
COMPLEMENTARY CONES IN DUAL BANACH SPACES
BY

LEONARD ASlMOW

If X is a compact convex set (in some locally convex space) and K is a
closed complemented face (also referred to as a split face) then various order
properties are preserved in extending continuous affine functions from K to X.
For example (Alfsen-Andersen [1, Thm. 3.3]),

(1) ifbt, bA(X) andO < bt(x),b,.(x) forallxeXand

0 <_ a(x) < b(x), b(x)

for all x K then there is an extension c of a such that 0 _< c < bt, b on X.
Also [6, Thm. 3.2],
(2) ifa_< b < bionXandai <_ a < bionKthenaextendstocsuch

that a <_ c < b on X (i 1, ..., m;j 1,..., n).
If A (X) (continuous affine functions on X) is considered as an ordered

Banach space with positive cone P then X is a base for the dual cone P* and
K is a base for a weak* closed complemented sub-cone F. Furthermore if
if Q {a E a (x) > 0 for all x F} then Q is a closed cone in A (X) con-
taining P and whose dual cone is F. We will refer to (E, P, Q) in this set-up
as a bi-ordered Banach space. Let M Q n -Q. Then

M {aeE:a(x) 0 forall xF}.
We say a _< b (P) (resp. (Q)) if b a P (resp. Q). Then (1) can be re-
formulated as

(3) 0 _< bt, b (P) and 0 _< a _< bt, b (Q) implies there is m M such that
0 <_ a + m <_ bl, b(P).

In the following we show that an order condition such as (3) (with a tech-
nical modification) provides a necessary and sufficient condition on a bi-
ordered Banach space for Q* to be complemented in P*. Thus in the process
we obtain generalizations of the order properties (1) and (2) to cases where
the dual cones do not have compact bases. We also apply the results to give
somewhat strengthened versions of the order properties for dual cones with
compact bases (Theorems 2.5 and 2.6). These are analogous to results of
Andersen [3] and Alfsen-Hirsberg [2, Thin. 4.5].. Our techniques are based on
methods discussed in [4] and [7].

1. Preliminaries
Our convention is that an ordered Banach space E is one whose positive

cone P is closed and convex and for which E is (i) normal and (ii) positively
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generated.

(i)

and

(ii)

This means that

there is an M1 > 0 such that y <_ x <_ z implies

there is an M > 0 such that each x y z with y, z P and

()
(2)

then

A bi-ordered Banach space (E, P, Q) is an ordered Banach space (E, P)
where Q is a closed convex cone containing P. Generally Q will not be pointed
and we shall always refer to the subspace Q n-Q as M. We shall say
a _< b (P) or a _< b (Q) to distinguish between the two orderings on E.
A closed subcone F of P is complemented if there is a map p of P onto F

such that

(1) p(x + y) p(x) + p(y)
(2) p(rx) rp(x) (r >_ O)
(3) px px <_ x.

If F is complemented in P then F is extremal as is its complementary subcone
G x P px 0}}. Also each x P has a unique representation x y + z
with y F and z G. Conversely if each x P has a unique representation
x y -t- z with y, z contained in the subcones F, G respectively then F and
G are complementary with map px y. We will write P F G in this
case.

If F is complemented in P then p extends to a projection of E onto
N F F with null space M G G. Furthermore p is bounded since
xPimplies0 <_ px <_ x. By normalityllpxll <- M ll x ll. IfxEthen
x-- y-zwithy, zPandllyll + llzll <-Msllxll. Thus

In the following proposition we list without proof same facts used later con-
cerning polars of sets. All closures are in the weak, weak* topology on E, E*
respectively.

PROPOSITION 1.1. For A c E let A {x x(a) <_ 1, a A}. If
A E* let A be the corresponding set in E.

A cl-conv (A {01 ).
(A u B) A n B. Thus if A, B are closed convex sets containing 0

(A n B) (A n B) (A B) cl-conv(A B)
(3) If B is a closed subspace than B B" and

(AnB) (A+B)-,
If B is a weak* closed convex set in E* containing 0 let B,, the asymptotic
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cone of B, be defined by Be f0<r <1 rB. Then Bo is the union of rays in B
emanating from 0 and is a closed convex cone. Moreover B B

PROPOSITION 1.2. Let A, B be weak* closed convex sets in E* containing 0
such that A is strongly bounded. Then

w*-cl-conv (A u B) cony (A + Be) u B.

