ON <8>-COBORDISM

BY
V. GiaMBALVO

Since Lashof [7] pointed out that one could obtain a cobordism theory with
respect to any system Y of maps fi : Vi — BOy, w : Y — Yiqa, satisfying
the obviously compatibility condition with respect to the canonical map
BO), — B0y, many people have considered various forms of these theories.
See e.g. [3] and [8]. See also Stong [14] for a very general treatment of the
subject.

In this note we consider the cobordism theory associated to the 7-connected
covering BO(8) of BO. The algebraic structure is complicated and results
are given in low dimensions. The cohomology of the Thom space MO(8) is
examined, and its homotopy is partially calculated. The introduction of the
relative theory Qf® spin permits the determination of some differentials, and
the 2 primary part of m(MO(8)) is given in dimensions <16. In the final
section the corresponding 3-torsion is calculated, and it is shown that there is
no p-torsion, for primes p > 3. Straightforward but complicated computa-
tions are not reproduced.

The results are partially contained in the author’s thesis (MIT, 1966).

1. Definitions

The term manifold will be used for compact C* manifolds, with or without
boundary. BO; is the classifying space for k-dimensional vector bundles,
and v the universal R{* bundle over BO,. Let BO(8); denote the 7-connected
covering of BO, and p;, : BO(8), — BO; the canonical projection, i.e., p; is a
fibration, BO(8); is 7 connected, and the homomorphism

DPr - 71'1(30(8)10) d r,(BOk)

is an isomorphism if ¢ > 8 An n-dimensional manifold M embedded in
R{™** is said to have an (8); structure if the map v : M — BO, classifying the
normal bundle has a lifting # : M — BO(8)y .

The “inclusion” 4 : BO;, — B0y lifts to map ¢ : BO(8), — BO(8)%41
which is unique up to homotopy (and which may be chosen specifically).
Since the diagram

BO(8) —*— BO(8)i41
/!

S

M —2— BO, —%— B0
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is commutative, on (8) structure on M induces an (8)1 structure. Thus we
obtain a sequence of (8), structures,r = k, k + 1, --- . Two such sequences
are identified if they are the same for some 7. A manifold has an (8) structure
if it has an (8); structure for some k. Letting BO(8) = lim; BO(8): , we can
reformulate this as follows.

DermNiTioN. A manifold M is said to have an (8)-structure if the classify-
ing map »: — BO of its stable normal bundle admits a lifting
v : M — BO(8). Note that this is equivalent to requiring that the first two
Stiefel-Whitney classes vanish (implying that M is a Spin manifold), and
that vt (W,) = 0, where W, e H*(BSpin, Z) is a generator, » being any lifting
of » to BSpin. An (8)-structure on M is a homotopy class of such liftings
A manifold with an (8)-structure will be called an (8)-manifold. A cobordism
relation ((8)-cobordism) is defined as usual: Two n-dimensional (8)-manifolds
are cobordant if there is an (n 4+ 1)-dimensional (8)-manifold W such that

1. the boundary of W is the disjoint union of M; and M, , and

2. foreach 7 = 1, 2, the following diagram is commutative:

w—> . BOE)
b

Var,
/ P

M; — BO.
VM,
Let Q% be the set of equivalence cla,sses of n-dimensional (8)-manifolds with
respect to the above relation, and Q, {8) the associated graded group. Then
we have the following result.

TaEOREM 1.1. Qf,f> is a graded ring with operations induced by disjoint union
and cartesian product. M oreover

QP = 1,(MO(8)) = limy mayu(MO(8)).

Proof. The proof that ka” is a graded group isomorphic to m(MO(8)) is a
special case of a theorem of Lashof [7]. To complete the proof, note that the
map BO X BO — BO induced by Whitney sum has a unique (up to homotopy)
lifting BO(8) X BO(8) — BO(8). This gives a unique (8) structure on the
product of two (8) manifolds.

A simple surgery argument [7] shows that every (8)-manifold of dimension
>16 is (8)-cobordant to a 7-connected manifold. Hence Q¥ n > 16 can be
considered as the cobordism group of n-dimensional 7- connected manifolds.

2. The E, term

In this section the E, term of the Adams spectral sequence for the 2-primary
part of m(MO(8)) is computed. Here, and in §3, all homotopy and coho-
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mology will be with coefficients in Z, , and n; will denote the 2-primary part
of the ith homotopy group. A will be the mod 2 Steenrod algebra, and A™
the ideal of terms of positive degree in A.

In order to compute the E, term, we need the cohomology of MO(8) a
module over the Steenrod algebra. The following lemma is the first step.

