SUPREMUM NORM ESTIMATES FOR PARTIAL DERIVATIVES
OF FUNCTIONS OF SEVERAL REAL VARIABLES

BY
JAN BomaN

1. Introduction

Denote by || u ||, the L,-norm of the function % from R" to the complex
numbers C, let @ and P; be polynomials in n variables with complex coefficients,
and form the corresponding differential operators @ (D) and P;(D), where
D, = (1/7) 8/0zr. Consider the problem of deciding whether there exists a
constant C such that

(1.1) 1QDull, S € 251 [| P;(D)ull, forallueCs (B).

Here C5 (R") denotes the set of infinitely differentiable functions with compact
support. It is easy to see that for an arbitrary p (1 < p £ « ) the condition

1.2) Q)| = ¢ X | Pi8)] (teR™)

is necessary for (1.1) to hold. To prove this one need only apply both mem-
bers of (1.1) to the function u(z) = g(ex) exp (i(x, £)), where g ¢ Cg (R"),
g(xz) = 1in a neighborhood of the origin, and ¢ is sufficiently small (we use
the notation (z, &) = (w1 &1 + - + 2, &). If p = 2 it is easily seen by means
of Parseval’s formula that (1.2) is also sufficient for (1.1) to hold. However,
if p # 2, it is much harder to find necessary and sufficient conditions for (1.1)
to hold, and so far only very few special cases have been treated.

In this paper we study the case where @ and P; are all monomials. Then
the inequality (1.1) can be written (for explanation of notation see Section 2)

(1.3) IDully S C 2aca [| D%u |l (u € CT (B™)).

For the case p = « we obtain a necessary and sufficient condition in geometric
terms for the inequality (1.3) to hold (Theorem 1). This condition is close
to B being an interior point of the convex hull of 4. A sufficient condition
close to ours was announced by Golovkin in [1] (8 e int (ch (4)) in the case
where A is a simplex). In [2] Golovkin gives a proof of the same result in the
case of two dimensions.

Recently it was proved by IV’in [4] that (1.3) holdsfor 1 < p < o« (C de-
pending on p) if and only if 8 ¢ ch (4) (note that 8 e ch (4) is equivalent to
(1.2)). Since Ilin’s proof is quite complicated (Il'in treats also the case of
LP-norms over certain subdomains of B"), we give a short proof of this result
here. Our proof, like that of Il'in, is based on an L’-multiplier theorem of
Lizorkin [8].
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Finally we prove a result of de Leuuw and Mirkil [5] on the estimate (1.1)
in the case m = 2, P elliptic, P, = 1.

Our method of proving the inequalities in question is quite different from
those of the cited authors. The essential idea in our method is the use of
convolutions with a sequence of smooth functions whose sum is equal to the
Dirac measure (for technical reasons we use a continuous parameter family
instead of a sequence). This technique has been used by Peetre in works on
Besov spaces [11], [12] and on partial regularity of vector valued distributions
[13].

Some counter examples to L,-estimates of the type (1.1) have been given by
Littman, McCarthy, and Riviere [7].

2. The case p = «: Statement of result
Let N be the set of non-negative integers. If

a= (g, ,o,)eN* and £¢= (&, ++,8)eR",

we write £ = & - &xtand D* = D' --- Da*, Dy, = (1/4) 8/0zx. Let A
be a finite subset of N*. Considering A as a subset of B” we can form the
convex hull of 4, denoted ¢h (4). Using the metric in R" we can form the
interior of ch (4 ), denoted int (ch (4)), or int, (ch (4)). If Bis a subset
of a k-dimensional affine subspace Ly in R", we denote by int; (B) the interior
of B with respect to the induced metric in L. This concept does not depend
on the particular choice of L, since if B is contained in two different %-
dimensional affine subspaces Li , then int, (B) is empty.

The following result, which is our main theorem, asserts the equivalence of
an estimate (E) in L,-norm and a certain geometric condition (G).

TureorEMm 1. Let B ¢ N" and let A be a finite subset of N*. The following
conditions are equivalent:
(E) There exists a constant C such that

[ D [lw S € Xaea | D™ 1w (u ¢ C5 (R™)).