In particular w*-cl-conv (A u B) II" ll-cl-conv (A u B).

Proof. Let (xa) be a net in conv(A u B) and xa -. x (weak*). Then
xa ),aYa - (1 )Z, 0 _< ),a <_ 1, YaeA, zaeB. SinceA is weak*
compact we can assume by passing to a sub-net that ya -* y
If < 1 then eventually Xa < 1 so that

za (x-- haya)/(1 Xa) - (x-- by)/(1 ,)B.

Thusx-- y-t- (1 h)zeconv(AB). Ilk-- 1let0 , r_< 1. Even-
tually 1 ),a r. Then

(1 ha)z xa hayaB[ (1 ))B BarB.

Thus x y B rB and therefore x y e Be. Then

x=y- (x-y) eA-B.
Since cony (A -t- Be) u B is the linear closure of cony (A u B) it is contained
in and hence equal to the norm closure of cony (A u B).

We also make use of the following facts on compact convex sets and their
affine function spaces. Proposition 1.3 is essentially Lemma 9.6 of [8].
Proposition 1.4 is proved by a standard compactness argument on the graphs
of the given functions (see for example [4, Cot. 2]).

PROPOSITION 1.3. Let K be a compact convex subset of a locally convex space
and let A (K) denote the space of continuous aine functions on K. Let p be a
continuous function on K and let the lower envelope be defined by

l(x) sup{a(x) "aeA(K) and a <_ p}.
Then

PROPOSITION 1.4. Let K be compact convex and F a closed face of K. If
b e A (K), a e A (F) and -u, v are concave lsc on K such that

u < b < vonK, ui, < a <
then there are continuous concave functions -up, such that

u < u < b < v’ < vonK, ui, < uPi, < a < v’l,
PROPOSITO 1.5. Let P be a closed generating cone in the Banach space E

and let p be a weak* continuous non-negative homogeneous function on P*.
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Define

and

Then:
(1)
(2)
(3)
(4)

/5(x) inf ,1 p(x,) x ,- x,; x, P*}

/(x) supla(x)’aE and a

_
p on P*}

is sub-additive homogeneous on P*.
is sub-additive homogeneous and t - on P*.

IrA x (x)

_
1}thenA {a E a p on P*}.

p* p*x (x) r} w*-cl-conv x p (x) r}. In partilar
is weak* lsc.
(5) If a, a., eP and p a /k / a, on P* then p t.
(6) IfP** has non-empty interior then t.
(7) Let (E, P, Q) be bi-ordered and let p be super-additive

(p(x + y)

_
p(x) - p(y)).

Let e, be defined on P*, Q* resp. If Q* is complemented in P* then

If j is the projection of P* onto Q* then

Proof. Properties (1), (2) and (3) are straightforward. From the defini-
tion of/}, {x’/(x)

_
r} is weak* closed and contains {x’p(x)

_
r}. If

a e E and a (x)

_
r whenever p (x)

_
r then it follows from the homogeneity

of p that a

_
p on P*. Thus a _/ and the equality in (4) follows from the

separation theorem. For (5) we note that in this case

/ (x) inf ,x a,(x,) x , x,}.

Since E* is normal and 0 -<_ x _-< x there is a number aim such that

11 x, II <- (-/m)II
Hence

p,LetK={x, llxll- 1}. IfxKandx "- Z-lx, then
where

Y, [(’, il , ii )/ll , [], and

Thus 11 y, II , 11 , II -11 11 -- Therefore

sup{a(x)’aA(aK) and a
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where the last equality is a consequence of Proposition 1.3. Thus i5 Is is
weak* lsc and since i is homogeneous the Krein-Smulyan Theorem yields i5
weak* lsc on P*. If x e cony {y p (y) _< 1} then $ (x) _< 1. Hence

w*-cl-conv{y:p(y) <_ 1} {y :/}(y) _< 1} c {y :/5(y) <_ 1}.

Thus i5 _< i and equality follows.
For (6), if P** has non-empty interior then there is an a > 0 such that

x ’-1 x (x, P*) then -_ 11 x, !1 <- a [I x 11.
The proof of (6) is now identical to (5).
For (7) note that if Q* is complemented in P* then it is extremal. Thus

x e Q* and x ’= x implies x e Q*. Hence i5 ihP,.. If x e P* then
0 <_ jx <_ x. Since p is super-additive it is monotonic, that is, p (ix) <_ p (x).
Thus ifx =x x then

Therefore
o j (z) < ().