LemMa 2.1. H*(BO(8)) is a polynomial algebra with generators
w; e H'(BO(8))

such that © — 1 has at least three ones in its dyadic expansion. Moreover each
w; 15 the image of the ith Stiefel-Whitney class in H'(BO) under the map px«
induced by the projection.

Proof. This is Theorem A of Stong [13].

Since H*(MO(8)) is isomorphic as a graded group to H*(BO(8)), we have
only to compute the A-module structure in H*(BO(8)). But this is a quotient
of H*(BO0), and one can compute the action of A on any element of H*(MO(8))
with the Cartan and Wu formulas, and the fact that S¢'(U) = w; U, U be-
ing the Thom class in H*(MO) or H'(MO(8)). As an example we have the
following lemma:

LemMa 2.2. Let A, be the Hopf-subalgebra of A generated by the elements
8¢°, 8q', and S¢*. Let A3 be the ideal in A, of terms of positive degree. The
map

e: AJAAT — H*(BO(8))

gwen by e(x) = zU s a monomorphism.

Proof. Since A, is a Hopf-subalgebra of 4, A /AA7 is a coalgebra. e is
a map of coalgebras, and hence it suffices [12, Prop 3.9] to prove that ¢ is a
monomorphism on the primitive elements of A4,//AA5. To compute the
primitive elements, recall that they correspond under duality to the indecom-
posables in the dual. A* is isomorphic to the polynomial ring Zy[¢; , &, - - -]
with generators £; of degree 2° — 1, and (4/A4A7F)™ is isomorphic to the sub-
ring Zo[& , €, &, &, - -+]. Hence there are primitives only in degrees 8, 12,
14, and 2° — 1 for ¢ > 4, and there is only one primitive in each of those
degrees. The first three are the classes of S¢°, S¢*’, and S¢'*~the only nonzero
elements in those degrees, and the others are the projections of the primitives
in A, usually denoted by Q;, :>4. To complete the proof note that

S¢U = w; U =0, j=812, 14
and
Q: U = w274 U + (decomposables) U.

But we 5y # 0 in H*7(BO(8)) if i>4.

COROLLARY 2.3. As a module over the Steenrod algebra in dimensions <20,
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H*(MO(8)) is isomorphic to the direct sum of two copies of A/ AAY , one start-
ing tn dimension 0, the other in dimension 16.

Proof. 1In this range there are only six elements in H*(MO(8)) ; call them
the images under the Thom isomorphism of W, , for ¢z = 8, 12, 14, 15, 16, and
the image of w3 . All but the class corresponding to wj are in the image of e,
and Sq’(ws)® = 0 for¢ < 8.

In dimensions 50, one can compute the structure of H*(MO(8)) by brute
force. The results are given below. In these dimensions H*(MO(8)) is the
direct sum of cyclic modules of six different types. The modules, together
with the dimensions in which A generators for them appear, are as follows
(repeated integers indicating more than one summand of a given type with
generators in the same dimension):

AJAAT 0, 16, 32, 32, 48, 48, 48
AJA(SY, S, 8¢, 8¢*) 20, 36, 36

A/A(Sq, 8q°) 40

AJA(SY, S¢°) 44

AJ/ASE, 8¢°SqY) 46, 46

A/ A(Sq, 8¢) 48

We now compute the E, term of the Adams spectral sequence up to dimen-
sion 17, i.e., Ext (A /AAT , Z,) fort — s < 17. But Ext,(4A /AAT ,Z,) ~
Exta,(Zs, Z») (Liulevicius [9, Theorem 1.5]). Now Ext4,(Z,, Z;) was com-
pletely determined by the author in his thesis using the results of Peter May
[10], and independently, using other methods, by N. Shimada and A. Iwai
[6]. We refer the reader to either of these sources for complete results and de-
tails of the methods of computation.

TaEOREM 2.4. As an algebra, Ext%,(Z, , Z,), in the range t — s < 17, has
9 generators: hy, hi, ha, o, w, 7, dy and x. The gradings can be read off of
Figure 1. There are the following relations: hihiy, hi + ha by, h3 ; hohi cf
heCo,tho,h%Co,hl T,hz T+ hox,hlx,h%x-l- h1do,h2d0 + hoCo,h‘zjdo + hﬁw
Moreover, each element denoted by a latin letter is the tmage of the corresponding
element of Bxts,(Zs, Zs), and o corresponds to the periodicity [10]. Figure 1
gives Ext (H*(MO(8)), Z,). The elements x, hi x, and hyx come from the
second summand of H*(MO(8)).

3. Differentials

An inspection of Figure 1 yields that the only elements which may not be
permanent cycles are 7, x, € , € and their multiples with k. We will show
that z is the only cycle among these four. This follows from the following
theorems.
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Figure 1

Ext’,' (H*(MO8), Zs), Z,) for t—s <17

THEOREM 3.1. (8) = 7,.

