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ESTIMATES OF GLOBAL BOUNDS FOR SOME
SCHRODINGER HEAT KERNELS ON MANIFOLDS

QI S. ZHANG AND Z. ZHAO

ABSTRACT. We establish global bounds for the heat kernel of Schrodinger operators —A + V where V
is a certain long range potential. As a consequence we find some conditions for the heat kernel to have
global Gaussian lower and upper bound. Some of the conditions are sharp if the potential does not change
sign. We also provide a generalized Liouville theorem for Schrodinger operators and a refined version of
the trace formula of Sa Barreto and Zworski [SZ].

1. Introduction

A fundamental result proved in [A] states that the fundamental solution of a second
order uniformly parabolic equation in divergence form has Gaussian lower and upper
bounds. However, in general, these bounds are not global in time since the parameters
in these bounds depend, in an implicit manner, on the lower order terms of the equation.
The following example illustrates the need for a better understanding of the bounds.
By standard estimates, the fundamental solution of A + V — 9, with V € L satisfies

cne"uvllocr

2 cpelVlot o2
/2 :

e 4 SG(X,I;y,O)S—t;/Z—e_ 4
The presence of the functions e!'Vl~"and e~1"=" masks a wealth of information and
makes the bounds less useful when ¢t — oc.

An important question arises:

Does there exist a global estimate on the heat kernel of —A + V, which reveals
an explicit dependence on the potential V?

Many authors have studied the above the problem. We refer the reader to [Sil],
[M], [DS], [NS], [LY], [N], [SZ], [Sel, [Zg2], [Z02] and the papers quoted there.

Let us sketch two interesting recent results in [SZ] and [Se]. In the main Lemma 3.2
in [SZ], Sa Barreto and Zworski proved that the heat kernel of —A 4 V has global
Gaussian upper bound provided that V has super exponential decay and —A + V
has no negative eigenvalue and 0 is not a pole of the resolvent. On the other hand,
Semenov [Se] proved that —A + V with V > 0 has a global Gaussian lower bound
if and only if A~'V € L*®(R"). As indicated below in Remark 1.1, this class of
functions, also called Green bound functions, belong to short range potentials since
these functions essentially decay faster than 1/|x|? near infinity.
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These works show that knowledge of the global behavior of the fundamental
solution is instrumental in various fields such as scattering theory, spectrum analysis.
As pointed out in [Zg3], information on global bounds is also related to the study of
global solutions to semilinear parabolic equations.

In the first part of the paper we obtain a global lower bound for the heat kernel of V
which not only recaptures all the previous lower bounds obtained in the papers quoted
above but also covers far wider choices of potential V. For instance Theorem A below
is valid for long range potentials that are just L™ bounded near infinity. When V
satisfies |V (x)| — o0 as |x| — 00, global estimates for the heat kernel are well-
known. For example, see Section 4.5 in [D]. While the paper [Se] deals with short
range potentials essentially having faster than quadratic decay. Our result seems to
fill the gap when the potential is long range, i.e., when V is bounded or decays to
zero near infinity at slower than quadratic rate.

In the second part of the paper, we obtain several necessary and sufficient conditions
on a class of potentials V so that the heat kernel of L = —A + V has global Gaussian
upper bound. In contrast, previous papers [SZ] and [Se] established only certain
sufficient conditions.

In [Zo2], the equivalence of the subcriticality of L to a number of important
properties of L was established, assuming that the potential V is Green tight (see
Definition 1.1 below). In this paper we shall introduce two more equivalent conditions:
global Gaussian bound and uniform stability. As an application we offer a generalized
Liouville theorem and an improvement of a trace formula recently obtained in [SZ]
(see Section 4 below).

In addition to establishing the above new estimates in the Euclidean setting, we
will also generalize them to the case of complete noncompact manifolds where new
difficulties arise (see the remark after Corollary A).

Let us fix a number of notations and assumptions. Unless stated otherwise, M is
always an n-dimensional complete noncompact Riemannian manifold with nonneg-
ative Ricci curvature. G stands for the heat kernel of the operator —A + V on M;
Gy is the heat kernel of —A, the Laplace Beltrami operator in M. I'g and I" will be
the Green’s functions of —A and —A + V respectively. We always assume that the
manifold is nonparabolic, i.e., g > 0. If ¢ > O and ¢ > s, then we write

1 |J’C y|2)
1.1 G. =G (x,t;y,8) = —————exp| —c .

