A COMMUTATIVITY THEOREM FOR PRESPECTRAL OPERATORS

BY
H. R. Dowson

The main result of this paper is that a prespectral operator of class T has
a unique resolution of the identity of class I', and a unique Jordan decomposi-
tion for resolutions of the identity of all classes. The proof of this proceeds
by way of a commutativity theorem for prespectral operators. This last
result is weaker in form than the commutativity theorem for spectral opera-
tors. We observe that, although Theorem 5 of [4; p. 329] is valid for spectral
operators, it is not true in general for prespectral operators. (See §6.2 of
[2; p. 309].) Consequently, the arguments of Theorem 6 of [4; p. 333-4]
cannot be applied in the situation considered here.

Theorems 1 and 2 have recently been proved for scalar-type prespectral
operators [3]. In [2], a weaker version of Theorem 2 has been shown to hold
in the following special cases:

(a) prespectral operators with totally disconnected spectra
(b) adjoints of spectral operators
(¢) prespectral operators whose adjoints are spectral operators.

Theorems 4 and 5 are also known in these cases [2].

The reader is referred to [2] for the definition and properties of prespectral
operators. Throughout the paper, X is a complex Banach space with dual
space X*.  We write (z, y) for the value of the functional y in X™ at the point
z of X. Ior brevity, the term “operator” is used to mean ‘“bounded linear
operator”. The spectrum and resolvent set of an operator 7' are denoted by
o(T) and p(T) respectively. The Banach algebra of operators on X is
denoted by L(X). The complex plane is denoted by C, and = denotes the
o-algebra of Borel subsets of C. If + € C, and z € C, then x(7, 2) denotes the
characteristic function of the set 7 evaluated at z. Let K be a compact Haus-
dorff space. C(K) denotes the Banach algebra of complex functions con-
tinuous on K under the supremum norm. R denotes the real line.

We require a preliminary result.

LevmMA.  Let T be a prespectral operator on X with a resolution of the identity
E(-). Let A, in L(X), satisfy AT = TA.
(i) If 8 € C is closed, then AE(8) = E(8)AE(9).
(i) If v C C s open, then E(7)A = E(r)AE(7).
(iii) If8 C Cisclosed, reZ and 7 nd = @, then E(5)AE(r) = 0.
Proof. If §is a closed set, then by Theorem 4 of [4; p. 328]
E(®)X ={zeX :o(x) C .
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(For a discussion of the single-valued extension property and the notation

used in this proof, the reader is referred to §2.2 of [2; p. 292-3].) Nowifz eX
@I — T)Az(s) = AQT — T)x(§) = Az (F ep(2)),

since AT = TA. Alsothe map £ — Ax(£) is analytic in p(z), and so we obtain
successively
p(dz) 2 p(x); o(d2z) C ().

Hence if « ¢ E£(8) X, then also Az ¢ E(8) X. Therefore AE(5) = E(5)AE(3).
This proves (i). If now ris open, then C\r is closed and

A(I — E(7)) = (I — E(r))A(I — E(7)).

Consequently E(r)A = E(+)AE(7), proving (ii). Finally, to see (iii)
observe that by (i) and hypothesis

E(3)AE(7) = E(8)E(7)AE(7) = 0.

Now, post-multiplying both sides of the equation E(§)AE(7) = 0 by E(r)
gives the desired result.

TaEorREM 1. Let T be a prespectral operator on X, with a resolution of the
identity E(-) of class T'. Let A, in L(X), satisfy AT = TA. Define

R = Re AE(dMN).
o(T)
Then AR = RA.
Proof. By Theorem 3.10 of [2; p. 298], T* is a prespectral operator on X*
with a resolution of the identity F(-) of class X such that

(., f(k)E(dk))* = [, JOOF@) (FeCle(m)).

