THE AUTOMORPHISMS OF THE UNITARY GROUPS AND
THEIR CONGRUENCE SUBGROUPS

BY
RoseRT E. Sorazzr

The automorphism theory of the unitary group and the projective unitary
group has been investigated only over fields. In particular, no automorphism
theory has been available for the groups of unitary matrices whose entries are
taken from an integral domain. In this paper, we consider subgroups G of
the projective unitary group PU,(V) such that for each isotropic line L of
V, G contains at least one non-trivial projective transvection with proper
line L.

We require the underlying hermitian form to have Witt index at least 3.
We then give group-theoretical properties of the projective unitary transvec-
tions in G which suffice to distinguish the projective transvections from the
other projective unitary transformations. From this it follows that an auto-
morphism A of G must preserve all projective unitary transvections. This
yields a bijection L — L’ of the isotropic lines of the underlying vector space
V; we extend this to a bijection of all the totally isotropic subspaces of V and
then apply a theorem of Chow and Dieudonné [3, p. 82] to conclude the
bijection of totally isotropic subspaces is induced identically by a unitary semi-
similitude g of V. It is then easy to show the automorphism A is given by
transformation by the projective semi-similitude § corresponding to g. Our
results hold for Witt index at least 3 and characteristic not 2.

Having obtained the automorphisms of such projective unitary groups G we
determine as a corollary all the automorphisms of any subgroup 8 of U,(V)
that contains at least one non-trivial transvection on each isotropic line of V.
In the final section we apply these results to the unitary groups U, , U%, Ta
defined over integral domains and to their congruence subgroups. We show
each such unitary congruence group contains a non-trivial transvection on
every isotropic line. Applying our previous results we thus obtain an auto-
morphism theory for the unitary congruence groups.

The techniques used in this paper are modifications of the original method
of residual spaces introduced by O’Meara in [6] for the congruence subgroups
of the special linear and general linear groups.

1. Preliminaries
Let V be an n-dimensional vector space over the field F, and let x(F) de-
note the characteristic. Consider a hermitian form (z, y) on V, i.e., a map
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from V X V into F such that

(e + 2,9) = a(z,y) + (2,9)
(x,y) = (y,x)* forallz,y,zin V,allain F

where a — o is an automorphism of F of order two and not the identity.

Let E denote the fixed field of the * map; F | E is a galois extension of de-
gree two. Now let (z,2) = H(z). Note H(ax) = aa*H(z) for a ¢ F, and
since (z,z) = (z,2)*, H(V) C E. If x(F) # 2,F = E(1/6) forsome 0 ¢ E
and (o + 8V60)* = o — B/ for all « and Bin E.

In all that follows we shall assume that (x, ) is a non-degenerate hermitian
form on the n-dimensional vector space V over F. Here non-degenerate means
(V, z) = 0implies x = 0.

Derinition. Let W be a subspace of V and set
W*={zeV|(W,z) = 0}.

W is called regular if Wn W* = 0, degenerate if W n W* # 0; and W is
called totally degenerate if W = 0 and W C W*. We define rad W to be the
subspace W n W* of W;sorad W = rad W*. Since we always assume V to
be regular, we have that dim W 4 dim W* = dim V and therefore (W*)* = W
[3,p.13]. Sincerad W C W* we see

dimrad W = n — dim W.

We call a non-zero vector x of V isotropic if H(x) = 0, anisotropic if
H(x) # 0. A subspace W is called isotropic if it contains an isotropic vector,
anisotropic otherwise. For the rest of this paper we make the further assumption
V 4s isotropic.

The n-dimensional unitary group, written U,(V) or simply U(V), is all
o ¢ GL,(V) such that (ox, oy) = (2, y) for allz, yin V. Such a ¢ is called
a unitary transformation. Now it can be shown using Witt’s theorem on
the extension of unitary transformations that all maximal totally degenerate
subspaces of V have equal dimension [3, pp. 21-23]. This common dimension
is called the Witt index of V, »(V); one has 2:-»(V) = n.

Now for ¢ e Up(V),welet P = {2 ¢V | cx=2x} and weput R = P*. P is
called the fixed space of ¢ and R is the residual space of . We have
dim R + dim P = n. Whenever a transformation o € U,(V) is under dis-
cussion, the letter P will always denote the fixed space of o and the letter R
will always denote the residual space of ¢. Similarly we associate P; and R;
with any ¢;in U,(V). And res ¢ denotes dim (¢ — 1) V.

