SECONDARY OPERATIONS IN THE COHOMOLOGY
OF H-SPACES

BY
ALEXANDER ZABRODSKY

0.1 Introduction

The study of the cohomology of H-spaces had several stages—from the purely
algebraic study of Hopf algebras—the Hopf and Borel theorems through the
study of Hopf algebras over A (p) to the study of higher order operations such
as the higher Bockstein operations and the Bockstein spectral sequence as in
[2]. Lately K-theory has been used (by J. R. Hubbuck for example) to pro-
vide more information regarding the structure of the cohomology of H-spaces.

In this study we use some secondary operations to investigate H* (X, Z,), X
an H-space. It is difficult to state all the consequences of this study. As a
sample we have the following.

1. (Proposition 4.1). Let ¢’ be a secondary operation associated with the
relation

) BP™ = 1/m — 1(P'8P™ — P™B) m # 1 mod p.

(Forp = 2,put P™ = S¢’", 8 = S¢".) Let (X, ) be an H-space. Suppose
BHeven (X, Z,) = 0. If0 = x ¢ QH™™(X, Z,)/im P" then z can be represented
by an element 2’ ¢ H™ (X, Z,) so that ¢’ (2’) will have a nonzero image in
QH™ (X, Z,)/im P'. Moreover, there exists a submodule 4, A C
PHyn (X, Z,) nker Py (P the dual of P') so that z ¢ 4™ and for every y e A

Ty =@y, yv=yl@- Gy)- ).
2. (Corollary 4.2). Let (X, u) be an H-space, BH* (X, Z,) = 0. ¢’ in-
duces a morphism Q¢’
Q¢ : QH™ (X, Z,) — QH™ (X{ Z,)/imp' (m 5 1 mod p)
which satisfies ker Q¢' < im P
3. (Proposition 4.3). Let (X, u) be an H-space, Hx (X, Z,) associative and
commutative. Suppose H**»(X,Z,) = 0. Ifaclassye PHx (X, Z,) hasa

finite height, then % = 0 and for every N > 0 for which Py e ker PY we
have N + k£ = 1 mod p.

Similar results hold for a secondary operation ¢” associated with gP™ = gP™
(defined on ker o™ n H™ (X, Z,)).

All spaces considered are of the homotopy type of a CW complex of finite
type. All Hopf algebras are graded connected and of finite type. We use
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the notations in [7] of Q4, PA and ¢ for indecomposables primitives and p*
power in a Hopf algebra A. We write @ : A — QA as the projection.

1. On Cartan formulas for secondary operations

In [5] and [6] the existence of a Cartan formula for high order cohomology
operations is studied. It wasfound, for example, that if ¢ is a secondary opera-
tion, z, y vectors of cohomology classes so that z+y = D ;;-y:isin the domain
of ¢ and z, y and ¢ satisfy certain stability conditions then ¢ (xy) = ¢'z-a’y +
a”z-¢"y for some primary operations o’ and a” and some operations (that
might be combinations of primary and secondary operations) ¢’ and ¢”. The
limitations on ., ¥ and ¢ are essential if an attempt to compute a’, a”, ¢’ and
¢” explicitly is to be made. However, if a more general property is sought
these conditions can be relaxed. Let p be a prime and let ¢ be the secondary
operation defined by the universal example (¥, 4, v) (in the sense of Adams,
see [1, page 55]). By this we mean the following: Given B = K(Z,, m),
B = [[;K(Z,,n;) andb : B— B’. E andr : E — B are obtained as the
fration induced by b from the path fibration

QB — £B’' — B’.
Hence we have

QB’

|- |
b

B » B’.

Let w = r*., where w, ¢ H* (B, Z,) is the fundamental class, and let v be a
class in H*(E, Z,) (usually assumed not to be in im r*).

The operation ¢ is then defined on the natural subset S € H *(K, Z,) of the
cohomology of an arbitrary CW complex K consisting of those elements s with
bo foe wheneverf, : K — Band fiw, = s. ¢(s) € H*(K, Z,) is then defined
to be the set

(Foolfo: K—E,rofo = 1.

We shall assume that b = Qb; is a loop map; however, v is not necessarily
primitive. We shall refer to S as the domain of ¢.

1.1 ProposiTioN. Let X and Y be CW complexes. Suppose
2= 2. ® y; e H™ (X X Y, Z,) isin the domain of , dim z; > 0, dim y; > 0.
Let p(z) and p(y) be the A (p) ideal generated by the x;’s and y.’s respectively.
Then

¢@) nlo(x) ® H* (Y, Zy) + H* (X, Z») ® p(y)] # 6.