PROPOSXTXON 1.6. Le$ (E, P, Q) be bi-ordered such that Q* is complemented
in P*. Then N Q* Q* is weak* closed and No M Q n -Q. Every
weak* continuous homogeneous additive function a on Q* extends to an element
cE..

Proof. Let K {x e Q* [I x li <- x} and Z {x il li < 1}.
Since Q* is complemented N is the range of a continuous projection and hence
norm dosed. Since N a X K the conclusions now follow from [5, Thm. 3.1].

2. Duality results
We give first an order property for (E, P, Q) analogous to (3) in the intro-

duction that is necessary and sufficient for Q* to be complemented in P*.
We prove sufficiency first.

THEOREM 2.1. Let (E, P, Q) be a bi-ordered Banach space such that if
0 <_ b, b(P)and 0 <_ a <_ bl, b(Q)then for any > 0 here is an

m eM Q -Q

and c with ll c [i < s for which O

_
a - m

_
b - c, b - c(P ). Then Q*

is complemented in P*.
Proof. If a, b e P let us say a b if and only if a b M. Given x P*

and a P define
(px ) (a ) inf Ix(b) b a}

p*(i) (px) (ra) r (px)a (r >_. 0, a P, x ).
(ii) (px ) (a + a) px (al ) W px (a).
If b a then b -t- b a -t- b and hence

px (al + a) <_ x (b + b) x (b) W x (b).
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Thus px(a W a) <_ px(a) --b px(a). Ifb ; a - athen 0 <_ b(P),
0 <_ a <_ b(Q) andsothereisabawith0 <_ b<_ b-b c(P) andllcll
arbitrarily small. Since (E, P) is positively generated we can assume
c P. Now

0<_b-c--b(P) and 0 <_ ab- b <_ b-bc- b(Q).

Thus a b with 0 <_ b <_ b c b -t- c’, 11 c’ II arbitrarily small. There-
fore0 <_ b-t-b <_ b Wc-t-c’and
x(b) >_ x(b) + x(b) x(c) x(c’) >_ pz(a) + px(a.) x(c -t-

Thus (ii) follows.

(iii) p(rz)(a) r(px)(a) (r >_ O, x eP*, a eP).
p*(iv) If x, x than p (x -t- x ) (a ) px (a -t- px (a for all a e P.

Given a P and b a,

(z --b x) (b ) z, (b ) - x (b ) >_ px (a ) -t- px (a ).

Thus p(x + x)(a) >_ px(a) + px(a). Choose b, b a such that
x(b) < px(a) -b /2. Now0 <_ b, b(P) and 0 <_ a <_ b, b(Q) so that by
(1) there is b a with 0 <_ b <_ b -b c, b - c (P). Then

p (x + x) (a) <_ (x, - x) (b)

x (b) -t- x (b)

< pz, (a) -b px (a) -t- W II c II (ll II + II x il ).
(v) 0 <_ (px)(a) <_ x(a).

Thus for each x e P*, px is a linear form on P and hence extends to a linear
functional on E. Moreover by (v) px is bounded and contained in P*.
Also by (iii) and (iv), p" P* -. P* is positive homogeneous and additive.
Again, by (v) the canonical extension of p to an operator on E* is bounded.

(vi) p ponP*.
For x P*, a P,

(px ) (a ) inf px (b b , a}

inf{inf{x(c)’cb} "ba}

pz(a).
p*Let F px x P*} and G Ix e px 0}. Then (v) and (vi) show

that P* F @ G. It remains to show that F Q*. We show first that
M=MnP--MP. LetaeM. Chooseb,Psuchthatb>_a(P). Then

O, a <_ b(P) and O, a <_0 <_ b(Q).



COMPLEMENTARY CONES IN DUAL BANACH SPACES 63

Thus an application of the hypothesis yields m e M and c e P with 11 c II < 1/2
and-c,a-c<_m<_b(P). Thus

0, a,m_< mWc(P) and 0, a,m<_0 <_m-c(Q).

Another application yields m e M, c e P with II c !1 < 1/4 and

0, a, <_ / c <_ / c + c(P).

