MODULES OVER SHEAVES OF HOLOMORPHIC FUNCTIONS WITH
DIFFERENTIABLE BOUNDARY VALUES!

BY
ALEXANDER NAGEL

The object of this paper is to develop an analogue of the Oka-Cartan theory
of coherent analytic sheaves, in the case in which the structure sheaf © of
germs of holomorphic functions on an analytic space is replaced by the sheaf
of germs of holomorphic functions on a plane domain which are continuous, or
differentiable of some order, up to the boundary. To be precise, let Wcc C
be a relatively compact domain whose boundary is a finite union of simple
closed m-times continuously differentiable curves. Let @ denote the sheaf
of germs of Whitney C™-functions on W which are holomorphic on W. It is
known that H*(W, @) = (0) for ¢ > 1, and in this paper we obtain analogues
of Cartan’s theorems A and B for a certain class of sheaves of modules over Q.

It turns out that the class of coherent sheaves of modules over @, defined in
the usual way, is too small, for this class is not preserved under the usual
algebraic operations on sheaves. For example, we show in section IIT that
the kernel of a sheaf map u : @ — @ need not be locally finitely generated.
The reason for this is that the stalks of the sheaf @, at points on the boundary
of W, fail to be Noetherian rings, and hence the classical definition of coher-
ence is not appropriate.

In Section I we introduce new notions of a globally Oka sheaf of rings &, and
a globally coherent sheaf of modules & over ®& on a topological space X, which
turn out to be more useful in the study of differentiable boundary values of
holomorphic functions. The definition of globally coherent sheaf has built
into it an analogue of Cartan’s theorem A: global sections generate the stalks
at each point. But we then show that under certain hypotheses on the sheaf
of rings ® and the space X, we obtain an analogue of Cartan’s theorem B:
every globally coherent sheaf has vanishing higher cohomology. We also
show that the class of globally coherent sheaves of modules is preserved under
the usual algebraic operations on sheaves. In Section II, we show that the
sheaf @ is a globally Oka sheaf of rings over W, and that the theory developed
in Section I applies. In particular, we obtain a vanishing theorem for coho-
mology of globally coherent sheaves over @. In Section III, we show that
coherent sheaves over @ in the classical sense are in fact globally coherent, but
that there are globally coherent sheaves which are not coherent. We also
show that ideal sheaves of varieties, defined in the usual way, are globally
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coherent. Finally, in Section IV we prove a variant of Cartan’s lemma on
holomorphic matrices which is used in Section III.

I. Global coherence

In this section we study analogues of the classical notions of coherent sheaf
of modules, and Oka sheaf of rings (see Gunning and Rossi [2], pages 128-133).
These analogues seem appropriate in the study of sheaves of holomorphic
functions on a plane domain having continuous or differentiable boundary
values, but we present the results of this section in a quite general setting.

We shall use the following notation. Let 8 be any sheaf of abelian groups
on a topological space X. For any z ¢ X, 8, denotes the stalk of 8§ at . For
any set ¥ < X, I'(Y, 8) denotes the group of sections of § over Y.
If fer(Y, 8), and if xeY, [f] denotes the germ determined by f in
$,. HY(X,8) denotes the g-th Cech cohomology group of X with coefficients
in 8.

We now define the analogues of coherent sheaf of modules, and Oka sheaf
of rings.

DermviTion 1.1. Let ® be a sheaf of rings on a topological space X, and
let & be a sheaf of ®-modules on X.

(a) & is globally generated if for every x ¢ X and every f ¢ F,, there exist
Fi, -+ ,FpneT(X,F)and ry, -+, Tme®e 50 that f = D1y 7i[F ..

(b) IfFy, -+, Fn e (X, F), the sheaf of relations among Fy, - - , F,, is

R[F,, --- ,Fm] = {('1’1, tee ,’I’m)e(ﬁm| Z?—l?‘;Fi = 0}.

(¢) The sheaf & is globally coherent if ¥ is globally generated, and if for
every finite set {Fy, --+, Fn} C I'(X, &), the sheaf R[F;, -+, F.] is also
globally generated.

DerintTIoN 1.2. Let ® be a sheaf of rings on a topological space X. Then
® is a globally Oka sheaf of rings if for every sheaf map u : ®” — ®? over X,
the kernel of u is globally generated.