Proof. LetK:=K(Z,,dimz;),Ki = K(Z,,dimy;). LetX, = II:k:,
Yo = [][: Ki andletf : X — Xoand g : ¥ — Y, be given by it = a2,
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Kk MWk N ’ ! ” " . . ’ n
gri u =1y; (r;:Xo— K;and r; : Yo — K; are the projections, «; and ;

are the fundamental classes in H*(K;, Z,) and H*(K?, Z,) respectively).
We have the following sequence:

xxvIX xoxy, B b, B

B =2=2:1u®u,h| Xo\V Yo=xandboho (f X g) ~  hence,
h* o b*(PH* (B, Z,)) < [PH* (X, Z,) ® PH*(Y, Z,)] nker (f* ® ¢*)
= [ker f* n PH*(Xo, Z,)] ® PH*(Y,, Z,)
+ PH*(Xo, Z,) ® [ker g* n PH*(Y,, Z,)]
and there are w1, we : Xo X Yo — B/, w; | X0V Yo = 50 that
boh = wyxwy = pgr o (w1 X wy) oA
(us’ the loop addition, A the diagonal) and

wyPH*(B', Z,) C [ker f* n PH*(X, Z,)] ® PH*(Y,, Z,)
and
wyPH*(B', Z,) € PH*(X,, Z,) ® (ker ¢* n PH*(Yy, Z,)).

Let X, and Y, be generalized Eilenberg McLane spaces,
V:Xe—Xe, b :Y,—Y,
be H-mappings with
v¥*(PH*(X,, Z,)) = ker f*n PH*(Xo, Z,),
v *(PH* (Yo, Z,)) = ker g* an PH*(Y,, Z,).
Let 7’ : B’ — Xoand #” : E” — Y, be the fibrations induced by b’ and b” from
QXo — £X5 — X, and QY — £Yo — Y, respectively. Putj’ : X, — E',
i 1 QYo — E”.
Nowf: X —Xpandg: Y — Yocanbeliftedtof: X — E’and §: ¥ — E”.
Consider now the following diagram:
E'" XY,
IXyg

fXg boh

XXY———M—2 X, >< Yo———— B

FXg
1)(7‘” W2

XxEII

r X1

As
wiPH*(B', Z,) € im b'* ® A* (Yo, Z,),

ws PH* (B, Z,) < A* (X, Z,) ® im 0",
we have wi (' X 1) ~ % (rel B’ \/ Vo) and wa (1 X ) ~ # (vel X, \/ E”).
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Hence, there exist
v i E' XYy, B\ Yy LB
v 1 Xo X E”", Xo\/ E” — &B'

with & 00" = w (7' X 1),8100” = w(1 X r”) where & : £B’ — B’ is the evalua-
tion at 1.

Definew : B X E” - E < B X £B’ by

w(& g) = h@ @), r"(F)), ' & r"(G)) *v" (' (&), 7)

where v’ * v = L(up') o @ X o).

Now, (F* ® §*) o w™ () e ¢ (2) but aswo (j* X j7) = * and therefore,

(7 ® ") e w* ) = 0,

by [9] Proposition 5.5 III, w™(») is in the ideal generated by
im (* ® r”*), or equivalently, in the ideal generated by

im#* ® H*(B”, Z,) + H*(E', Z,) ® im #,
hence
FF® g ow ) eplx) ® H*(Y, Z,) + H* (X, Z,) ® o).
2. Coproducts and indecomposables

If N is a Hopf algebra over 4 (p) then QN is an 4 (p)-module. In general
the product in N does not induce a nontrivial product in QN. On the other
hand tlle coproduct ¢ induces some operation on QN.

Let¥ : N >N ® Nbegivenby gz = ¢ — 1 ® 2 — 2 ® 1 and let ¢* and
¢ be defined inductively by

V=1 ¥=y ¥=0"01oy k> L
?° = ¢, the augmentation, ¢'=¢, ¢=@F @19, k> 1

2.1 DerINtTION. Let A be a graded module over a ring R and let A* be the

k-fold tensor product A> = A ® 4, A* = 4 ® A*™. Define
shuff; : 47 ® 47— 4*

by
shufff{(;1 ® - ® ;) ® @ ® -+ ® )] = D EaOay ® @ aii
summations over all permutations

a: (1,2, - k)= (a(l), --- alk))
which satisfy o (r) < a(s)if eitherr < s < jorj < r < s;, = ] (—1)'* %!
(ar € Aja,|), the product taken over all r, s with r < j < sand a(r) > a(s).
shufff = shuff; = 1.