For any ¢in U,(V) wehavesP = Pand oR = R. And

11. P=ker(c —1y),R = (¢ — 1)V,
where 1y denotes the identity map of V. For any 2 e Un(V), 6= hasfixed
space =P and residual space ZR.
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DEerFiniTION. A subspace W of V is called a hyperbolic plane if it is regu-
lar, two-dimensional, and isotropic. It follows from La Géométrie des Groupes
Classiques, p. 21, that W is a hyperbolic plane if and only if W has a basis of
isotropic vectors , ¥ such that (z,y) = 1.

DerinitioN. For two subspaces U and W of V with (U, W) = 0 and
UnW =0 wedenote the direct sum U @ W by U L W. For any group G
whatever we denote the commutator subgroup of G by DG, and for a, b, in
G we let [a, b) = aba”'b".

By a transvection 7 is meant an element of SL,(V) that fixes a hyperplane
pointwise. If 7 # 1y, (+ — ly)V isa line L, called the proper lineof 7. 1y
is considered a transvection having any line of V as proper line. Which
transvections = fallin U,(V)? If r # 1y, 7 € Un(V), and P is thefixed hyper-
plane of 7, then L = (7 — 1y)V = P*. Since det 7+ = 1 it is easily seen
L C P = L* and so L is an isotropic line. Now for an isotropic vector a of
V and an element \ of F, define the map

Tap by 7man(x) = 2+ Nz,a)-a forall zeV.

A computation shows each 7., is a transvection having Fa as its proper line,
and 7, € Un(V) if and only if A + A\* = 0. Conversely each transvection =
in U,(V) with isotropic proper line Fa has the form r = 7, for A a suitable
element of F of trace zero. If Z e U,(V), one easily sees

27'4.)\ E‘l = TZa\ and (Ta,)\)—l = Ta,—\ »
The following propositions are now easily proved.

1.2. Let rapand rogbein Un(V). Then rop = mpp<a = abwithB = aa™
for some a € F.

1.3.  The product of two unitary transvections is a transvection if and only if
the two unitary transvections have the same proper line.

1.4. Let 7., be a transvection in U,(V) and let ¢ e U,(V). Then o and
Tan commute if and only if ca = aa for some element o in F with aa™ = 1.

1.5. Two unitary transvections commute if and only if their proper lines are
orthogonal.

For any m-dimensional vector space W whatever we denote the scalar trans-
formations of GL,(W) by RL.(W), or simply RL(W).

1.6. Let W b a two-dimensional vector space and suppose
o e GLy(W) — RLy(W).
Then the centralizer Cw(a) of o in GLy(W) is abelian.
Proof. Apply 2.6 of [6]. Q.E.D.
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1.7. Let n = 2 and suppose o € U,(V) fizes all isotropic lines of V. Then
o e RL(V).

Proof. If dim V = 2, o fixes at least 3 lines of V which implies ¢ ¢ RL(V).

If dim V' > 2, o fixes all hyperbolic planes since a hyperbolic plane can be
spanned by isotropic vectors. Any anisotropic line is the intersection of two
hyperbolic planes [3, p. 43] so o fixes all lines. Q.E.D.

1.8. Letn > 4 and 2 e U,(V) be such that Z(Fa) % Fa for some isotropic
line Fa of V. Let 7. be a non-trivial transvection in U,(V). Then = and
TanZ ‘74, don’t commute, if x(F) # 2.

Proof. Suppose they did commute; then
TZa\ Ta,—\ = Ta\ TZ—1g,—\ .

Choose a vector X orthogonal to Z"a but not to a. Upon substitution of X
in the above equation we obtain

—\X, a)a + MX, Za)Za — N(a, 2a)(X, a)Za = MX, a)a
which implies @ ¢ F- Za, a contradiction. Q.E.D.

Derinition. We say a subgroup S of U,(V) “has enough transvections”
if for each isotropic line L of V there is a non-trivial transvection in S with
proper line L.

We now define the projective unitary group, written PU,(V) or simply
PU(V), to be the quotient group of U(V) by its center, i.e., PU(V) = U(V)/
RL(V)nU(V). Let~ denote the natural map of U(V) onto PU(V). For
any subset A of U(V), A or A~ denotes the image of A under the map.
We call ¢ e PU(V) a projective transvection if one coset representative of &
in U(V) is a transvection. If n = 2 there cannot be two distinet coset repre-
sentatives of & which are transvections, and so we may define the proper line
of a projective transvection & to be the proper line of the unique coset repre-
sentative of & which is a transvection.