Let V = V(x) be any Borel measurable function and ¢ > O; then we write

t
(12) Ky (1) = sup fo /M Gelx, 13y, V)| dy ds.

The value of Ky (¢) depends on ¢ which is chosen to be sufficiently small. Note that
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Ky (t) is locally finite if V € L{  with p > n/2 is merely bounded near infinity. To
better state Theorems B and C and following [Zo1] we have:

Definition 1.1.  (a) A Borel measurable function V is called Green-bound in M

if sup, fy; To(x, MIV()Idy < oo.
(b) A Borel measurable function V is called Green-tight in M if

lim supfI| TCo(x, MIV()dy = 0.
YI=R

R—oo00

Remark 1.1. Any functions V (x) satisfying |V (x)] < C/(1 + |x|?) withg > 2
are Green-tight functions in M. For a proof and other properties, please see [Zo1]. It
is also clear that V is a Green bound function if and only if A™'V € L®. A Green
tight function is a Green bound function.

Remark 1.2. Throughout the paper we assume that the potential V restricted
to any compact set is in the Kato class K,, which allows singularities worse
than those in LY, p > n/2. A Borel measurable function V is in K, if
lim,_,o[sup, f eyl <r % dy] = 0. More properties about this natural class of
functions can be found in [AS] and [Si2].

The main results of the paper are the next three theorems. Theorem A covers
both long range and short range potentials. Here we say a potential has short range
if it is Green bound. We stress that Theorem A holds for all complete noncompact
manifolds with nonnegative Ricci curvature and no extra assumptions are needed.
Let V* = V*(x) = max{V (x), 0}.

THEOREM A (GLOBAL LOWER BOUND). There exist positive constants ci, ¢, de-
pending only on M such that

- Ky+ X 2
G( t y 0) > |B(Xcvtl )le alv (t) d( ’ )’) <_._ ta
x’ ; , — - (x ) l K
; (ct T Cz—"‘v—[ + v+(m TR} )] l( , )2 > ¢,

We emphasize that for each ¢, Ky () is easy to compute for all V (in the local
Kato class) which are L* bounded near infinity. In particular this includes long range
potentials behaving like T)T (near infinity) with any k € [0, 2]. This makes the result
new even in the Buclidean case. The next corollaries indicate the powerful nature of
the above estimates.

COROLLARY A. IfV > 0, then the heat kernel of —A + V has global Gaussian
lower and upper bound if and only if V is Green bound.
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We remark that the result in Corollary A in the Euclidean case has been proven
recently in [Se], which uses a semigroup method. We are not able to generalize that
method to the present setting which is inhomogeneous in nature. For example the
L' to L™ norm of the semigroup generated by —A, which is ¢/¢"/? in R", may be
difficult to compute or define in the general case. Therefore a different approach is
needed. We mention that Corollary A on the manifold case was first proved directly
in [Zg1] and was used to study some nonlinear problems.

In the special case V = V*t = 1, we have Ky(s) < Csfors =tors = ﬁ.
Theorem A then implies G(x, t; y,0) > CG.(x,t; y,0)e™ . Since G = Gpe™, this
indicates that the on-diagonal part of the lower bound in Theorem A is sharp up to a
constant.

The next corollary deals with long range potentials having quadratic or slower
decay. Potentials with quadratic decay lie just beyond Green bound functions. From

[BG], we know this is a very subtle situation. The same result was obtained in [Zg3]
by a different method.

COROLLARY B. LetM = R" andn > 3.

@If0o<V() < W‘% with a > 0, then there exist constants ¢ > 0, ¢ > 0
depending only on M and a such that

G(x,t;y,0) > ti d(x,y)? <t.

BIfFo<V(x) < H_d"l(TO) forany0 < k < 2, thenthere exist constantscy, ¢; > 0
such that

eyt =/

G(x,t;9,0) > cre /"2 d(x,y)? <t

THEOREM B. Let M = R" with n > 3. Suppose V is Green tight. Then the
following are equivalent.

