ON THE CURVATURES OF RIEMANNIAN MANIFOLDS!

BY
JouN A. THORPE

An open question of long standing in Riemannian geometry is the following:
given a compact orientable even-dimensional Riemannian manifold X of
positive Riemannian sectional curvature, is the Euler-Poincaré characteristic
x of X necessarily positive? This is known to be the case for example when X
is a homogeneous space [5], a 4-dimensional manifold [3], or a 6-dimensional
Kahler manifold satisfying a certain additional hypothesis [1]. A tool avail-
able for studying this question is the Gauss-Bonnet formula [2] which can be
expressed as

2
x=_deV
Cp Vx

where K is the Lipschitz-Killing curvature of X, dV is the volume element,
and c, is the volume of the Euclidean unit n-sphere.

The Lipschitz-Killing curvature K has an unwieldy algebraic expression in
terms of the curvature tensor of X and it is not as yet well understood. In
this note we investigate the geometry of this curvature, continuing work
begun in [6], and obtain certain partial results in the direction of the “positive
curvature implies positive characteristic” conjecture.

1. The curvatures v,

Let X be a Riemannian manifold. Since the Riemannian sectional curva-
ture v of X completely determines the curvature tensor of X, it determines all
the curvature properties of X and in particular it determines the Lipschitz-
Killing curvature K. It is the nature of this dependence which occupies our
attention here. We would like to know, for example, if ¥ > 0 everywhere
implies K > 0 everywhere. An affirmative answer to this local question
would yield an affirmative answer to the global question considered above.

Now between the Riemannian sectional curvature v and the Lipschitz-
Killing curvature K there is defined a sequence of intermediate curvatures
v . The function v, , called the pt* sectional curvature, is a smooth function
on the bundle of p-planes over X and it measures the Lipschitz-Killing curva-
ture of geodesic p-dimensional submanifolds. It is defined for all even integers
p between 2 and the dimension of X. v, = v is the Riemannian sectional
curvature and v, = K is, for n even, the Lipschitz-Killing curvature.

That these curvatures v, lie at the heart of the problem under considera-
tion is well illustrated by the following example. The most definitive result
thus far obtained relative to this problem is its solution in dimension 4.
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Milnor showed that if the Riemannian sectional curvature v, of a compact
orientable 4-manifold X is either >0 everywhere or <0 everywhere then
the characteristic x of X is >0. A close analysis of the proof of this result
(see e.g. [1]) shows that what was in fact proved was that, for arbitrary
Riemannian manifolds, yo > 0 everywhere or v, < 0 everywhere implies
v4 > 0 everywhere.

Now for p and ¢ even integers with p + ¢ < dim X, the (p + ¢)* sectional
curvature v,.4 is completely determined by v, and v, (cf. the remark in §2
below). We need to know more about this dependence. For example we
would like to know if v, > 0 everywhere and v, > 0 everywhere implies
Yore = 0 everywhere. The author has shown [6] that this is indeed the case
when v, and v, are both constant. An affirmative answer to this question
in general would yield a confirmation of the ‘“positive curvature implies
positive characteristic”’ conjecture.

Our main theorem determines explicitly the dependence of v,., on v,
and v, in the case where v, (or v,) is constant.

TuroreEM. Let X be a Riemannian manifold with constant p™ sectional
curvature v, . Let P be a (p + q)-plane tangent to X. Then the value at P
of the (p + q)t sectional curvature vpi+q ts equal to the constant value of «,
multiplied by the average value of v, over all g-planes Q contained in P.

Postponing the proof of this theorem to the next section we derive several
corollaries, the first of which is an immediate consequence of the theorem.

CoROLLARY 1. Suppose v, ts constant and that v, keeps constant sign for
some p and q with p + ¢ < dim X. Then vpiq keeps constant sign and

sign (Ypya) = sign (Vp Ya)-

Remark. This statement is to be interpreted in the broadest possible
sense. Thus, for example, if v, is constant > 0 and v, < 0 everywhere then
Yora < O everywhere, whereas if v, is constant > 0 and v, < 0 everywhere
then v,., < 0 everywhere.

Remark. Greub and Tondeur [4] have recently obtained a related result
in the case of compact locally symmetric homogeneous spaces. They proved
that, for such spaces, v, = 0 for all p.