Using this in conjunction with Theorem 3.1 of [2; p. 294], we see that R* is
a scalar-type prespectral operator on X* with a resolution of the identity G( -)
of class X such that

R = j \G(d\), G(C\R) =0
o(R)

and for every real number £,
(1) G({g) = F(Ly,

where L is the line parallel to the imaginary axis through the point £ Let
zeX,yeX . Define

h(N) = (z,G((—=,\)A%y) (N eR).
Now (42, G(-)y) and (x, G(-)A*y) may be regarded as complex Borel meas-
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ures on R. Hence ¢ and & are right-continuous complex functions of bounded
variation on R. Therefore the set D of points of R at which either ¢ or h is
discontinuous is countable. If £ e R\D we have

(Az, G({8)y) = (&, G({§)A4A™) = 0.
Hence, using (1) we obtain
(2) (z, A"F(Ly) = (=, F(L)A™y) = 0 (£eR\D).
Now, ¢(T) is compact, and so there is a positive real number K such that
(3) o(T) S {zeC: —K < Rez < +Kj}.
Let © denote the set on the right-hand side of (3). Observe that
(4) F(C\@) = F(C\@) = 0.

Next, we construct a suitable sequence of functions converging uniformly to
Rezon ©. Let n be a positive integer. Since D is countable, R\D is dense
in R and so we may choose points {£x : m = 0, 1, - -+, 2n + 1} in R\D such
that the following two conditions hold:

(5) —K=§5<t< " < bwn=+K;

(6) |&mp—Em—2K/(2n+1) | <2K/2n+ 1) (m=0,1,---,2n).
We obtain immediately from (6)

(7 Empn — Em < K/n (m = 0,1, ---,2n).

Form = 0,1, ---, 2n + 1, let L, be the line parallel to the imaginary axis
through the point £,. Define

(8) ™m = {2e€Citna <Rez<én (m=1,---,2n4+1);

om ={2€C: ((ma+ Etm)/2<Rez<Ew (m=1,---,2n+ 1);
Fa(2) = 2omo bomir X(Tams1y 2) + Domet bam X(F2m 2) (2 €0).
Observe that by (7), fu(2) converges to Re z uniformly on 2 and so as n — o

(9)

(1) [ HOIF@) > [ ReaF@) = [ RenF(@d) = B,

(The first equality follows from (3).) This leads us to consider the expres-
sion 7 defined by

(11) n= ('.17, Z:fwo £2m+1(A*F(sz+1) - F(sz.l.l)A*)y)
+ (2, 2ont lam(AF (7m) — F(7am) A")y).
Now, by (8),
Fm=T™mULpaUL, (m=1,---,2n+1)

and the sets on the right-hand side of this equation are pairwise disjoint.
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Therefore
(12) F(#m) = F(tm) + F(Lpa) + F(Ly) (m =1, ---,2n + 1).
However by (2)

(@, A*F(Ln)y) = (2, F(La)A%) =0 (m =1, -+, 2n + 1),

and so (11) becomes
(13) n = (2, 2wt En(AF(10) — F(rn)A%)y).
Observe that A*T™ = T*A*, and so by Lemma 1,
A*F(#n) = F(F)A*F(7w) (m =1, -+, 20+ 1).

Combining this with (12) givesform =1, ---,2n + 1,
AX(F(7m) + F(Ln) + F(Iim))

= (F(1m) + F(Ln) 4+ F(Ln1))A*(F(7n) + F(Ln) + F(Lp1)).
This may be rewritten as
(14) A*F(1m) — F(rm)A* = F(Lima)A*F(10) + F(Lun)A*F(7w)
by virtue of the equations

F(rm)A* = F(rn)A*F(7,), A*F(Ln) = F(Ly) A*F(Ly),

A*F(Lim—y) = F(Lim1) A*F (L),

F(rm)A*F (L) = F(r)F(Ln)A*F(L,) = 0,
F(rm)A*F(Lim) = F(rm) (L) A*F(Lpy) = 0,
F(Lp)A*F(Lipy) = F(Lp)F(Limt) A*F(Lyy) = 0,
F(Lua)A*F(Ly) = F(Lp_y)F(Ly)A*F(L,) = 0,

all of which follow from the lemma. I'rom (13) and (14) we obtain
(15)  n = (@ 2ma" Em(F(Lna) AF(70) + F(Ln) AF(70))Y).