(a) G, the heat kernel of —A + V, has global Gaussian bounds, i.e., there are
positive constants a and ¢ such that

_

c(t —s)M?

forallt > sandallx,y € R", n > 3.

(b) For T, the Green’s function of —A + V, there is a positive constant b such
that, for all x, y € R,

2
gl

-5

_=?
e @ <G(x,ty,8) < ———=e T,
=G, ty,5) TESTE

b7'To(x,y) < T(x,y) < blo(x, y).
(c) The operator —A + V is subcritical, i.e., there exists € > 0 such that —A +
d1+eV =0

(d) Gaugeability, i.e., ug(x) = E* [e_fo V(X')d'] is bounded in R".
(e) Uniform stability, i.e., || pt]loo.co < C < 00.
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Remark 1.3. In the above, {X; : t > 0} is the set of Brownian motions in M and
E* is the expectation on the Brownian paths starting from x. p, is the semigroup
generated by —A + V, which is also denoted by e~'(~2*V) for convenience.

There are many other conditions equivalent to the subcriticality of an operator. We
refer to [Z02] for details.

Remark 1.4. The function u¢ in (d) is a solution of —Au + Vu = 0. A proof can
be found in [Z02].

The classical Liouville theorem states that all bounded harmonic functions are
constants. This was later generalized to manifolds by S. T. Yau. The next theorem
provides a similar result for Schrodinger operators on manifolds. In the Euclidean
case it has been proven by Z. Zhao [Zo3] using probability. The current result will
be proved by analytical means. To achieve this we make crucial use of the Gaussian
upper bound similar to that in Theorem B and the deep results in [Li].

THEOREM C (Generalized Liouville Theorem). Let M be a complete noncom-
pact manifold with Euclidean growth, which means |B(x,r)| = Cr" for C > 0.
Suppose V = V (x) satisfies |V (x)] < T+—d(%§3)—" fora > 2, n > 3, and the heat
kernel —A + V has global Gaussian upper bound. Then bounded solutions to the
Schrodinger equation

(1.3) —Au+Vu=0

are unique up to a constant. More precisely, if uy and u, are two bounded nontrivial
solutions to (1.3), then uy = cu, for a constant c.

Remark 1.5. If M = R”, then by Theorem B, the above condition that the heat
kernel p, has global Gaussian upper bound can be replaced by —A 4 V subcritical.
Note that the result in [Zo3] is slightly stronger than Theorem C in the Euclidean
case since only the conditions that V is Green tight and —A + V is subcritical are
required in [Zo3]. However we are not able to generalize the method in [Zo3] to the
manifold case. By Theorem A in [Zg2], which holds for heat kernels p; of —A + V
on all noncompact complete manifolds with Ricci > 0, there exists a § > 0 such that
p: has global Gaussian upper bound provided that V*(x) < m foro > 2.

Recently Grigo’yan and Hansen [GH] have obtained a different Liouville type
property for (1.3). They obtained conditions on V so that the only bounded solution
to (1.3) is 0. If one assumes a priori that (1.3) has a positive bounded solution then a
result similar to Theorem C in R" was established by B. Simon ([Si], Theorem 3.4).

We will prove Theorems A, B, C in Sections 2, 3 and 4 respectively. More
applications and examples are given in Section 4.

2. Proof of Theorem A

Clearly we only need to prove the theorem when V > 0ie. V = V*,
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Step 1. We prove that there exists € > 0 depending only on M such that the
following holds. For any T > 0, suppose Ky (T) < €, then G, the heat kernel of
—A + V, satisfies

2.1) G(x,t;y,5) = C/|B(x, (t — 5)"/?)]

forall0 < s <t < T andd(x, y)?> < t—s. Here C is a positive constant independent
of T.
By Duhamel’s principle, we have