A tedious but straightforward calculation yields

2.2 ProposritioN. If N is a Hopf algebra, z,y e N and DN = N-N = ker Q
then

Pley) = 2imishuffi § 2 @ 77y + d
where d e Y oo N® ® DN ® N* ™7,
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As a consequence we have
2.3 COROLLARY. z// : N — N ® N induces a morphism
Q¥ 1 QN — (@N)F/ 2551 im (shufff).

3. Coproducts and secondary operations

Let (X, u) be an H-space, ¢ a nonstable secondary operation associated with
a relation

1) BP™ = Ziaibi, a;,b;,eAd(p),e(d;) <2m

(e the excess, i.e., if 0 = « e H"(K(Z,, n), Z,) then av. = 0 if and only if
ela) > n).

Thus, in terms of universal examples ¢ = ¢, is defined by (&, , u, v) where
E, is given by the fibration

QB, LN E, . K(Z,,n), n < 2m,
induced by the mapping
9:KZp,n)—Bo=[Li KZp,n 4+ |bi]),  ¢"rF tmrioss = bitn

(ri : Bo > K(Z,, n -l— I ) is the projection). Here u = r*., and
ve H* (B, ,Z,) satisfies jov = D iai0” (rf tntp; ). If vis appropriately chosen
then ¢ is additive in dimension < 2m — ¢(x + y) = ¢(x) + ¢(y) (dimx =
dim y < 2m) and in dimension 2m we have

3.1 ProPOSITION.

¢+ y) = o) + o) + 25 1/p (2a"y""
Proof. For the case p = 2, (P* = S¢%, 8 = Sq') this is being proved in [4].
Consider the following diagram:
K(Zp, 2mp + 1)

J

Jo

N1

E1 > B
(%1
Vo

K(Z,,2m + 1)

L e

HK(Z,,, om + 14 b [) M K(Z,,2mp + 2)
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where
X
Jo Ti Lemi1tid;] = bi tomt1
(ri : Bo— K(Z,,2m + 1 + | b;]) is the projection).
gff Lomp+2 = ﬁPmL2m+1, h;‘ Lmpt2 = Zi ai(fftzm+1+|b,~|)-

Then QF; = E = Eom, o = g and QE, ~ K (Z,, 2m) X K(Z,, 2mp). The
latter equivalence is not unique, but we claim that a representation

QE, ~ K(Z,,2m) X K(Z,, 2mp)

can be chosen so that
p—1

Firs(1 ® ) = S (1) (0 © 1" © (an ® 17

a=1

Indeed, if 0 5 ¢ e Hom (QE, , Z,) satisfies t* = 0, then H* (QE, , Z,) is primitively
degenerated in dim < 2mp 4+ 1 and 1 ® wmp is primitive. By [3, Theorem
5.14], this implies that 1 ® tamp e im o™ which is a contradiction as wmpss ¢ im Jok.
Hence, t* # 0 and there exists a class vo ¢ QH*™ (QE, , Z,) dual to {* ¢ PHomp
(QEO ’ Zy )

Choosing the representation QF, ~ K(Z,, 2m) X K(Z,, 2mp) appropri-
ately we may assume that vp = 1 ® wm, and it has the desired coproduct ex-
pression. Choosing v = Qff (1 ® tmp) We have

11-1
mw—-(v(%)1-I—1®1)+Z1 ()u“@up““)e¢(u®l+l®u).

3.2 MaIN CarcuraTioN. Let (X, u) be an H-space. Let ¢ be a (nonstable)
secondary operation associated with (1). Let B < H*(X, Z,) be an A (p)
module, and let

q: H*(X’ Zy) -—>H*(X, Z,)//B

be the reduction of H* (X, Z,) by the ideal By generated by B. If x e H™ (X, Z,),
z en; ker b; and ¥z € By ® By then
(¢ ® QE"d(z) = q¢® q(:g%(g) @ ® 2" + Z im a)
Proof.
po@) Cou* @) =d@® 1+ 1® 2+ 2um ® 21), i, ¢Br.
Now

dE®1+1®az+ Yo ® zp)

p-—l

c¢<x)®1+1®¢(x)+2 () * x?“"+¢<;x,:®x,’:)

