DIRICHLET SPACES AND RANDOM TIME CHANGE

BY
MArTIN L. SILVERSTEIN!

Introduction

We apply the machinery of Dirichlet spaces to the study of processes ob-
tained from a given symmetric Markov process via a random time change.
The basic results are collected and presented in their final form in Section 8.
These results are applicable in particular to the “processes on the boundary”
of K. Sato and T. Ueno in [25] and so yield information about boundary con-
ditions for symmetric Markov processes.

Necessary preliminary machinery is set up in Sections 1 through 4. Some
potential theory for regular Dirichlet spaces as developed for special cases by
H. Cartan [3 and 4] and in general by A. Beurling and J. Deny [1] and by M.
Fukushima [13] is collected in Section 1 and then applied in Section 2 to con-
struct strong Markov processes. Our construction differs from that of Fuku-
shima [13] in that we do not make use of ‘“‘strongly regular Dirichlet spaces”
and the associated ‘“Ray resolvents.” The increasing processes for implement-
ing random time changes are constructed in Section 3. Also in that section we
introduce an appropriate notion of balayage more or less in the spirit of [13].
A useful form of invariance under time reversal is established in Section 4.

The real work is done in Sections 5 and 6. The time changed process is
analyzed in Section 5. The main result is that the corresponding Dirichlet
space is, in an appropriate sense, contained in a ‘“‘universal Dirichlet space”
which itself depends only on a complementary “killed”” process and topological
notions. A converse result is established in Section 6 so that these two sections
together effectively classify certain symmetric extensions of the ‘killed”
process.

Probabilistic interpretations for the original Dirichlet norm and also for the
‘“‘universal Dirichlet norm” are established in Section 7. The results here are
incomplete but promise to be useful for applications.

Our results are illustrated with Brownian motion in Section 9. In par-
ticular we show that a result in Section 7 gives a general form of Green’s
identity, similar to one established by Doob [5] for the Martin closure using
different techniques.

We plan to treat processes of purely “‘jump type” in a separate publication.

For related work by other authors we refer to [8], [14], [18], [25] and [26].

It is a pleasure to acknowledge my great debt to M. Fukushima whose work,
[12], [13] and [14], has inspired my own research in this area. My thanks also
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to J. Elliott for several helpful conversations and for introducing me to
Dirichlet spaces.

Finally I acknowledge my debt to Willy Feller. It was a great privilege to
know him and to learn from him.

1. Potential Theory of Regular Dirichlet Spaces

The point of view taken in this section goes back at least to H. Cartan [4]
for the classical Dirichlet spaces associated with the Laplacian and Brownian
motion. The general formulation in terms of regular Dirichlet spaces is due
to A. Beurling and J. Deny. (See especially [1].) The first detailed presenta-
tion which is adequate for further work in the direction of Markov processes
seems to be that of M. Fukushima [13]. We give in this section a slight varia-
tion of Fukushima’s presentation.

We consider a separable locally compact Hausdorff space X together with a
Radon measure dz on X. (By a Radon measure we mean a regular Borel
measure which is bounded on compact sets.) We denote by L’(dz) or
L’ (X, dz) the Hilbert space of square integrable real-valued functions on X
and by Cem (X) the collection of continuous functions on X with compact
support. We use the abbreviation [a. e. u] for “almost everywhere relative to
the measure y”’ and adopt the usual cavalier attitude towards the distinction
between functions and equivalence classes of functions. However all func-
tions on X are Borel measurable unless otherwise specified.

1.1. DerFINITION. A symmetric (submarkovian) resolvent on L*(dx) is a
family of bounded symmetric linear operators G, ,u > 0 on L’ (dz) satisfying:

111, G,f > 0 [a.e. dz] whenever f > 0 [a.e. dz] and uG.f < 1 [a.e. dx]
whenever f < 1 [a.e. dx].

112 ¢, — G, = (v — w)G.G,.

To any symmetric resolvent {G, , w > 0} is associated its generator A defined
by (u — A)G.f = ffor fin L§(X), the L*-closure of the common range of the
G.. The operator 4 is self adjoint and non-positive definite on L (X) and so
—A has a unique nonnegative definite square root \/—A which is a self ad-
joint operator on L2 (X).

1.2. DerINITION. A normalized contraction is a mapping 7' of the real
line into itself satisfying 70 = O and | T2z — Ty| < |z — y/|.

1.3. Derinrrion. A Dirichlet space relative to L*(dz) is a pair (F, E)
where:

1.3.1. F is a linear (in general not closed) subset of L’(dx) and E is a
bilinear form on F.

1.3.2. For each u > 0 the vector space F is a Hilbert space relative to the
inner product

B g) = B, 0) +u [ de f@) g ).
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1.3.3. If f belongs to F and if T is a normalized contraction, then also T'f
belongs to F and

E(Tf, Tf) < E(f, ).
In general we will say that a bilinear form E* on F is contractive, if
(L.1) E*(Tf, Tf) < E*(f, f)

for f in F and for T a normalized contraction. Of course 1.3.3 states in
particular that E itself is contractive on F.  We will see that other contractive
forms on F play an important role.

Note that the inner products K, , v > 0 are equivalent and so topological
notions in F are independent of v > 0.

The connection between Dirichlet spaces relative to L? (dx) and symmetric
resolvents on L’ (dz) is spelled out in

Prorostrion 1.1. There is a one to one correspondence between Dirichlet
spaces (F, E) on L’(dz) and symmetric resolvents {G,, u > 0} on L’(dzx)
given by

F = domain (V/=4),  B(f,g) = [ dzv/=Af(x)v/~Ag ().
Moreover
Bu(G.f,0) = [ do f@)g(a)

for fin L (dz) and g in F and

(12)  Buf,) = Limo [ do (/@) — vGur [(@)}g(a) (v T )

for f, g in F.  Indeed the quantity

vfdx {f(2) — vGuso f(2) }f ()

increases for general f in L*(dx) and has a finite imit as v T o if and only if
f belongs to F.

This connection between Dirichlet spaces and resolvents in a slightly differ-
ent form was first noted by Beurling and Deny [1]. A detailed verification
of the connection as stated in Proposition 1.1 can be found in [14, Chaper 2].
We remark that the argument there shows in particular that in verifying the
contraction property 1.3.3 for Dirichlet spaces it suffices to consider the two
special cases Tx = max(z, 0) and Tz = min (z, 1). Furthermore, once it is
verified that (F, E) is a Dirichlet space, the contractivity property can be
strengthened as follows. We say that g is a normalized contraction of f if
lg@)| < |f@)] and if |g(@) — g@)| < [f@@) — f@)] for all z, y.
Then if f belongs to F, so does g and E (g, g) < E(f, f).
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We note for convenient later reference the following easily verified facts.

14.1. For uw > 0 the operator u@, is a contraction relative to any E, norm
and uG,f — f strongly in F for general fin Fasu T «.

14.2. For fixed ¥ > 0 the functions G,f form a dense subset of F as f runs
over a dense subset of L?(dz).

1.5. DeriniTiON. The Dirichlet space (F, E) relative to L?(dz) is regular if :
156.1. F n Ceom (X is uniformly dense in Coom (X) and strongly dense in F.
1.6.2. The measure dx is everywhere dense. That is, fa dz > 0 for any

nonempty open set G.

Condition 1.5.1 was first introduced and effectively exploited by Beurling
and Deny in [1]. We give a construction (essentially the one by Fukushima
in [12]) in the appendix which shows that every Dirichlet space F, E) such
that F is dense in L* (dz) (that is, L§ (dz) = L*(dz)) can be replaced by a regu-
lar Dirichlet space without changing any of the relevant structure. In the
remainder of this section we assume that (F, E) ts a regular Dirichlet space rela-
tive to L’ (dx).

1.6. DgerinirionN. fin F is a u-potential, u > 0, if E, (f, g) = 0 whenever
ginFand g > 0 [a. e. dz].

ProposiTioN 1.2 (i) f in F is a u-potential if and only if there exists a
Radon measure u such that

Bj,0) = [ wdn)g(a)

for gin F n Ceom (X)
(ii) fin F is a u-potential if and only of E,(f + ¢,f + ¢) = E.(f, f) when-
ever g isin F and g > 0 [a.e. dx].
Gii) If f is a u-potential, then f > 0O [a. e. dz].
(iv) fin F is a u-potential if and only if vGuio f < fla. e. dz] for allv > 0.
(v) If f, g are both u-potentials, then so is min (f, g).
(vi) If f is a u-potential, then so is min (f, ¢) for any ¢ = 0.

Proof. We begin with (i). The if part is clear from F n Coom (X) being
dense in F. To prove “only if” let f be a u-potential and consider the non-
negative linear functional I defined on nonnegative ¢ in F n Ceom (X) by
I1(g) = E.(f, g). If g, decrease to 0 pointwise, then they do so uniformly
and, after comparing to a fixed nonnegative g in F n Coom (X) which is > 1 on
the support of g1, we easily see that I (g,) | 0. The existence of the desired
Radon measure y now follows by the Daniell approach to integration (as
presented for example in [20, p. 29]). The proof of (i) is complete. The
only if part of (i) is immediate and ““if”’ follows upon replacing g by &g for
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t > 0 sufficiently small. Conclusion (iii) follows from
E(FLISD) = Bu(f, ) + Eu(FI = £ 11 =) + 2B, | f| = )

since by contractivity E,(f, f) = E.( f [, | f1). “If” in (iv) follows from
(1.2) and “only if” from the relation

[ @& 15(2) = 16urs f(2)}0(2) = Bulf, Guro ).

Finally (v) and (vi) follow from (iv).

Before continuing we establish a simple but useful extension of Proposition
1.2 (iv).

CoroLLARY 1.3. Let g be a u-potential and let f on X satisfy

0<f<yg l[ae. dr]

VGurof < f lae.dx], v > 0.
Then f belongs to F and therefore f is a u-potential.
Proof.

[ @z o(5(@) — Gua @) < [ doolf@) = 16uns @) o)

= fda: v{g(x) — vGurr g(2) }f ()

< [ @z olg(@) — 16uns 9(2)}g(a)

and the desired result follows from Proposition 1.1 and from Proposition 1.2

(iv).

1.7. DErFinrTiON. The Radon measure u has finite energy if there exists a
constant ¢ > 0 such that

[ waia) < etmuis, 3

for fin F n Ceom(X). The collection of all such measures is denoted by 9.

It is routine to show that if u belongs to 91, then for every u > 0 there
exists a unique u-potential, written G,u, such that

(1.3) E.(Gup,9) = fu(dx)g(x)
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for g in F n Ceom X). The resolvent identity
Gu“« = le-‘ + (U - u)Gquﬂ-

valid for u in 9N and for u, v > 0 is easily verified. It is convenient to intro-
duce the special notation

I o llu = {Eu(Guny G}

for 4 > 0 and p in 9. Important compactness properties of 9N relative to
the norms || u [|. are established in

ProposrrioN 1.4. Let u > 0 and let {u,} be a sequence in 9.
1) If Guun converges weakly to f in F, then f is a u-potential and indeed
f = Guu where u is the vague limit of the uy, .

@) If || un ||lu is bounded and if w. — u vaguely, then u is in I and Gup.
— Gyuu weakly in F.
(i) 9N <s complete relative to | || .

Proof. If G.u, converges weakly to f, then clearly f is a u-potential and so
f = Guu for some u in 9. But then fu,, (dz)g(x) — fu (dz)g (z) for ¢ in
F n Ceom (X) and it follows directly that w, — u vaguely, proving (). Con-
clusions (ii) and (iii) follow routinely.

To make further progress we must validate (1.3) for general g in F which
means in particular that we must represent g by a refinement which is well
defined [a. e. u] for every u in 9. The main tools for doing this are certain
capacities associated with the Dirichlet norms E, .

1.8. DerFinrTION. For @ an open subset of X let
Cap.(G) = inf Eu(f, f)

as f runs over the functions in F such that f > 1 a.e. on G. If no such f exist
put Cap,(G) = + «. For general Borel subsets A of X put

Cap,(4) = inf Cap,(G)
as @ runs over the open supersets of 4.
1.9. DerFiNiTION. A Borel set A is a polar set if Cap,(4) = 0.

Note that although in general the value of Cap,(A4) depends on u > 0,
still the condition Cap,(4) = 0 is independent of » > 0. This follows from
the easily verified estimates

E.f, ) < B, ) < QwE(, ),  W/wE ) < B, f) < Bu(f, f)

valid respectively for 0 < v < 1and 1 < u < + «. Thus Definition 1.9
makes sense.

PropositioN 1.5. Let uw > 0 and let G be an open subset of X such that
Cap.(G) < .
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(i) There exists a unique function py in F such that E,(p%, p3) is minimal
among fin F satisfying f > 1 [a.e. dx] on G.

() 0 < pd < 1andpy = 1on Glae. dz].

(i) p3 is @ u-potential and indeed py = Guu with u concentrated on cl (@),
the closure of G.

Proof. Let L be the subset of f in F such that f > 1[a.e. dx] on G. Clearly
L is a closed convex subset of the Hilbert space F with the inner product E,
and so (i) follows from the elementary theory of Hilbert spaces. Conclu-
sion (ii) follows upon noting that if f belongs to L, then so does min(f, 1)
and max (f, 0). That p$ = G.u for some p in 9 follows from Proposition
1.2(ii) since if g on F is > 0 then ps + ¢ belongs to L and so

E.(0S + g, 9% + 9) > E@3, p3).

To show that u is actually concentrated on cl(G), it suffices to consider re-
strictions to cl(@) of functions in F n Ceom (X) and to modify in an obvious
way the proof of Proposition 1.2 ().

Lemma 1.6, For v in 9, for u > 0 and for G an open subset of X,
(@) < |l v[lu{Capu (@)}

Proof. If py were in Com (X), the lemma would follow from (1.3). In
general this is false and instead we apply an approximation argument of Fu-
kushima. For v > 0 let g, = vGurww. Then Gugy = vGuy,Gur which con-
verges strongly (see 1.4.1) and therefore weakly to G.v asv T . Thus by
Proposition 1.4, g, (x)dxr — v vaguely and so

»(@) < Lim inff go(2) do
G

< Lim inffpﬁ(x)gw(x) dx
= Lim inf E,(p5, Gu gv)

= Eu(pi ) Gu V)
< ” v “u{capu(G)}m-
CoROLLARY 1.7. If u has finite energy, then u charges no polar set.

Next we establish some properties of Cap, which permit the application
of Choquet’s general theory.

ProrosrTioN 1.8. (i) Cap,(Gi1) < Capu(G:) whenever Gy C Gy with both
open.

(i) If open G T @, then Capu(Gn) T Capu(G). If Cap.(G) is finite
then also pS~ — p4y strongly in F and pS* increases to pala.e. dr].
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(iil) (strong sub-additivity)
Cap. (G1u Gz) + Cap,(Gi n G,) < Cap,(G1) + Cap.(Gz)
for Gy, G open.
Proof. (i) is clear. To prove (ii) observe first that if m < n, then
g = min(@s". pi") > 1 on Gy

and therefore E,(g, g) > E.(ps", pam). On the other hand the argument
used to prove Proposition 1.2 (iii) shows that

E.(pu", pa") = Eu(g, 9) + E.(pi™ — g, po™ — ¢)

and we conclude that ps™ = g or pa™ < pS" [a.e. dz) and so p§" increases with
n [a.e. dz]. Suppose now that sup Cap,(G,) is finite. Then p3" converges
weakly to some f in F and it is a simple matter to check that f = pS. To
complete the proof of (i) it only remains to show that ps" — p§ strongly,
which follows from the above argument with p5™ and p3" playing the role of
g and pi. To prove (iii) we remark first that for G open with Cap, (G) <
+ o, we have Cap,(G) = E,(p3, f) whenever f = 1 [a.e. dz] on G. This
is because

E.(ps + tf — pal, pi + tIf — pa]) 2 Eu(p%, pi) for all real ¢.
Therefore if Cap,(Gi) and Cap,(G,) are finite, then
Cap. (G1) + Capu(G:) — Cap. (G G;) — Cap. (G n Gy)
= B,V %, pat 4 pat — putV O 4 plt ")
which is > 0 since
pu' + put — pl — pit" 9 > 0fa.e.dz] onGiuG.

(If f > 0 on Gy u Gy, then E,(pS*V % + #f, p1U° 4+ ¢f) > Oforall¢ > 0
etc.) The case when either Cap, (G1) or Cap, (@,) is infinite is immediate and
so the proof is complete.

We apply Choquet’s theory of capacities (as presented for example in [22,
Chapter III]) to get

TuEOREM 1.9. For any Borel set A and for any u > 0,
Cap.(4) = sup Cap.(K)
as K runs over the compact subsets of A.

CoroLrarY 1.10. A Borel set A s polar if and only if Cap.(K) = 0 for
every compact subset K of A.

Now we are ready to introduce our refinements.

1.10 DeFINITION. A property is valid quasi-everywhere (abbreviated q.e.)
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if the exceptional set is polar. Two functions are quasi-equivalent if the set
on which they differ is polar, that is, if they are equal quasi-everywhere.

1.11 DrriNiTiION A function f on X is quasi-continuous if there exists a
decreasing sequence of open sets @, with Cap, (G,) | 0 such that fis continu-
ous on X — @, for every n.

TaeoreM 1.11 Each f in F has a representative uniquely defined up to
quast-equivalence such that:

1.11.1. f is quasi-continuous and Borel measurable.