DeriniTioN. Let G be a subgroup of PU(V). We say G has enough
(projective) transvections if for each isotropic line L of V there is a non-trivial
projective transvection in G with proper line L. We define

A={ceU(V)|&eG};

80 A is a subgroup of U(V) that has enough transvections and RL(V) n U(V)
C A. TFor the rest of this paper whenever G or A is mentioned we always
understand them to be defined as above. If A C A (resp. A C G), then C(4) is
Ca(A) (resp. Ce(4)).

DeriniTioN. We say an element of U(V) is a quasi-symmetry if its resid-
ual space is an anisotropic line or if it is 1y . An element of PU(V) is a pro-
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jective quasi-symmetry if it is the image under the ~ map of a quasi-symmetry.
Finally we say an element of U(V) is a shearing if it leaves a hyperplane point-
wise fixed; projective shearings in PU(V) are defined in the obvious way.

DerinitioN. Let W be a subspace of V. We define E(W) = {ceA|R
C W} where R is the residual space of ¢.

DerinitioN. Let ¢ e U(V) n SL,(V). We call ¢ a plane rotation if its
residual space R is a plane. o is called a totally degenerate plane rotation or
a hyperbolic rotation if R is respectively a totally degenerate plane or a hyper-
bolic plane.

1.9. Let v(V) = 3, let P be a subspace of V of dimension at least n — 2.
Write P = rad P L W. Then W 4s tsotropic.

Proof. The hypotheses imply n > 6; and we haverad P = P*n P. Since
dim rad P < 2 and »(V) > 3, rad P cannot be a maximal totally degenerate
subspace of V. Sorad P & T for some three-dimensional totally degenerate
subspace T of V. It follows that

TCT*C (rad P)* = P+ P

Since W € P + P* a dimension argument implies Wn T # 0. So W is
isotropic. Q.E.D.

1.10. Let »(V) > 3 and suppose P is a subspace of V of dimension at least
n — 2. Then every isotropic line of P not in rad P lies in two distinct hyper-
bolic planes of P.

Proof. Asin (1), p. 42 of [3]. Q.E.D.

1.11. Leto and Z bein U(V) and suppose & and Z commute. Leto | W = a,
a e RL(W). If2dim W > n, then ¢ and = commute.

Proof. Since & and £ commute, ¢ = 8-Z¢=" with 8 ¢ RL(V). Choose
non-zero z in W n Z(W). From the equation o(z) = 8-Z¢=7'(x) it follows
a=faorf =1y. QE.D.

2. Double centralizer results

2.1. Let S be a subgroup of U,(V) that has enough transvections. Lel o be a
non-tnvolution in S n SL,(V) with residual and fixed spaces R, P with R g; P.
Supposen = 2and dim R = 2. Then E(R) € CDC(o).

Proof. Let RLy(R) denote the scalar transformations of GL:(R). Since
REP,0|R # 1z. Nowo|R ¢RLy(R) since if s0, 1 = det ¢ = det ¢|R,
which implies ¢ | R = —1z. But ¢ is not an involution. Thus

o | R e GLy(R) — RLy(R),
and 1.6 tells us Cz(o | R) is abelian where Cz(o | R) denotes the centralizer of
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o|Rin GLy(R). Let a1 e DC(0);80 o1(R) = R and
o1|R eDC(o) |R © DCr(c |R) = 1;.

So 1| R = 1z and R,* = P; D R; any s in E(R) will have its residual space
R, € R C R,*. Thus s and oy commute by 1.5 of [6] and so E(R) < CDC(o).
Q.E.D.

2.2. Letv(V) > 3andletoc e Ahavedim B < 2. Then CDC(5) € E(R)"™.

Proof. The hypotheses imply n > 6. Now let L = Fa be any isotropic
line of P not in rad P. By 1.10 we can choose two distinet hyperbolic planes
Fa + Fb and Fa + Fc in P with b and c isotropic. Let 7., 75, 7., be non-
trivial transvections in A with proper lines Fa, Fb, Fc. Let f = [7., ) and
g = [7a, 7c]; f and g have residual spaces Fa + Fb and Fa + Fc respectively.
Since ¢ fixes a, b, and ¢, f and g are in DC(¢) and so f and § are in DC(¢)” <
DC(5).