TurorEM 3.2. Y = Z,.

These will be proved at the end of this section.

TaEOREM 3.3. In the Adams spectral sequence for Qi” we have

(1) da(x) = hody, da(r) = hyo,
(i1) d.(x) = O for all r,
(lll) da(@o) = wCp .

Furthermore, these determine all differentials in the range t — s < 17.

Proof. To prove (i), we use Theorem 3.1. Since d, is a permanent cycle
so are hodoand k3 dy .  But oY = 7, , hence two of these three elements must
beboundaries. Hence dy(x) = hody. Now dy(ho %) = hido, but hex = hy 7.
and hence dy(hs 7) = haydy = hy w. Hence da(7) = hy w and this proves (1)
For dimensional reasons all other dy’s are 0. Consider E; . By 3.2, oY is
Z, , and there is only one element in E; in dimension 15, namely the class of
hg x, this must remain to £, . Hence there is no candidate for d,(z), and it
must be 0 for all r.

To see (iii), note that the canonical map 8" — MO(8). induces a map of
spectra, and hence a map of spectral sequences from the Adams spectral se-
quence for the homotopy of the sphere spectrum 8 to that of M0O(8). Fur-
thermore both wc, and e, are in the image of this map. If we denote the pre-
images by the same letters, then according to May [10] we have ds(ep) = weoin
the spectral sequence for the sphere. Naturality gives the desired result, and
the proof of the theorem is complete.

From E, (Figure 1) and Theorem 3.2 one obtains the £, term. Recall that
multiplication in E,, with hy corresponds to multiplication by 2 in the homo-
topy. This fact gives all the extensions except in dimensions 8 and 9. In
dimension 9, we have 2[h1 ¢o] = 2([Mllco]) = (2[M])[co] = 0. To see that the
extension in dimension 8 is trivial, note that ¢, (and [c]) are in the image of the
map induced from the canonical map S — MO(8), and hence [¢;] has order 2.
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The following tables gives the two primary components of Q¥ for n < 16.

n 0 1 2 3 4 5 6 7 8 9

QY Z Zy Zy Zs 0 0 Zy, 0 Z®Z Z2® Zs
n 10 11 12 13 14 15 16

o Zs 0 VA 0 Zs A Z®7Z

We return now to the proof of Theorem 3.1. To do this we introduce the
relative cobordism theory 2*""®*™® which will be defined as follows: Let

m : MO(8) — MSpin

be the map induced by the canonical projection p : BO(8) — BSpin = BO(4).
Let R denote the mapping cone of =. From the Puppe Sequence for p one
obtains an exact sequence

+ = mi(MSpin) — 7i(R) — mia(MOE®) — - .

Denote by 2%'®*™® the group 7:(R). The proof of Theorems 3.1 and 3.2 fol-
lows from the following two lemmas.

LevMma 3.4, mu(MSpin) = m(MSpin) = Z,.
Proof. See Anderson, Brown, and Peterson [1].
LemMa 3.5. QY 8rin — gff)eein _ ¢
Proof of Theorem 3.1. We have the exact sequence
i — 0ff) — 0P — afP e
and by Lemmas 3.4 and 3.5, this reduces to
0¥ -7, —0.

Proof of Theorem 3.2. From 3.5, we have the exact sequence

ofg — air™ — aff >,

and hence there is an epimorphism oY - 7,. By Theorems 3.1 and 3.3 (i)
however, dy(x) = hodo and da(hox) = hodo. Hence there is at most one
nonzero element surviving to E” in dimension 15.

Proof of Lemma 3.5. 'The proof uses the unsatisfactory technique of very
primitive calculation, which in the required dimensions is not difficult. We
need the following lemma.

LemMA 3.6, As a module over the Steenrod Algebra, H*(R) in dimensions
<15 s the direct sum of 3-cyclic modules: A/A(Sq", Sq*), AJAAT, and
AJ/A(SE). The generator for the first type appears in dimension 4, for the
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second in dimension 8, and for the third in dimension 10, t.e.,

H*(R) = (AZA(Sd, 8¢))s + (A/A(Sq, 8¢'))s + (A/A(S¢))w -

Proof. There is a long exact sequence

. — H*(R) — H*(MSpin) l: H*(MO(8)) — H**'(R) —

But Lemma 2.1 implies that = is an epimorphism, hence we have a collection
of short exact sequences

0 — H*(R) — H*(MSpin) — H*(MO(8) — 0.

Since H*(R) is embedded in H*(MSpin) as an A-submodule, one easily makes
the required computation.