1.11.2. Whenever f, — f strongly in F, then, for a subsequence, f» — f q.e.

Proof. Uniqueness is clear from 1.11.2. To establish existence, fix f, ¢
inFnCemX)andlet G = {x:|f(x) —g()|>¢e}. Then (1/e)|f—g| >
1 on G and so

(14) Cap. (@) < (V/YE(F — g, f = 9)-

This suffices to establish the existence for f in F of a quasi-continuous version
characterized by the condition that whenever f, in F n Ceom (X) converges to
fin F then a subsequence converges to f q.e. A routine argument serves to
remove the restriction on f, and the proof is complete.

The statement of uniqueness in Theorem 1.11 will be improved in Lemma
1.15 below.

1.12. Convention. From now on every f in F is represented by the version
specified up to quasi-equivalence in Theorem 1.11.

We extend (1.3) and (1.4) in
TaeoreMm 1.12. For fin F, for u in M and for u, ¢ > 0,

(1.5) [ wd)f(@) = BuGu, 1),

Cap.fz : | f(z) | > &} < (1/6)E.(, f).

Proof. The first relation has already been established for fin F n Coom (X)
and follows in general by a passage to the limit using 1.11.2 and Corollary 1.7
since

[w@)i@) = 4@)| = BuGun, 17 = 1) < VululBulf = 6,5 = 9}

for f, g in F n Ceom (X). The second relation is established for general f in F
by choosing f, in F 0 Ceom (X) such that f, — f q.e. and in F, by noting that

{w:|f@)| > e} C Unat Muan{: [ ful(z)| > &}
except for a polar set, and by applying (1.4) to the right side in an obvious way .
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Now we are ready to prove

TrareorEM 1.13 (Mazximum Principle). Let f = Guu and ¢ = Guv be
u-potentials with g > f [a.e. u]l. Then g = f qg.e.

Proof. Let h = min (f, g). Then

Buh, ) = [ w @) = [ w (@)f() = Bu(f, 1)
and

Eu(h, h) = E.(f,f) + Eu(h — f, b — f)
which implies » = f by Proposition 1.2 (v) and Proposition 1.2 (ii).
Applying Theorem 1.13 with ¢ = min (f, ¢) we get

CoROLLARY 1.14. Let f = G, u be a u-potential such that f < ¢ [a.e. ul.
Then f < ¢ q.e.

We turn now to some technical results. The proof of the first is Fukushima’s
[13].

Lemma 1.15. Let f, g be quasi-continuous on an open subset G of X. If
f > gla.e. dz] then also f > ¢ q.e.

Proof. Weshowthat A = {zin G: f(z) < g(z)} satisfies Cap; (4) = 0.
Fix ¢ > 0 and choose an open subset w of G such that Cap; (w) < eand f, ¢
are continuous on G — . Assume first that « has the following property: if «
belongs to @ — w, then every neighborhood U of z satisfies [y_, dz > 0.
Then the condition g < f [a.e. dz] guarantees that A is contained in w and we
are done. In general it suffices to replace w by the open set o’ of « in G which
have an open neighborhood U, satisfying [v,-. dz = 0.

Lemma 1.16.  Let v be a bounded Radon measure such that
v(G) < ¢ Cap: (@)
for all open G and for a fixed constant c. Then v has finite energy.

Proof. It suffices to show that
f v (dz)f(x) < constant
for f > 0in F n Ceom (X) satisfying E1(f, f) = 1. But this follows from
[ v @) < vie: i) <1} + i 2o 1 2* < ) < 27

< f v (dz) + ¢ Do 27 Caps {x @ f(2) > 2°)

< f y (de) + ¢ Dpmo 271277
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Lemma 1.17.  Every Radon measure v which charges no polar set is the vague
limit of an increasing sequence of measures v, , each having finite energy.

Proof. Tt suffices to consider the case when v is bounded and because of
Lemma 1.16 it suffices to establish the following two results.

1.13.1. There exist real ax | O such that for any Borel set B the inequality
v(B) > N Cap; (B) tmplies that v(B) < ax.

1.13.2. For each N there exists a Borel subset Xx of X such that v(Xy) < ax
and such that v(A) < N Capy (4) for every Borel subset A of X — Xy .

If Statement 1.13.1 is false, then there exist Borel sets B, such that
v»(By) > a>0 and Cap, (B,) <27
But then »(Nyp—yUn—n B,) > a while
Caps (Nra UinBa) < 220,277 = 27"

for all m which contradicts our hypothesis that » charges no polar set. This
proves 1.13.1. To prove 1.13.2 we employ one of the standard techniques for
proving the Radon Nikodym theorem. First let

a = inf {N Cap, (4) — v(4)}

as A runs over the Borel subsets of X. Clearly —v(X) < a < 0. Choose 4,
such that

N Cap: (4,) — v(41) < }a.
Then for A < X — A, we have
a< NCap; (Au 4d;) —v(AuAdy)

< N Cap; (4) + N Cap: (41) — »(4) — »(41)

which implies that N Cap; (A) — v(A4) > %a. Continuing in this way we
find a sequence of disjoint Borel sets A, 4,, - - - such that N Cap (4.) < »(4.)
for all » and such that

NCap: (4) —»(4) > 27"

for all subsets 4 of X — (4;u --- ud,). Finally we take Xy = U%_1 4, and
apply 1.13.1.

Next we establish a simple but useful extension of Lemma 1.17.

CoroLLARY 1.18. Every Radon measure v which charges no polar set is the
vague limit of an increasing sequence of measures v, tn M each having a bounded
1-potential.

Proof. By Lemma 1.17 and a standard diagonalization argument it suffices
to consider » in 91 and then the corollary follows upon approximating » by its
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restriction to the set where G; v < n and then applying the maximum principle
(Theorem 1.13).

We finish this section by generalizing the notion of a u-potential.

1.14. DeriNiTION. A generalized u-potential (u > 0) is a Borel function
h satisfying :

1141, 0 <h < + = q.e.

1.14.2. There exists a Radon measure u charging no polar set such that

(16) f » (da)h(z) = / 4 (d2) G v(z)

for all »in M. We write h = Gy u.
1.14.3. For each compact subset K of X there exists a u-potential gx such
that g« > h q.e. on K.

Condition 1.14.3 is technical in nature and seems rather artificial at this
stage. However it seems to be just what is required to permit us to restrict
our attention to Radon measures. (See the proof of Theorem 3.12 below.)

1.16. Notation. M’ is the collection of Radon measures u charging no polar
set such that G, u is a generalized u-potential for all w > 0.

We will see that 91° rather than 91 is the natural setting for much of our
work. An argument of Blumenthal and Getoor [2, p. 260] serves to establish
the following uniqueness result.

Lemma 1.19. If u, v belong to M° and if Gupu = Gy v q.e. for some u > 0,
then u = .

2. Construction of processes

In this section we construct a family of strong Markov processes associated
with the regular Dirichlet space of Section 1. As mentioned in the introduc-
tion, this has already been done by Fukushima [13] using different techniques.

We begin by applying the spectral theory to the resolvent operators G.
considered as bounded symmetric operators on the Hilbert space F relative
to any of the inner products E,. This yields a unique family of bounded linear
operators P‘, ¢t > 0 on F satisfying:

2.1.1. Each P'is contractive and symmetric relative both to the Dirichlet
norm E and to the standard inner product on L’ (dz).

2.1.2. P'P' = P fors, ¢ > 0.

213. G, = [Fdte™P" foru > 0.

Now we apply Laplace inversion in the spirit of Feller [10, vol. 2, XIII. 4].
Tchebychev’s inequality applied to the appropriate Poisson variables shows
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that for any bounded continuous function o on [0, «)
a@®) = Lim Do e ™a(l/n) ) /k! (n 1 )
boundedly and so for any ¢ > 0 and for any fin F

fo i dte *'a(t)P'f = Lim fo i dte™*'P'f > o ¢ a(k/n) (tn)*/k! (n1] )

= Lim Z;—O a(k/n)(nGn+e)an+e f (n T @ )

where the integrals are to be interpreted as strong limits of Riemann sums.
Now condition 1.1.1 and Proposition 1.2 (iv) lead to:

2.14. f > 0 qg.. implies that P'f > 0 q.e. and f < 1 q.e. implies that
PYf < 1 ge.
2.1.6. ¢ “P'f < fq.e. for u, t > 0if fis a u-potential.

Note. Before continuing we remind the reader of our Convention 1.12 that

functions in F are specified up to quasi-equivalence. This plays an important
role in our construction.

To make further progress it is necessary to introduce transition probabilities
P*(z, dy) satisfying in the appropriate sense

(2.1) P(@) = [ Pa, i),

(22) P, T) = [ Pa, dy)P'(y, T).

For technical reasons we proceed indirectly, considering first the action of the
P' on measures.

LemMa 2.1. Let v be a bounded Radon measure which charges no polar set.
Then for each t > 0 there exists a unique Radon measure vP', also charging no
polar set, such that

(23) [P (@) < [ (aw),

(24) f@P‘) (dz)f(z) = fv (dz)P'f(z), f>0,fnF.

Moreover if v has finite energy, then so does P'y and indeed for all uw > 0,
(2.5) NPy [l < Nl

Proof. Iff, > 0belong to F n Coom (X) and if f, | O pointwise, thenf, | 0
uniformly and by 2.1.4 also Pf, | 0uniformly q.e. Then [ »(dz)P'fa(z) | 0
and so by the Daniell approach to integration [20, p. 29] there exists a unique
Radon measure vP* satisfying (2.4) for f in F n Ceom (X). To show that
yP* charges no polar set it suffices to show that »P‘(K) = 0 whenever K is
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compact and Cap; (K) = 0. To do this, consider such a K and let open
G | K with Cap; (@) | 0. Then p{ — 0 strongly in F and so also Ppi — 0
strongly in F. Since the pY decrease monotonically q.e. for a sequence (see
the proof of Proposition 1.8), it follows from 2.1.4 and from Theorem 1.11.2
that for a sequence P'p; | 0 q.e. and there f v(dz)P'ps () | 0. Fix one
such G and ¢ > 0 and choose fin F n Ceom (X) with 0 < f < 1 such that f > 3
onK,andf < eonX — G. Thenf— py < ¢ qg.e. and so

[ 6P @)@ ~ [ v (@) Pl ()
= [v@P( - )@ < e [ v (@)

and it follows readily that »P*(K) = 0. The extension of (2.4) to general f in
F and the verification of (2.3) and (2.5) are routine.

It follows directly from the semigroup property 2.1.2 and from (2.4) that
yP'P* = yP'**

for s, t > 0 and for » a bounded measure which charges no polar set. Now we
are ready for

LemMA 2.2. There exist subprobabilities P'(x, dy) on X defined for ¢ > 0
and for x wn X such that
) P'(-, TI') is Borel measurable for any t > 0 and for any Borel subset
I of X.
(il) For fixed t > 0 and f in F, equation (2.1) is valid for q.e. .
(iii) For fixed s, t > 0 there exists a polar set N (depending on s and t) such
that (2.2) s valid for all Borel subsets T' of X.

Proof. Clearly there exist subprobabilities P‘(x, dy) satisfying (i) and
such that (2.1) is valid q.e. for fixed ¢ > 0 and fixed fin F n Coom (X). There-
fore

(26) [+ @) [ P, an)s) = [ 6P @it

for ¢ > 0, for » a bounded measure which charges no polar set, and for f in
F n Coom(X). The restriction on f can certainly be removed and then (i)
follows easily with the help of (2.4). Finally (iii) follows directly from (ii)
and from 2.1.2.

Note. In the proof of Lemma 2.2 we used implicitly the fact that if A is a
Borel set which is not polar, then there exists a bounded measure » charging
no polar set such that v(4) > 0. The existence of such a » can be established
by first using Corollary 1.10 to replace A by a compact set and then considering
open G, decreasing to A and applying Proposition 1.5 (iii) and Proposition
14 @i).
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At this stage of the argument we restrict our attention to rational times in
order to pick out a single exceptional polar set. First choose Ny polar such
that (2.2) is valid for all rational s,t > O and forzinX — N;. From Lemma
2.1 and from (2.6) it follows that the set of # in X for which P‘(z, N1) > 0
for any rational ¢ > 0is polar. Thus there exists polar N, containing N, such
that P*(z, N1) = 0 for z in X — N, and for rational # > 0. Continuing in this
way and taking the union, we prove

LemMma 2.3.  There exists a polar set N such that (2.2) s valid for all rational
s, t > 0 and for x in X — N and such that

P'(x,N) =0
for x in X — N and for all rational t > 0.

Next we introduce the preliminary sample space. This is the collection
Q, of mappings » from the nonnegative rationals into the augmented state
space X u {8}. Here 9 is the usual “dead point” which we adjoin to X as an
isolated point when X is compact and as the “point at infinity’’ otherwise.
Functions f on X are automatically extended to X u {3} so that f(@) = 0.
For t > 0 the past &, is the sigma algebra generated by the coordinate variables
w(s) with s < ¢. The Borel algebra F is the sigma algebra generated by all of
the coordinate variables w(s), s > 0. Standard arguments [6, p. 99] establish
the following two theorems.

TurEOREM 2.4. For x outside the exceptional set N of Lemma 2.3, there is a
untque probability ®, on the Borel algebra F of Q, such that

o o1 Hla@)] - Lo = [ P, dp) [ P2, dge) -

[ P s, a0+ Fua)

Jor0 =t <ty < -+ < tn all rational and for Borel fo, - -+, fn = 0.

Of course &, denotes the usual expectation functional corresponding to the
probability @, .
For t > 0 rational let (¢) be the shift transformation defined on Q, by

() w(s) = w(t + s).
Then

TaeoreM 2.5 (Simple Markov property). For x outside the exceptional set N
of Lemma 2.3, for t > 0 rational and for ¢ > 0 a Borel function on Q, ,

(2.7) & (6 (t)f | gg) = 8w(t) E [a.e. (Px]
Of course §( | ) denotes the usual conditional expectation and 6(t)¢
is defined by

0()E(w) = £(0()w).
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Note that w(¢) avoids N of Lemma 2.3 with ®, probability one so that &, &
is well defined [a.e. ®,].

Our final sample space @ is the subset of w in Q, having one sided limits
w(t = 0) for all real t > 0. Standard arguments [22, p. 60] show that Q is a
Borel subset of €,. The starting point for establishing regularity is

TueorEMm 2.6. There exists a polar set N satisfying the conclusion of Lemma
2.3 such that for x tn X — N the probability @, is concentrated on the final sample
space Q of trajectories w having one sided limits w (t &= 0) for all real t > 0.

Proof. Let R: be a nonnegative random variable which is exponentially
distributed with rate 1 (that is, @, (R; > t) = ¢~') and which is independent of
the Borel algebra §. The theorem follows by routine arguments once we
show that for each fin F n Ceom (X) there exists a polar set N (f) such that for
zin X — N (f) theset of w in Q, for which f[w (¢)] has one sided limits for all
real { < R, has @, probability one. (We take the usual liberty of assuming
that all structure on @, has been transferred to an appropriate augmented
sample space on which R; is also defined.) Fix one such f and choose f, in F
having the form f. = Gi¢, with ¢, bounded and square integrable such that
fo — f strongly in F and also quasi-everywhere. Choose decreasing open
G, with Cap; (Gw) | 0 such that f, — f uniformly on the complement of each
G . With the help of the simple Markov property Theorem 2.5, it is easy to
check that for a fixed nonnegative ¢ which is bounded and square integrable
and for q.e. z the process

{e "Grelw ()], t > 0 and rational}

is an L' bounded supermartingale relative to ®, and so by standard super-
martingale estimates [22, Part B] has one sided limits everywhere for real
¢ > 0 and in particular for real { < RB;. The same is true with Gy ¢ replaced by
any f, and it only remains to show that for q.e. z,

(2.8) @.{w: w(t) is in G, for some nonnegative rational ¢ < R} decreases

to0asm T .
Fix a finite subset S of nonnegative rationals and put

om = minimum {¢in S : w(t) is in G}

with the understanding that ¢, = =4 « when not otherwise defined. Since

the process
{e'p/"[w(®)], t in S}
is a supermartingale by 2.1.5 and since o is a stopping time in the sense of
[22, T28], we have
Culom < Ri] = &I (om < R1)pi™w(om)]
8. "pi"w(om)]

< pim(x)

(2.9)

I
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which decreases to 0 as m T o for q.e. . The desired estimate for (2.8)
follows and the proof of the theorem is complete since the estimate (2.9) is
independent of S.

Note. We are using the symbol I (4 ) to denote the indicator of the set A.

For convenient future reference we record here a result which was established
in the course of proving Theorem 2.6.

LEmMA 2.7. For any particular version of a function f in F there exists a
polar set N such that for x in X — N and for [a.e. ®,] trajectory w in Q the range
of X(t, w) for 0 < t < + = belongs to a subset of the augmented space X u {0}
on which f is defined and continuous.

2.2. Extension. For » a Radon measure on X which charges no polar set
let ®, be the unique measure on the Borel algebra F of Q satisfying

(2.10) &t = f v (dz)8.E

for ¢ > 0 and Borel measurable on €. (This makes sense since &, £ is Borel
measurable on X — N.)

2.3. Conventions. From now on we work with @ instead of Q, and we assume
that all structure on Q, is transferred in the obvious way to @. For ¢t > 0
and real we define X (¢, w) on @ by

X 0) = Lim w(s)

with the limit taken as rational s decrease to t. Then for all w in Q the trajectory
X (¢, w) is right continuous and has one sided limits everywhere for real ¢ > 0.
We will generally suppress « in the notation. For typographical convenience
we introduce the nonstandard notation

f@) = fIX®)]
for functions f on X. We also adopt the convention
(2.11) X(o) = 9.
For real t > 0, and for f > 0 on X we define

P'f(z) = & f(t), G.f(x) =8, f: dte™'f (1)

for 2 in X — N where N is the exceptional polar set of Theorem 2.6. This is
consistent with all previous definitions.