(G) There exists an integer k, 0 = k < n, and a k-dimensional affine sub-
space Ly in R™, which is parallel to a k-dimensional coordinate plane in R, such
that

Beint; (ch (Iyn A)).
If & = n, the formula 8 e int; (ch (Ly n A)) should of course be interpreted
B eint, (ch (4)) = int (ch (4)),

and if ¥ = 0 it should be interpreted 8 ¢ A.
Example 1. As is well known, the inequality (we write D = d/dz)

[ D%]le = C(| D*ullw + | D™ [|) (e C3(R))
holds if and only if ¥ < 7 < m.
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FiGgure 1

Ezxample 2. The following estimate holds (see Figure 1):
ID1Dsufle = CUIDiulle + [ Diullo+ llulla)  (ueCF(®Y).
Example 3. There is no estimate
ID1Dsullo = C(IDiwllw + | D2t o + | Drtello + | D2t [l + [ 1)
(€ CT (R")),

since the point (1, 1) is not an interior point of ch (4), and is not an interior
point of any horizontal or vertical line segment with end-points in A (see
Figure 2).

The inequality (E) is closely related to the following statement.

(C) If f is a continuous function defined in R™ such that Df is continuous
for each o € A, then Dﬁf 28 continuous.

Here D°f may be interpreted for instance in the sense of the theory of distribu-
tions. By means of the Closed Graph Theorem or by more elementary methods
one easily proves that (C) implies

&) D%l < C(Xaea D% o + lule) (e CT@®R™).

Thus we conclude in particular (Example 3) that there exists a function f de-
fined in R? such that f, D, f, D, f, D} f, and Dj f are continuous, but D; D; f is
discontinuous. A construction of such a function was given by Mitjagin [9].
On the other hand, if A has the property

aed,y = a implies ved,

then we also have the opposite implication (E’) = (E) = (C). (Here
v < a means that v; £ a;foreachj.) This statement is proved by standard
arguments.

A very simple example of a function f of two variables such that f, D; f, D, f,
D3 f, and Dj f are continuous in a neighborhood of the origin, but D; D, f does



206 JAN BOMAN

® o

F1GURE 2

not exist at the origin, can be given as follows
f(@1, 22) = z1 2, log |log (i + 23)| for0 < af + 25 < 4,
7(©0,0) = 0.
More generally, let 8 ¢ N, and define the function f by
f@) = 2° log log (1/|z|) forzeR" 0 < |z| < 3,
f0) =o.

Itis easy to prove that fhas the following properties (write | a | =+ Fa,
for o e N*).

(i) D°fexists and is continuous for each a such that | «| < | 8| and & = .
(i) D% (0) does not exist.

In these statements the mixed derivatives D’ and D’f may be interpreted in
an elementary sense being defined by repeated differentiation in an arbitrary
order. Property (i) implies of course in particular that f belongs to C*, the
space of k times continuously differentiable functions, fork = | 8| — 1.

Denote by M the set of complex-valued measures in R” with finite total
mass, and denote by M the set of Fourier transforms £ of elements u ¢ M.
Identify L, with a subset of /4. The set of Fourier transforms of functions in
L, is denoted L;. The total mass of u ¢ M is denoted || u[|x, and if b = &,
ueM,wewrite |hllg = | ulx. Similarlyifh = f,feLi, we write | 2|z, =
1

If o, p € M, we can form the convolution ¢ * u, which is also an element of 2.
‘We note also that if u ¢ M and u ¢ L, , we have the inequality

2.1) Nexully < [l fluls Isps )

The proof of Theorem 1 is based on the following lemma.
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Lemma 1. There exists a constant C such that

2.2) 1QDu e < € 225 || Pi(D)ujw (u € C5 (B™))
if and only if there exist functions h; e M such that
(2.3) Q&) = 2.5=1 hi(§)P; ().

The sufficiency of the condition is an immediate consequence of (2.1), and
the necessity is proved by a standard application of the Hahn-Banach Theorem
(see Lemma 1 in [5]).

We do not know whether (2.3) is also implied by

QD) £ 25mt | PyDYu ||y (w e Co (B™)).

(The converse implication is obvious.) If this were proved, one would ob-
tain the analogue of Theorem 1 for p = 1. This would generalize the result
of Ornstein [10].