22) G, t;y,5) = Golx, t;y,5)

t
—f / G(x,t;2,7) V(2) Golz, T3 y,8)dzdT,
K} M
where x,y €e Mand s < t.
Iterating (2.2) we obtain
2.2) G(x,t;y,8) = Go(x,t;y,8) + Z2,Go * (HGo)*(x,t; y,5)
= Go(x,t;y,8) + T Jk(x, 15y, 8)
where HGo(x,t; y,5) = =V (x)Go(x,t;y,s).
First of all, by [LY], there is a constant A such that
A ox ad(x,y)2) - A
BG, =9/ P\ T =) T 1B, a— o)

2.3) Go(x,t;y,5) <

Next,

IJ](X,t; y,S)l

t
f/Go(x,t;z,t)V(z)Go(z,t; y,s)dzdrt
K} D

2 [ 1 B d(x,z)z)
=A / /I\UB(x,(t—r)W)lexp( r—

V@) d(z, y)?
1B(y, ( — )75 P (’“ T—s )dZd’

= A? ¥ dzd 2 [ .
— .o.dzdt + €A e -..dzdr.
s D 4 Jp

When t € [s, §2],t — 7 > (t —s5)/2; when T € [£2,1], T — 5 > (t — 5)/2. Hence
[J1(x, t; Y, 8)|

CA? 5 1 d(z,y)*
< B (=)D /S /DW(Z)l—_—lB(y, TG exp (-—a p— ) dzdt

CA? t 1 d(x, 2)
+ Ba G =7 /:%{_/;;—IB(x,(t—r)l/z)l exp (——a P )IV(Z)Idzdr.
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Here we have used the fact that | B(x, (t — 5)!/?)| is comparable to | B(y, (t — 5)1/?)|,
which is due to the inequality d(x, y)?> < t — s and the doubling property.
Hence we have

CA?

24) Vi 5y, 9l < pr—r oy,

Kyv(@).
Following an induction argument as in [Zg2], for £ > 1 we have

[CoKv (DI

2.5) [Je(x,t; y,9)| < B&. G =)’

Substituting the above estimate in (2.2'), we obtain

CoKy(D)]*
G(x,t;y,5) = Go(x,t,y,5) — E&%.

If d(x, y)? < t — s, then Go(x,t;y,s) > C/|B(x, (t — s)"/?)|. Since Ky(t) <
Ky (T) < €, clearly we can choose € so small that

(2.6) G(x,t;y,5) > C/|B(x, (t —5)/)],

whend(x,y)? <t—sand0 < s <t < T. Obviously € can be chosen to depend on
M only.
Step 2. We prove that, for all ¢ > 0,

c1
G(x,t;y,0) > —————2Kv+®  gdx y)2 <.
15, 0) 2 ey (x, )" =

Here ¢; and ¢, depend only on M.

Fixing any ¢t > 0, we assume Ky (¢) > € where € is the constant from step 1.
Otherwise step 1 already establishes the result. Let = ¢/Ky(¢). Thenn < 1 and
Kyv(t) = €. Let G be the heat kernel of —A + V. By step 1, for such a fixed ¢, we
have

Gx,1;,0) > d(x,y)? <t.

C

|BCx, 1172)]"

The bridge between G and G is built by the Feynman-Kac formula, which is well-
known to hold for the current case since — A is essentially self adjoint and it generates
a contraction semigroup when M has nonnegative Ricci curvature (see [D]). We point
out that one can also use the Trotter [T] product formula, which uses only analytic
method, to obtain the same result.

Let {X; : t > 0} be the Brownian motions in M and E* be the expectation on
the Brownian paths starting from x. Using Holder’s inequality on the Feynman-Kac
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formula, for any nonnegative f € C3°(M) one has

f G, ;7,00 f () dy
M

= | E* exp (—n ftV(Xr)dt) f(X,)]
L 0

= | E* exp (—n f ' V(X,)dr) f”(X,)f“"(Xr)]
0

IA

n
E* exp (— fot V(Xr)df) f(Xr)] [E”f(Xr)]l—"

n 1-n
= fMG(x,t; y,O)f(y)dy] UMGo(x,t;y,O)f(y)dy] .

By choosing a sequence approximating the Dirac § function, we deduce that
G, 1,0) <[G(x,1;y,0)]"[Go(x, £; y, 0]' .
Noting that Gy is the heat kernel of the free Laplacian, we have
G(x,1;y,0) < CIG(x, t; y,00]"[1/|B(x, '3,
which yields, via the lower bound for G,

~ 1/
G(x,1;y,0) > c[|B(x,z'/2)|‘-"c-;(x,t;y,O)] !