A simple argument using the fact that G, f belongs to F whenever f does
suffices to establish a useful extension of Corollary 1.3.

LemMa 2.8. Let f > 0 and defined q.e. satisfy the hypotheses of Corollary 1.3
and in addition
Lim oGy f = fqe. (©— o).
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Then f is a u-potential and is the unique quasi-continuous version of Theorem 1.11.
We turn now to the strong Markov property.

2.4. DEriNITION. A stopping time is a nonnegative Borel measurable
function T on @ (possibly taking the value -+ « ) such that for each ¢ > 0 the
subset [T < ¢] of Q belongs to the past .. The corresponding past Fr is the
sigma, algebra of Borel subsets T' of  such that for all ¢ > 0 the intersection
I'n[T < ] belongs to F,. The shift transformation 6(T) is defined on the set
[T < +«]by

0(T)w(s) = w(T(w) + s).

TuaEOREM 2.9. Let T be a stopping time. Then
(i) The coordinate X (T, w) = X(T'(w), w) s Fr measurable. (Recall
our convention (2.9).)
(ii) Let v be a bounded measure which charges no polar set and for u > 0
let v' be the measure on X defined by

f J (d2)f(z) = E,ef(T).

Then v' charges no polar set. Indeed if v has finite energy then so does v and
foru > 0,
[ lu < N vl

(i) (Strong Markov property) There exists a polar set N independent of T
which satisfies the conclusion of Theorem 2.6 and such that for x in X — N and
for £ > 0 and Borel on Q,

8 (0(T )¢ l Fr) = & & [a.e. @

Proof. Fix a sequence of rational valued stopping times 7, which decrease
toTasn T «. (Forexample, take T, to be the smallest positive number of
the form k27" which is > 7.) Then for K compact and for open G | K,

[T < tln[XreK] = Mooy Ny Nocaf{[Th < 8] 0 [X(T) € Gul}

and the &, measurability of X, follows. In proving (ii) it suffices becauses
of Lemma 1.17 to consider » having finite energy and because of Proposition
1.4 (i) totake T = T, for somem. But then (ii) follows since for any u in 9N,
{e"GLu(t), t > 0} is a supermartingale relative to ®,. To prove (iii), choose
a polar set N satisfying the conclusion of Theorem 2.6 and such that for x in
X — N and for [a.e. ®,] trajectory w the range of X ({, w) for 0 < ¢t < +
belongs to a subset of the augmented space X u {0} on which the functions

fo@), PUi POy oo Pty (2)

are defined, bounded and continuous for all choices of fy, - - -, fu belonging to
a fixed countable dense set in F n Ceom (X) and of 0 < #; < -+ < ¢, rational.
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The possibility of choosing such an N follows from Lemma 2.7. Finally put

£ = fo(0)i(t) -+ fu(tm),
note that

&I (A)I(T < +)0(T,)E
= &I(A)(T < 4+ )fo(Ta) Py - -+ P f) (T)

is valid for A in 7 by the simple Markov property Theorem 2.5, and pass to
the limit n T .

THEOREM 2.10 (Quast-left-continuity). There exists a polar set N satisfying
Theorem 2.9 (iii) and such that the following s true forx im X — N. IfT., T
are stopping times such that T, T T [a.e. ®.), then

X(T)=LmX((T,) (nT «)
[a.e. @] on the set [T < +»].

Proof. Let Ry be as in the proof of Theorem 2.6. Fix m < n and f in
F n Ceonm(X). Then by Fubini’s theorem and the strong Markov property

Theorem 2.9-(iii)
& <I(Tn < Ry) f:.l dtf(t) | iFTm> & <‘/:: dte "f(t) | 3‘1',,,)
&.(e""Gy f(T) | Fr,,)

8z(I(Tn < Rl)Glf(Tn) ‘ iFTm)

for x in X — N with N as in Theorem 2.9 (iii). The analagous relation is
valid with T, replaced by T. For g.e. ¢ we have

s[o dtf (1) < + o

l

so that the dominated convergence theorem for conditional expectations [19,
p. 348] is applicable. Letting n — <, noting that ®, (7' = R;) = 0 and apply-
ing Lemma 2.7 we obtain

&I (T < R)Gf(Lim X (T,))|Fs,) = &I (T < R)Gf(X(T))|57,)
for z in X — N where N is a polar set depending only on f. Since this is true
for all m and since for bounded Borel ¢ the function g (Lim X (7',)) is measur-

able with respect to the sigma algebra generated by the union of the F.,
(see Theorem 2.9 (1)), we have

& I(T < Ry)g(Lim X (T,))G:f(Lim X (T,))
= &I (T < Ry)g(Lim X (T,))G:f (X (T))

and the theorem follows since we can replace Gif by f after a passage to the
limit as in the proof of Theorem 2.6.
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Note. The above proof of Theorem 2.10 is essentially the one given by
Kunita and Watanabe [26].

We turn now to the hitting times
c(A) =inf{t > 0:X(t)isin A}

defined for Borel subsets A of the augmented space X u {9} with the under-
standing that ¢ (4) = + « if not otherwise defined. We first consider open
sets.

TuEOREM 2.11. Let G be an open subset of the augmented state space X u {9}.
i) o (@) is a stopping time.
(ii) If G has finite capacity, then for any w > 0,

(2.12) & exp {—uc (@)} = pi(x) qe.
(i) The left side of (2.12) is always quasi-continuous.

Proof. (i) is standard. To prove (ii) let i (z) be the minimum of the two
sides of (2.12) and note that h satisfies the hypotheses of Lemma 2.8 as can
be verified by routine arguments. Then from Proposition 1.5 (i) and Propo-
sition 1.2 (ii) we conclude that & = p% q.e. and so the left side of (2.12) dom-
inates the right side g.e. The opposite inequality follows in the same way as
(2.9). Finally (iii) follows upon applying I.emma 2.8 to the minimum of the
left side of (2.12) and p% where G is a general open set with finite capacity.

TaeoREM 2.12 (M easurability of hitting times). Let A be a Borel subset of
the augmented state space X u {8}.

(i) There exist stopping times ox(A), o*(A) and a polar set N depending on
A such that o4 (A) < o(4) < ¢*(A) everywhere on @ and such that

ox(4) = o*(4) [a.e. P.]
forxinX — N.
(ii) Possible choices for ox(A) and ¢* (4) are

*(4) = Limo*(K,) (] o)
ox(4) = Limo(G,) (1 »)

where the K, form a particular increasing sequence of compact subsets of A and
the G, form a particular decreasing sequence of open supersets of A.
(iii) For w > 0 the function

h(xz) = &, exp {—us (4)}
18 quasi-continuous.

Proof. First consider A compact, let G, be any decreasing sequence of open
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sets whose intersection is A and define 64 (4) = Lim o(G,) (n T «). The
set [0x(4) = o(4)] is clearly Borel and by Theorem 2.10 there exists a polar
set N such that P.(c4(A) = ¢(4)) = 1forzin X — N. Therefore (i) and
(ii) are satisfied if we define ¢*(4) = o4(4) whenever o4 (4) = o(4)
and 0*(4) = 4 ® otherwise. To handle general Borel A we follow Hunt
[16] and apply the Choquet extension theorem. Fix a bounded measure u
charging no polar set and define A (4 ) for 4 open or compact by

(2.13) MNA) = fu (dz)8s exp {—a(A)}.

We want to conclude that for any Borel set A
(2.14) supremum A (K) = infimum A (G)

as K runs over the compact subsets of A and as G runs over the open supersets
of A. To do this we must check that N satisfies the following conditions.
(See [2, p. 53].)

2.41 X\(G1) < M(G,) whenever G, < @, with Gy, G: open. v

2.4.2. For K compact, A\(K) = infimum A(G) as G runs over the open
supersets of K.

2.4.3. 'Y(Gl U Gg) -+ )\(Gl n Gz) < )\(Gl) + )\(Gz) for Gl, G2 open.

Property 2.4.1 is clear, 2.4.2 follows from (ii) for A compact, and 2.4.3
follows from
& exp {—c (@)} = ®:(¢(G) < Ry)
and from

I(a‘ (G1U Gz) < Rl) + I(O’(Glﬂ G2) < Rl) _<_ I(U'(G1) < R1) + I(G'(Gz) < Rl)
(Of course R; is defined as in the proof of Theorem 2.6.) Thus (2.14) is
established. To complete the proof fix a Borel set A and take u in (2.13)
equivalent to dz. Then there exist increasing compact subsets K, of 4 and
decreasing open supersets G, of A such that ox(4) = ¢*(4) [a.e. P,] for
[a.e. dz] point z in X with o« (A4 ) and ¢* (4 ) as in conclusion (ii) of the theorem.
But the proof of Theorem 2.11 shows that the functions

ha(@) = 8. exp {—ox(4)}, R*@) = & exp {—0*(4)}

are quasi-continuous. Thus by Lemma 1.15 hyx = k* quasi-everywhere and
we are done.

It follows directly from (2.12) and from Theorem 2.12 (ii) that if N is
polar, then ®.(c(N) = + o) = 1for q.e. z. Thus reasoning as in the para-
graph preceding Lemma 2.3 we prove

‘TurorEM 2.13. There exists a polar set N satisfying the conclusion of
Theorem 2.10 such that ®,(c(N) = +o) = 1 forz in X — N.
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From the strong Markov property Theorem 2.9 (iii ) and the obvious identity

Co(X(t) =0forallt >0) =1
follows

TaEOREM 2.14. There exists a stopping time ¢, called the life time, and a
polar set N such that for x in X — N and for [a.e. ®,] trajectory w in Q,

X (t) belongs to X for t < ¢,
X(@¢) =9 fort>¢.
3. Additive functional and balayage
For u > 0 and » in 9 and for g.e. x the process
{e™Guw (), t 2 0}

is a supermartingale relative to ®,. In this section we use techniques similar
to those of Blumenthal and Getoor [2, IV.3] to construct additive functionals
which generate such supermartingales in the sense of [22, VII] and which
satisfy certain regularity conditions. We begin with a special case. For
u, ¢ > 0 and for nonnegative ¢ bounded and square integrable on X let

A.(g;t) = fo dse g (s).

These functionals are certainly everywhere defined on Q@ and with the help of
Theorem 2.9 it is easy to verify

3.1. There exists a polar set N satisfying the hypotheses of Theorem 2.13
such that for every stopping time 7' the functional 4.(g; T') is measurable
with respect to the past ¥r and such that for v > 0, for z in X — N, and for
[a.e. ®.] trajectory w,

(3.1) FrAu(g; ©)
(3.2) e ""0(T)Au(g;¢)

Au(g; T) + e “"Gug(T),
A (g; T+ t) — Au(g; T)

with the second equation making sense and being valid for all ¢ > 0 whenever
T(w) < 4.

il

3.2. Notation. In paragraph 3.1 and at various points in the sequel we use
Hunt’s notation Fr ¢ instead of & (£ | Fr) to denote the conditional expectation.

The necessary preliminaries are established in

Lemma 3.1.  Let v be a bounded measure in I such that G, v is bounded q.e.
for one (and therefore all) w > 0. Then there exists a polar set N and a sequence
v(k) T o such that for x in X — N and for [a.e. ®;] trajectory w,

Lim Au(v (’C)G.,(k) v, t) (IC T -] )
exists uniformly in 0 < t < + oo forallu > 0.
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Proof. We establish the lemma first for a fixed 4 > 0 when there is no

harm in using g = [u + v(k)]Goq v in place of v (k)Gywy v. Following Blu-
menthal and Getoor, we fix I > k and estimate

2 6ldulgs =) — Aulge; )}

& fom dte " {gi(t) — gu(t)} ftw dse " {gi(s) — gu(s)}

I

1l

&, f: dte™ {gi(t) — g(t)} {Gugn(t) — Gugn(t)}

(3.3)

A

<o [ @G0 ~ Ga)

< 97%g, f ) dte “'gi(t)
0 Ry 2m1/2
+ @, (sup {Gur(®) — Guga(®)} > 27 [8:0 { /; dtgz(t)}]

< 27% + (V2)@. (sup {Gur(t) — Gugn(t)} > 27)12

for g.e. « with the supremum taken over 0 < ¢ < R, (see the proof of Theorem
2.6) and with ¢ > 0 a constant which dominates G, » q.e. Choosev (k) T
such that

Eu(Guv — Gugr, Guv — Gug) < (512)7%.

The estimate (1.5) guarantees that the subset of X where
Guv — Gugk 2 2_8k

has u-capacity < (128)™%. Choose open Gy such that G,v — Gugi < 27
onX — Gy and such that Cap, (Gx) < (128)™%. Then by the very definition
of Cap, and by Proposition 1.5 (i) the set where p3* > 4% has
u-capacity < 2% and from (2.12) it follows directly that for q.e. z there exists
a finite integer m (x) such that

®.(c(Gr) < R,) < 47%

for k > m(z). Combining this with (3.3) we conclude that for g.e.  and
forl > k > m(z)

‘;‘Sx{Au(gl; ) — A ge; ©)} < 27% 4+ (V2)F27%.
and therefore by the maximal inequality for L’ bounded martingales [22, p. 81]
®: (sup |FiAu(gr; ©) — Fdu(ge; )| > 27F) < ¢ 27"

with the supremum taken over 0 < ¢ < 4+ and with ¢’ a second constant.
The desired uniform convergence of A4, (gx ; t) now follows with the help of
(3.1). Finally, by a standard diagonalization procedure we can extend the
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result to rational w > 0 and then to real w > 0 after a straightforward estimate
along individual sample paths.

3.3. DrFinirioN. For » and v (k) as in Lemma 3.1 let

Au(v;t) = Limsup 4, (0 (k)Gowyv;t) (kT o)
foru > 0and for 0 < ¢t < 4+ o and let
A(v;t) = Limsup Aq/m ;1) (0 T )

for0 <t < 4.

Elementary arguments establish

TrEOREM 3.2. For v as in Lemma 3.1 there exists a polar set N such that the
following s true for x in X — N.
(@) For every stopping time T and for w > 0 the functional A.(v; T) is
Fr measurable and for u > 0
Frdu(v; ©) = Ay(; T) + ¢ " Guv(T) [ae. Pyl.
(i) For [a.e. ®,] trajectory w,
A(v; 0) = 0,

A(v; -) s continuous and increasing,
t
A,(v;1) = fo A(v; ds)e™,

with the last identity valid for u > 0 and 0 < t < + . Moreover if T s a
stopping time such that T (w) < + o, then for u,t > 0

e I(TYA,(v;t) = Au(; T + t) — Au(; T).
3.4. Extension. For v in M° put
Au("3t) = :=1Au(1’n;t)y A(@;t) = :—lA("n§t)

where {v,} is any sequence of measures each satisfying the hypotheses of
Lemma 3.1 and such that » = D_w-1v,. The existence of such a sequence is
guaranteed by Corollary 1.18. Elementary arguments extend Theorem 3.2
to » in M°.

Remark. Meyer’s uniqueness results [22, VII. 3] guarantee that if 45 (v; t)
is any other family of functionals satisfying the conclusion of Theorem 3.2
with a corresponding polar set N*, then for 2 in X — (N u N*) and for [a.e.
®,] trajectory w,

4.5 1) = AL(G; )
for all u, t > 0.

3.6. Notation. The symbol ¢ » denotes the measure which is absolutely
continuous with respect to » and has Radon-Nikodym derivative ¢.
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To avoid the need for continual reference to exceptional polar sets as in
Theorem 3.2 and Theorem 2.13, we introduce at this point some nonstandard

3.6. Terminology. A property is valid quasi-surely on @ if the exceptional
set has outer @, measure 0 for g.e. z in X.

TreorEM 3.3. Let ¢ > 0 be Borel on X and let v be a Radon measure on X
such that both v and ¢-v belong to M°. Then quasi-surely on Q

t
Altyen) = [ 4 @s;0)e(s)
for0 <t < 4.
Proof. Evidently it suffices to consider A1 (¢, ¢-») and A4, (¢, v) in place of
A, ¢o-v) and A (¢, v) and to assume that ¢ is bounded and that » satisfies the

hypotheses of Lemma 3.1. The proof of Lemma 3.1 and the remark following
3.4 show that for an appropriate sequence of v (k) T «, and quasi-surely on ©

A1, [1 + v(B)]Goy v) — Ar(, v)
A1t o[l 4+ v(B)]Goy v) — AL(R, @v)
uniformly in ¢ > 0 and the theorem follows.
We introduce next the inverse process
B(yv;s) =inf {t > 0: A(v;t) > s}

with the understanding that B(v; s) = 4 when the t{-set on the right is
empty or when A (v; - ) fails to satisfy the first two conditions in Theorem 3.2
(ii). Clearly each B(v; s) is a stopping time and consequently for v > 0,

B (@) = & ¢ P00
is Borel on the complement of an appropriate polar set and the set
(3.4) M = {z:h() = 1}

is a Borel set. Evidently 1 can be replaced by v > 0 in (3.4). We will
generally suppress the superscript » when no confusion is possible. A point x
in X is v-regular if it belongs to M. A Radon measure u is »-regular if it is
concentrated on M.

