomic decomposition in [3], we can represent b
as a sum of atoms whose supports are in a small neighborhood of the support of the
function. Letl;(<p1, e Pty T =Y Aib; (@1, ... ®n—1, ), where the angular parts
of the supports of the b;’s are supported in a small neighborhood of supp a. Let

IA

_ 1 Ei(‘le--,‘Pn«l,r)
=t J (@ 0ne1)
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Observe that b(x) = Y, A;b;(x) and

/ bi(x) dx = / 51 onet, 1)y ... dpnrdr =0,

|supp b;| ~ |supp b,

l;i seees Pn-t, C C
bl < sup 2L DL € .
or (@1, ..., @u-1)l |supp b;| ~ Isupp bil

This implies that ||b; | ;1 < C and

Iblm < CY Ml < Clbillp <C. O

(b) = (c¢) The proof of this direction consists of the trivial observation that the
Riesz transforms map H! into L.
(c) = (d) We have

Vi(x)/1x|*

R; (Q(x)/1xI")

Q(x) Q(x)
= R; ('I';C",,_X(lxlséllil)) + R; (WX(lslxISZ) .

For 4/3 < |x| < 3/2, we will prove that the first function is bounded, whereas the
second one is integrable by assumption. Indeed,

Q(x) ) xj—y (y)
Ri [ L xq1<n ) ) / R/ . dy
/ ( |x|n 1= e<|yl<1 |x - YI”H |)’|”
Ly . Q
f ( Xj — Y - x1+l) » dy’
yl<t \x = y["tt x| [yl

.
V(le'{“)l <clely.

¢, lim
e—>0

Cn

IA

Clellp

max
1/3=|x|<5/2

Similarly,

Q) o0 xj—pb; Q)
B (WX""”’) (")=c”f2 ./s x—pors p 0

and again for 4/3 < |x| < 3/2, we get

Q) * 1
Rj (W-X(H)z)) x) < CA ‘/;n_l IQ(O)I;m dedp <C ”Q"L' .
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Observe that we actually proved

Vi(x)
x|

X(@4/3<Ix|<3/2) € L'RY),

which is the same as V; € L' (S™71) as stated.

(d) = (a) This direction is contained in Theorem 2 in [9].

We pass now to the two dimensional case. First of all observe that (a) < (f) is
just a restatement of the fact that the Hilbert transform determines H'! (Rl). For the
equivalence (e) < (b), we use Theorem 1 in a crucial way.

(e) = (b) By (1), we have

1
2mi — :
mo(e™'?) = /0 Q(cos2mx,sin2wx)In ——-—————l (e g dx

1

1
= / Q(cos2mx, sin2mwx) In ——— dx.
0 |cos2m|x — all

In what follows we shall identify S and [0, 1] via the usual exponential map. In
particular we use Vargi (mq) instead of Var(l)(mg). Now, let us define

1
. 1
m(a) = m(ez’”(“_%)) = / Q(cos 2 x, sin2wx) In ———— dx.
o | sin2m|x — al|
Obviously
@1 Vart3(in) < Vargi (mg) + C |12, g1, »
22) Vargi (mg) < Var'3(7) + C 12l g1, -

It is not difficult to see that @ € H'(SY) iff Q(cos2mx, sin27x)x0<xj<1) €
H'(RY). Now consider

dx.

1
1
m(a) = / Q(cos2mx,sin2mwx)In
|x —al
0

By Theorem 1 and the previous observation, Q € H'! (S1) iff m has bounded variation.
We will now show that m has bounded variation iff mq has bounded variation, and
Theorem 2 will be proved. Indeed, let

1
h(a) = m(a) —m(a) = f Q(cos 27 x, sin 27rx) In (sm27r|x - a|> .
0

|x —al
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It is straightforward to check that |h'(a)| < C ||Q||L,(Sl) , a € (—2,2) and so by
(21),

Vart3(m) < Vart2(h) + Vart3(n)

IA

C ||S2||L,(S1) + Vargi (mg).

It is also clear that away from [-2,2], we have |m'(a)] < C ||, Sh /a? and
therefore

Vart3(m) < Vargi(me) + C 12, g1, -

Similarly we get the other inequality,
Vargi (mq) < VarfZ(m) + C Q1 51, 5

which finishes the proof.
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