Now let £ eCDC(5). Z and f commute and by 1.11, £ and f commute
since n = 6. So = acts on the residual space of f and similarly 2 acts on the
residual space of g. Hence Z acts on their intersection, Fa. So Z fixes all
isotropic lines of P not in rad P. If rad P # 0, let K be a line of rad P and
write P = rad P L W. W isisotropic and regular by 1.9. Let L, be an iso-
tropic line of W. All lines of K @ Ly are isotropic and the only line of K @ L,
inrad Pis K. So Z fixes all lines of K @ Ly, except possibly K. Therefore
ZK = K. 8o 2 fixes all isotropic lines of P.

Since W is isotropic and regular 1.7 implies

S|W =2 with \eRL(V)nU(V).

We claim 2 [rad P = . This follows from considering the effect of = on
K®Ly. HenceZ|P = X-1pand so Z eX-E(R). Thus

S e(ME(R))™ = E(R)™. Q.ED.

23. Letv(V) = 3and o e A. Then CDC(&) is abelian if o ts a transvection
or a totally degenerate plane rotation or quasi-symmetry. And CDC(&) is non-
abelian if o s a hyperbolic rotation with ¢° # 1v .

Proof. If o is a transvection or a totally degenerate plane rotation or a
quasi-symmetry, 2.2 implies CDC(¢) € E(R)”. Since dim B = 1 or R is
totally degenerate, 1.4 of [6] implies E(R)™ is abelian.

If ¢ is a hyperbolic rotation with o 5 1y, 2.1 implies E(R) < CDC(s), so
E(R)” € (CDC(s))” € CDC(5) since C(o)” = C(&) by 1.11. Since Ris a
hyperbolic plane and G has enough projective transvections, there are two
non-commuting projective transvections in E(R)”. Q.E.D.

3. Applications to automorphism theory

3.1. Let A be an isomorphism of G into PU(V) which maps each projective
transvection 7 in G to a projective transvection having the same proper line. Then
A equals the dentity map on G.
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Proof. Let L be an isotropic line of ¥ and 7 a non-trivial projective trans-
vection in G having proper line L. Let  be a typical element of G; write
1 = Aé and let 71 = A7 where 71 is a transvection having proper line L.
Set f = or0 ' and g = o101 ; Af is a projective transvection with line oL and,
g is a projective transvection with proper line o1L. Since Af = §, o10” " fixes
all isotropic lines of V and 1.7 implies ¢ = Aoy with A e RL(V) n U(V).
Hence ¢ = (Mo1)” = A forall¢in G. Q.E.D.

DerFiniTioN. Let ¢ be a semi-linear isomorphism of ¥V onto V. Wesay ¢
is a unitary semi-similitude if there is \ e F such that (gz, gy) = Az, y)" for
all z, y in V where w is the field automorphism of g.

Given a unitary semi-similitude ¢ we may define a map A, of U,(V) onto
U.(V) by Ay(e) = gog* for o e U,. Similarly we define the map A, of
PU,(V) onto PU.(V) by A,(5) = (Ay(0))” for all 6 e PU,(V). Itis easy
to see A, and A, are automorphisms of U,(V) and PU,(V) respectively.

3.2. Let g be a semi-linear tsomorphism of V onto Vandn = 2. Thengisa
unttary semi-similitude < for all x, y in V, (z,y) = 0 implies (gz, gy) = 0.

Proof. = is clear. The converse implication is proved on page 18 of [3].
Q.E.D.
Remark. We assume x(F) 5 2 in the rest of Section 3.

3.3. Let A be an automorphism of G and o a shearing in A with residual line
L. Suppose v(V) > 3. Then Ag is a projective transvection or projective
quast-symmetry.

Proof. We can assume ¢ % 1y . Put £ = Ag; by 1.7 thereis an isotropic
line Fa in V such that ZFa % Fa. Let 7, be a non-trivial transvection in A
with line Fa. Put T = 7, ; by 1.8, = and T=7'7" don’t commute and the
equation

[, T] = «aTZ7'T™'2 with « e RL(V)

is impossible by a dimension argument. Put A7 = T, h = [, T}, and
f = [0, 7]. Since £ and TS 7" cannot commute, o and 7¢ 7 cannot com-
mute; hence L # 7L and (L, L) 5 0. So L + L is the residual space of f.