Now we are ready to introduce a form of balayage which is convenient for
our purposes. Iirst we denote by 9 (v) the collection of v-regular measures u
having finite energy and we prove

LemMa 3.4. For v in M, the collection I (v) 1s convex and closed relative to
| |1 (and therefore to any of the norms || llu).

Proof. Convexity is obvious. To show that 9 (v) is closed, consider u,
in M (») and x in 9 such that ||u — walls — 0. It suffices to show that
¢-u belongs to M (v) for bounded nonnegative Borel ¢ with compact support
K. Evidently ¢-u is concentrated on M if and only if f<p-y(da: Y () is
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independent of w > 0 and it suffices to show that this property is preserved
by || |l1 convergence in 9. But it follows from Theorems 2.11 and 2.12 that
h. agrees q.e. on K with a u-potential and so the desired result follows from
(1.5).

We denote by F,, (v), or simply F, , the closed linear subspace of F spanned by
G, M (). Since M and therefore M (v) is complete, standard Hilbert space
arguments establish for each u in 9% the existence of a unique measure ' in
9N (v) such that || 4 — u’ ||, is minimal. We denote this balayaged measure by
mu ¢ and we characterize it in the following lemma. The proof given is essen-
tially that of Cartan [3].

Lemma 3.5. (1) Gyumuu ts the E,-orthogonal projection of Gy u onto F,(v)

@) Guu > Gumup qe. and Gup = G, mp q.e.on M.

(i) Gumyp = infimum {f in G, M : f > Gy u q.e. on M} q.e.

(iv) Gyumyuu s the unique element of minimal E, norm among the set of f
in F such that f > Gy u q.e. on M.

Proof. From the relation ||u — mup s < [[w — Mo for all X in M (»)
follows
Eu(GuH - Gu'"'uﬂ, Gu)\ - Gu"ruﬂ) .<_ 0

for all N in 9N (»). Taking A = 0 and A = 2w, p, we conclude that

Eu(GuM - Guﬂ'uﬂ) Gu'"'ul-‘) =0
and therefore

3.5) E,(Gupn — Gumup, GuN) <0

for all A in 9 (»). The inequality (3.5) implies that G, u < Gy myu q.e. on M
and then the previous relation implies that G, 4 = G, 7, u [a.e. 7, u] and there-
fore by the maximum principle (Theorem 1.13), Gy 7, u < Gy q.e., proving
(ii). This together with the inequality (3.5) yields the equality

3.6) E,(Guu — Gymyu, Gu\) =0

for N in 9 (v) which is equivalent to (1). Conclusion (iii) follows from the
maximum principle. Finally (iv) is easily established for f > 0 using (1.5),
which suffices because of the contractivity of %, .

At this point it is convenient to introduce the complement D = X — M
and the corresponding “killed” process

X?@) X (@) fort< B(»;0)
(i) fort > B(v;0).

I

We will be interested primarily in the corresponding resolvent operators

B(»;0)
(3.7) G f(x) = 8,,'/; dee™"f(t)
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and in particular, their connection with the operators

(3.8) H.f@) = & exp {—uB(v; 0)}f[B (»; 0)].

We note in particular the familiar and easily established identities
(3.9) Gy = Gu + H. G,

(3.10) H,=H,+ (0 — u)Gu H,.

Basic results for these operators are collected in

TueoreM 3.6. (i) If f belongs to F, then H, f is the quasi-continuous version
of the E,-orthogonal projection of f onto the linear subspace F, .
Gi) For win N and for f > 0 on M,

[ 7w @iw) = [ u(@2)HL 1),

(iii) The operators Grn, u > 0 form a symmetric resolvent on L*(D, dx).
The corresponding Dirichlet space (B°, E®) is given by

F° = {finF:f = 0q.e. on M}
ED(f’ g) = E’(f, g), fy ginFD-

Moreover F” is precisely the E,-orthogonal complement of F, in F.

(iv) Let u = r(z)dx with r(x) > 0 [a.e. dx] on D and with r(x) square
integrable on D. If T < M s null for my u, then H,(x, I') = 0 for q.e. z in D.
Also w, \ 1s absolutely continuous relative to w1 p for all N in M.

Proof. We begin by proving (i), after first noting that by elementary
approximation arguments it suffices to consider the special case f = Gyu
with pin 9. The estimate

(3.11) H,f <[ qe.

can be established by a straight forward calculation when u = ¢(z) dr and
follows in general by the usual approximation. A similar argument, using
Lemma 2.8, shows that H,f is a u-potential. Since f = H,f q.e. on M,
clearly f — H.f belongs to the E,-orthogonal complement of F,. (Apply
(1.5).) Nowf = Gumyuq.e.on M andso H,f = H, G, m,u. Therefore the
estimate (3.11) for G, 7, u in place of f implies that G, 7, u > H, fq.e. Then

Eu(Guﬂ'uﬂ, Guﬂ'ul‘) Z E‘u(Huf) Huf)

(using (1.5)) and since G, m, pu is already known to be the E,-orthogonal
projection of f onto F, it follows that actually H,f = G, m, u and (i) is proved.
Conclusion (i) is an immediate consequence of (i1). We turn now to (iii).
The resolvent identities can be established by a straight forward computation
which we omit. Symmetry follows from symmetry for G, , from (3.9) and
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from the following version of Hunt’s duality relation [16, p. 168],
(3.12) [ 2 @), Gun(@) = [ w (@) H. G,

which is an immediate consequence of (). Iinally, the statements about the
corresponding Dirichlet space are easily established with the help of (3.9).

Before going on to prove (iv) we note that (ii) applied to (3.10) yields the dual
identity

(3.13) Tu =+ @ — u)m, Go

where G, is defined on measures in the usual way. It follows in particular
that m u and =, u are equivalent measures. Now let I' © M be null for m u
and therefore for 7, u. From (ii) it follows that H,(z, T') = 0 for [a.e. dx]
xin D. Then vGyin H, 1r = 0 q.e. and therefore vGo., H, 1r = 0 g.e. But
from (3.9) it follows that vGoy, H, 11 increases to H,1r q.e.on D asv T o
and we conclude that H, (z, T') = 0for q.e. z in D as required. The remainder
of (iv) follows easily with the help of (ii).

Next we establish an important alternate deseription for 91 (»).

Lemma 3.7. Let v belong to M°. Then M (v) is the || || closure in M of
the set of measures u in M which are absolutely continuous with respect to v.

Proof. Weshow first that » is concentrated on M. We have seen in the
proof of Lemma 3.4 that h; agrees gq.e. on every compact set with a 1-po-
tential and so Lemma 2.7 implies in particular that quasi-surely 4, (¢) is every-
where right continuous. It follows easily upon approximating.

fo " Al deh(e)

by sums
(k+1)/n

i [ 4GS ik + 1)/n]

kin

and applying the simple Markov property that for q.e.
& [ Al d)emG) = & fo AQ; dt)e™ exp (— {8()B(v; 0) + t})
0

But it is easy to see that quasi-surely the subset of ¢ where 6(¢)B(v; 0) > tis
null relative to the t-measure A (v; dt). Thus the last integral equals Gw ()
and it follows from Theorem 3.3 and from Lemma 1.19 that » is concentrated
on M. To complete the proof it suffices to show that if f in F is not Ej-or-
thogonal to Fy, then it is false that f = 0 [a.e. »]. But the hypothesis on f
implies that [ u(dz)Hy|f| (x) > 0 for some x in 9 and the right continuity
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of f(¢) (Lemma 2.7) implies that
8,.'£ A(v;dt)et || (t) > 0

which by Theorem 3.3 implies in particular that f-» 0.
Similar arguments establish
Lemma 3.8.  If v belongs to 9N°, then
o(M) = B(;0) q.s.o0nQ.

In the remainder of this section we establish a characterization of general-
ized potential which will permit us to extend the domain of the balayage
operators m, to 9M°. As a preliminary step we introduce for 4 closed in X
the subset 91T (A ) of measure p in 9T which are concentrated on A. Clearly
M (A) is convex and by Proposition 1.4 it is closed relative to any of the
norms | (.. For uin 9N we denote by =% u the unique member of 91 (4)
such that || u — =% « ||, is minimal and we denote by F,(4) the linear sub-
space of F spanned by G, 9 (4). The analogues of Lemma 3.5 and Theorem
3.6 can be established by exactly the same arguments—the role of M being
played of course by A itself and the role of B(»;0) by ¢(4). (It can be shown
that actually we are dealing only with a special case.) We also introduce
the special notation

(3.14) HAf(z) = 8, esp{—uo(4)}fle(4)].

Now fix an increasing sequence of open X, each having compact support
and such that X = U5_X, and put 4, = X — X,. We begin with

LeMMA 3.9. Fixu > O0and finF. Thenasn T «,
(i) exp{—uc(4,)}fle(4,)] — O quasi-surely on Q,
() Ha"f— 0 strongly in F,

(i) Hai"f — 0 q.e. whenever f is a u-potential.

Proof. By quasi-left-continuity, either ¢[4,] T + « or X[¢(4,)] — 9
quasi-surely on @ and (i) follows from Lemma 2.7. The operators Hy" form
(Theorem 3.6) a decreasing family of E,-orthogonal projections on F. If f
is a u-potential, then

Lim Hu* f = Gu\
exists strongly in F with \ concentrated on A, which implies that A and
therefore f = 0. The proof of (ii) and (iii) is now routine.

A simple application of the dominated convergence theorem for infinite
series extends Lemma 3.9 (iii) to

Lemma 3.10.  If h is a generalized u-potential, then Hy" h | 0 q.e. asn — .
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Now we are ready to characterize generalized u-potentials.

TueoreEM 3.11.  Let Borel h on X be nonnegative and finite q.e. The follow-
ing conditions are sufficient for h to be a generalized u-potential..

3.11.1. For each compact subset K of X exists a u-potential hx such that
hx = h q.e. on K.

3.11.2. Hi*h—0qe.asn T .

Proof. Let h, be the u-potential of 3.11.1 with K = ¢l (X,). Put h, =

G py and denote by uo™ the restriction of u, to ¢l (X»). The estimate

” ”;M) ”i < fX ”'n(dx)Gu ,U'n(x)

< I-’m(dx)hm(x)

Xm

< [ mlda) L b (@)

= Eu(H(:tl(xm)Gu Mon hm)

< Eu(hmy how)

shows that for each m the norm || & |, is bounded independent of n. Ap-

plying Proposition 1.4 and replacing u. by an appropriate subsequence, we
can assume on the one hand that u, — u vaguely where u is a Radon measure
on X and on the other hand that for each m, the potentials G, wm = Gy ™
weakly in F. For f > 0in F n Ceom X),

f dz h(z) f(z) = Lim f dz §(2) G n ()

= Lim{f
el (X,

m.

W @GI@) + [ )G 0))
) X—ecl(X,,)

with the limit taken asn T «. For fixed m, the first term inside the bracket
converges to

[ o, W(d)G (&)

m.

asn T «. The second term is
< [ (@ HEG () = BuGuf, Hi"Guw) < [ do @) HEw(2)

which —0 independent of n asm T . It follows easily that h is a general-
ized u-potential and that A = G, p.

We remark that our proof of Theorem 3.11 is a simple variant of the one
given in [2, p. 268].
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Now it is a simple matter to extend the domain of definition of the balayage
operators =, and establish

ProposiTION 3.12. Let u belong to M and let w > 0. Then there exists a
unique measure m, p 1 M’ satisfying

Hu Gu“ = Gu T oufbs

M oreover m, u ts concentrated on M and

[ W@, 6@ = [ 7o w(@) . Gor@)

= [ mun(@)Gon@)

for N\ in M’ (with the understanding that these quantities may be infinite).

4. Invariance under time reversal

We begin by extablishing a kind of universality property for the u-equi-
librium distributions »5 . These are defined for v > 0 and for K compact
by

(4.1) H31 = Gy .

We will make continual use in this section of the exponential holding times
R. , defined in the same way as R; except that R, has density ue ™.

TarorEM 4.1.  Let £ be a nonnegative Borel function on @ and let u tn M’ be
supported by K compact. Then

R
8.8 = 8k Au; di)o(t)s.
0
Proof. 1t suffices to observe that by Theorem 3.3 the right side
= [ VE)Gu(6. ()0 (@) = [ w(@n)e ()G vE(2)

and to apply (4.1).
Next define the last exit time

e =sup{t>0:t< R,and X(t — 0) is in K}

with the understanding that rx = 0 when not otherwise defined. It is easy
to check that ry is Borel measurable (relative to the obvious augmented sigma,
algebra) but not a stopping time. We will be concerned with the truncated
trajectory

I

wp(t) = w() for0 <t <ry

9 fort>ry
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and the time reversed trajectory
Jux(t) = w(rs —t) for0 <t < ry
= 0 fort Z 7'5

]

Our result on invariance under time reversal is

TaEOREM 4.2. Let ¢ be a nonnegative Borel function on Q and let vy be
the u-equillibrium distribution for K compact in X. Then

(42) [ @@ = [ @x(do)e(7).

Proof. By the usual passage to the limit, it suffices to consider

£ =fo0)fr(tr) -+ falta)

with f; > 0 bounded and belonging to F. In the following computation we
use —0 to denote left hand limits and we apply Lemma 2.7 when appropriate
without comment. The right side of (4.2)

= &, x Ilrs > tlfu(rs — t. — 0) -+ fo(rs — 0)
= Lim 3 & Il + (/m) <75 < tu + (6 + D))

X falk/m) -+ fo(ta + (k/m))
= Lim 3 &ux fu(k/m) ++ - fota + (/m))

X exp {—utn — (uk/m)}{Hu 1ita + (k/m)]

— ¢ ""HY 1t + (k + 1)/m]}

= Lim ,?;, f Vi (dz)e e HIm Py, Pt e

X PfofHY 1 — ¢ "P"HY 1} (2)
= Lim; f V5 (dx)G {1 — ¢ "P'™fo PYYy - -

x Pt"—t,,_lfn Pk/mvlz(x)e—utne—-uk/m

1/m

= Lim / v’,f(dx)mf; dt 6 “P'fy - -+ Pvinif, gt

x {kz:() (l/m)e—-—uklmpklmyﬁ} (x)
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= [ Vida)fa(a) Py - PR, HE ()

which is equal to the left side of (4.2).

5. The time changed process

Fix » in 9° and let M = M’ as in Section 3. The time changed process
itself is defined by
X' (@t) = X[B(»; t)].

However we will focus our attention on the corresponding resolvent operators
Rug(a) = & [ dte™olX°()]
0
and the associated Dirichlet space. A simple change of variable establishes

the formula .
Rop(2) = & [ AG;d0) exp (—ad (5 0))6(0).
Important tools for us will be the modified resolvent operators
Runp(@) = & [ 4G5 di) exp (—ad (53 D)D),
We will generally regard the operators R, and R, as acting on functions de-

fined q.e. on M. We begin with

LemMa 5.1. The family {R., a > 0} and also for u > 0 the family
{Rwya, & > 0} s a symmetric resolvent relative to L* ).

Proof. It suffices to consider R, since the analagous results for R, can
be established by passing to the limit » | 0. A simple computation gives

(5.1) aRwa1 < 1.

To establish symmetry, assume first that » is supported by a fixed compact set
K and let »% be the u-equilibrium distribution for K. Then by Theorem 4.1,
for ¢, ¥ nonnegative and defined quasi-everywhere on M,

[ dz)p(@) R o)

= ek [T A6 [ AG @) e (~alAG;0) — 4G5 s

and careful application of Theorem 4.2 yields the desired symmetry for this
case. In general let », be the restriction of » to compact sets K, which in-
crease to X and pass to the limit for ¢, ¥ bounded and integrable relative to »
which is sufficient. Of course symmetry together with (5.1) implies that
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aR (e is a contraction on L’ (v) and it only remains to establish the resolvent
identity. But this follows from the relation

Ry
A(y;dt)[e—azi(v;t) _ e——bA(v;t)]go(t)

0

Ry Ry
= b= o) [ AW a0 [T A apete ey )
upon applying Theorem 3.2 and approximating integrals by sums in an obvious
way.

Remark. Up to this point we have discussed resolvents and Dirichlet
spaces only when the underlying set is a separable locally compact Hausdorff
space. This need not be the case with M, but the extension of relevant defini-
tions and results is straight forward, and we take it for granted.

The corresponding Dirichlet spaces relative to L’(») will be denoted by
Hw, Q) and by Hw , Qu ). The generators will be denoted by B and
Bw,. We will see eventually that H,, is actually independent of v > 0 at
which point we will use the more suggestive notation H,. We impose the
following restrictions which will be removed in Section 8.

(521) G1V S Cc
(5.2.2) [ ) < ¢
(5.2.3) ol < o

for some fixed constant c.
For ¢ > 0 on M define

Rue = LimRua.e (a | 0)
and note the obvious relation
(53) R(u) Y = 'YGu ((p‘ V) [a.e. 1/].

In (5.3) we use v to denote restriction to M. From now on we define R, ¢
up to quasi-equivalence on M by means of (5.3). From (5.2.1) it follows
that R, is bounded in the uniform norm, and, since it is symmetric relative
to », also in the L'(v) and L’ (») norms. A routine argument shows that R,
is exactly the inverse to the generator — By, corresponding to the resolvent
operators Ruy,. Therefore if ¢ in L’ (») belongs to the domain of B, then
there exists ¢ in L’(») such that ¢ = R, ¢ and from (5.3) it follows that
H.o = H,G,(-v). Since both ¢ and ¢ belong to L’ (»), we have

[v@e@ye) < +=

and it follows easily that H, ¢ is in F and that
(54) Qauw (0, ¢) = Eu(Hyo, Hu‘P), u > 0.