The following result gives a sufficient condition for a sheaf of rings to be
globally Oka. The proof is a simple modification of the induction step in the
proof of the Oka coherence theorem, and is omitted (see for example Gunning
and Rossi [2], page 136).

LemmMA 1.3. Let ® be a sheaf of rings on a topological space X, and suppose
that for every sheaf map u : ®” — ® over X, the kernel is globally generated.
Then ® s a globally Oka sheaf of rings.

‘We shall also need the following analogue of an easy standard result. Again
the proof is omitted (see Gunning and Rossi [2], Chapter IV, Corollary B9).

Lemma 1.4. Let ® be a globally Oka sheaf of rings on a topological space X,
and let § C ®™ be a globally generated sheaf of modules. Then F is globally
coherent.
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The definition of global coherence has built into it an analogue of Cartan’s
theorem A: the global sections of a globally coherent sheaf generate the stalks
of each point. The first main result of this section is that if ® is a globally
Oka sheaf of rings on X with vanishing higher cohomology groups, then under
suitable conditions on the space X, we obtain an analogue of Cartan’s theorem
B for globally coherent sheaves of modules over ®. We first recall the follow-
ing:

Dermnrrion 1.5. A topological space X has covering dimension N < o« if
every open cover of X has a refinement so that every point of X lies in at
most N -+ 1 sets of the refinement.

TureorEM 1.6. Let ® be a sheaf of rings on a topological space X. Suppose
that
(i) X 1s compact Hausdorff and has finite covering dimension,
(ii) @& s a globally Oka sheaf of rings,
i) H*X,®) = (0)forallg > 1.
Then for any globally coherent sheaf & of ®R-modules on X, H*(X, §) = (0) for
allq > 1.

Proof. Suppose that the covering dimension of X is N < «. It follows
that for any sheaf $ on X, H*(X,8) = (0)forallg > N + 1. We now argue
by inverse induction on ¢, and assume that forallg > k 4+ 1, H*(X, g) = (0)
for every globally coherent sheaf . Let & be a globally coherent sheaf of
®-modules on X, and let £ e H*(X, §). If we can prove that ¢ = 0, this will
complete the induction step, and hence prove the theorem.

Since X is compact, we can represent £ as a k-cocycle on a finite open cover
{Vi of X. Since X is normal, we can find a refinement { U,} of this cover so
that U; € U; € V, for each <. Then if £ is the k-cocycle {£,,....i,}, Eig,--,is 18
a section of F on an open neighborhood of the compact set Uy, n --+ n Uy,
Note that since { U} is finite, there are only finitely many such intersections.

Letx e U, n - - n U, Since§ is globally generated, we can find a neigh-

borhood W, of =z, sections 7, -+, rm eI'(W,, ®), and global sections
Fy, -+, Fn e (X, F) so that
1) Eig,eovinde = 2 im [rilalFila.

Since equation (1) gives an equality of germs of sections of ¥, we can find
an open neighborhood N, C W, of z so that for all y ¢ N,

) [Eig,eevinky = i [Pl F iy

We can now find a finite number of these neighborhoods N, which cover the
finite number of sets {U;, n - -+ n U,,}, and for each such neighborhood we get
a finite number of global sections of . Let Fy, - - - , F, be the set of all these
global sections, and let ¢ C F be the subsheaf generated by Fy, - -+ , Fy.

Equation (2) now shows that £;,...,;, is a section of G over a neighborhood
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of Ui, n -+ n U,, and hence the k-cocycle {£;,,....;,} on the open cover { U}
represents an element £* ¢ H* (X, g). Moreover, if

& HY(X, g) —» H* (X, F)

is the map induced by inclusion, then by construction 7* (£*) = &.
Defineamap p : ®" = Fby u(ry, --+ , ) = 21 7: F;. Then the image
of pis g. Let X be the kernel of . Then & = R[F,, --- , F.], and since F
was assumed to be globally coherent, X is globally generated. Since K < &®",
it follows from Lemma 1.4 that & is globally coherent.
‘We now have a short exact sequence of sheaves

0) > x—&"5Hg— (0).
The long exact sequence in cohomology gives
i Hk(X, (R”) - Hk(X) 9) - Hk+1(X; 'I-K:) - Hk+l(X) (Rn) > e

but since H (X, ®) = (0) for ¢ > 1, we get H* (X, §) = H**' (X, ®). But
H"" (X, %) = (0) by induction, so £* = 0, and hence £ = 0. This completes
the proof.