C 1/n Ccl/n e—ch(t)e“
= C[lB(x,t1/2)|1‘” ]

IBG,t72)[] ~ [BGx,072)]  |B(x, /)]

where d(x, y)? <t — s and t > 5. This completes step 2.

Step 3. We establish the off-diagonal lower bound.

To this end, we follow a standard path in [FS]. One can also see Theorem 3.3.4 in
[D]. For completeness we present a proof modeling that in [D]. We remind the reader
that in [D] the lower order terms are zero.

Lett > O and x,y € M be arbitrary. Suppose ! = I(s) is a minimal geodesic
connecting x and y which is parametrized by length. If we put

xr =1(rd(x,y)/M)
for0 <r < M then

1
d(Xr, Xrp1) < -2-(t/M)”2
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if and only if
4d(x, y)?/t < M.
We take M to be the smallest integer which satisfies this inequality. Then

G(x,t;y,0)
>/G(xt' 0G (y1, =;y50)---G L 3:0) dy---d
= ,M,)’b V1» M,yz, YM-1, M,y, N YM-1
where we integrate y, over the set
1
{y, 1dQy, %) < Z(t/M)‘/z}.

Applying (2.6), for y, in the region above, by the doubling property we have

t
G(yr—l"A_l;yr’O) > Ce=Kv/M /|B(y,, (¢/M)'/?)|

%

Ce=Kv @M /| B(xy, (t/M)'/2).
This yields the bound

G(x,t;y,0) > M1 _M_
= =0 L IB(x,, (t/M)12)|

> CMemMRvU/M | B(x, (t/M)'/?).

] M3t [CIBGxy, (t/M)3)]]

Since M is close to 4d(x, y)?/t, by the doubling condition the above implies that for
some ¢y, ¢y > 0,

_e, 4 2
G(x,t;y,0) > cl‘chz-n(x, t;y,00e @ 1 kv,
forallx,y e M, allt > 0.

Proof of Corollary A.  Suppose V > 0 is Green bound. Then, for all ¢t > 0,
Ky() < SUp/ V()To(x,y)dy < C < o0.
x JMm
The global Gaussian lower bound follows immediately from Theorem A. The Gaus-
sian upper bound always holds since V > 0.

Now suppose G, the heat kernel of —A + V, has global Gaussian lower and upper
bound. By Duhamel’s principle,

t
G(x,t;y,s)=Go(x,t;y,s)—/ / Gx,t;2,7) V(2) Go(z, T3y, s)dzdr,
K M
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where as before, Gy is the heat kernel of the Laplacian. By assumption, there are
positive numbers c; and ¢; such that G(x, t; z, T) > ¢1G,(x, t; z, T). Hence

t
c f / Ge,(x,t;2,7) V(2) Go(z, T3y, 5)dzdt < Go(x,t;y,5) — G(x,t; 2, 7).
K M

Integrating the above inequality with respect to x , we deduce that for some C > 0,

t
ff V(z2) Go(z, T; y,5)dzdt < C,
K} M
which implies
S“P/ Co(y,2)V(z)dz < C.
yEM JM

This means V is Green bound. O

Proof of Corollary B. Suppose 0 < V(x) < m, for k € [0,2]. Fort > 1
we have

Ky (@)

IA

! 1 oy 1
C + Csu ff —_—e ¢ ————dyds
N A TP T+ix—yk >
! 1 oyl 1
C + Csu /[ —e 7 —————dyds
xP 1 Jixg—yp<s S 1+ |xo — yl* Y
! 1 L=y 1
+ Csu f f —_—e ¢ ———————dyds
xp 1 Jixo—yl2=>s sn/2 1+ |JCO — y|k Y
C+Csu f ' ] ! L ayds
xp 1 Jixo—yl?<s s"2 1+ |xo — }’|k Y
+C /ff Lot Ly ds
su —_— 5 —
xP A sn/2 sk/2 y

| 1 |
o[ e[
xp 1 M2 Jirg—ypp<s 1+ 1x0 — Y Y 1 ski2

S
< c+cf — ds.
1

IA

IA

IA

$k/2

If k = 2, then Ky(#) < ¢ + Blnt. Here B is a nonnegative number. When
|x —y|> < 1andt > 1, using Theorem A we have