DIRICHLET SPACES AND RANDOM TIME CHANGE 35

Approximating general ¢ in H(,, by ¢, in the domain of B, , we conclude that
H,., is naturally contained in vF n L’ (v) and that (5.4) is valid for ¢ in Hy, .
To go the other way consider ¢ > 0 belonging to L*(») n ¥F. To show that
¢ belongs to H, it suffices to find for any specified ¢ > 0, a function ¥ in L* ()
satisfying

(5.5) f v(de) | o(2) — Rey ¥(z) " < ¢

Eu(Hu¢ - G’u(¢ : V))Hu¢ - Gu('p : V)) <e

Since ¢, = min (p, n) belongs to L*(») n vF and since ¢, — ¢ in L*(») and
H, ¢, — H, ¢ strongly in F, we may assume that ¢ is bounded. For an appro-
priate sequence of v T o the functions

vG,H,o — H, ¢ strongly in F

and quasi-everywhere and therefore vvG, H,¢ — ¢ in L*(v). Therefore we
may assume H,¢ = G, A with N in 9 (v). From Lemma, 3.7 it follows easily
that there exist ¥, > 0in L*(») such that ¢,-» — A relative to || [|.. Since
6-» belongs to 91 whenever § > 0 belongs to L’ (»), it follows that

Gy (Yn+v) — vGu N weakly in L’ ()

and so after replacing the ¥, by a subsequence and then by Cesdro means
[24, p. 80], we can conclude that R, ¥» — ¢ in L*(»). This establishes (5.5)
and we have proved

Lemma 5.2. Assume the restrictions (5.2). Then
H(u) = 'YF n L2(l/)
and (5.4) is valid for ¢ in H, .

Lemma 5.2 justifies writing H,, in place of H,, for v > 0 and we do so from
now on. Next we show that it is possible to identify 91 (v) with the measures
having finite 0-energy relative to (H), @ ). Consider ¢ in H,, such that
Qe (¢, ¥) > 0 whenever ¢y in Heyy is > 0 q.e. on M. Then

Eu(Hu‘Paf) = E,(Huo, H.f) = Q(u)(‘P;’Yf) >0

whenever fin F n L’(») is > 0 and if follows that there exists a unique X in
N (v) such that H,¢ = G, \. But then

(56) Qo (e9) = [ X (do)e(z)
foryinHy,. Conversely fix X in 91 (v) and note that since for ¢ > 0in Hy, ,
f A (dx)lﬁ(x) = Eu(Gux,Huﬂb) S C{Q(u)(¢y lp)}l/z

and since H,, is a Hilbert space relative to Q. itself (since R, is bounded ),
there exists a unique ¢ in H,, such that (5.6) is valid for general ¢ in H,,
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and then H,¢ = G, \ (because of Lemma 3.7). We have proved

Lemma 5.3. Assume the restrictions (5.2).
(1) If ¢ in H, satisfies Qe (o, ¥) = 0 whenever ¢ in Hyy is > 0 q.e. on M,
then there exists a unique N in M (v) such that

0 = G, f N (d2)p(z) = Quy (e, ¥)

fory in Hey, . In this case we write ¢ = R .
(ii) Conversely to each \ in I (v) there corresponds a unique ¢ tn H,y such
that ¢ = R(,,,) A

LEmmA 5.3 extends (5.3) to
(5-7) R(u) )\ = "YGu»A
valid for N in 9 (v). More generally, we define R,y N\ by (5.7) for A in 91°
concentrated on M. For a > 0 define R, \ by
Qua(Bwar, ¥) = [ N (do)y(a)

valid for ¢ in H (4, when X belongs to 9 (v) and extend this definition by passage
to the limit for A in 9° concentrated on M.
Next we note that for 0 < » < wand fore, ¢ inH,,

Q(u)(¢y ¢) = Eu(Huﬂp;Hu‘p)

Bu(Hug, Hog) + (u = 0) [ deHup(@)H.9()

It

(5.8)
= Qule,¥) + (u = v) [ debp(@)H. ¥ ()
where we have used the fact that H,¢ — H, ¢, since it vanishes quasi-every-

where on M, is E,-orthogonal to F, and E,-orthogonal to F,. This motivates
our studying the symmetric bilinear form

Usilen¥) = (u = v) [ doluo(x)H,y(a)
defined for ¢, ¢ in Hi;) and for 0 < » < u. We can also write
Usiler#) = (u =) [ wHuo (@y)oy)

where , is the balayage operator of Section 3. For typographical convenience
we have introduced the special notation

Ty = Wv(‘P < da).
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From the computation (5.8) and from Lemma 5.3 it follows (since H, is a
Hilbert space relative to both Q«, and Q) that the measure =, H, ¢ be-
longs to M(») for ¢ in H,y. From now on we write simply

(5.9) Usue = (u —v)m Huo
for pin Hyy. Now for ¢, ¢ in L*(») and for a > 0,
[» @W@Rw.o@
= [ v @@ Rweb(2)
(5.10) = Que(Rwap, Rwya¥)

= Q(v)a(R(u)a¢, R(v)a‘l/) -+ Uv,u(R(u)a¢: R(u)a'l/)
= [+ (@)@ R (@) + Uen(Rarow, Renad)
and it follows that

(511) R(v)a(P = R(u)a‘P + R(u)a Uv,u R(v)a‘P

in the notation of (5.9) and of Lemma 5.3.
Next we apply (3.10) to conclude that

Usule, @) = (u — v) fdvaso(:v){Hvso(x) — (u — v)GeH,e(2)}

and therefore U, ., is nonnegative definite. This leads in turn to the familiar
Cauchy-Schwarz inequality

(512) l Uv,u(‘»a’ ‘l’) | < {Uv,u(‘Py ‘P)Uv.u (\l’, 'I’)}lﬂ
We also note the relationship
(5-13) Uv,u = Uv,w + Uw,u, O<vr<w< u,

which is a direct consequence of (5.8). Now we are ready to pass to the
limitv | 0. From (5.8) it follows that

Uv.u (‘P) 90) S Q(u) (ﬂ’) ‘P)

for ¢ in H,, independent of 0 < » < u. Now (5.12), (5.13) and Lemma 5.3
imply that for ¢ > 0in H(;),

(5.14) UO,u(P = lim U'p,u¢ (v l 0)

exists and belongs to M (»). The extension of (5.14) to general ¢ in Hy, is
immediate. Now passing to the limit v | 0 in (5.11) yields for ¢ > 0 and
¢in r @),

(5.15) Ra‘p = R(u)a‘P + R(u)a UO,u Ra,(Pc
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Next consider ¢ = R,y with ¢ in L*(»). Then also
Q= R(u)a‘p + R(u)a Uﬁ,uﬂo
which means that ¢ belongs to H¢, and that for 6 in Hy, ,

Quale,0) = [ » (d2)9(@)0(2) + Uoule, 0).

In particular
Quale, ¢) = Qa(‘Py ¢) + Uoule, 0).

On the other hand if ¢ > 0 belongs to H, then

a [ v (@) o) — aRup(@)e(@) < a [ v (@) lp(@) — aReae(@)}e(2)

which implies that ¢ belongs to Hy . (See Proposition 1.1.). These results
plus an approximation of ¢ in Hy n vF by ¢, in the domain of B prove

ProposiTioN 5.4. Assume the restriction (5.2).
(1) The domain of B is contained in H,, .

(i) Hy = Hg n vF.

@) Forwu > 0andeinHgy,,

Q(u) (‘P, <P) = Q(‘p; ‘P) + UO,u(QD) (P).

Before continuing, we note a simple but important consequence of Lemma
5.2 and of Proposition 5.4 (iii).

Lemma 5.5. If f belongs to F, then

w [ daHoj(@)Haf(x)

converges absolutely for all w > 0 and converges to 0 as w | O.

Proof. It suffices to observe that it is always possible to choose » such that
f belongs to L’ (»).
We consider now the functions
p) = @:(B(;0) =§ = +=)
(5.16)
q@) = ®:(B(;0) = +o and § < ).

Recall that { is the lifetime of the process. The function p is the “passive
part” of 1 in the sense of Feller [9]. The sum ¢ + H,1 is the “active part”
and of course

(5.17) 1=Hl+4+p+q
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We note first that for 0 < v < w and for f > 0in F n Ceom X),
fmruq (dy)f(y)
= f dxq(x)uH, f(x)

= [ drg(a)ulH. f(2) — (u — 0)G2H, §(2))
(5.18)

= f vryq @Yfy) + (w —v) f dzq(2)H, f(z)
—~ uu — ) [ daq@)G2 H, f(a)
= f om, q (dy)f(y) + (u — v) f dz{g(z) — uGs (@)} H, f(z).

An elementary computation shows that uGoq < q and we conclude that
(5.19) Umy, q > vmyq foru > v.
Similarly 4G5 p = p and the computation (5.18) for p instead of ¢ shows that
(5.20) ury,p = mp foru > 0.

Note that by Proposition 3.12 we can be sure 7, p and m, ¢ belong to 9n°,
but not necessarily to 9.
For g > 0 on X we have

HuGug = HuGu"rug = HﬂR(u) Tu g
and so (3.9) leads directly to

(5.21) Gug = Gu g + HuRamuyg
Applying (5.21) to the special case ¢ = ul and restricting to M we get
R(u) Uy 1 S 1

which becomes
(522) R(u){Uo,ul + mp + uvruq} <L

Now we introduce the harmonic measures H, (z, dy) on M via the formula

fHu(w, dy)e(y) = Hup(x)
and we introduce the bilinear form

U”-“(‘P; ‘)b)

B28) — =) [ [ Hlw,dy) [ Bl d)le@) — o@Tp0) — 9]
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which, since 7, 1 is Radon, converges when ¢, y are restrictions to M of func-
tions in F n Ceom (X). An elementary computation using symmetry in y and
zin (5.23) establishes the relationship

1
(5-24) ‘2‘ Uv,u(fo’ ¢> = Uv,u(]-: §02) - Uv,u(¢) ¢)
and therefore

(525)  Qule,e) = Qoo 0) + Unall,¢)) = 3 Unalo, o).
Now for ¢ as above and for ¢ = T¢ with T a normalized contraction we have,
a [+ @)1F®) = aRews’ @)} = a [ » (@) WW) ~ aBwab* )

= a [ v @)IFW) ~ Bawed @)} — a [ v @ W) ~ Rt ®))

- a2U'v,u(R(u)a¢2, R(v)a 1) + a2Uv,u(R(u)a\l/2, R(v)a 1)-
The left side equals

o [v @)1 - sk W1t = ¥} )
and therefore it is always > 0. The right side equals
a [ @)W (o) — aRwar))

= a [ 5 @@ W) - Rwd W)

1 1
- 'Q a’2R(u)a<‘P) ¢) + '2‘ aFR(u)a(‘ﬁ} 'p)

- azU,,,u(R(m ¢2, R(v)a 1) ‘+‘ azzUv,u(R(u)a'ﬂ, R(v)a 1)

where Ruyo( , ) is defined by analogy with (5.23). Since ¢* and y* both
belong to H,, , it follows that the last two terms have limit inferior which is
less then or equal to

—Upu(l, ¢ — ¥*)

as ¢ T . The first two terms converge (Proposition 1.1) to Qe (¢, ¢)
— Quy (¥, ¥) and since the remainder is < 0 we conclude that the bilinear form

(5'26) Q(u) (§0> ‘p) - Uv.u(l, (Pz)’ 0<ov < u,

is contractive for such ¢ and equivalently (by (5.24)), that the bilinear form
1

(527) Q(v)((o) ‘P) - § Uv,u(SO’ ¢>: 0<v < u,

is contractive for such ¢. Then it follows by a passage to the limit that ac-
tually (5.23) converges absolutely for general ¢, ¥ in H(y, and then it is a simple
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matter to extend the contractivity of (5.26) and (5.27) to general ¢ in H,, .
From the contractivity of (5.27) it follows in particular that

(5.28) Uv,no(‘P; o) = Lim U, ulp, 0 (u T ® )

is a well defined bilinear form on H,,. Passing to the limit» | 0in (5.26)
and 4 T « in (5.27), we have

LEMMA 5.6.  Assume the restriction (5.2). Then for u > 0 the forms

Quwle, ) — Usule,0), Qule, ) — % w,o{®, @)

are contractive on Hy, .

Next we use (5.22) to strengthen Lemma 5.6. Applying (5.8), we have
for0 < v < wu,

U, (o, ¢) — Uv,u(R(u) Usuy ©)
= Qu (e, 0) — Q(v) (‘P; ¢) — Q) (R(u) Usue, ¢) + Qw (R(u) Uv,uﬂ"y ®)

= Quw) (R(u) Usuo, ¢).
But

R(u) Uv,uﬂo = 'y(u - v)GuHMP

and so by Lemma 5.2, we have Ry U,,u¢ — ¢ stronglyin Hyasu T  and
we have established

(5~30) Qw (% ¢) = Lim {Uv.u (ﬂ"y ¢) — Usui (R(u) Usue, @)}
with the limit taken as 4 T «. (Note the analogy with (1.2).) But

1
Uv,u(#’; SO) - Uv,u(R(u) Uv,uﬁp, 50) = Uv,u(]-’ 502) - § Uv.u(ﬁ’; ¢'>

- (Uv,uR(u) Uw,u)(l) ¢2) + % (Uv,uR(u) Uv.u)<¢) ¢>‘

Of course the last term is defined by analogy with (5.23). Reasoning as in
the proof of (5.26) and applying (5.22), we deduce

LeMMA 5.7. Assume the restriction (5.2). Then for w > 0 the form
1
Qu (e, 0) + 5 Uuolo, 0) — Unu(l, ") — fvrlp (dy)e'(y)

—u f mug(dy)e’(y)
s contractive on H,, .

Added in proof. See [29, Section 3] for more details in a special case.
From Lemma 5.7 it follows in particular that
Usley ¢) = Lim Uuule, @) (w | 0)
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is a well defined bilinear form on H, and that

T, q(dy) = Limumr,q(dy) (u T =)
exists as a Radon measure on M and

[ mea @) < +
for all ¢ in H¢,,. Replacing Qu, (¢, ¢) by

Q e, ) + Usule, @)
and then Uo,u (‘pa (P) - UO,u (1, ‘P2) by

1
3 Uo,ule, )

in Lemma 5.6 and passing to the limit 4 T <« and then approximating ¢ in
H by ¢, in Hy,y, we deduce (assuming (5.2))

TueoreM 5.8. The bilinear form

Qle, ¢) — % Us, (0, ) — fmp (dy)e’(y) — fvr*q (dy)e’(y)

18 contractive on H .

We will continue our analysis of the time changed process in Section 8.
6. Modified Dirichlet spaces

Throughout this section » is a fixed Radon measure in 9° satisfying the
following two conditions.

6.1 [v(dz) < 4.
6.2. v is equivalent to my 1.

Condition 6.1 is of a purely technical nature and will be removed in Section 8.
The assumption in 6.2 that » has no piece which is singular relative to m; 1
is natural since in any case this piece would make no contribution to the
Dirichlet space on X which we eventually construct. Moreover in light of our
final results it seems unlikely that we have lost generality by insisting that »
be equivalent rather than merely absolutely continuous.

Throughout this section we work with functions ¢ on M which are specified
up to » equivalence, but not necessarily up to quasi-equivalence. It follows
from 6.2 and from Theorem 3.6 (iv) that H,¢, u > 0 is well defined quasi-
everywhere on D for such ¢ which are either bounded or nonnegative.

6.3. Notation. For ¢ > 0 on X the balayaged measure m, g is absolutely
continuous relative to ». Throughout this section we use the symbol =, g to
denote the density of m, ¢ relative to ». Thus

6.1) g = (1%9)».
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We begin with

6.4. DEFINITION. The universal Dirichlet form on M is the bilinear form
1 o
N(o,9) = 3 Ussle, ) + [ » @)ain(@)em)v()

+ [+ @esa@ew®)

defined when it converges for ¢, ¢ on M (specified up to » equivalence). The
universal Dirichlet space on M is the collection H" of functions ¢ on M such
that N (¢, ¢) < 4+». The L*(»)- universal Dirichlet space is the subset H,
of ¢ in H” which also belong to L*(»).

Theorem 5.8 states that H, is contained in H{, and that Q — N is contrac-
tive on H . The purpose of this section is to establish a partial converse.
Our starting point is a pair (H{,, Q*) where

6.5.1. HY{, is a linear subset of HY, ,
6.56.2. Q* — N is contractive on H{,,
6.5.3. (H{,, Q™) is a Dirichlet space relative to L (»).

The most important candidate for such a pair is provided in
LemMA 6.1.  The pair (Hf,, N) satisfies 6.5.

Proof. Conditions 6.5.1 and 6.5.2 are empty. The only nontrivial part of
6.5.3 is completeness relative to the norms N, and this is easily established with
the help of Fatou’s lemma and Fubini’s theorem.

Now fix a pair (H{,, Q) satisfying 6.5 and define
H) = {ein Hiy : Usale, ¢) < + o}
(6.2) Qv (e ¥) = Q% (e, ¥) + Uoule ¥), o ¢ inHY,.

Of course Uy, is always dominated by a multiple of U, and so (6.2) makes
sense. From 6.5.2 and

(63) Qa(ku)(ﬂoy Sa) = Q*(‘P, QD) - % UO,u(‘P) §0> + % UO,u(]-) 592)

it follows that Q’("u) is contractive on HZ“H . Now consider a sequence ¢, in
Hf.ysuchthatasm,n T «

(64.1) [ v @) o) = @) —0
(642) Q* (Som — Yn,y, Pm — ‘Pn) —0
(64-~3) UO,'u, (Som — ©Ony Pm — ‘Pn) — 0.