The class of globally coherent sheaves is closed under the usual algebraic
operations on sheaves, at least under the hypothesis of Theorem 1.6. In
fact, we have the following more general result:

TusorEM 1.7. Let R be a sheaf of rings on a topological space X, and suppose
that H' (X, §) = (0) for every globally coherent sheaf & of ®-modules. Let

0)—8&8—->5—->G6— (0)

be a short exact sequence of sheaves of R-modules. Then if any two sheaves in
the sequence are globally coherent, so is the third.

Proof. The proof of this result is a tedious diagram chase, which is very
similar to the classical argument for coherent analytic sheaves (see Gunning
and Rossi [2], Chapter 4, Proposition B 13). The only difference is that one
needs the hypothesis that H' (X, 8) = (0) when & is globally coherent to
insure that the global sections map I'(X, §) — I'(X, G) is surjective. We
omit details.

CoroLLARY 1.8. Suppose that X and ® satisfy the hypotheses of Theorem
1.6. If § is a sheaf of ®R-modules over X and a sequence

&L g—5—- (0)
18 exact on X, then F is globally coherent.

Proof. Let g be the image of u. By Lemma 1.4, G is globally coherent,
and we have an exact sequence (0) > §— ®?— F— (0). By Theorem 1.7,
it follows that & is globally coherent.
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Il. The sheaves G(m, T)

In this section we study specific examples of sheaves of rings on plane
domains. While we are primarily interested in the case of holomorphic func-
tions with differentiable boundary valves, for technical reasons that will appear
in Section ITI we consider the following slightly more general situation. Fix
an element m of the set {0, 1,2, --- , »}. Let W € C C be a relatively com-
pact plane domain whose boundary oW consists of a finite number of simple
closed m-times continuously differentiable curves. Let T C W be a finite
collection of open intervals on the boundary of W. Thenlet @ = G (m, T')
denote the sheaf of germs of Whitney C™-functions on the closure W of W
which are holomorphic on W u T.

TaeoreMm 2.1. G = G(m, T') s a globally Oka sheaf of rings.

Proof. By Lemma 1.3, it suffices to show that if u : @” — @ is a sheaf map
over W, and if & is the kernel of u, then & is globally generated. Let u be
given by the map u(ay, -+, ap) = > s a; p; where y; e T'(W, @). We may
assume that the map u is not identically zero, and hence without loss of gen-
erality that u; is not identically zero. Let Z(u) = {zeW |m(z) = 0}.
Then Z (u1) is compact, Z (u1) n W is discrete, and it follows from the Rie-
mann mapping theorem and Jensen’s inequality that Z (ui1) n W is totally
disconnected.

Let 2o e W,andlet (fy, - -+ ,fp) €5 80 that D 2oy fim = 0. We distinguish
three possibilities.

(i) Suppose zo¢ W — Z(u1). Then (u1)™" €@, and hence
fi= =2 (Gu) 7S

Then
(1) (fly ce 7fp) = 25;2 ((I»‘ll)_l z’)ki
where k; is the p-tuple (—u;, 0, -+, 0, u1, 0, - -+ , 0) where p; appears in the

i-th place. But each k; is a global section of &, and thus equation (1) shows
that ., is in fact generated by a finite number of global sections of &.
(ii) Supposez ¢ W u T. Then there is an integer n > 0 so that

m@) = (@ — 2)"vi(@) for t=1,---,p

where »; e T (W, @), and so that »;, (20) 5 O for at least onejo. Let» : @ — @
be defined by »(as, -+ , @p) = D 2-1a;v;.. Then the kernel of » is precisely
the sheaf &, and by treating »;, as we did w in case (i), we see that &, is
generated by a finite number of global sections of &.

(iii) Suppose 2o € W n Z (u1). Choose a relatively open neighborhood vV
of 2o in W so that all the germs {f;} have representations as functions on V;.
Choose V; a relatively open neighborhood of W — Vy. Since Z (u1) n W is
discrete and Z (u1) n W is totally disconnected, we can find relatively open
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sets U; C V., 4 = 1,2s0 that Uy u U, = W and so that

(a) the boundaries of Uj, U, and Uy n U, consist of a finite number of
simple closed m-times continuously differentiable curves,

b) W—=U)n W —T,) =9,

(C) (Ulﬂ Uz)"nZ(m) = #.
Because of property (¢), (w)™ e T ((Uin Uz)", @). Thus as in case (i), we
can write