C _, 9
. —c(C+Bmty _ __ ~
G(x,t;y,0) = tn/Ze T tn208)/2°
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If0 < k < 2,then Ky (¢) < ct'~*®/2_ Using Theorem A again, when |[x — y|> < 1
and t > 1 we have

Ce—ct'4"?

G(x,t;,0) > i O

3. Proof of Theorem B

We shall follow the chart: (a) = (b) = (¢) <= (d) <= (e) and (¢) = (a).

The proof is divided into several steps.

Step 1. (a) = (b) is trivial since ' (x, y) = f0°° G(x,t;y,0)dt.

Next we show that (b) = (c). To this end we first prove that the operator —A 4
(14 €)V has a positive Green’s function when ¢ is sufficiently small. Let I'c denote
the Green’s function of —A + (1 + €) V. Then, formally,

3.1 Ce(x,y) =T(x,y) — 6/ Ce(x,2) V(2) T'(z, y)dz.
R’l

We use the word formally since the existence of I"¢ is not yet justified.
Iterating (3.1) we obtain

(3.2) Te(x,y) = T'(x, y) + 2T * (—eVD)*(x,y)
= T'(x, ) + B2 k(x, y)

By (b), there is a positive constant c¢3 such that

3.3) ¢; ' To(x,y) < T(x,y) < ¢5'To(x, y),

for all x, y € R". Hence
I < e/ Fo(x, DIV @Iz, ¥) dz
Rn
<. f Co(x, DIV (@ITo(z, y) dz
[x—z|=|x—y|/2

+e / Fo(r, IV @ITo(z, y) dz
d(z.y)=|x—y|/2

Hence
[I] < CeK(V)To(x, y)

where K (V) = sup, [g. Co(x, IV ()| dy.
By an induction, for k = 1,2, ... we have

(34 Il < [eCK (V)T To(x, y).
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Using the lower bound in (3.3) together with (3.2) and (3.4), we deduce that
1
Fe(x,y) > E;FO(x’ ¥) = T2, [€CK (V) To(x, y) > caTo(x, y) > 0

when ¢ is sufficiently small. From here it is standard to show that I'¢ is a positive
Green’s function for —A + (14 ¢€)V. Now we can follow the Allegretto-Piepenbrink
theory (see [Si2]) to show that the operator —A + (1 + €)V > 0, and hence the
operator —A + V is subcritical by definition. Indeed let f € C§°(R"); we choose
a point xo outside of the support of f. Then u = I'.(x, xo) is a positive solution of
—Au+ (1+4+€)Vu =0in R" — {xp} (see Theorem 6.4 in [CZ]). By Theorem C.8.2
in [Si2], we have fR,,(IVfI2 + (1 +€)VfHdx > 0. Since f is arbitrary, we know
that —A + (1 + €)V is a nonnegative operator in R”".

Step 2. From [Zo2] we know that (c) is equivalent to (d). Now we prove that (d)
is equivalent to (e).

First we show that (e) = (d). By the positivity of py, it is clear that

Il Pt lloc.co = Il Pr1lloo = sup E* [e‘fo V‘Xf)dr] .
X

Assuming p; has uniform stability, then || p; |oo.co < C. Hence Ex[e'fo V(X’)d’] <C.
By Fatou’s lemma, we have

uo(x) = E* Iie_-/;)m V(x')dt:l <C.

This proves (d), i.e., gaugeability.
Next we prove that (d) = (e).