3. Sufficiency of the condition (G)
We shall need the following lemma.

LEmMA 2. Assume that g1, * -+, gm are non-negative measurable functions
defined in R" and that

f inf1§j§m g,'(t) dt < .,
R™
Then there exist disjoint measurable sets G; such that

U, G, = R* and ‘/;'g,-(t)dt<oo G=1,...,m).

Proof. Set
H; = {t;teR", g;(t) = inf; g;()}.
Then clearly

U?—1 Hj = R” and f gj(t) dt < y
H;

but the sets H; are not necessarily disjoint. Define G; inductively by
G1=H1 and Gj"—'—Hj\(GlU"'UGj_]_) (j=2,~-,'m).

Then G;,j = 1, - -+, m, have all the required properties.

In proving that (G) implies (E) we may assume that (G) is satisfied
with & = n, ie. that B ¢ int (ch (4)). To see this assume that
Beint; (ch (Lxn A)) and that £ £ n — 1. If k& = O this means that B¢ 4,
so that (E) is trivially satisfied. If 1 < k =< n — 1, we may assume that L,
is of the form

Ly =K + Y,

where K is the k-dimensional coordinate plane

{a;ak+l = =aﬂ=0} and Y= (01 "',0’7’¢+1’ '”"Yn)'
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Writing o = (o, o”), o/ e N¥, o” ¢ N*™* and
A’ = {o; (&, ¥") e A} C N,
we observe that 8 = (8, v”) eint; (ch (Lyn A)) means the same as
B’ einti(ch (4’)) = int (ch (4')).
Hence by the special case of the theorem we have, writing D = (D', D”),
1D 0]l S € Xarear || Dl @ CT ®")).

Taking v = D"y, u e Cy (R") and keeping 441, - , %, fixed we obtain (E).
Take ¢ ¢ C5 (R) such that ¢(y) = ¢(—¥), ¢(y) = 0 in a neighborhood of
0, and

(3.1) [: o) dy = 1.

Fort = (41, ,t,) eR" and £e R", set

& (¢) = [Timeie™™).
Then in view of (3.1),

[ewa=1

if £ # O for each 4. For fixed t; the function ¢ (£ ¢ %) is equal to zero in
a neighborhood of & = 0. Hence for any aeN", BeN" and ¢eR", the
function £7°®,(£) belongs to C5 (R"), and hence

Eﬁ_a¢t(£) € Ll .

We now study the ¢-dependence of the norm || ||z, of this function. Since
for an arbitraryy (&) e Ly we have [ (£ ") ||z, = || ¥(&) [z, , we obtain

I €70, (&) l2yem = TTima | %0 (E:€7") [121m
(3.2) — CH?—I e‘i(ﬁi"“i)
= Ce ‘™,

Next we prove that if 8 eint (ch (4)), then
(33) [ infesd® ™ dt < o .
In fact
infacs €Xp (¢, B — @) = xp (—SUpaea ¢, @ — B)) = exp (—Hz(?)),
where H; (t) is the supporting function for the convex set

A=ch(4)— 8 =ch({a—B;aecd}).
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But the assumption 8 ¢ int (ch (4)) is equivalent to

0 eint (ch (4)),
and hence implies that
Hz(t) = dt]

for some ¢ > 0. This proves (3.3).
Applying Lemma 2 with {g;(¢)}7
exist disjoint sets G, < R" such that

{e!*# N ... we conclude that there

Ues Go = R* and | " dt <

Go

for each a e A. Define k. (¢) for £ = 0 by
m(@) = [ ¢ a0
According to (3.2) we have
Ihalles <€ [ & dt < o,
i hoely c M. Finally

> eh® =X [ te@da=¢[ awa=¢
aeAd a€ed VG, R®

Applying Lemma 1 we conclude that (E) holds.