To prove Lemma, 3.5, one constructs resolutions of the three modules above.
This has in part already been done [9]. The case Ext4‘'(4,/4(8¢", 8¢*); Zs),
which has not appeared in print, is not difficult (nor are the other cases) in the
required dimensions, and the construction is left to the reader. One notes
the following relations:

Exti'(AZA(Sq, 8¢*);Z,) =0  if t— s =10,11;
Ext5'(AZASE, 8¢);2,) =0 if t—s=5,6,7;
Exti'(A/A(8¢");Z:) =0 if t—s=4,65.

Hence, putting this together we see that Ext% (H*(R), Zy) = 0ift — s = 14,
15, i.e., the E; term of the Adams spectral sequence vanishes. Hence
mu(R) = ms(R) = 0 and the lemma is proved.

4. Odd torsion

The methods for p odd are essentially the same as for p = 2, except that
most of the work has been done. Let p be a fixed odd prime, 4, the mod p
Steenrod algebra. We apply the following theorems from [4].

LEMMaA 4.1.
H*(BO(8), Z,) = Z,l5¢: |20 = p’ + 11 ® [t |1 = 1,2, -]
where 3¢; ¢ H*(BO(8Y; Z,) and & e H**'"*°(BO(8); Z,).

Lemma 4.2. Ifp > 3, H*(MO(8); Z,) is a free module over the subalgebra
"4, of A, generated by the reduced power operations.

Proof. The first statement is Theorem 1, the second Corollary 1 of [4].
These two lemmas, together with the results of either Milnor [11] or Brown-
Peterson [2] yield the following corollary.

TaEOREM 4.3. Slm has mo p-torsion for p > 3. Thus we have determined
the structure of 9(8 in low dimensions up to elements of order a power of 3.
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It seems to be quite difficult to determine the 3 primary part of fo). The
map e of Lemma 4.2 is no longer a monomorphism.

e(®) = @' (Thom class) ¢ H(MO(@); Z,) = 0.

Moreover, H*(MO(8); Z,) is not the direct sum of eyclic modules. To see
this, consider the element

®s U e HA(MO(8); Zp) = Zs,
where U ¢ H*(MO(8); Z,) is the Thom class. By Milnor [11] U = 30 U.

Now
& U e HH(MO(8); Zs)

and we claim ®'(&4 U) = = 3¢ U. This is true also in BO(8), i.e.,
@'ty = =+30;. One can see this geometrically, or note that the projection

BO(12) —2—, BO(8)

carries 3C; to 0, where upon a cursory inspection of the Serre spectral sequence
for the fibration p gives the result.

One can, however, make the computation in some dimensions.

To do this we introduce the bordism groups QI of (8)-manifolds with
framed boundary. These groups can be described algebraically as follows:
Let « : S — MO(8) be the inclusion of the sphere spectrum into MO(8). Let
X be the cofibre of a. Then the stable homotopy of X is just the bordism
group &, See [13] for details.

Levma 4.4. Forn < 18, 8% has no 3-primary torsion, and

¢ ® Q=0
undess n = 0 mod 4.

Proof. Look at the exact cohomology sequence of the cofibration defining
X. Then since HY(S) = 0 if ¢ > 0, we have HY(X) = HY(MO(8)) for
g > 0,H(X) = 0. Using Z; coefficients, we have for ¢ < 18,

H*(X; Zs) = Zst1, 65, 0. Now ®'% = =6; and @'0; = =6, so in these
dimensions H*(X; Z;) is a free module over 'A. Hence m,(X) has no 3-torsion
for ¢ < 18.

The second statement follows from the facts that the statement is true for
MO(8), and that m,(8) ® Qis0if ¢ > 0.

TaroreM 4.5. For ¢ < 18,1 # 3 mod 4, the map QF — 2% is a mono-
morphism onto the 3-torsion.

Proof. This follows immediately from Lemma 4.4 and the exact sequence
2 — gy — afth — ol"

obtained by applying the stable homotopy function to the cofibration
S — MO {8) — X.
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THEOREM 4.6. %Y ~ Z, , o, ~ 0fork = 2,3, 4.
Proof. We have 9§ — off_, — 0{®, — 0. Now " = 0, so
ILIACR PN/
According to Harris [5], there is a commutative diagram
oy > Qb
N /!
NS
m(BO(8)) — m.(BO)

such that the map m,(BO) — Qi is just the J homomorphism, and the map

m(BO{8)) — m(BO) is induced by the projection. But for n = 8, 12, or 16,

the J homomorphism is onto the 3 component, hence the map Qﬁf_)'f’ — of

is onto the three torsion.
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