Now & is the product of the transvections ZT=" and T~ which have the
district proper lines £Fa and Fa. Hence A is a plane rotation with residual
space R = ZFa + Fa. Because a is isotropic, R is either a hyperbolic plane
or a totally degenerate plane; we will show R is a hyperbolic plane.

Note ZTZ™" = 73,5 and T = 7, ; from these formulas it follows =T=™
and T~ both fix the plane R. Thus either 72" and T~ both induce 1z or
they induce non-trivial transvections on R with distinet proper lines (depend-
ing on whether (a,2a) = Oor (a,Za) % 0). Inany case h |R = [Z,T] | R #
—1z since x(F) # 2. By 1.7 of [6] &> # 1y ; and surely h* # y-1y with
v # 1. So his not an involution and since Af = £, f is not an involution. So
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S satisfies the hypotheses of 2.1 and so E(L + L) € CDC(f). Thus
E(L + L)~ € (CDC(f))™ € CD(C(f))~ = CDC(f)

since C(f)~ = C(f) by 1.11. Thus CDC(J) is non-abelian, since both & and
76 ' arein E(L + 7L)~ and they don’t commute. Hence CDC(k) is non-
abelian. So if R were totally degenerate 2.3 would imply CDC(%) is abelian,
a contradiction. Thus R is a hyperbolic plane.

Finally we show A¢ is a projective shearing. We saw above

7 e E(L 4+ L)~ S (CDC(f))~ S CD(C(f))~ = CDC(J).
So we have that A¢ e CDC(Af) = CDC(h). By 2.2,
2 = A¢ eCDC(h) C E(R)™;

thus we may assume the residual space of = is contained in R. If R is the
residual space of = and = | R is a scalar, then since CDC(h) C E(R)™ we see
2 centralizes CDC (k) which contradicts the fact & ¢ CCDC(F) ; if R is the re-
sidual space of = and Z | R isn’t a scalar, the proof of 2.1 shows E(R) C
CDC(Z), contradicting the fact CDC(5) is abelian. So = has residual space
aline. Q.E.D.

Thus 3.3 says any automorphism A of G maps projective shearings to pro-
jective shearings under the assumptions we made. For the rest of Section 3
let us assume the hypotheses of Theorem 3.3 are in force; we are going to show
that in fact A maps projective transvections to projective transvections. Note
if o1 and o, are shearings 1y with residual spaces Ly and L, then oi0s = o301
iff Ly = Lyor (In, L;) = 0. We also see that if & e G is a non-trivial shearing
with residual space the line L, then CC(¢) = E(L)".

DEeriNiTION. For a subspace W of V, let S(W) be all projective shearings
in @ whose residual lines are contained in W. For a subset X of G, let C'(X)
be all projective shearings in G which commute with each element of X.

LemMA 1. Let 6 and &, be non-trivial commuting shearings in G with distinct
residual lines Ly and Ly . Then

C/C,(th , 6’2) c S(Ll + Lz); and O,C,((ﬁ , 6‘2) = S(L1 + Lz)
if &1 and &, are both transvections.

Proof. Clearly
C'(31, 62) = S((Ly + Lo)*) u S(Ly) u S(Ly).

Thus C'C'(61, 62) & S(L1 + L.). However if oy and oy are both transvec-
tions then C"(&1, &) = S((L1 + L:)™) and this implies

S(L1 -+ L2) = CIC,(&l , 6‘2). QED

Lemma 2. Under the hypotheses of 3.3, if 61 is a projective transvection in G
then A&: 1s also a projective transvection.



AUTOMORPHISMS OF THE UNITARY GROUPS 161

Proof. If char F = p > 0, then each transvection 51 has order p while
no quasi-symmetry can have order p. So we can assume char F = 0.

We may suppose &1 # 1;let &1 have residual line L; and choose an isotropic
line Ly in V such that (L., L;) = 0and L % L;. Choose a non-trivial pro-
jective transvection &. in G with line L, . Let the shearings Ae; and Ag; have
lines L] and Lj .