4. Necessity of the condition (G)

In view of Lemma 1 it is enough to prove that the existence of . ¢ M such
that

(4..1) Eﬂ = ZaeA aha(é)

implies (G). The idea of the proof is as follows. It is easy to see that 8
cannot be an exterior point of ¢ch (4) if (E) holds. To see this one need only
take

un (@) = gz, + -0, N"2a),

where g € Co (R"), g ¥ 0, and the real numbers r; are chosen such that

(8, r) > SUPaea <a’ ),
and the real parameter A — 4 . (The same argument applies if one con-
siders, instead of (E), the corresponding inequality for an arbitrary fixed p,
1 <p= ».) Henceitisenough to study the case where 3 lies on the bound-
ary of ch (A). We will prove that in this case (4.1) implies roughly that
¢ is linearly dependent on the £*. As an illustration of this point we mention
the following example. Assume that for some h; e M

he=HEME) + 1-h(E).
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Replacing & by A& and & by N'&, A > 0, we obtain

b = MOE, NTR)EE + (M, N ).
Since &; e M, the functions k; (A&, N'&) converge in a certain weak topology
(see below) to constant functions as A — « (Lemma 3). This gives a con-
tradiction.

We denote by Cp the set of continuous functions B — C with compact
support. The integral of ¢ e Cy with respect to the measure p will be denoted
(u, ¢). We shall use the following notion of convergence in M. If wne M
for each A > 0, we say that u) tends to u e M as X — o if

Emyew (un, @) = (u, ¢) for every ¢ ¢ Cy.

This will be written
A= U4 a8 N — o,

We use the same notation for the corresponding convergence of the Fourier
transforms, i.e.
fhn—h as A— o,

This is actually an abuse of language, but there will be no confusion.

Levma 3. Let he M (R"), let 11, --+, v, (¢ S n) be real numbers all dif-
ferent from zero, and define the measure ux for A > 0 by

ﬁ)\(E) = h()‘rlgly R} )‘NEQ) Eerr, * 0y En)
Then

4.2) =>4 as A — o,

where u is a measure with support in the hyperplane

(20 = o 20 = 0,
or equivalently, fi(£) depends only on Egr1, *** , &n.
Proof. 1f ¢ € Cy we have
(i, @) = (m,on) where ox(z) = @(N'xy, -+, N'%q, Tgp1, =+, Tn).

Assume thatr; > Owhenl1 £ ¢ S kand thatr; < Owhenk <7 =gq Letyx
be the characteristic function for the origin in B. Then it is easily seen that

lim-oor () = 00, <++, 0,Z441, ", Tn) H?—IX(xi) (x e R™).

Denote the function in the right member by ¥. Clearly ¥ is a u-measurable
function for any ue M. Since the functions ¢ are uniformly bounded, it
follows from a general form of the Lebesgue Dominated Convergence Theorem
that

limyae (1, o2) = (1, ).

This proves (4.2) with u defined by
My 0) = {m,¥) forepeCo.
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If ¢ is equal to zero in the plane
L= {a;m =2 =0},

then ¥ is identically zero, hence the support of u is contained in L.

To prove that (E) implies (G) we use induction with respect to the dimen-
sionn. Ifn = 1, the statement is easily seen to be true, for in this case ch (4)
is an interval [ay , 1], where a and o4 are non-negative integers. In fact, by a
remark in the beginning of Section 4 it is sufficient to consider the case where
8 is a boundary point of ch (4 ), and this case is of course trivial when n = 1.

We now assume that we have proved that (E) implies (G) when the
number of variables z1, - -, Zx is less than or equal to n — 1. We have to
prove the same statement when m = n. Thus assume that (E) holds. By
Lemma 1 this is equivalent to the existence of kg € M such that

(4.3) eﬁ = ZaeA aha (E)'

Again we may assume that 8 is a boundary point of ch (4 ), or equivalently,
that there exists a non-zero vector r = (71, - -+ , 7s), s real numbers, such that

(ﬁy T) = SUDaea <a) r).