Again let ug = E* [e_fo V(X')dt]. We claim that there exist A, B > 0 such that
B < up(x) < A < oo forall x € R". Since V is Green tight, we have

o0
sup Ef VXDl dr < sup/ Fo(x, NIVl dy < C < oo.
x€R” 0 x R"

By Jensen’s inequality,
to = E"[e*fo VXodry 5 e—E*fo vaodt S g o g,

The upper bound holds by assumption. This proves the claim. By Theorem 2 of
[Z02], ug is a solution to —Au + Vu = 0. Hence p;uo = ug. Therefore

1 1 A
pel(x) < EP:“O(X) = E""(x) =5
Therefore || prllcc.co = I Prlll0 < A/B.
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Step 3. Finally we only need to show that (c) = (a) since we already proved that
(@) = (¢).

We will follow the arguments in Lemma 3.2 in [SZ], which uses a combination of
ideas in [D] and [Si2]. For this reason we will be brief. Since —A + V is subcritical,
there is an € > O such that —A + (1 + 2¢)V > 0. Hence

(3.5) —A+(1+¢€)V > —€A.

Since (c) is equivalent to (), we know that || p; [ .00 < C < 00, which, by duality and
interpolation, implies || p¢ 1.1, | ptll2.2 < C < oo. Hence we can apply Theorem 2.4.2
in [D] to conclude that

"e—t(—'A+(1+€)V)“2 o < C(V)t~n/4.
As in [SZ], one obtains
(36) e—r(—A+(l+6)V)(x’ y) < C(V)/tnlz.

Letl < g, q' < oosatisfy ;}-+ # = 1. Applying Holder’s inequality to the Feynman-
Kac formula, we obtain

(3‘7) e-—f(-—A+V)(x, y) < [e—t(—A+qV)(x, y)]l/q [e—t(—A)(x’ y)]l/q, ‘

Taking g = 1 + €, using (3.6) and (3.7), the Gaussian upper bound follows. The
Gaussian lower bound is a consequence of Corollary A as follows.

First we use Corollary A with V is replaced by V*. We stress that we did not use
the condition that —A + V is subcritical in the proof of the global lower bound. As
VT is Green bound, we know that the heat kernel of —A + V* has global Gaussian
lower bound. By the maximum principle, we know that the heat kernel of —A + V is
not smaller than that of —A + V*. Hence the former must also have global Gaussian
lower bound. This completes the proof Theorem B.

4. Proof of Theorem C and other applications and examples
Proof of Theorem C. First we claim that any bounded solution to
4.1) —Au+Vu=0
satisfies the following integral equation for a suitable constant C:
u(x) =C— /M L(x, )V (yu(y)dy.

The proof of the claim is as follows. Since u is bounded, it is easy to verify that
uo(x) = — [, T(x, YV (y)u(y) dy satisfies

Auo = Vu.
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Hence A(u —ug) = 0. Moreover u —ug is bounded. By S. T. Yau’s Liouville theorem
for the free Laplacian on M, we know that u — ug = C. This proves the claim.
Next we prove that the only bounded solution to

@2) u(x) = /M Co(x, )V 0)u(y) dy

is zero. Let u be a bounded solution to (4.2), then

()| < € fM Co(x, IV dy.

By our assumption on V and the estimate in [LY], we have
1
uix)|<C dy.
ol = /M G,y 21+ d(y, 200D
Since a > 2 and M has maximum growth, we can find a constant ¥ > 0 such that

C
lu(x)| < mg~

4.3)
Since u is a solution to (4.1), it is also a solution to the corresponding heat equation,
ie.,
Aulx) = V(x)ulx) —u(x) =0 in M x (0, 00)
with u itself as the initial value.
As before, let G be the heat kernel of —A + V. We have
ue) = [ G 1y, Ou0) dy.
M

By assumption, G has global Gaussian upper bound. This, together with (4.3), implies

2
l _cd(x.v) l

4.4 <C| — ————— dy.
@.4) lu)| < ,/Mt"/ze T Y
Direct computations show that, for any x,

1
lim Bx,R)“‘/ —  _dy=0.
R—>°°| ( | Be.R) 1 +d(y, x0)? Y

By Theorem 3 in [Li], we know that the righthand side of (4.4) converges to zero
when t — o0. Hence u = 0.