We require two more formulae for . To obtain the first of these, observe that
by (3) and (5) we have F(1y) = F(Lg.t1) = 0. By (2) and the lemma,

(@, F(Lw) A*F(Ln)y) = (2, A"F(Ln)y) = 0,
F(Ln)A*F(C\(7m U 71U L)) = 0.
It follows from the last two equations and (2) that
(@, F(Lu) A*F (1)) + (@, F(Ln) A*F(7n12)y) = (@, F(Ln)A*y) = 0.
From these facts, we may rewrite equation (15) as follows.

(16) n= <x1 fnn=1 (Em - £m+l)F(Lm)A*F(7m)y>'
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Again by the lemma, F(L,)A*F(r,\én) = O. Therefore, (16) may be
rewritten

(17) = (@ 2t (bn — Enya) F(Ln) A*F (80) ).

Now, if m # r, §» n L, = @, and so by the lemma we have F(L,) A*F(5,) = 0.
Also,if m £ r,6mnd, = @and Lnn L, = §. Hence

—n=m-+ n
where

m = (&, (2K/(2n + 1)) 225 (F(Ln) A*F(52))y)
= (z, (2K/(2n + 1)) (F(Up% L) A*F (U1 6.))y)
e = (r, 2omta (Emia — &n — 2K/(20 + 1) F(Ln) A*F (32)y).
Nowlet M = sup{ || F(v) || : 7¢Z}. Then M < =, and
Im| < @CK/2n+ 1) | A M ||| |yl
|me | < (4nK/(2n + DY) [ A M | 2| |y
using (6). Hence
gy 7N GK/Cr D)MEA ]y 2
< CEM /) [A | Iyl
Jrom (7) we obtain
(19) sup.ce |Rez — Dm0 Somia X(T2my1;2) — Z;L:l Eam X(Tam; 2) | < K/n.

Now, if f is any bounded Borel measurable function on o(T), 29 e X and
Yo € X*, then we have

(20) \<x L. f(x)F(dx>yo>

Take 2y = Az, yo = y and
F(2) = Rez — Dmeo bamir X(Tom1,2) — Domet fom X(Fam, 2) (2 €a(T)).
We get from (7) and (20)
(2, (A*R* — 2omco fompr A"F(amps) — 2ot bom A™F(F2m) )y)

< (4MK/n) | Al =] 1yl
Next, in (20) take zo = 2 and o = A*y. Then, we obtain
(x, (R*A™ — Dm0 Eamit F(mam) A — Dot fam F(Fom) A¥)y)

< (4ME/n) [A |2yl
From the last two inequalities and (11) we obtain

(21) | {(x, (A*R* — R*A™)y) — 9| < (SMEK/n) | A | 2| ||yl

< 4M || Lo ” ” Yo “ SUPxeo (1) If()\)[
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From (18) and (21) we get
| (z, (A"B* — R*A™)y) | < MK | A ||zl [|yll/n) (M + 4.)

Now =, z and y are arbitrary. Hence A*R* = R*A™ and so AR = RA.
This completes the proof of the theorem.

TarOREM 2. Let T be a prespeciral operator on X, with a resolution of the
tdentity E(-) of class T. Let A, in L(X), satisfy AT = TA. Then

@ A SO0B@) = [ SOB@A (FeC(D)).
a(T) o(T)
(i) If F(-) is any resolution of the identity of T

[ E@) = [ J0OF@) (FeCla(T))),
o(T) a(T)

(iii) T has a unique resolution of the identity of class T'.
(iv) T has a unigue Jordan decomposition for resolutions of the identity of
all classes.

Proof. Define
R = f Rex B(d\), J = f Tmh E(dM).
o(T) o(T)
By Theorem 1, AR = RA. Similarly AJ = JA. Hence
A pO0OE@) = [ 50, DE@)A
a(T) o(T)
for any polynomial p in A and X. Therefore by the Stone-Weierstrass theorem

af JO0B@) = [ JOE@IA (feClW(T))),
o(T) o(T)

and this proves (i). Next, define
Bo=[ RaF@), Jo=[ TIm\F@).
o(T) a(T)

Then by (l), RRo = Ro R, RJo = Jo R, JRO = Ro J and JJo = Jo J, since Ro
and Jo commute with 7. Since each of R, Ry, J, Jo can be made hermitian
by equivalent renorming of X [1; Theorem 2.5], and since these operators
commute, it follows from Corollary 7 of [5; p. 78] that after some appropriate
equivalent renorming of X they are simultaneously hermitian. We assume
that this renorming has been carried out. Let 8 4+ N and Sy + N, be re-
spectively the Jordan decompositions of 7' with respect to E(-) and F(-).
Then

T=S+N=So+No and SS():SOS-
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Hence NNy = NoN. Consider the equations
(22) No— N = (R — Ry) + i(J — Jo),
(23) i(No— N) = (Jo— J) + #(R — Ry).