p—1

+Zl(Z)(%@1+1®x)“(;w£®x2’)”‘“

a=1 P
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Hence ¢u*z can be represented by an element # with
p—1
B = X %(ﬁ)z"@ "+ ¢ (Cm®a) +d
where d e B, ® H*(X, Z,) + H*(X, Z,) ® Bi + D iima;. (DO:im a;
accumulates all indeterminacy of ¢.) By 1.1, ¢ (O_x 2 ® ;) can be repre-
sented by an elementin By ® H*(X,Z,) + H* (X, Z,) ® Byand 3.2 follows.
4. Applications
Only few of the application 3.2 are given here. We consider two cases of (1).
@y
BP™ = n—z—l——i (P'BP™" — P™8), m % 1 mod p.

1

1 m— m
a1 hegf w=P w=P

and the operation will be denoted by ¢'.

b1=

(1)” Define the operation ¢” on ker P™ corresponding to by = P™, a1 = B,
and (BP™) > 2m.

4.1 ProrositioN. Let (X, u) be an H-space. Suppose BH*v>" (X, Z,) = 0.
If 0 # 2 e QH™ (X, Z,)/im P', m 5 1 mod p, then there exists a class 2’ repre-
senting x so that ¢ (') has nonzero image in QH™™* (X, Z,)/im P'. Moreover,
there exists a submodule M, M C PHn(X, Z,) n ker P{ (P the dual of P")
so that x e M™ and for every y ¢ M,

(@', y) = (¢’ ('), y*) wherey® = y(y(--- (y-y)) ).

Proof. Let B(n) be the A (p) subalgebra of H*(X, Z,) generated by

Dowen H (X, Z,). Let
¢n : H*(X, Z,) — QH" (X, Z,)//B (n)]/im P'.

Consider the cofiltration

H*(X, Z,) » H*(X,Z,)//BQA) — -+ - H*(X, Z,)//B(k) — - -~
Let n be the smallest integer so that the image of  in

QIH* (X{ Z,)//B(n + 1)|/P*

vanishes. Hence, « can be represented by an element in the ideal generated by
B(n + 1) but as an indecomposable the representative can be chosen to be a
nondecomposable element 2’ in B(n + 1), &’ = > a; x; + d where a; ¢ A (p),
zi e H"™ (X, Z,) and d e B(n), hence g*z e B(n) ® B(n), ¢na’ # 0. The rest

of the proof follows from 3.2 with B = B(n): Take o to be the coproduect
induced by p* on H*(X, Z,)// (B(n) + im P') and we have

Qui" ' ¢’ (@) = qua’ ® -+ ® gna’ (mod D, im shuff?)
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(Qni™ " asin 2.3). Choose M = M (n) to be

{QIH*(X, Z,)//B(n)]/im P'}*,
and 4.1 follows.

If BH* (X, Z,) = 0 then it follows from 1.1 that
¢'(DH* (X, Z,)) n DH* (X, Z,) # 0,
hence ¢’ induces an operation

Q¢' : QH™ (X, Z,) — QH"™ (X, Z,)/im P', m % 1 mod p
and we have

4.2. CoroLLARY. Let (X, u) be an H-space, BH*v» (X, Z,) = 0. Then
ker Q¢ C im P'.

A dualization of 4.1 yields

4.3 ProposiTioN. Let (X, u) be an H-space, Hx« (X, Z,,) assoctative and com-
mutative. Suppose BH (X, Z,) = 0. Ifaclassye PHy (X, Z,) has a finite
height then y* = 0 and for every X > 0 for which Py e ker Pf we have \ + k = 1
mod p.

4.4 Remark. There are quite a few examples of torsion free homology alge-
bras where a two-dimensional class has height p: that of K (Z, 2), QE; — E; the
exceptional Lie groups,j = 6,7, 8 mod 3,7 = 8 mod 5. An example where
2* = 0, dim z # 2, is the homology of X = By (6,8 --- = ). H*(X,Z)isodd-
torsion free while the primitive element of dim 2p + 2 has height p. (See [8]
for an exact computation.)

4.5 ProposiTION. Let X, u be an H-space. Let z ¢ H™ (X, Z,). Suppose
Qre¢im B, i7"z ¢ B(n) ® B(n), z ¢ B(n). Ifz® = 0 then ¢” (z) has nonzero
image in QH* (X, Z,)/im B.

The proof is similar to that of 4.1.
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