Now replace & by A&, N > 0,in (4.3). Let Ao be the set of & ¢ A such that
{a, 1) = (B, r). Setting

hap(bry »ov &) = ha (N1, -+ ’ N",)
we obtain after division by A"

“44) Eﬁ = Zaer Eaha.k(s) + ey

where the omitted terms contain negative powers of . We may renumber
the coordinates so that r; # Ofor1 £ 7 < ¢,andr; = Oforqg <7 = n. Then
by Lemma, 3 there exist functions g, ¢ M, which depend only on &541, + - , £,
such that

han(€) = ga(E) = ga(bgy1, -, &) a8\ — oo,

Take an arbitrary ¢ e Cy (R") and multiply (4.4) by &(¢). Since £ (¢)
is the Fourier transform of a function in Co, we obtain from (4.4) by letting A
tend to infinity

(45) [#ode = T [ Eoulton, -, £0808) de:
aedy
However, since ¢ is arbitrary, this clearly implies that

(4'6) fﬂ = Eaedo Eaga (E(I‘H y " En)-

Now, since the monomials & - - - £¢ are linearly independent over the ring
of continuous functions in £,44, - -+ , &, , it follows from (4.6) that there exists
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a subset Ag C A, such that

(Bry  ++,Bs) = (, ++, ) foreach aed,,
and that

B 8
Bt B = Dear ot B GaEerny oo ).

But by the induction assumption this implies that

(Bet1, *++ 5 B2) and {(agy, **- a,.);aeA(;}

satisfy (G) withn — g instead of n (note that ¢ = 1). It is obvious that this
implies that 8 and A¢—and hence 8 and A—satisfy (G).

5. Thecase 1 < p < »

In this section we will prove the following result, which seems to have been
first proved by Il’in [4].

THEOREM 2. Let BeN", let A be a finite subset of N*, and let 1 < p < o,
There exists a constant C (depending on p) such that

(5.1) 1 DPully < € Xaea || Du | (weCy (R™))
if and only if Bech (4).

That the condition 8 ¢ ch (4) is necessary for (5.1) to hold has already been
proved twice—see the beginning of Section 4 and the introduction.

The most essential part of the proof of the sufficiency of the condition
Bech (4) is contained in the estimate (5.3) of Lizorkin. A more general
theorem containing the result of Lizorkin has been proved by other methods
by Littman, McCarthy, and Rividre [6]. These results are all closely con-
nected with the well-known multiplier theorem of Mihlin (see e.g. [3, Theorem
2.5]); they can actually be considered as extensions of the latter theorem.

To formulate Lizorkin’s theorem in a convenient way one must use the
language of distribution theory. As customary we denote by 8’ (R") the class
of tempered distributions in R" as defined by Schwartz in [13].

TreoreMm 3 (Lizorkin [8]). Let T be a distribution in 8’ (R") whose Fourier
transform T (£) is a bounded function which is n times continuously differentiable
in the set

G={t= (&, ", E); & = 0foralld}.
Assume that

(5.2) |IDTE)| = Cl&a|™ - |&]™

forall te Gand for ally = (v1, -+, vn) such that v; = 0 or 1 for all <. Then
for each p, 1 < p < oo, there exists a constant C, such that

(5.3) [ T*ull, = Coll ull, (weCo (B™)).

The set of Fourier transforms (in the distribution sense) of distributions
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T ¢ 8’ (R™) satisfying (5.3) for a given p is generally denoted M, . Itisknown
(see [3, p. 100]) that M, = M, if p* + ¢ ' = 1 and that M, < M, if
1 = p < r £ 2, and furthermore that My = M,, = M (= the space of Fourier
transforms of measures with finite total mass), and that M, = L,. It
follows that for 1 < p £ « we have M, C L.

For 8¢ N”, set

(5.4) go (&) = £/ Daea £°.
Then
fﬂ = ZaeA E“g<a+m/2 (f ).

In order to prove Theorem 2 we need only show that gis2 € M, whenever
aeA and Bech (4), or more generally, that go ¢ M, whenever 6 ech (4).
It is clear that g, is infinitely differentiable in all of G.

LemMA 4. Assume that 0 e ch (A) and that g (§) = go(¢) 4s defined by (5.4).
Then for each v e N” there exists a constant C., such that

(5.5) D) = Clal™ - & ™ (te@).