Then the totally degenerate plane Ly + L. contains an infinite number of
distinet pairwise orthogonal isotropic lines. Thus

S(Ly + Ls) = C'C' (61, &)

contains an infinite number of distinct pairwise commuting projective trans-
vections with pairwise distinet double centralizers. So C’C’(Aé:1, Aéz) con-
tains an infinite number of distinet pairwise commuting projective shearings
with pairwise distinct double centralizers. We know

C'C' (A&, AGy) S S(L1 + L)

so the plane L{ + L; contains an infinite number of pairwise distinct lines
K;--- K, ---such that (K;, K;) = 01if ¢ # j. This implies the plane
Li + Lj is totally degenerate which implies A is a projective transvection as
desired, Q.E.D.

So we see (under the hypotheses of 3.3) the automorphism A of G carries
projective transvections to projective transvections.

For L an isotropic line define T'(L) to be the group of all projective trans-
vections in G having proper line L. It follows from 1.3 that 7(L) is a maxi-
mal group of projective transvections in G' and that every maximal group of
projective transvections in G has the form T(L) for some isotropic line L.
Let A be an automorphism of @; by Lemma 2, AT(L) is a maximal group of
projective transvections in G and hence there is a unique isotropic line L’
such that AT(L) = T(L'). The map L — L’ is easily seen to be a bijection
of the isotropic lines of V. Since the commuting of two projective trans-
vections is equivalent to the orthogonality of their proper lines, we see
(Ly, Ly) = 0if and only if (Ly/, Ly) = 0 for any two isotropic lines L; and
L,. And the bijection inverse to L — L’ is the one induced by the automor-
phism A of G.

Now let L; and L, be two distinet orthogonal isotropic lines, and #; and 7,
be two nontrivial projective transvections in G with residual lines L; and L,
respectively. We saw above that C'C’'(71, %) is equal to the set of all pro-
jective transvections in G whose residual lines fall in the totally degenerate
plane Ly + Ly. From this centralizer computation and the fact A preserves
projective transvections, it follows that if Ly C L, + L, then Ly C Li +Lj,
and Li + Lj is a totally degenerate subspace of V.

3.4. Suppose {L}, 1 < i < r,is a finite set of pair-wise orthogonal isotropic
lines. Then
LCLi+ -+ L & LICLi+ ---+ L.
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Proof. Consideration of A~ shows it is enough to prove
LiSly+ -+ L=L<S L+ -+ L.

The above remarks establish this for »r = 3 and it trivially holds for r = 1 or
2. Soletr = 4 and induet on r. If Ly = L, the theorem is trivial. Assume
Ly % L,so Ly € K + L, where K is a line contained in Ly + --+ + L,3.
K is isotropie so

K CLi+ -+ + Ly

by induction. And L{ € K’ 4+ L/ since the theorem holds for r = 3. Hence
LiCK' +LiCSLi+ -+ + L. Q.E.D.

Now 3.4 implies the bijection L — L’ of isotropic lines induced by A maps
any finite set of independent pairwise orthogonal isotropic lines to independent
pairwise orthogonal isotropic lines. For W any m-dimensional totally de-
generate subspace of V, choose a base @1, + -+ , & for W and define W’ to be
the m-dimensional (totally degenerate) subspace of V spanned by the in-
dependent lines (Fa1)’, -+, (Fx,)’. Using 3.4 it is easily seen W' is inde-
pendent of the particular base 2y, -, %, chosen for W. So A induces a
well-defined dimension-preserving map W — W’ of the totally degenerate
subspaces of V. This map is easily seen to be a dimension-preserving bijec-
tion of the totally degenerate subspaces of V. And the bijection inverse to
W — W' is the one induced by the automorphism A~ of G.

Now the bijection W — W’ of totally degenerate subspaces that A induces
satisfies the hypothesis of the theorem given on page 82 of [3]. Applying
that theorem we conclude there is a unitary semi-similitude g of V onto V
such that gW = W’ for all totally degenerate subspaces W of V of dimension
v(V) — 1.

Let L be an isotropic line of V. Choose a maximal totally degenerate sub-
space W of V with L C W. Then L = N, W, where {W,} is the family of
all subspaces of W of dimension »(V) — 1 which contain L. We have
gL = NegW, = N, W, = L'. Hence gL = L’ for all isotropic lines L of V.
One easily sees A,-10 A is an isomorphism of @G into PU,(V) that satisfies
the hypotheses of 3.1. Hence A = A, and we have proved

3.5. THEOREM. Let G be a subgroup of PU,(V) which has enough projec-
tive transvections and suppose v(V) = 3, x(F) = 2. Let A be an automorphism
of G. Then there is a unilary semi-similitude g of V onto V such that A =
A, |G

3.5a. CoroLLARY. Let v(V) = 3, x(F) # 2 and let S be a subgroup of
U.(V) that has enough transvections. Let A be an automorphism of S. Then
there is a homomorphism x of S into the center of Un.(V) and a unitary semi-
similitude g of V such that Ac = x(c) -gog " for all o € S.