The difference of two hermitian operators is hermitian. Also N — N, being
the sum of two commuting quasinilpotents, is also quasinilpotent. By apply-
ing Lemma, 15 of [5; p. 82] to (22) and (23) we obtain

R=Ro, J=Jo and N=No.

The last equation suffices to prove (iv). Now, by the standard properties
of the integral with respect to a spectral measure

[ a0 0E@) = [ p0,DF@N)
o(T) o(T)

for any polynomial p in A and X. Therefore by the Stone-Weierstrass theorem
[ B@) = [ J0OF@) (feCa(T)).
a(T) o(T)

This proves (ii). Finally, if E(-) and F(-) are both of class T', then the
conclusion E(:) = F(-) follows at once from (ii) and Lemma 3.2 of [2; p.
295]. 'This completes the proof of the theorem.

We observe that it was shown in §6.3 of [2; p. 309] that the sum of a scalar-
type prespectral operator and a commuting quasinilpotent need not be pre-
spectral of any class. However, we do have the following three results per-
taining to such operators. In the statement of the first theorem, the opera-
tors S, N, Soand Ny act on X.

TaEOREM 3. Let S be a scalar-type prespectral operator and N a quasinil-
potent operator with SN = NS. Suppose that A, in L(X), commutes with
S 4+ N. Then A commutes with each of S and N. Moreover, if S + N =
So 4+ No, where S, is a scalar-type prespectral operator, Ny is a quasinilpotent
operator and So No = No 8o, then 8 = Syand N = N,.

Proof. Let E(-) be a resolution of the identity for 8. Then, by Theorem
2 (i) and the hypothesis NS = SN we obtain

N[ f0B@) = [ fOB@IN (feC(o(9))).
o (8) o (8)

By Theorem 3.7 of [2; p. 297], (S 4+ N)* is prespectral on X* of class X, with
a Jordan decomposition 8* 4+ N*. Similarly S5 + Ng is a Jordan decomposi-
tion for (So + No)™ = (S 4+ N)*, and so the second statement of the theorem
follows from Theorem 2 (iv). Since A* commutes with the prespectral
operator (S + N)* the first statement of the theorem follows readily from
Theorem 2 (i).
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TarorEM 4. Let S, in L(X), be a scalar-type prespectral operator. Let N,
wn L(X), be a quasinilpotent operator with SN = NS. Theniof T = S + N s
prespectral, every resolution of the identity for T s also a resolution of the identity
for 8. Also, T = S + N 1s the unique Jordan decomposition for T. More-
over, N commutes with every resolution of the identity for T.

Proof. Let Sy 4+ Ny be the Jordan decomposition for the prespectral
operator 7. Then from the definition of Jordan decomposition [2; p. 297],
and Theorem 3 we obtain S = Sy, N = Ny. The other statements of the
theorem now follow from Theorem 3.5 of [2; p. 296].

TaeoreM 5. Let S be a scalar-type prespectral operator with resolution of
the identity E(-) of class T. Let N be a quasinilpotent operator with SN = N S.
Then S + N 1s prespectral of class T if and only if

NE(7r) = BE(r)N (7€Z).

Proof. The sufficiency of the condition follows from Theorem 3.5 of [2;
p- 296]. Now let S + N be prespectral with resolution of the identity F(-)
of class I'. By the previous theorem, F(-) is a resolution of the identity of
class T for S, and

NF(7) = F(+)N (r€2).

By Theorem 2 (iii), S has a unique resolution of the identity £(-) of class
I'. Hence F(-) = E(-) and

NE(7) = E(+)N (7€¢Z).
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