Continuing by induction we obtain sequences (m)- and (c)- with
and

O, a, m,,

_
m,,+l - c,,+

_
m,, - c, + c,,+ (P ).

It follows that
--c+

_
+ cn

and hence by normality [I m.+ m [I is bounded by a constant times 2-’.
Therefore m. - m e M and c --, 0 so that 0, a _< m (P) and hence

a m- (m--a) eMnP--MnP.

IfyeFandaeMnPthena0andhencey(a) py(a) 0. Thus
y e F and a e M implies y (a) 0. If 0 <_ a (Q) then the hypothesis implies
there ismeMsuchthat0

_
a + re(P). Then

y(a) y(a) "-t- y(m) y(a + m) >_. O.

Thus F Q*. On the other hand y e Q* and a e M implies y (a) 0. Thus
for aP (py)(a) inf{y(b) :b a} y(a). Hence py yeF so
F Q*.
CooAav. Let (E, P) be an ordered Banach space with P F G and

let Q P - (F F). Then (E, P, Q) is bi-ordered with Q* complemented
in P*.

Proof. If p P - F and q P -- G are extended to complementary projec-
tions on E with M F F q-(0) then Q q-(0) and hence is closed.
Moreover Qn-Q M. If aeQ then qaeP. Thus a <_ b(Q) implies
qa <_ qb (P). Thus if 0 <_ b, b. (P) and 0 _< a <_ b, b (Q) then

0 <_ qa a - (qa- a) <_ qb, qb.(P).
But 0 <_ b (P) implies qb <_ b(P) and hence 0 <_ a -t- m _< b, b (P) where
m qa a M. Therefore by Theorem 2.1, Q* is complemented in P*.

In the next theorem we give the converse of Theorem 1.1 with a formally
stronger conclusion.

THEOREM 2.2. Let (E, P, Q) be a bi-ordered Banach space for which Q* is
complemented in P*. Let a, a, b, b,,, b be elements of E and let a
be a w* continuous homogeneous additive function on Q* such that

(1) a, a, <_ b <_b, b,,(P).
(2) a, ..., a <_ a <_ b, ..., b,(Q).
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Then given > 0 there is an extension c E of a such that
(3) a,...,a<_c<_b,q-z,...,b.+z(P);llzll < e.

Proof. We can assume by Proposition 1.6 that a E and satisfies (2).
Thus we must find c satisfying (3) where c a + m, m M Q ra -Q.
We show first that given e > 0, > 0 that

(4) a c+m+w;meM,[[w[I <iand

a V V a,,(x) <_ c(x) <_ b A A b,,(x) q- z(x) (zP*)
where [[ z II < .
We assume without loss of generality that b 0. Then let

v b A A b,, u --(a V V a)

on P* with e, , e, defined as in Proposition 1.5. By 1.5 (5) these func-
tions are lsc on P*, Q*. Let

Ve {x P* :ll 11 <- r, v (x) < 1}, V {x eQ* o(x) _< 1},

Ur {x -P*" e(-x) <_ II,
Let

A {cE’c >_ a, ..., a(P)},

B {cE’c <_ b, ..., b(P)},

Q*Uo {x - o(-x) <_ 1}.

A {cE" c >_ a, ..., a(Q)},

B {cE’c <_ b, ..., b.(Q)}.

Each is a weakly closed convex set containing the origin and using the notation
E,--- {xE" Hx[I <- s} we have

(V) cl-conv(Beu E) Be + E, (Ue) A,
(Vo)= B, (U)= A.

We have for N Q* Q*,
(5) [w*-cl-conv (Ve u Ue)] n N w*-cl-conv (Vo u U).

For, if z conv (Ve u Ue) and p is the projection of P* onto Q* then by 1.5 (7)
pz cony (Vo u U). Since by Proposition 1.2, w* closure is norm closure on
the left we consider z e N with z lim z,, (z,):-, conv (Ve u Ue). Then
pz, ---. pz z and so z e w*-cl-conv (V u U). This proves (5).
By taking the polar of both sides in (5) we obtain

B n A, (V) n (U,)

[w*-cl-conv (Vo u Uo)]
{[w*-cl-conv(V, u U,)] + M}- [V n U + M]-

[(Be + E[,)n Av + M]-.