Proof. We first prove (5.5) for [ 'yl = 0, i.e. that g(¢) is bounded. Since
0 ech (A) there exist non-negative real numbers #, such that > ¢, = 1 and

D wealara = 6.
By the arithmetic-geometric inequality we then obtain
I £W| = HaeA | E?alt,, é ZaeA ta| E2¢| § EaeA

This proves that ¢ (¢£) is bounded.
Next we estimate the derivatives of g(£). Set

F(E) = ZaeA £2a‘

£

Using the trivial estimate
(5.6) | Ds g7 = 28 &7 €|
we get for k > 0

1

. < kZaeAiDime[
"F(g)

D - F(s)k+1

(5.7)

e Ei ~1 £2a _ 1
soZ R S C16 e

D%g (%) can be written as a sum of terms of the form
E’/( ZCWA g“ )k7

where 1 < k < |v| + 1. We will prove by induction over v that each of
those terms ean be estimated by the right hand side of (5.2). Fork = 1
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and |y| = O this has already been proved. From (5.6) and (5.7) we get
ID;EF &)™) = | D:FE| + [ £DFE)™)|
< Cl&[TEIFE)™.

Combining this estimate with the induction assumption we obtain the de-
sired estimate.

By combining Theorem 3 and Lemma 4 we see that goe M, for each
fech (A) and 1 < p < ». The proof of Theorem 2 is complete.

6. The case P, ellipticand P, = 1
In this section we use the methods of Section 3 to give a short proof of a
result of de Leuuw and Mirkil [5].

TaeoreMm 4. Assume that P is elliptic and that the degree of Q is strictly
lower than that of P. Then for eachp,1 £ p = o,

(6.1) le@Dul, = C(IPDull, + [lull,) (weCo (BR")).

In the same article de Leuuw and Mirkil showed that if P is elliptic and @
and P have the same degree, then the homogeneous parts of highest degree in
@ and P must be proportional in order that (6.1) be valid for p = «. This
together with Theorem 4 easily gives a characterization of the operators
satisfying (6.1) for a given elliptic operator P and p = 0.

Proof of Theorem 4. Write P = P, 4+ P;, where P, is the homogeneous
part of highest degree d, and the degree of P, is < d. The fact that P is
elliptic means that Po(¥) > O for each non-zero real £. 'We will prove that
for any & > O there exists a constant C. such that

(6.2) QD)ul, = ell PoD)ull, + Cellulp  (u e C5 (B™)).

Using (6.2) we easily prove (6.1) as follows. Writing P = P — P, and
using Minkowski’s inequality we obtain

(6.3) 1QD)ull, < e PD)ully + el PrD)u|lp + Cellull,-
The same inequality for P; (D )u instead of Q (D )u can be written
(6.4) A =) PiDull, = el| PDull, + Collu|l,.

If ¢ < 1, the result follows from (6.3) and (6.4).
We will prove (6.2) by constructing %, and &, in L such that

(6.5) Q) = Po(£)h () + 1-ha(8).

We may clearly assume that Q is a homogeneous polynomial of degree e > 0.
Take an infinitely differentiable function ¢ defined for ¢ = 0 such that
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o) =0fort > Aandfor0 =t < a,a > 0, and such that
® [(1\adt
! "(i)rl'

Set

me = [ 90 (LN g ne) - f(f@(s»('—‘j—')"%.

Then (6.5) holds and h; e Ly since for each ¢ > 0,

Q((E;) (l £ |> CE(E") © Ly,

%Efs)) ¢ <i%|> :

‘Q(E) ('“) ;

Since 0 < e < d we conclude that || ; ||z, is finite for j = 1,2. By choosing b
large enough we can make | %;|/z, as small as we please. This completes
the proof.

It seems worth pointing out that the same method can be used to prove that
a given function is an L-transform in a somewhat more general situation,
as follows.

and

— Cl ta—d,

PoE) ©

and

= 1 Q®)e(] £]) 2, = Cet".

TaEOREM 5. Assume that k (£) is an infinitely differentiable function defined
in R", and that k(&) is positive-homogeneous of degree r < 0 (r real) outside
some compact set. Then kel .

Proof. The assumption means that there exists an A such that
(6.6) k(tE) = thk(t) forieR", |&| >4, t> 1.

Let ¢ denote the same function as in the proof of Theorem 4, and set

o0 = [ e (L) 2.

If b is large enough, & (¢£) satisfies (6.6) for all £ such that the integrand is
different from zero, and hence the proof of Theorem 4 shows that ge L.
Since k — g e Cy , it follows that ke L, .
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