Since (H{y , Q™) is a Dirichlet space relative to L*(v), it follows from (6.4.1)
and (6.4.2) that there exists a unique function ¢ in H{, such that ¢, — ¢
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strongly in H{,. Replacing ¢, by an appropriate subsequence such that
¢a(y) — @n(z) is Cauchy on M X M, we conclude further that
Uou(e, ¢) < + and that

Qlwy (@ — ¢n, 0 — @u) > 0.
We have proved

LemMA 6.2. For each u > 0 the pair (H{y, qu)) 18 a Dirichlet space rela-
tive to L* (v).

Denote the corresponding resolvent operators by R%... These act ini-
tially on square integrable functions and extend in a natural way to general
nonnegative functions on M (of course specified up to » equivalence).

From the contractivity on H{, of Q* — N and from (6.2), (5.19) and
(5.20) follows the contractivity on H{;, of the bilinear form

Qo) — u [ 1 (@)F1W)EW).
Now consider g on X satisfying 0 < ¢ < m < 1 so that the bilinear form
0% (0,0) = Qtole, o) —u [ » ()T g0 (w)
makes H{,, into a Hilbert space and therefore (H’(*.,.) , Q%) is also a Dirichlet

space relative to L’(v). Denote the corresponding resolvent by R3e.
Then an argument exactly analogous to (5.10) establishes the identity

(6.5) R = Riwe + uRGa (1%9)REwa

Since (b — a)RGypl (W)e(y) increases to ¢ [a.e. vJ as b T « for ¢ > 0 in
H{,,, we have for ¢ > 0in L’ (»),

u [ v (@)% RE et (v)

= Lim u f v (dy)rz g(y)(b - a)RGwl(y)Rfu)w(y)

= Lim u f y [dy)r%g(y) (b — a)RTe{l — (b — a)RGoys} 1(®)REw ¥ (y)
which because of (6.5) is

< Lim [ » (@)¥(@) (b — &)RGall — (b — a)RGn}1(y)

< [+ @ww.

Lettingg T land @ | 0, we deduce
(6.6) uR{)m1(y) < 1.
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Of course R{., is defined by analogy with R, in Section 5. Now we define
6.7) Gig = Gog + H.Rlm%g
foru > 0and ¢ > 0 on X and we prove

LemMA 6.3. The operators G, u > 0 defined by (6.7) form a symmetric
submarkovian resolvent on L (dx)

Proof. Symmetry and the submarkovian character of the individual G%
follow directly from (6.6) and from the symmetry of R, on L*(»). To es-
tablish the resolvent identity we use (3.9), (3.13) and

(6.8) Rtw — Ry = (v — w)R{w 7% H.RG,)
which can be established in the same way as (5.11) and compute
Gr — Gy

= Gu — Gy + H.,R{\yr% — H.RlyrS

@ — w)G2GY + HRh7ol + (0 — u)GY)
— {1 = (v — w)G H Ry

@ — w6 + (v — w)H RS H Ro7s

+ @ — w)HRGTWGY + (0 — u)GrHR)ms
= (v — u)G: GF.

We turn our attention now to the Dirichlet space (F*, E*) which corre-
sponds to the resolvent operators G&. We begin by establishing the ana-
logues of Theorem 3.6 (i) and Theorem 3.6 (iii).

For f, g > 0in L*(dz) we have

[ @i G @)g(@) = [ daf(@)HLGE0GEng(z)

I

- f daf(2)Hu (G — Giralg(e)
which increases to
[ dxf(@) . G g(x)

asv T . Next
v [ aoH.GL(2) — 06T HuGEf())G2g ()

- 7)2fd$Hu+v ﬁwHuG:f(ﬂ?)ng(ﬁ)

=0 fdef,’ﬂHuGﬁf(x)g(x) — ?)2fdfl?Gz+vHuGZ+vHuG:f(x)g(x)-



46 MARTIN L. SILVERSTEIN

From the previous result and from the fact that
vGor Hah T 1pH M
for h > 0 (see (3.10)) it follows that

(69)  Limv [ dolHaG%f(2) — vGE Hu Gl ()} 62g(z) = 0
with the limit taken asv T «. From (6.9) follows that
Lim v [ do{G2f(z) — o5 G2 §(2)}GEg(a)

~ Lim v fdx{G‘;f(x) oG GE f(2)} (G2g(x) + HEGEg(z))
= Lim v fdeﬁf(x){G:g(x) — Gy G ()

- f 22 f(2)g(x).

These results together with (6.7) prove
LeEmMmaA 6.4. F” is contained in F* and
ED(f) g) = E*(f7 g)

for f, g in F°.  Moreover if f belongs to F*, then H.f is the projection of f onto
the E’s-orthogonal complement of B in F*,

Next we prove
LevMA 6.5. If u > 0 and If ¢ is in H{y, , then Hop s in F* and
(6.10) Ev(Huo, Ho o) = Qluw (0, 0).

Proof. We consider first the special case when ¢ = R toymaf with f bounded
and integrable on X. Then by (6.6) the function ¢ is bounded and therefore
in I’ (v). Also

fv (dy)afe — aRlwe 0} (W) e(y) = fv (dy)aR e f(Y)RTw 7% f(y)
which increases as a T « to
fu (dy)7% f(Y)RGH 7% f(y) = fdxf(x)HuR?uwer(x)

= EX(H,Grf, H.G% f).

We conclude that ¢ belongs to H{, , that Hw = H.Gaf belongs to F* and
that (6.10) is satisfied. Therefore the proof will be complete once we show
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that such ¢ are strongly dense in H{,,. Because of the analogue of (6.8)
for fixed ¢ > 0, it suffices to show that for ¢ bounded on M, the functions
R{ya¢ — 0 strongly in HY;, as v T «. For ¢ > 0 the functions Ry de-
crease as v increases and so

¥*(y) = Lim R%up (y)

exists [a.e.r] for any sequence of v T «. Forwv > u,

Q?u)a(R?‘v)a‘l/; R?‘v)a‘/’) = f” (dy)‘p(y)R?v)a'P(y) - Uu,v(R’(kv)a'PaRfv)a‘p)

and we conclude on the one hand that

(611)  Lim Qhuu(Bhou, Bload) < [ v (d0)p(@)v*()

with the limit taken as v 7 o and on the other hand that U,, (¥* ¢*) is
bounded independent of v > u. But this implies that

(0 = w) [ deHuy* (@) (Hoy*(2) — (0 — ) GPH @)

is bounded independent of » > u which by Proposition 1.1 implies that
H.* belongs to F°. Because of (6.11) it suffices to show that this is impos-
sible unless ¥* = 0 [a.e. »]. If this is false choose ¢ > 0 bounded and in-
tegrable on D such that

[+ @nesawv*@) > o.
It is easy to check that the functions
(6.12) Hy(o(D,)) exp { —uo (Dy)}

form a nonzero uniformly integrable martingale relative to the process @, 4. .
But since H.¢™* belongs to F” it can be approximated in the usual way by
functions G4 f and it follows easily that the random variables (6.12) converge
to zero [a.e. ®, 4;] which is impossible.

We return to the Dirichlet space (F*, E*) in Section 8.

7. Probabilistic Interpretation of Dirichlet norms

Throughout this section we assume that the original regular Dirichlet space
(F, E) corresponds to a conservative process. Our precise assumption is that

(7.1) u@l = 1

for all 4 > 0. We do this both to avoid technical complication and because
we have not been able to resolve certain difficulties which arise in the non-
conservative case. It follows easily that the life time { = + « quasi-surely
on Q. Asin Section 4 (but with K replaced by X) we introduce the truncated
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trajectory
we) = w@) for0 <t <R,
=0 fort > R, .
and the time reversed trajectory
Jult) = w(Ry —t —0) for0 <t <R,
=9 fort > R.,.
We also introduce the truncated trajectory variables
X.(@t) = X({¢) fort < R,

=9 fort > R,
and the special notation

fu(®) = fIXu @)

We introduce for w > 0 the measure @, on Q defined by 2.2 with v = wudz.
For typographical convenience we use the subscript « rather than udr to
label this measure. A suitable modification of Theorem 4.2 establishes

Added in proof. The restriction (7.1) is removed in [29, Section 6].

TueorEM 7.1. Let u > 0 and let £ be a nonnegative Baire function on Q.
Then

[ 0. @)tw) = [ o (do)etrw).
TFor f = G.g with ¢ in Cem(X) define
(7.2) M) = £u0) + [ dsgulo).

It is easy to check that M.f(¢), ¢ > 0 is a right continuous square integrable
martingale and that

M.f(o) = [ dsg(s),  LeuM.f(=)}® = Bu(f, 1)
o 2

Now a passage to the limit using standard estimates [22, Chap. V.2] from
martingale theory establishes

TaEOREM 7.2. For f in F there is a unique right continuous ®, square
integrable martingale M,f(t), t > 0 on Q such that

() M.f(¢) is given by (7.2) whenever f = G.g with g in Coom (X).

i) Eu(f,f) = 38M.f(» )Muf () for f, f' in F.

Remark. Since ®, need not be bounded and M., f(¢) need not be integrable,
the formulation in [22] is not directly applicable. However the necessary
modifications are obvious and we take them for granted.
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By well known results of P. A. Meyer [22, Chap. VIII 3] there is for each f
in F a unique continuous increasing process (M.f)(t), ¢t > 0, such that
(M.f)(0) = 0 and such that

(MufOF — (M.f) ()

is an &, martingale. Now fix » in 9° and let M be as in Section 3 and let
D =X — M. We begin the serious work of this section by deriving a for-
mula involving the quantity

(73) £ fo (ML) (0100

Our analysis of (7.3) depends on the introduction of certain functions on
Q. First
r(0) =inf {t > 0: X, () or X,(t — 0)is in M}

with the understanding that »(0) = R, when not otherwise specified. It is
easy to check that H,l agrees q.e. on every compact set with a u-potential
and it follows with the help of Lemma 2.7 that H,1(¢) is quasi-surely right
continuous and has left hand limits everywhere for ¢ > 0. Since

M= {z:H]l() =1},
it follows that the random set
{t >r0): X,(@¢) and X, (t — 0) are in D}

can be represented as a finite or countable disjoint union of intervals of the
form I = (e, r). It is possible to index the intervals I; (in general not the
“natural” ordering) so that I. and its corresponding endpoints e(z), r(z),
7 = 1, 2, -+ are Borel measurable on Q.

In general e(¢) and r (¢) are not stopping times and so we introduce approxi-
mating functions e(n; ¢), r(n; ¢) which are. Also to facilitate eventual
passage to the limit, we introduce at the same time a truncation at a constant
time T > 0. Thus

e(n;1) =inf {t > r(0) + (I/n) : ¢ < T and X, (¢) is in D}
r(n; 1) = inf {t > e(n; 1) : X, (t) or X, (¢t — 0) is in M}

with the understanding that e(n; 1) = 4+« when not otherwise specified,
that r(n; 1) = + « whenever e(n; 1) = + «, and that r(n; 1) = R, when
not otherwise specified. Similarly

e(n; 7+ 1) =inf{t > r(n;7) + (I/n) 1t < T and X,(t) is in D}
r(n;t+ 1) =inf {t > e(m;7 + 1) : X, () or X,(t — 0) is in M},

with the same understanding for e(n; 4 4+ 1) and r(n; 7 + 1) when not other-
wise specified. We also introduce the truncated limiting variables
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e(r; T) =e(d) ife(@r)<T
=+w ife@@)>T
r(; T) =r(z) ife@)<T

= 4w ife@@)>T
and the special symbol

R.(T) = R, ifR, <T
=min[R,, T+ 0(T)o(M)] if T <R,.

Consider again f = G,g with ¢ in Ceom (X) and fix ¢ > 0 arbitrary. Clearly
there exists N such that

14) &Y frw ) (d) > 8. X fM) (Mo f) (@) — ¢
forn > N. The left side of (7.4)
=2 Su{(fu[r(n; )] — fule(n; 9)])*

+2 fr(m‘i) dtGu g(t)g(t)

+ 2(fdr(n; D) = fle(s D) [

=2 8u{(f[r(n; )] — fude(n; ) — 0])*
— (fule(n; )] — fule(n; i) — 0])*

r(n;i)
+2f | aG2g(0g(t)

enz

r(n;7)

dtg(t)}

r(n;7)

o dtg(t)}.

With the help of Fatou’s lemma and [23, p. 82] we can guarantee that the
last expression differs from

s{z (T )] — fule(T5 5) — 0)*
— 20 (fule(T; )] = fule(T; 1) — 0))

r(T;7%)

+225 f , A9 (g (D)
r(/Ti3)
42 X (s )~ et — o) [ g0}

+ 2(flr(n; D) = fule(m; D) — o) [ (

by less than ¢ for n > N (after possibly increasing N). This together with
the corresponding argument for the time interval 0 < ¢ < 7(0) and then a
passage to the limit 7 T o« establishes
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sfo (ML f) (@) 1o(8) + 8u1f0])°
+ 84 2i {fule(D)] — fule(s) — 01}®

- 2. | " UG g(0)g(1) + Bl (O]}
+ 8 2o {fulr(D)] — fule(d) — 01}

r(0)

+ 26.{£.0r(0)]} f dtg(t)
r(z)
+ 26, T (D] = £lei) = 0} [ dig(o).

e(t

The first term on the right can be written 2E,(f — H.f, f — H.f) and

Theorem 7.1 implies that the last two terms cancel. Thus, after passage
to the limit in F we have

THEOREM 7.3. ForfinFandu > 0
1 R 1 2
e [ O (@10 + 4 ealfilo)
+ 58 Xt Uule()] = file(s) — 01)°

&l fulr(0)1)*

DO =

5 80 Xt Llr(D)] = fule(@) — 0
+ Eu(f - Hufaf - Huf)

The extra terms appearing on the left side can be best understood in the

context of another increasing functional of Meyer associated with the square
of the martingale M.f(¢).

THEOREM 7.4. If ¢ belongs to the universal Dirichlet space H" then
Hof (x) = 8.fle (M)]
18 well defined [a.e. dx] on D and for every u > 0,
1
N(o, 0) = 5 8ulHo #lr(0)] — Ho ¢[0]}?
(7.5) .
+ 5 80 22 (Hoolr(i)] — Ho le(d) — 01}

Conversely if ¢ is specified up to ml equivalence on M, if Hop is well defined

la.e. dx] on D and if the right side of (7.5) converges, then ¢ belongs to the
Dirichlet space H".
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Proof. Since the right side of (7.5) dominates
-;-u f dz f H,(z, dy) {Ho o(z) — Ho o(y)}*
it suffices to prove the theorem under the assumption that ¢ is bounded and
therefore Hop is well defined q.e. on M. We begin by fixing v > u and com-
puting

Usaler o) + 0 [ w0 (@) ()
r(0)
= [ a [ By [ B a2 o) = o))
7(0)

o6, [ dt p(OHL(E, dy)e'(y)
r (1)

+os T [ [ B an) [ B an o) - o))
r (i)

+oen To [ Cap) [ H e

= 08, I[r(0) < R.) for(m dt f Ho(t, dz) exp (—=[v — u][r(0) — i])
el (0] — olel)?
08 T10) < B [ dtp(t) exp (Db — wlr(0) — 1)
{elr(0))}?

r(1)
+ 8, 2. Ir(4) < R} fﬂ dt
[ Hott, d2) exp (=l —ullr(s) = A) {elr(i)] = ole])?

r(4)
+ 08, S T1r(3) < Ru fem dt p(1)
cexp (—=[v — ullr(d) — ) {elr()]}®

Applying Theorem 7.1 and combining terms, we get

Usiler @) + v [ w0 play) ()

(7.6) — o X [ dtexp (=l — allt = (i)

&)
Aelr* ()] — ole(i) — 01}°
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where r* (1) is the time of next (after e(¢)) return to M for the untruncated
trajectory, with the convention r*(¢) = « and therefore ¢[r*(¢)] = 0 when
no such return occurs. On the other hand

{elr* ()] = ¢le(@) — O)*
can be replaced by

(Hoolr@)] — ¢le(@) — OI}* + {elr* @)] — Hoolr @)]}*

in the right side of (7.6) and so after computing the #-integrals and passing
to the limit v T « we get

Usoler @) + [ mp(dy)e(v)

= 84 i {Hoolr())] = ole(i) — 01} 4 8. 22 {olr*(4)] — Ho olr()]}

The theorem will be proved once we establish the identity
Gy & T O] = Bl + [ de plo) ()
= 8.{H, ¢[r(0)] — Ho [0]}".

Before continuing we remark that it is relatively easy to give false proofs
of (7.7) by expanding both sides and treating individual terms separately—
ignoring the fact that these terms may not (and in general do not) converge.
A legitimate proof seems to require some care.

First define

H(z) = & {¢lo (M)] — Hopl0]}*
R(z) = & {Hop[r(0)] — HoplOI}®
and note the identity
(7.8) H(z) = 2 %0 {uGe}"R(z)

which can be established as follows. Let R.(1), R.(2), - - - be a sequence
of independent copies of R, and let T(0) = 0, T(1) = R,(1), T(2) =
R.(1) + R,(2) etc. Then

H(x) = & 2 =0 [Hop{ min[c (M), T(n + 1)}}
— Hop{ min [c (M), T )}

and it is easy to check that the n*™* summand agrees with the »** summand
on the right in (7.8). A similar argument establishes

(7.9) Hy1 (:c) = _4:-:0 {uGﬁ}"Hu l(x).