(fi, ==+ 5 fp) = Z?—z ((Ml)—lfi)ki

where (u1)7f; e I'((Uyn Uz)", @). In particular, each (u1)”f:is a Whitney
C™-function on (Uy n U,)~ which is holomorphic on the interior of Uy n Us.
By Lemma 4.1, we can write (u1)™"f; = g; — h; where g; is a Whitney C™-
function on U,, holomorphic on the interior, and &; is a Whitney C™-function
on U,, holomorphic on the interior. Thus

(2) (fry -+, o) + E?—zhiki = D> Pugiks

on Uy n U,. Inequation (2), the right hand side is a global section of & over
Us, while the left hand side is a global section of § over U;. Hence we can
define a global section of & over all of W by

(tl) e WtP) = (fl, e )fp) + Efﬂ hik; on U,
= =2 g ki on U
But then (fi, -+ ,fp) = (t, *++ , t,) — 2 7= hi k; and this shows that &,, is

generated by global sections of §. This completes the proof of the theorem.

TaEoREM 2.2. Let W_and @ be as in Theorem 2.1.  If § is a globally coherent
sheaf of G-modules over W. Then H*(W,S) = (0) for g > 1.

Proof. We simply show that W and @ verify the conditions of Theorem 1.6.
W is a compact Hausdorff space of covering dimension 2 (see [3], Theorem
IV 3). By Theorem 2.1, G is a globally Oka sheaf of rings. Finally,if T' = 0,
the fact that H*(W, @) = (0) for ¢ > 11is in [4, Theorem 1.9]. (The condi-
tion there that 0W be (m -+ 1)-times continuously differentiable is easily
modified since W < C). If T # @, we can find a sequence of do-
mains W; C C,¢7 = 1,2, --- , each having m-times continuously differentiable
boundary curves, so that W = Nimy Wi, Wipa € W5, and

8Wn6W,-=0W— T.

If we define sheaves @: of germs of Whitney C™ functions on W; which are
holomorphic on W, then H*(W;, @;) = (0) for ¢ > 1. But H*(W, @) =
lim, H*(W;, @;) = (0). Thus Theorem 2.2 follows from Theorem 1.6.

TaEOREM 2.3. Let u: G@° — G be a sheaf map over W, and let F denote
either the kernel, cokernel, or image sheaf of u. Then H*(W,5) = (0) for ¢ > 1.

Proof. This follows from Theorems 1.8 and 2.2.
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lll. Globally coherent sheaves over @

In this section we study examples of globally coherent sheaves of modules
over the sheaf of rings @ = @ (m, 0) studied in Section II. Our definition of
global coherence involves global behavior of the sheaf of modules, while the
classical definition of coherence only involves local behavior. We show that
in the case of sheaves of modules over @, coherence in the classical sense implies
global coherence. The proof of this fact uses a variant of Cartan’s theorem
on holomorphic matrices, which is presented in Section IV. We next show
that if varieties and ideal sheaves are defined in the usual way relative to the
sheaf @, then ideal sheaves are globally coherent. Finally, we show that
there are globally coherent sheaves over G which are not coherent in the classi-
cal sense, and hence the introduction of the notion of global coherence is not
artificial.

We recall first the classical definition of coherence:

DeriNtTION 3.1. A sheaf & of modules over @ is coherent if for each z ¢ W,
there exists a relatively open neighborhood U of 2, and an exact sequence

@*—a'—> 35— (0)
over U.

The main step in proving that coherence implies global coherence is then
the following:

Lemma 3.2. Let W = U, u U, where Uy, U, are relatively open subsets of
W such that

(a) the boundaries of Uy, Us, and Us = Uy n U, each consist of a finite
number of simple closed m-times continuously dinerentiable curves,

b) W—=U)n W =10, =8,

(¢) Us consists of a finite number of disjoint, simply connected regions.
Suppose that F is a sheaf of @-modules on W, and that for j = 1, 2, there is an
exact sequence over U ;:

1) @ Y, g% — § — (0).