Let u; and u, be two bounded nontrivial solutions to (4.1). According to the above
claim we know that

ui(x) = Ci — fM LG, )V () dy,
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where i = 1,2 and C; are constants. Since C; cannot be zero by the last paragraph,
we can find a constant ¢ such that C; = ¢C, and hence

) = ) = = [ T NVOIar = cun) ) dy.
M
By the last paragraph again, u; —cup; =0. O

Remark 4.1. If —A +V is not subcritical, then the above Liouville type theorem
does not hold in general. For example, consider the Helmholtz operator H = —A —1
inR?. Itis well-known that Hu = 0 has a bounded nontrivial solution. By symmetry,
every translation of a solution to Hu = 0 is also a solution. Obviously they are not
constant multiples of each other.

Using Theorem B, we derive an improved version of the trace formula obtained
in [SZ]. Note that we have eliminated the restriction that the potential has superex-
ponential decay and is smooth.

PROPOSITION 4.1. Let V € L'(R") N K, where K, is the Kato class. Suppose
that — A + V is subcritical. Then there exists C(V) > 0 such that

[Tr (¢4 = 7 0)| < CvytE
forallt > 0.

Proof. We observe that if V € L'(R") N K,, then V is Green bound. Indeed,
fixing r > 0, we have

\%4
Sup/ V(I dy < Sup[ [V(yl dy + sup IV(yl dy
x JRr |

|x — y[n—2 x Jix—y|<r |x — y|n—2 x Jx—ylzr |x — y|n—2

< CHr " |V|u < oo.

Now that we know V is Green bound and —A + V is subcritical, by Theorem A we
know that the corresponding heat kernel has global Gaussian upper bound.

Once we have the Gaussian upper bound, the proof of the proposition is identical
to that in [SZ]. Here we give a sketch of the proof while referring the reader to
Proposition 3.1 in [SZ] for details. Indeed, by Duhamel’s principle and Theorem A,
there are ¢, C > 0 such that

| Tr(e—t(—A+V)_e—f(—A))| =

f [G(x,t; x,0) — Go(x, t; x,0)] dx
Rn
t
ff Golx, 12, 9)G(x, 52, 0)[V (@) dzdx ds
0 JR"
t
SC// / Go(x, 1;2,5)Ge(x, 5,2, 0)|V(2)| dzdx ds
0 JR"JR?

< c:‘~%f |V (2)| dz. O
Rn
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Next we give examples of Schrodinger operators whose heat kernels do not have
global Gaussian bounds. Let L = —A + —"'Ix_lf Since

f ! d -—c/oo 4 dr =
R D 2A+ D Py T2

we know that V = 'IT}}" is not Green bound. By Corollary A, the corresponding heat
kernel does not have g{obal Gaussian lower bound. But Corollary B shows that the
heat kernel will still have a polynomial decay on diagonal. By Corollary A again we
know that the heat kernel of the operator —A — W does not have global Gaussian
upper bound.

In contrast, Theorem A shows that the heat kernel of the operator

1

A+
1+ 1x1) In2 + |x])

with & > 1 has global Gaussian bounds. This is because V = (Tﬂm') is
Green bound (see [Zo1]).

We have assumed that the local singularities of the potentials are in the Kato class
K. This includes local singularity in the form of _IWIF— with @ > 1. Even though
K, (the Kato class) is already a natural class for Schrodinger equations (see [Si2]),
one may still wonder whether « can take values in [0, 1]. The answer is no In fact
by (3.11) in the proof of Theorem B (iii), if the heat kernel of —A — Tl’lTW had

global Gaussian lower and upper bound, then

1
sul dx < C < o0,
_velg' /1;,. Ix12|In |x|[*[x — y|"—2

which is not true if « € [0, 1]. Here we remind the reader that in order to use
Theorem B, an approximation argument like that in [BG] is needed. This is because
the integral on the right hand side of the Duhamel’s principle may not converge if V
is an arbitrary measurable function.

As a final example, we recall the equation

— Au — Tlfu—O (x,t) € R" x (0, o0)
u(x, 0) = uo(x), x € R".

By [BG], there exists C* > 0 such that the above problem has no positive solution if
C > C* and uo(=> 0) is not zero. The heat kernel is even undefined in this case.

Remark 4.2. Theorems A and B still hold if A is replaced by any time-independent
uniformly elliptic operators in R". Only minor modifications are needed for the
proof.
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