CoROLLARY 2. Let X be a compact orientable Riemannian manifold of even
dimension n. Suppose v, 18 constant and that v.—p keeps constant sign for
some p. Then the Euler-Poincaré characteristic of X has the same sign as
Yo Yn—p -

Proof. By the theorem, the sign of v, is everywhere the same as that of
Yp Ynp . BUb v, is the Lipschitz-Killing curvature, i.e. the integrand in the
Gauss-Bonnet formula for the characteristic x. Thus x also has this sign.
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CoroLLARY 3. Let X be compact orientable and of even dimension n. As-
sume that v, ts constant. Then the FEuler-Poincaré characteristic of X s

given by the formula
2K n—2 f
= av
x nin — 1)¢, Jx P
where ¢, 1s the volume of the Euclidean unit n-sphere, K, ts the constant value
of Yn—2, and p 1s the scalar curvature of X.

Proof. By the theorem, the Lipschitz-Killing curvature v, at zeX is
equal to K,_» multiplied by the average value of the Riemannian sectional
curvature vy, over all 2-planes at . In terms of the components of the curva-
ture tensor R relative to any orthonormal frame at z, this average is given by

— 92)191
@"‘“—)—— Z Rm: Z Rzm =

n' 1<J - (n - 1)
Inserting this information into the Gauss-Bonnet formula completes the
proof.

( 0 p(x).

2. Proof of the theorem

We shall adopt here the notation used in [6] and shall assume the results of
that paper. Recall that, from the curvature forms Q:; of the Riemannian
connection of X, we constructed p-forms

(1> ®§f)¢ = P! ; 5(117 Ty ip;jly T ,-jP)Qj1j2 Vv le—lip
J
on the orthonormal frame bundle F. These forms are defined for each selec-
tion (¢) = (%1, -+ 2p) from {1, ---, n}. The sum here ranges over all
such selections (7) = (41, -+, jo»). The symbol
6('il) )ip;j17 )jp)

is zero unless (j) is a permutation of (¢) in which case it is equal to the sign
of this permutation. These forms are the components of a p-form 8 on
F with values in the pt® exterior power BT, of real n-space.

Now the ptt sectional curvature v, of X is given by the formula

(2) vo(e, P) = O5(0) (fi, -+, f2)

where b = (z;f1, - - - , f») isany orthonormal frame at x such that {f, - - - , fp}
spans P and f; is any vector at b which projects onto fi(ie{l, ---, n}).
Furthermore v, is constant if and only if the equations

(3) @7(;37.)..% = Kp Wiy V <+ V Wi,

are satisfied for all (¢), where K, is the constant value of v, and wy, + -+, wn

are the canonical 1-forms on F.
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In the proof of the theorem we shall use the following lemma, which was
implicit in [6].

. +
Lemma. The form @(” qip +q Con be expressed as

pto  _ _ Plgl (5) 0L
0: p q’p+q ( + q)’ Z O p k:+1"‘kp+q

where the sum ranges over all partitions A = (A1, A2) of

{il)"'7ip+'1}

into sets Ay of p elements and A of q elements, and where (ky, -+, kpyq) s, for
each A, an even permutation of (41, *+- , Tprq) Such that

kl, ,kp€A1 and kp+1, akp+(1€A2’

The proof of this lemma is contained in the proof of Theorem 6.2 of [6]
and will not be repeated here.

Remark. Tt follows from this lemma that v,, is completely determined by
v, and v, . For in fact vy, is, according to formula (2), determined by
O which by the lemma is determined by ©” and ©?. But 0 is
completely determined by v, (and similarly for ©?). For if there existed
two such p-forms O and @™’ (horizontal equivariant R7,;-valued p-forms
on F whose components satisfy the Bianchi type identity of Lemma 4.4 (i) in
[6]) such that v, was obtained from each by formula (2), then replacing the
® in the proof of Theorem 5.1 in [6] by ' — @ and applying that proof
implies that @ — @™ = 0.

Proof of the theorem. From the lemma,

1 g!
(p+q) P9 (») (@)
o, = > 0., v O

( + q)| Ip41tiptg
where () = (41, -+, iprq) 1s, for each partition A = (4;, A4,) of
{1, ---, p + ¢}, an even permutation of (1, ---, p + ¢) such that

(2.1, "',ip)eAl and 7:p+1, ttty ’ip+qu2.