After substituting (7.8) into the left side of (7.7) and then applying (7.9),
we see that (7.7) will be proved once we have established
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(7.10) u f de p(x)H. &(z) = u [ do p(2)R(a).

We first prove (7.10) under the assumption that the right side of (7.5) con-
verges. Since R (z) dominates

[ B, ) o) = Hoola))?

= [ B, ) (o) — Hoo@)} + (Hoole) — Hu o))’

we conclude that

f dz p(x) {Ho ¢(z) — H, o(z)}’

converges. On the other hand the earlier part of the proof shows that the
right side of (7.5) dominates the left side of (7.10) and we conclude that

(7.11) f dz p(x) {Ho (z)}?

converges. But then the right side of (7.10)
= u [ de p@)H. ¢ (@) + Ha 1(2) {Ho o(2)

— 2H, o(z)H, ¢o(z) + uGn{H, o}*(x)
+ uGs 1(zx) {Ho o(2)}* — 2Ho o(2)uGr Ho o(2)]

=u f dx p(z)H, ¢ ()

+ j dx WG {Ho o}2(x) — {Hoo(a)}Y

and the last integral is zero since p = uGwp and since (7.11) converges.
(The convergence of (7.11) is essential for this argument. For example, the
last integral is not zero if we replace {Hoo}® by Hoe".) This proves (7.10)
and therefore the theorem under the assumption that the right side of (7.5)
converges. In fact our proof is valid under the assumption that both sides
of (7.10) converge and therefore we will be done if we can show that con-
vergence of the left side of (7.10) implies convergence of the right side. But
then

fdx p(2)H, ¢ ()

converges for all ¥ > 0. Since it suffices to consider ¢ > 0, convergence of
the right side of (7.10) follows from Fatou’s lemma and the computation
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u f dz p(x)&.{H, o[r(0)] — H, £[0]}*

= u [ do p@)H. F(2) + Hu 1@ {H, o))

— 2H, ¢(2)H, ¢(z) + uGuL{H, ¢}'(z)
-+ ’LLGZ 1(13){H1, ‘P(x)}z — 2H, <P(93)uG'z H, ‘P(x>]

u [ do p(@)H )

— f dz p(2)H, o(x)uGn H, o(z).

In the remainder of this section we apply the technique used in the first
part of the proof of Theorem 7.4 to transform Theorem 7.3. As a preliminary
step, fix v > u and ¢ in the universal Dirichlet space H' and compute

Uuo(e, ©)

= (v —we [

r(0)

at [ Hatydy) [ Hot,de) ole] — ol))?

r(2)
+ (v — u)éy i fem dtfHu(t, dy) va(t, dz) {¢le] — olyl}?

7(0)

= (v — u)&, I[r(0) < Ru]f0 dt exp (—[v — ul[r(0) — t]) fHu(t, dy)

felr(0)] — olyl}?
r(1)
F 0 — w)ee S IlrG) < Rl f | dtexp (=l = ullr(i) — d)

: j Ha(t, dy) {elr(3)] — oly]}?

which, after applying Theorem 7.1,
= (v — u)&y i f

r(%)

 dtexp (=l = ullt = o(D)) [Hutt, dy)
{ole(i) — 0] — elyl}’
r(7)

- - we T lr@) <R[

1 dtexp (—=[v — ullt — e(2)])
Aele(s) — 0 — olr(s)1}2

As in the proof of Theorem 7.4 we compute the t-integrals and pass to the limit
v T o toget
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Lemma 7.5.  For ¢ in the universal Dirichlet space H" and for u > 0
Usle, @) = &u 22:11r G) < Rul{elr(@)] — ole(@) — O}".

Now we consider the special case ¢ = vf with f in F and apply Lemma 7.5 to
Theorem 7.3 to get

%afo (ML ) 1o(t) + %ufdxf(a:)

5 8 X ()] — fle(i) — 01}

Il

[

u [ dz Hof'(2) + _;. Ul f, ) + %s S k() = Rufle(i) — 0]

+ E.(f — Huf,f — Huf)
which, after applying Theorem 7.1 to the third term,

= Ui )+ [ Huf@) + B — Haf,f — Haf)

= NGO + Uaal L) = 5 Uaalfy ) + Bulf = Haf,f = Haf)

and we have proved

TrEOREM 7.6. ForfinF andu > 0,
Lo [" 0nn @10 + Su [ a@
+ 28 T 1o — fle(i) — 01}
= NGJ) + Bulf = Hadyf = Had) + u [ doof(2) Ho f(2).

We will improve this result in Section 8.

8. Extension of Dirichlet norms
We begin with

8.1. DerFiNiTION. A function f specified and finite up to quasi-equivalence
on X belongs to the extended Dirichlet space F, if there exists a sequence f,
in F which is Cauchy relative to the Dirichlet norm E and such that f, — f
q.e. For such f put

E(f,f) = Lim E(fa, fa).

In the next lemma we show in particular that E(f, f) is well defined for f
in F(, and that F = F¢y n L*(d).

LevmMA 8.1.  If f belongs to the extended Dirichlet space F ) , then
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BV, 1) = u [ dell = wG1@)F6@ + 2o [ do [ Gute,dn) (@) - 1))
converges for all w > 0 and

EY(f,) 1 E¢,f) asu T .

Proof. The lemma follows from Proposition 1.1 for f in F. For f in F,
it suffices to choose f,, as in Definition 8.1 and to observe that the f, are uni-
formly Cauchy relative to the E®.

Important contractivity and completeness properties for F(, are estab-
lished in

Lemma 8.2. (i) Let f belong to Fy and let T be a normalized contraction.
Then Tf belongs to ¥y and E (Tf, Tf) < E(f, f).

(1) Let f be specified and finite up to dx equivalence on X and let f. be a
sequence tn Fy which is Cauchy relative to E and such that f, — f [a.e. dz].
Then | has a quasi-everywhere defined refinement f* belonging to ¥, and, for a
subsequence, fn — f* q.e.

Proof. 'To prove (i) it suffices to observe that if f, in F form a Cauchy se-
quence relative to E and if f. — f q.e. then, for the Ceséro means of a subse-
quence [24, p. 80], T'f. is Cauchy relative to E and Tf, — Tf q.e. In proving
(ii) we consider first the special case when f and f, are bounded by a fixed con-
stant ¢. Fix n and choose f.,» in F bounded by ¢ such that as m varies the
fn.m form a Cauchy sequence relative to E and such that f... — fa q.e. as
m 1 . Foropen G with finite capacity the functions p{f. . are E; bounded in
F (since Tx = z’is a contraction for |z | < } and since

pffn.m = %‘ (pf + fn.m)2 - % (pf - fn,m)2)

and therefore the Cesdro means of a subsequence are Cauchy relative to E; .
It follows that the function py f, belongs to F and that as n varies the py f,, form
a Cauchy sequence relative to 1. The lemma for this case can now be estab-
lished by approximating the f, with functions in F, by letting G expand to X,
and by applying the Tchebychev estimate (1.5) together with a diagonaliza-
tion argument. The general case is easily established upon approximating
f by truncations and verifying with the help of (i) that these truncations form
a Cauchy sequence relative to E.

We now improve the results of Sections 5 through 7, in particular dispensing
with the restrictions (5.2) and (6.1).

Lemma 83. (1) If ¢ belongsto Hy n vF , then
(8.1) Hop(x) = &olo (M)]
s well defined q.e. and belongs to F, and
(8.2) E(Hop, Hop) = Q(o, ¢).
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@) If ¢ belongs to YF ) , then there exists a sequence o, in Hey n F which s
Cauchy relative to the Dirichlet norm Q and such that ¢, — ¢ q.e. on M.

Proof. Consider first bounded ¢ belonging to Hy n vF. For v, u > 0 the
function H,¢ — H, ¢ belongs to F” and therefore

E(H,¢ — Hup,H,p — Huo)
= Ev(H'v‘P - Hu‘P; Hvﬁo) - Eu(Hv‘P - Huﬁoy Hu‘P)

- f de{H,o(x) — Huo(x)}H, ()

t+u [ dolHoo(@) = Huoo)}Huo(o)
_ —-vfdx{H,,go(x) — Hyo(z)}H,¢(z)
o f de{H,o(z) — Hyo(z)}Hyo(z)

which — 0 by Lemma 5.5. Thus H,¢ belongs to F, and (8.2) follows upon
passing to the limit w | 0 in (5.4). The restriction that ¢ be bounded is
easily removed by considering truncations and (i) is proved. It follows from
Proposition 5.4 (i), with H¢, playing the role of F, that H, increases if » is
replaced by an equivalent measure satisfying (5.2). This, together with (8.2),
shows that in proving (ii) there is no loss of generality in assuming (5.2).
But then (ii) follows easily from Lemma 5.2 and from (8.2).

8.2. Extension. For ¢ in vF( put
Qe ¢) = LimQ(en, ¢n)

with ¢, as in Proposition 8.3 (ii). The analogue of Lemma 8.1 shows that
Q (e, ¢) is well defined.

Now it is a simple matter to prove the following two theorems.

TarorEM 84. (i) Hq = vFe n L(»).
(1) If f belongs to B, , then Hof (defined by (8.1)) belongs to F(,y and (8.2)
18 valid. M oreover

THEOREM 8.5. ¢ in H ) belongs to the domain of the time changed generator B
if and only if there exists @ in L* (v) such that

B(Hop, 1) = = [ v @)f)¥()
for all f in Fy n L’ (). In this case
By = .
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Next we put Theorem 7.6 into a more natural form.

TaeoreM 8.6. (Assume (7.1).) Then for f in F and u > 0
o [ O @1 + 4 60 T (fle@) — fle(i) — 01}

= NG + BG = Haf,f = Hof) + 5u [ daf'(@).
Proof. We remark first that (3.10) leads to
Ev(va - H“f) va - Huf) = E't?([u - U]GvDHuf’ va - Huf)

(84)

= (= 0) [ del @) H, @) - Haf)
which upon passage to the limit » | 0 becomes

(85) E(Hof — Huf,Hof — Huf) = ufD deH, f(z) {Hof(2) — H, f(z)}.
A similar argument establishes
B(Hf = Haf,f = Hof) = u [ dollj2){f(2) = Hof(2)}.
Then
mq—HdJ—Hd%+%£mmﬂwmﬂ@

= B — Hof,f — Hoj) + BUHof = Hof, Hof — Haf)
+ 2B — Hof, Hof — Haf) +u [ dalile) — Huf(2))?
+ uj;dxHof(w)Huf(w)
= B( ~ Hof,f — Hof) + u [ doH. f(x) {Ho f(x) — Haf(x)}
+ 20 [ WL @) = Hof(@)} +u [ dolfe) = Huflo))?

+uﬁmmﬂwmﬂw

and we are done.

Remark. 1t would be interesting to pass to the limit w | 0 on the left side
of (8.4) and then extend Theorem 8.6 to general f in F;. We can do this in
special cases, but we are not sure what is the correct formulation (if any) in
general. It seems clear, for example, that the recurrent and transient cases
must be handled differently.

In the remainder of the section we assume the following.

8.3. Condition of Universality. This condition is satisfied if
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(i) Every function ¢ in the universal Dirichlet space H" has a quasi-
everywhere defined refinement which is the restriction to M of a function in
F(g) .

(ii) There exist positive constants ¢, C such that

(8.6) ¢N (¢, ¢) < E(Hop, Hyp) < CN(p, ¢) for ¢ in H".

Remark. The left hand inequality in (8.6) actually follows from (i) be-
cause of Theorem 5.7 and Theorem 8.4. We do not know if the same is true
for the right hand inequality. Standard results in this direction are not
directly applicable since the relevant inner product spaces are not complete
in the usual sense. It is clear from Theorem 6.6 that there exist Dirichlet
spaces which fail to satisfy condition 8.3. In this case it is natural to replace
the given Dirichlet space (F, E) by the one constructed in Section 6 with
H, = Hi, and Q* = N. We discuss this point in Section 9 for Brownian
motion.

8.4. Convention. Every ¢ in H" is represented by the version specified up to
quasi-equivalence in 8.3 (i). Thus H" is identified with vF, .

Finally we consider again the modified Dirichlet space of Section 6. Note
that by convention 8.4, functions in H, belong to vF.. and are specified up to
quasi-equivalence on M.

Lemmas 6.1 through 6.4 are unchanged, but before proceeding beyond that
point we expand the function spaces H{o, and F*.

8.6. DEFINTTION. (Assume condition 8.3.) A function ¢ in yF(, belongs to
H* if there exists a sequence ¢, in H{, which is Cauchy relative to the Dirichlet
norm Q* and such that ¢, — ¢ q.e. For such ¢ put

Q% (e, ¢) = Lim Q" (¢n, ¢u).
Also put

Qi (0, ¢) = Q%(¢, @) + Unule, 0)
whenever U, (¢, ¢) < + .

8.6. DeriNITION. (Assume condition 8.3.) A function f in the extended
Dirichlet space F., belongs to F{,) if there exists a sequence f, in F* which is
Cauchy relative to the Dirichlet norm E* and such that f, — f q.e.

The extension of Lemma 8.1 and of Lemma 8.2 (i) to both Ff,, and H* is
immediate. The extension of Lemma 8.2 (ii) to H* can easily be made by
considering Hy ¢ in place of ¢ and applying the right hand inequality in (8.6).

Now consider ¢ = R, 75 f with f bounded and integrable. After approxi-
mating =% f from below by functions in L (v), we conclude from the proof of
Lemma 6.5 that ¢ belongs to H*, that H, ¢ belongs to F* and that (6.10) is
valid. Since ¢ also belongs to yF(, by condition 8.3, it follows easily from
the square integrability of H, ¢ that actually ¢ belongs to vF and H, ¢ belongs
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to F. Then the proof of Lemma 8.3 together with Lemma 6.4 implies that
the H,¢ are Cauchy relative to E* as u | 0. Therefore Hyo belongs to
F{,, and then a passage to the limit in (6.10) establishes

8.7) E*(Hoe, Hoe) = Q* (e, ¢)
and a passage to the limit in Lemma 6.4 establishes
(8.8) E*(Hop, h) = 0

for hin F°. Now we are ready to prove

TueoREM 8.7. (Assume 6.2 and 8.3.) Let (F*, E*) be the Dirichlet space
corresponding to the resolvent of Lemma 6.3. Then:
(i) Lemma 8.2 (ii) is valid for F,,
(i) F*is the subset of f in F such that ~f belongs to H*.
(iii) Fe is contained in the subset of f in ¥, such that vf belongs to H*.
(iv) If f belongs to By , then so does Hof and (8.2) and (8.3) are valid with
E replaced by E* and Q by Q*. Also

E*(f — Hof, f — Hof) = E(f — Hof, f — Hof).
(v) ForfinF,
(8.9) E*(f,f) = E(f — Hof, f — Hof) + Q* (o, ).

Proof. Equation (8.9) follows from (8.7) and (8.8) for the special case
f = G%g with g bounded and integrable and then it is routine to prove (i),
(iii), (iv) and (v) with the help of the right hand inequality in (8.6). To
prove (ii), consider bounded ¢ in H* n yF. Then for 4 > 0, the function
H, ¢ belongs to F and from 1.4.1 it follows that RY,a¢ belongs to H* and that

Uou(Rtya@, Rinae) < +
forv,a > 0. The proof of Lemma 6.5 shows that for fixed a > 0,
Q?u) (R’(kv)a 2 waup) —0
asv T o and it follows from the analogue of (6.8) for @ > 0 that
(0 — w)Rwars Hy Rivyae

converges to Rtwaeeasv 1 o relative to the Q¢ norm. After approximating
H,R{, a0 from below by integrable functions on X, we conclude from (6.10)
and from the first part of the proof that H, R{.)s ¢ belongs to F* and that (6.10)
is valid with ¢ replaced by R{.ae. It follows upon approximating ¢ by
aR .. ¢, again with the help of 1.4.1, that H,¢ belongs to F*. But this im-
plies (ii) since it suffices to consider f bounded and since f — H, f belongs to
F” and therefore to F*.

One important consequence of Theorem 8.7 is that the Dirichlet space
(F*, E*) depends only on H* and @* and not on the measure ». We do not
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know if F{,) is actually equal to the subset of fin Ff,) such that vf belongs to
H*. This would follow if we knew that general ¢ in H* could be approximated
by ¢, in H* n yF. Proposition 5.4 (i) implies that this is true for H* = H.

We complete this section by describing the generator A* which corresponds
to the Dirichlet space (F*, E*). To facilitate comparison with the work of
other authors, we introduce

8.7 DerintTioN. f in F belongs to the domain of the local generator
@ if there exists ¢ in L*(D, dz) such that

B, = [ deg()h@)
whenever h belongs to F”. In this case

ef =g¢.
TueoreM 8.8. fin F, belongs to the domain of the generator A™ if and only if:
8.8.1. ~f belongs to the extended Dirichlet space H*.
8.8.2. f belongs to the domain of the local generator Q.
8.8.3. There exists ¥ in L’ (M, dz) such that for ¢ in H* n ~F,

(11 Q*(0) = = [ do(@)e(z) — Tim [ doaf(a)Hue@)

with the limit taken asu | 0.
In ths case

A*f () = @f@) onD
=yx) onM.