Then there is an exact sequence over all of W:
& 5ae —g— (0)

Proof. Let G~ be the sheaf obtained by restricting the sheaf @ to the set
U; = Uyn U, Then @~ is the sheaf of germs of Whitney C™-functions on
Us which are holomorphic on the interior of Uz and on dUsn W. ButdUsn W
is just a finite collection of open intervals on 8Us, and so G~ is a sheaf of the
type covered by Theorem 2.1. Hence @~ is a globally Oka sheaf of rings on
Us, and on U; we have exact sequences

@GP —-@Y—>F— (0) for j=1,2
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By Corollary 1.8, & is a globally coherent sheaf of @~ modules. By Lemma
1.4, the images of the maps »; are globally coherent, and hence by Theorem
2.2, the induced sequences of global sections are exact:

I'(Us, @%) — I'(Us, @%) — I' (U, F) — (0) for j=1,2.

It now follows, as in Gunning and Rossi [2, Chapter VI, Theorem F3], that
we can modify the sequences (1) as follows: we can find integers r and s, and
exact sequences:

a%e —g5— (0)
over U; so that over U; we have a commutative diagram

aZta—»5— (0)

Tew Th Tid

a2ae —g— (0)
Moreover, the sheaf maps \ : @ — @°, and 1 : @ — @° over Us are invertible.

We interpret the sheaf maps u and A as non-singular r X rand s X s matrices

whose entries are sections of @ over Us; i.e. u = {uis}, A = {\i;} where u,; and

\:; are Whitney C™-functions on Us which are holomorphic on the interior of
Us. By Theorem 4.2 we can write

A = ()\1)()\2)"1 and u = (uw) (142)—.1

where u;, \; are non-singular » X r and s X s matrices over U, with entries
which are sections of @. In the obvious way we let the matrices \; and p;
define sheaf maps

Mt - e, )t —-a
over Uy, and
A G — @, u @ — @
over U;. We then have exact sequences

r (Al )—10'1 M1 s
Q= B et 55— (0)
over U; and

-1
ar ()\2) o2 M2 aa_)g__) (0)
over U,. But over U; = Ui n U,

M) Fooiom = () oos0 .
Hence
T = ()\1)_1 ogiom on U

= (\) " ooeom on U,
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defines a global sheaf map over W, and we obtain the required exact sequence
Q- e —-F— (0).
We now can prove

TueoreM 3.3. Let F be a coherent sheaf of modules over G. Then § s
globally coherent.

Proof. By Corollary 1.8, it suffices to show that there is an exact sequence
@ — @ —F— (0)over W. Suppose there is no such sequence. By Lemma
3.2, it follows that if W = Uy u U, with Uy, U, relatively open in W, satisfying
conditions (a), (b), and (c¢) of Lemma 3.2, then there is no exact sequence
@% — @% — F — (0) over U; for at least one of Uy, U,. By continuing to
subdivide in this way, we find that there is a point z ¢ W such that in no open
neighborhood of z is there an exact sequence of the required type. But this
contradicts the definition of coherence. Hence & is globally coherent.

Next we study the notions of variety and ideal sheaf.

DrFiniTION 3.4. A subset V C W is a variety relative to the structure
sheaf @ if for every 2 ¢ W, there is a relatively open neighborhood U of 2 in
W, and a collection of functions {f; e I' (U, @), 7 € I} so that

VaU-={2eU|fi(z) =0 forall <ell}.
The <deal sheaf of the variety V is the sheaf
{fea|f(z) =0 foral zeV].

Before proving that ideal sheaves are globally coherent, we need the follow-
ing covering lemma.

LemMA 3.5. Let Z < W be a compact set such that Z n W 18 discrete and
Z n oW is totally disconnected. Suppose that {Udi = 1, .-, n is a finite
open cover of W. Then there exists a finite refinement (U7 = 1 , m of the
cover {U} so that for all i % j, U;n U;n Z = 8.

Proof. This is a purely topological result, and hence by taking a homeo-
morphic image of W, we may assume that the boundary of W consists of a
finite number of circles.

Choose 8, > 0 so that for all 2, e W, there exists an element of the cover Uy
sothat {zeC ||z — 2| < &} < U, (ie. & is the Lebesgue number of the
covering {U;}). Let X and Y be the projections of Z on the real and imagi-
nary axes. Then X and Y are compact, and because W has nice boundary,
X and Y are totally disconnected. Hence we can choose real numbers
faj =1, -+ ,n,{bJk = 1, .- -, m so that:

(1) @ < @150 < bra; | @in — @ | < 3005 | o — bi | < 300
(i) ajeX for all j, and by ¢ Y for all k.
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(iii) ForallzeW,if z = 2 + 4y then
G <2< b <y < bm

Let 8, = min; dist (a;, X), 82 = miny dist (by, Y'). Then &, 8 > 0 since X
and Y are closed. Let ¢ = % min (8, 61, 82). Put

Nip={@+y)eClajm—e<az<aj+eb—e<y<b+ &}

Then Njpj=1,---,nk=1,-..,mform a cover of W, and by construc-
tion, each N j is contained in some U;, and Nj, 1, N Nj, 5,0 Z = Bif (fs, k1) 5
(je, k2). The cover {N ;} is the required refinement.