Since v, is constant, equations (3) imply that

(4) ip'-h;))"'q = ( + q)| Z K wll Vv wzp v 61::-1 ‘p+q
where K, is the constant value of v, .
Now @E 9 | ..siysq 18 a horizontal g-form on F. Since the set

{wjl Vo ijq|13j1< <jq§n}

is a basis for the horizontal ¢-forms at each point of F, there exist functions
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S(Tpt1 = Tprq 3 J1 ** - Jjq) o0 F, defined for each selection (71, -- -, j,) from
{1, - -+, n} and completely alternating in the j’s, such that
O, 1ty = 2o S(ipst < Gpag 501+ Jowiy, Vo0V wj,

where the sum ranges over all (j) withj; < --- < j,. Putting this into (4),
we obtain

(p+q) plg! . . . .
(5) 1+ ptq D+ 9! p ; [g): S(tpna lptq s J1 Ja)

Wiy Vot Vi, Vg Vo ijq].

For (x, P) a (p + ¢)-planeon X, let b = (x;f1, - -+, fa) € F be a frame at
x such that {fi, - -+, fprel spans P. By (2), the sectional curvature v,, at
(x, P) is obtained by evaluating the left hand side of (5):

Yo+a(T, P) = f?ﬂ:‘gﬂ(b) (f{ y T 7f;+q)-

But, for each A4, the only terms in the brackets on the right hand side of (5)
which are non-zero upon such evaluation are those where

(7:17"'7ip;j1""7jq)

is a permutation of (1, - -+ , p + ¢), i.e. those where (ji, - - - ,7,) is a permuta-
tion of (¢p41, *** , %p+q). In this case, let ¢ denote this permutation:
<i,,+] ip+q>
g = . . .
]1 CEEENY ]q
Then
S(Cpr1 v prg 301+ Jo) = (S8R 0)S(pt1 * * Tpra 5 Tpr1 *** Tpig)
and
wj, V o0 Vo, = (sgno)wi,, V o0 Voo,
s0, since (%1, * - - , 1prq) i an even permutation of (1, --- , p + ¢),

7zr+¢1(x’P) ( + )'K Z(Sgn”)s(@wl""ip+q;’5p+1-'~iﬁ.q)
Wiy Vo vwip+q(f1/’ "‘:f;H'q)
(p—l— )'K ZS(’W"'@’m;iﬂl“'mq)

/ /
w1 Vo Voapg(fi, o, fpte)
or

(6)  Ypho(z, P) = e + )|K ZS(%H g Tpkt k).

It remains only to express the terms in this summation in terms of v, . For
this, let @(A) be the ¢g-plane spanned by

{f";p-{-l’ Tty ip+q}'
Let by = (251, -+, e.) e F besuch that e, = f,, , forke{l,---,q}. Then
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by = bg for some ¢ = [g;;] e O(n). Note that the first ¢ columns of g are
determined by our requirement on by . Let ¢, = Ry« f@p aforke{l, -, q}
where R, denotes the differential of right translation by g on F. Then e
projects onto e, and, by (2),

vo(2, Q(A)) = O1%. (b)) (e, -+, €)
12.0(b9) (Bys fiper s > Ryx Fipyy)
!J (Q) Q(b)(f ipgr1 0 T Yf/;p.{.q)

where R, is the map on differential forms induced by right translation by g¢.
But, by equivariance of ? (cf. [6, §4]),
Ry O = 220 gn1 " Giga OFts
= @

Tp41°* Iptg *

I

II

We have used here our knowledge of the first ¢ columns of g. Putting this into
the above expression for v,(z, Q(A)) we obtain

Yol Q(A)) = O oo (D) (fiars = s Fipra)-
Thus, from (6),

(7) Yota(w, P) = K, Z Yoz, Q(A)).

(»+ 9! + )'
Since there are exactly (p + q) ! /p! q! partitions A of {1, ---, p + ¢},

2= va(z, Q(A))

(p + q)'
is the average value of v, over all g-planes @ which can be obtained as the span
of q vectors in the chosen basis fi, - - - , fprq f P. But from (7) it is clear
that this value is independent of the basis fi, - -+, forq chosen. Hence this

value is in fact equal to the average value of v, over all g-planes  contained
in P.
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