Proof. A induces an automorphism A of S given by A(5) = (Ac)~ for all
ceS. Thus A = A, by 3.5and so (As)” = (Ay,(c)) forallo e, or Ac =
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x(o) - Ay(a), x(a) a scalar in U,(V). Since A is an automorphism, x is a
homomorphism. Q.E.D.

4. The automorphisms of the unitary congruence groups

Let o be an integral domain of any characteristic and for « ¢ o let the map
o — o be a non-trivial automorphism of o of period two. Let F be the
quotient field of o; the automorphism * of o has a natural extension to an
automorphism of F which we again denote by *.

Let V be an n-dimensional vector space over F and (z, y) be a non-degen-
erate hermitian form defined on V taking values in F. Let & denote the
fixed field of the * map.

4.1. Let a and b be any two fractional ideals of 0. Then there is a non-zero
N in F of trace zero such that \a < b.

Proof. It is enough to prove this under the assumption a & o, b < o.
Let 8 be a non-zero element of b. Since 0* = o, B8* €. Clearly we can
choose a non-zero ¢ in o of trace zero. Then A = B8*t does the job. Q.E.D.

DerFINITION. An o-module M is bounded if there exists an o-linear iso-
morphism of M into some free o-module of finite dimension.

Let M be a bounded o-module contained in V such that FM = V where
FM = {azx|aeF, xeM}.

For any vector a ¢ V, define the coefficient of a, ¢., as {a e F | aa € M}.
¢ is a fractional ideal of 0. And if p is a non-zero linear functional on V, then
p(M) is a fractional ideal of o.

We define the three integral unitary groups Tw(M), UL(M), and U,(M)
as follows:

Ui M) = {ceUn(V) | oM = M}, Ut(M) = Un(M) 0 SL.(V)

and T,.(M) is the group generated by all transvections in U,(M).
Now let a be a non-zero ideal in 0. Put

a-M = {Zz @i % | aiea, z; € M}
and define the unitary congruence groups to be

Un(M; a)

{o e Un(M) | (¢ — 19)M & a-M}
Un(M;a) = Uu(M;a) nSLa(V)
and T,.(M; a) is the group generated by all transvections in U,(M; a). We

see To(M; a) € UL(M; a) S U.(M; a) are normal subgroups of U,(M),
and T(M;0) = To(M), UL(M;0) = UL(M), Us(M;0) = U.(M).
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The projective unitary congruence groups
PTL.(M;a), PUL(M;qa), PU,(M;a)

are defined to be the images of T,,(M; a), UL(M; o), U.(M; a) respectively
under the ~ map of U.(V) onto the quotient of U,(V) mod its center.
If 7. € Un(V), it is easy to see

MM,a) © aa=NM,a)a S oM = 7,5eTL,(M;0).
4.2, Forn = 2, TL,(M; a) has enough transvections.

Proof. Let L = Fa be an isotropic line of V; (z, @) is a non-zero linear
functional on V and so (M, a) is a fractional ideal of 0. Using 4.1, choose a
non-zero A in F of trace zero such that A\(M, a) C ¢ -a; since X has trace zero,
Tan € Un(V). The above remarks show r, e TL,(M; a). Q.E.D.

4.3. Let v(V) = 3, x(F) 5% 2; let G be one of the groups
PU.(M;a), PUL(M;a) or PTL,(M;aq),

and suppose A is an automorphism of G. Then there is a unitary semi-similitude
g of V onto V such that A = 4,|G.

Proof. 4.2 implies G has enough projective transvections. Now apply 3.5.
Q.E.D.

4.4. TuaroreMm. Let v(V) = 3, x(F) 5 2, let S be one of the unitary con-
gruence groups U,(M; a), UL(M; a) or TL,(M; a), and suppose A is an auto-
morphism of 8. Then there is a homomorphism x of S into RL(V) n U.(V)
and a unttary semi-similitude g of V onto V such that Ae = x (o) - Ay(o) for all
ogef.

Proof. Apply 3.5a and 4.2. Q.E.D.
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