TrEOREM 3.6. If V C W is a variety then 9, is globally coherent.

Proof. Since 4 is a subsheaf of @, by Lemma 1.4, it suffices to show that
4, is globally generated. Let 2o ¢ W and let fo e (9).,. Let Uy be a relatively
open neighborhood of 2 in W on which f; is defined. For each z ¢ W — {20}
choose an element f, ¢ (). and a relatively open neighborhood U, of 2z in
W — {2} in which f, is defined. The sets U, and U., z ¢ W — {20} cover W
so we can find a finite subcover Uy, ---, Uy with functions f; ¢ I'(U;, 9).
Since W is normal, we can find a refinement of this cover, Us, «-- , Uy 80
that U; C Uj. Let i

Z; = {2 U;j|fi2) 0}

and let Z = Uj4 Z;. Then Z is compact, Z n W is discrete, and Z n oW is
totally disconnected.

By Lemma 3.5 we can find a refinement Ny, --- ,Nnof {U},j=1,:--- ,N
sothatif 7 £ j, NyanN;nZ = 0. Thus f; and f; have no zeros in N; n N,
80 g:; = fi/f;is an invertible section of @ over N;n N ;. Thus {g.;} represents
an element of H' (W, @*), where @* is the sheaf of invertible elements of @.
But H' (W, @*) = H*(W, Z) = (0) (see [4], Theorem 20). Hence on some
refinement {V;} of the cover {N;} we can find non-zero functions g; so that
fii = 9i/g9:. Hence fig; = figion N;n N;and so F = f; g; on N; defines a
global section of 9,. Moreover on Ny, fo = go F so the global sections of 4,
generate (9).,. Thus g is globally coherent.

The final object of this section is to show that there are examples of globally
coherent sheaves which are not coherent. For simplicity, we consider the
case in which W is the open unit disc, and @ is the sheaf of germs of continuous
functions on W which are holomorphic on W. The crucial fact is that for
2 €W, @, is not a Noetherian ring.

LemMa 8.7. Theideal I = {f e Q1| f(1) = O} is not finitely generated.

Proof. Suppose that I were generated by fi, -+, f». Choose a neighbor-
hood N, of 1 in whichall thef; are defined. Leth(z) = exp ((¢+1)/(z — 1)).
Then hf;el forj =1, ---, p, and so we can find a;; € @, so that

hfu = Ecp-laijfij =1-.--,p
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Since (2 — 1) eI, thereare b;e@,5 = 1, -+- ,psothat (z — 1) = > 2y b; f..
Choose a neighborhood N, C N, in which all the a,;, b; are defined.

We have {zeN: |fi(z) =05 =1,---,p} = {1} since 2 — 1 # 0 except
for z = 1. But on N we also have the system

(aun — Wi+ anfo+ -+ +apfo=0

apfr+ apfo + - + (@ — h)f, = 0.
Hence on N, — {1},

AT

Up1, G2y *** pp — h
Expanding this determinant, we obtain
W= h?™ 4+ -0 + ap

where each a; eI. But then A” e is impossible. Hence I is not finitely
generated.

Example 3.8. Let V < W be the set {1}. Then V is a variety, and by
Theorem 3.6, 9, is globally generated. But (d,); is not finitely generated, so
94, is not locally finitely generated, and hence not coherent.

Ezample 3.9. Define a map p : @ — @ by
pla, a2) = (2 — ar+ (z — 1)exp (2 + 1)/ — 1))aa

An easy calculation shows that the stalk of the kernel of u at 1 is isomorphic to
the ideal I, and hence is not finitely generated. Hence the kernel of u is not
coherent. Yet by Theorem 1.7, the kernel of u is globally coherent.