Proof. The direct part of the theorem follows from Theorem 8.7 (i) and
from

B*(f,h) = — [ dwA*@h@), hinF*,
upon applying (8.9) with A in F” and then with 2 = H, ¢ and passing to the

limit with the help of (8.5) and Lemma 5.5. To establish the converse, note
that by Theorem 8.7 (ii) f belongs to F* and then for & in F*,

E*(f,h) = E(f — Hof, h — Hoh) + Q*(vf, vh)
— Lim E(f, h — Huh) — fM day(z)h(z) — Lim [D d2GfHo h(z)

— —Lim [D do@f(z) (h(z) — Huh(z)}

- fu day(2)h(z) — Lim fD 426§ (z) Ho h(z)

— [ axas)n@) - [ dmp(in(a)

and the proof is complete.
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Remark. We cannot justify passing to the limit under theintegral sign in
(8.11) since in general we cannot restrict our attention to the case when
af > 0.

Q. Brownian motion

Throughout this section, X is d-dimensional Euclidean space R? and dz is
standard Lebesgue measure. We introduce the familiar functions

P'(z) = (2mt) ™" exp {—|x[*/2t}
Gu.(z) = fow dte ' P'(x)

for u, t > 0 and for z in R’. Of course |z | denotes the standard Euclidean
norm. The operators

Guf(@) = [ dyGulz = 1)

form a symmetric Markovian resolvent on L*(dz). The corresponding transi-
tion operators P’ are

Pia) = [ dyP'(@ = )f(y).

The generator A is the L’ closure of 1A applied to any reasonable class of
smooth functions. Of course A is the usual Laplacian operator on R?.

The probabilities ®; of Theorem 2.4 can be defined for all z in R? and the
regularity properties which are established in Section 2 using the potential
theory of Section 1 can be verified by direct arguments involving only the
properties of P(x). Moreover the exceptional z-set is always empty and the
probabilities @, are concentrated on the subset of w in @ such that X (¢, w)
is everywhere continuous and such that the life time { (w) = 4+ . The collec-
tion of probabilities is generally referred to as standard d-dimensional Brownian
motion. For verification of the above statements and other properties of
Brownian motion used below, we refer the reader to any of the books [7, 17,
or 21].

We begin by noting that for fin C2em (R?) (twice continuously differentiable
with compact support) the defining relation (7.2) becomes

M., f(t) = fu(t) —I—fo dS{ufu(S) - %Afu(s)}-

Application of Ito’s formula [21, p. 32] yields the alternative formula

min(R,,t)
M f(®) = §0) = IR < 0f(R) + u dsf(s)
9.1) i
+ fo grad f(s)-dX(s).
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The last integral is an example of a stochastic integral in the sense of Ito. A
tedious but routine calculation involving the calculus of stochastic integrals
shows that for s > O and ¢ > 0,

FAMLf(t + 8) — M. (1)}

(92) min (R, t+s)
5 [ dr {lgrad F(OF + ulf (DT,

- min(Ry,t)
Again we are using Hunt’s notation for conditional expectation. Notice that
this conditional expectation can be relative to any of the ®,. Equation (9.2)
implies

min(Ry,,t)
03 MO = [ ds lgad SOF + ulf6)T
and in particular
9.4) Maf)(0) = [ ds (lgrad )P + ulf()P)

and therefore

0 Aei) = [ ao{}lgred (@ + i@},
Theorem 7.2 establishes
(96) 81,0 = 1 [ do lerad )P

for f in C%n (R?). A passage to the limit using the fact that such functions
are necessarily E, dense in F (see 1.4.2) shows that F is the Sobolev space W
of square integrable functions on R* which have square integrable gradients in
the distribution sense and that (9.1) through (9.6) are valid for f in W. It
would be interesting to establish in general the analogue of (9.5) for u = 0.
Hunt’s construction of approximate h-chains in {15, pp. 334, 335] shows how to
do this for the transient cases d > 3, but the recurrent cases d = 1 or 2 seem
to require new ideas.

In the remainder of the section we use the notation of Sections 5 through 8
corresponding to » in 9M°. For the sake of simplicity and to avoid certain
technical complications, we introduce

9.1. Restriction. M is Cl (G), G or R — @ where G is an open subset of
R? whose Euclidean boundary dG has Lebesgue measure zero and such that
both G and ext (G) = R? — Cl (G) are connected.

From the continuity of trajectories it follows that the harmonic measures
H,(z, dy) are, for x in G and for x in ext (@) concentrated on the boundary
dG. From the easily verified fact that nonnegative u-harmonic functions in a
connected open set can vanish at a point only if they vanish identically, it
follows that the harmonic measures H, (z, dy) for u > 0 are equivalent as
runs over (¢ and as x runs over ext (G). Therefore we fix reference points x;
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in G and . in ext (@) and introduce the notations
H'(dy) = Holw:, dy),  H'(dy) = Ho(a., dy)
H,(z, dy) = Hu.(z, y)H'(dy) forzinG
= H,(, y)H’(dy) for z in ext (G).

The functions H.(z, y) are understood to be specified up to H* or H® equiva-
lence on dG. It is known that H° and H' are equivalent if G has a smooth
enough boundary. We doubt that this is true in general, but do not have a
counterexample. We introduce the function

p(@) = &[0 (0G) = + =]
and then

p*(y) = [ dep(e)Ha(a,y)

@) = [ (@, ).

It follows from the analogue of (5.13) with » = 0 and from Theorem 5.8 that
the functions

Us.o(y,2) = Limuj; dzHo(z,y)H,(z, 2)

Usw(y,2) = Limuf

ext(

dxHo(x,y)H,(z,2)
@)

with the limit taken for any sequence of w T «, exist and are finite
[a.e. H* X H'] and [a.e. H® X H’] respectively. The kernel Uy, (y, 2) is the
analogue of the one introduced by Feller in [9, p. 559] for the Kolmogorov
equations and by L. Naim in [27, Chap. III, 15] for Brownian motion on the
Martin closure.

We now have all of the ingredients for a general formulation of Green’s
identity.

Tueorem 9.1. (1) If f belongs to W, then
9.7) Hof(x) = &flo(8G)]
s defined q.e. and belongs to W, and

%L dx {grad f(z)}® = %de {grad f(z) — grad H,f(z)}’
98) + 1 [ B @) [ B @)Uty ) 5w) — £V

+ f H (dy)p™ () (y),
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-;—fex x {grad f(z)}* —;—L z {grad f(z) — grad H,f(2)}’
99) +5 [ B @) [ B @)Viel, ) 00) = 1)

+ [ B @)p* ).
() If ¢ specified up to H® equivalence on 3G satisfies

%fH" (dy) f H' (d2)Us,«(y,2) {o(y) — o(2)}*

(9.10) ) .

+ [ B (@)p*@)ew) < +o
then
9.11) Hyp(x) = &[0 (3G)]

18 defined and harmonic for z in G and

3 | do lerad Huo(a)y’

(012) =1 [ B (@) [ B (@) Uiuly, Do) — o(2)}’
+ [ B @)p*w)ew).

(i) If ¢ specified up to H® equivalence on 3G satisfies (9.10) with ¢ replaced
by e, then (9.11) is defined and harmonic for x in ext (G) and (9.12) is satisfied
with G replaced by ext (G) and with < replaced by e.

Proof. To prove (ii), choose » in 9%° such that M = R® — @ and apply
Theorem 7.4 (together with familiar facts about the connection between
harmonic functions and Brownian motion) to conclude that Hye is defined
and harmonic on @ and that the right side of (9.12) equals

5 6 Hoelr(0)] — Hogl0l}? + 5 6. 5 (Hoelr()] — Hoole())"

in the notation of Section 7. Now (9.12) can be established by applying a
simple extension of (9.3) with w = 0 together with the techniques used to
prove Theorem 7.3. Conclusion (iii) follows from (ii) and the symmetric
role of G and ext (G). Finally (i) follows from Theorem 5.8, from Theorem
8.4 and from (i) and (iii).

Theorem 9.1 suggests the following question. If ¢ is specified and finite up
to H' + H* equivalence on dG and if ¢ satisfies both (i) and (iii), does ¢
have a quasi-everywhere defined refinement which is the restriction to G
of a function in F,. Thisis true if and only if ¢ in HY can be approximated in
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the sense of Definition 8.1 by functions in vF(, which is certainly the case
when @ is a half space. We do not know about the general situation. Notice
that a yes answer is equivalent to the condition of universality 8.3 for the
Dirichlet space W, .

9.2. Convention. Throughout this section the functions Hy¢ and H,f are
defined by (9.8) and (9.11) no matter what » in 9° is being considered.

Theorem 8.4 becomes in the present context.

Taeorem 9.2. (1) Let v in M° be such that M = G. Then
Ho = YW n L*(v) and
Q(e, @)

=3 [ H@y) [ B @) Uinly, 9 lo@) = o(2)}?

9.13)
( + LE ) [ BT, Do) - ()

+ [ B ae*@)ew) + [ H@p*w)ew)
fO’I’ @ mn H(o) .
(i) Let v in 9° be such that M = R* — G. Then

Hg = YW@ n L’ ()

and
Qe, ) = % dz {grad ¢(z)}*
ext (@)
(9.14) + 1 [ ) [ H @) Viny, o) — o)}’
+ fH"(dy)p*"(y)J(y)
fOT ['4 m H(o) .

(i) Let » in 9N be such that M = R¢. Then

Hop = WoNLE®G)
and

(915)  QUo,e) = 3 [ do (grad ¢(@)} for ¢ in Ho.

We finish by discussing the modified Dirichlet space and resolvent of Section
6, considering first the case M = 9G. The universality condition 8.3 is
satisfied and therefore Theorem 8.7 is directly applicable only if we can be sure
that actually H' = 4F. (See the discussion above.) In this case Theorem
8.7 characterizes Dirichlet spaces (F*, E*) relative to L*(R% dz) which are
formed by combining in the manner of Section 6 the Dirichlet space for
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Brownian motion ‘killed’”’ upon hitting G with a Dirichlet space relative to
L*(H' + H®). Tt follows from (6.7) that the corresponding resolvent opera-
tors G satisfy

(9.16) Gif@@) = Guf(@) + & exp { —uo (M)}G% flo (M)].

The converse is also true. Every symmetric resolvent {G%, u > 0} on
L}(R?, da) which satisfies (9.16) arises in this manner from a unique Dirichlet
space relative to L*(H* + H°). This follows from Theorem 5.8 applied to
(F*, E*) rather than to (F, E). Of course we cannot apply Theorem 5.8
directly since (F*, E*) need not be regular, but there is no difficulty modifying
our arguments to establish an appropriate version. Thus our results classify
symmetric resolvents on L*(R, dz) which satisfy (9.16). If condition 8.3
fails, then there is still a classification with yF, replaced by H*. But our
arguments provide only a weakened version of Theorem 8.7.

To classify symmetric resolvents on L*(G, dz) satisfying (9.16) it is neces-
sary to replace the Dirichlet space W by a different one.

9.3. A function f specified and finite up to quasi-equivalence on G belongs
to the Dirichlet space W (G) if it satisfies the following three conditions.
(1) fis square integrable on G.
(ii) f has a square integrable gradient on G in the distribution sense.
(iii) There exists a function ¢ specified up to H* equivalence on dG such
that f = Hop q.e. on G.

According to Theorem 7.4 a function f belongs to W (@)if and only if f= Hep
q.e. on G where ¢ satisfies (9.10) and in this case (9.12) is true. It follows
that W (@) together with the bilinear form

3 | @0 tgrad s@))?

is indeed a Dirichlet space relative to L*(G, dz). For the Martin closure this
follows from results of Doob in [56]. Consideration of special cases suggests
that the corresponding process should be regarded as reflecting Brownian
motion on the Euclidean closure cl (G). Our results, with this Dirichlet
space playing the role of (F, E), classify symmetric resolvents on L*(G, dx)
which satisfy (9.16). Again we must modify our arguments since in general
we cannot be sure that this Dirichlet space is regular.

Condition (iii) can be removed and (9.16) can be replaced by the more
intrinsic requirement that G%f — G% f be u-harmonic on G if we replace the
Euclidean closure of G by the Martin closure. This is done for bounded G
by Fukushima in [14] using different techniques.

Appendix

We consider a Dirichlet space (F, E) relative to L*(dx) such that F is dense
in L*(dz) and show bow to replace it by a regular Dirichlet space without
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changing any of the relevant structure. Our construction is only slightly
different from the one given by Fukushima in [12].

Note first that if f in F is [a.e. dz] bounded then f* belongs to F and so the
subcollection of f in F which are integrable and [a.e. dx] bounded form an
algebra. From contractivity it follows easily that this algebra is dense in
F. Moreover F itself (being the domain of a self adjoint operator) is separable
and, putting everything together, we conclude that there exists a subset B, of F
satisfying:

A11l., B, is countable.

A.12. B, is a subalgebra over the rationals.

A.1.3. Every member of B, is integrable and bounded [a.e. dz].

Al4. B,is densein F (and therefore in L’ (dz)).

A15. If 1 belongs to F, then also 1 belongs to B,. Otherwise there
exists a sequence g, > 0 in B, such that g, T 1 [a.e. dx].

Fix one such B, and let B be the uniform closure (in the [a.e. dz] sense) of
B,. Then B is in a natural way a commutative Banach algebra. We now
introduce the Gelfand transform of B. For the reader’s convenience we
develop the relevant part of the theory for this simple special case rather than
appeal to the general theory.

Let Y be the collection of real valued functions v on B, not identically zero,
which satisfy:

A2l ~(f) < Iflle-
A22. ~v(fg) = v(Iv(g).
A23. y(af + bg) = av(f) + by(g).

We give Y the weakest topology which makes continuous all of the real-
valued functions F on Y which can be represented F (y) = v (f) for some f in
B. It is well known and easy to verify directly that Y is then a separable
locally compact Hausdorff space and is compact if and only if 1 belongs to B.

Once and for all choose everywhere defined measurable versions for fin B, .
Let X, be the subset of z in X satisfying:

A31. [f@)| £ ||fll»for fin B,.

A32. (fg)(@) = f(x)g(x) for f, g in By.

A33. (f+9)&) = f(x) + g() for f, g in By.
A34. (af)(x) = af(x) for a rational and f in B,.

Then X, is a Borel measurable subset of X of full measure. That is,

fx—x de = 0.

Clearly for each z in X there exists a unique v in Y such that v (f) = f(z) for
fin By. Thus there exists a unique mapping J : X, — Y such that

(A.1) Jz) () = f@)
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for f in B, and = in X. Clearly J is Borel measurable and so there exists a
unique measure dy on Y such that

(A.2) dev o(v) =fxdx e(Jz)

for nonnegative Borel oin Y. 'We use the same symbol J to denote the natural
mapping of B onto C'(Y) (continuous functions vanishing at « ) given by

(A.3) Jf(y) = 7).
It follows from (A.3) that {for f in B and for any polynomial P
(A4) JP(f) = P(Jf).

Since any normalized contraction T is continuous and therefore can be uni-
formly approximated by polynomials on compact sets, we have also

(A.5) JT(f) = TJf).

Using max (f,¢) = 3|f + ¢| + %|f — ¢| and a similar formula for min (f, g),
we conclude from (A.5) that

(A6) J max (f, g) = max (Jf, Jg)
A7) J min (f, ¢) = min (Jf, Jg)

for f, g in B. Next we show that J can be extended from B n L*(dz) to an
isometry from L*(dz) onto L*(y). For this purpose note that the relation

(A8) [ av 3ep)a9(n) = [ da f(2)g(a)

for f, g in By is an immediate consequence of (4.4) and (A.2). Denote by J*
the unique isometry of L*(dz) into L’ (dy) which agrees with J on B,. Our
problem then is to show that J = J *on I?(dz) n B. Equations (A.1) and
(A.3) imply that || Jf ||« = || f |~ for f in By and therefore J (B, ) is uniformly
dense in C(Y). With ¢, as in condition A.1.5 (put ¢, = 1 for all n if 1 is in
By) the functions Jg¢, increase to 1 [a.e. dy] on Y. Therefore functions of the
form Jg, (y)e(v) with ¢ in C(Y) are dense in L’(dy) and it follows by the
dominated convergence theorem that JBo is dense in L*(dy). Now fix f in
B n L?(dz) and let f, in By converge [a.e. dz] uniformly to f. The dominated
convergence theorem implies that

fdx F@)h(z) = Limfdx fu(@h(z) (n 1 )

and similarly

[ vy 30 Th(y) = Lim [ ay I () Th(y) (1 )
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for hinBy. Thus (A.8) is valid for f and h and since JB is dense in L* (dv),
certainly J*f = Jf for f in B n L?(dz) as required. It is easy to check that
the pair (JF, JE) is a Dirichlet space relative to L’ (dy). Of course JE is
the bilinear form on JF determined by

JE(Jf, Jg) = E(f, g).

To establish regularity, it only remains to check that dy is dense. For this it
suffices to show that

(A9) meas i {z: |fi(x) — v | <e >0
for any choice of ¢ > 0,0ff;, -+ ,frinBandof yin Y. If (A.9) is false, then
there exist polynomials P, in n indeterminates such that P, (fi, -, fa)

converges uniformly to
mini | fi — v (f:) |w]l

and so there exists g in B such that

g min:';llfi — v (f:) | =1
and therefore

hg minia |fi — v (i) | = h

for all in B. Since the function min (z1, - -+, 2.) can be uniformly approxi-
mated on bounded sets by polynomials which do not contain the constant term

y(ing— |fi — v(f)]) =0

and therefore v (A) = O for all » in B, which possibility has been ruled out by
hypothesis. This proves regularity and we are done except for checking that
(A.5) through (A.7) can be extended to square integrable f and g.
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