IV. A generalization of Cartan’s lemma

In Section IV, we needed a variant of Cartan’s lemma on holomorphic
matrices for the case in which the entries of the matrix are m-times continu-
ously differentiable up to the boundary, and the region on which the matrix is
defined is not connected. The proof of the case m < « is a simple modifica-
tion of the case m = 0 which appears in Douady [1, Chapter 6, Proposition 2].
The proof of the case m = « is then a standard approximation argument.
For completeness, however, we present the proofs here.

Let Uy, Uz and U; = U n U, be relatively compact domains in C and let
I/ = Uyu U,. Assume that

(a) theboundaries of U, Uy, U,, and U; consist of a finite number of simple
closed m-times continuously differentiable curves,

(b) (U - Ul)_ n (U - U2)— = 0.

Let Br, be the algebras of n X 7 matrices whose entries are Whitney C™-
functions on Uy and are holomorphic on Ui. Let Gy,  Bj, be the groups of
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invertible elements in BY,; i.e. the sets of nonsingular matrices with appro-
priate entries. Note that for m < «, B}, is a Banach algebra under the usual
norm, and Gr, is an open subset of By. Define maps

r:GLXGL—G  p:BLXB.,— B
by
(g, Ae) = (M) )7, Py A2) = M — N

We need the following preliminary result, which was used in Section III.

Lemma 5.1. Under assumptions (a) and (b), there is a continuous linear
map
T:B) — Bl X B,
so that po T = identity.

Proof. By assumption (b) we can find a C_’”-function n defined on U so
that 0 < #n < 1, 4 = 0in a neighborhood of Uy, n = 1 in a neighborhood of
U,. Choose \ ¢ BS,. Since the entries of A are holomorphic on Us,

(9/02) (1\) = (8/02) (1 — 2)A) on Us.

u(z) = (8/02) (n\) on U,
8/62)((1 — a)\) on U
defines a matrix whose entries are Whitney C™-functions on U. Put

SOE) = o ffﬁfi_%d; A dg.
It follows from Vekua [5, Theorem 1.32] that the entries of S(\) are of Whit-
ney class C™ on U, and that (0/02) (S(\)) = u. Finally put

TO) = (= 8M\), I —7)x = 8SN)).

It is clear that T satisfies the requirements of the lemma.

TuEOREM 5.2. Suppose that U, Uy, Us, and Us; satisfy conditions (a) and
(b), and in addition

(¢) Us; consists of a finite disjoint union or stmply connected regions.
Then the map = : G, X Go — G, 1s surjective.

Then

]

Proof. Consider first the case m < «. Then = is a continuously differen-
tiable mapping of an open set of the Banach space By, X B to the Banach
space B, and the differential of = at the point (1.1) is just the map p. It
follows from Lemma 5.1 and the open mapping theorem for Banach spaces
that the image of = contains an open neighborhood V of 1 € G

Next, we show that the image under  of Gr, X {1} is dense in G%. The
closure H of 7 (G X {1}) is a closed subgroup of G But by condition (c)
and Runge’s theorem, the restriction of B), to U is dense in By, and hence H
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contains exp (B%). Thus H contains an open neighborhood of 1 ¢G5,
and hence is open. Since each component of Us; is simply connected, every
element of G, is connected by a path in G% to a matrix whose entries are
constant on each component of U, Since the group GL(n, C) is con-
nected, it follows that G5, is connected, and hence H = G5,

Finally, let A eGL. We can find ui eGr so that (u1) A eV. Hence
()N = M ()" where \; € G4, But then A = (s M) (\2) ™", so = is surjec-
tiveif m < oo,

Next suppose that X e G%. For each m < « we can find M, ¢ G5, so that
A= ()™ Put

()\rln+1 )—l O\rln) on [71
= ()\f“_l )—1 ()\3,,) on Uz.

Then 7, is a nonsingular matrix whose entries are Whitney C™-functions on
U and are holomorphic on U. We can approximate r» by a nonsingular
matrix ¢, which is holomorphic in a neighborhood of U so that

|| Om — Tm ||m < (1/2m) (max ( “ )‘Ircn+1)-1 ”m+1)-

k k
Then )\m+1 Om € Gm+1,

Tm

| Msiom — A |lm < 1/2m
and (Amy1, om) ey om) ™ = A.  Hence in choosing \541 We may assume that
X = Nt [l < 1/2m.

Put N = N 4+ Domet Ooys — M) = limpee M. Then M\ eG%, and
(\"Y(A*)™ = A.  This completes the proof.
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