Thus, since a e Bo n Ao, (4) follows if r is chosen greater than 2/e. To es-



Then
al, ..., am, el /)12 Cl bl "[" Zl,

al, ..., am, c WlS <_ a _< bl -b z,

Hence applying (4) again
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tablish (3) first use (4) to find

a c+mx+wx, mxeM,
where (since (E, P) is positively generated)w w ws with w (P,
wl, < 1/2 and

b, + zx, c + wxx (P),

b + z, cx + wn(Q).

a ca -4- ms -t- ws; maiM, ws ws ws (wP, IIw[I ()
and

a, ..., am, c- ws _< cs _< bl - Zl -t- xs, ’’’, b, - z "t- zs, cl A- wn (P).
By induction we have sequences (c), (m), (z), (w) such that

P, li 11 <
a c-t-m-t-w, mM,

a, am <_ c

_
bl -t- z -[- "4- z, b. - z -1- -1- z;

II II <
Ck WkS <__ C-}-1 Ck "Jr" Wkl -" Zk-l-1.

Since P is normal the last inequality shows that [] c+ c
of and hence (c)-1 converges to c E such that

[[ is on the order

al, ,am <_ c _< bx +z, ,b, +z; [[z[I <_ li zll < e.

Since w --. 0 we have a c -t- m with m limm e M.
If Theorems 2.1 and 2.2 are combined we have a characterization of comple-

mented dual cones.

THEOREM 2.3. Let (E, P, Q) be a bi-ordered Banach space. Then Q* is
complemented in P* if and only if the order condition of Theorem 2.1 holds.

If P** has non-empty interior then making use of Proposition 1.5 (6) a
stronger version of Theorem 2.2 is possible. The proof follows the same lines
as Theorem 2.2 and is omitted.

THEOREM 2.4. Let (E, P, Q) be a bi-ordered Banach space for which P**
has non-empty interior and Q* is complemented in P*. Let -u, v be weak*
continuous homogeneous super-additive functions on P* and let a be a weak*
continuous homogeneous additive function on Q* such that

(1) there is b E for which u <_ b <_ v (P ),
(2) u <_ a < v(Q).



666 LEONARD ASIMOW

Then given > 0 there is an extension c E of a such that

u <_ c <_v +z(P), zeE and llzil < .
If P has non-empty interior then P* is weak* locally compact and hence has

a compact base K. In this case the space E is isomorphic to A (K) and
Q* n K is a complemented or split face of K. We will use the convention that
a < b (P) mean b a is in the interior of P. We can apply the technique of
Theorem 2.2 together with a modified iteration (related to Andersen’s method
[3]) to obtain a stronger version of Theorem 2.2.

THEOREM 2.5. Let (E, P, Q) be bi-ordered with Q* complemented in P* and
the interior of P non-empty. If -u, v are weak* continuous super-additive
forms (homogeneous) on P* with

(1) u <_ b < v (P ) for some b E,
(2) u <_ a <_ v (Q for a weak* continuous additive form on P,*

then a extends to c e E such that u <_ c <_ v (P ).

Proof. Assume without loss that b 0 and that a e E. Let

P* Q*V--{x e e(x)

_
1} V /x e (x)

_
1}

-P* Q*u,= Ix (-u)-(-x) < 1 u Ix- (-u)(-) <
Let Ae {c e E c >_ u (P)} with A, Be, B defined analogously. Then by
(1), Be has non-empty interior and hence Ve Be is bounded and therefore
weak* compact. As in Theorem 1.2 we have

w*-cl-conv (Ve u Ue) a N w*-cl-conv (V u U).

The polar then becomes

B nA [B Ae + M]-.

Thus givene>0, a= cTm-t-wwithmeM,[lw[I < eandu<_c<_v(P).
Choose e e int P such that w e E and w [i <- 1 implies -e <_ w _< e. Now
assume (without loss) !1 a 11 <- 1. Then

u <_ 0 <v/2(P), u <_ a/2 <_ v/2(Q).

Thus using the above we have

a/2 c-t-m-t-w, [iwll - 1/4, mM and u_c,_v/2(P).

We show by induction there are sequences (c), (m,), (w.) such that
1

and

with
’)a c. -l-re. -t-w.(1

")v(P)u<c,,< (1 and

Suppose c. has been chosen as required.

-e/2"

_
c+ c

_
e/2.

Then
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)a m e/2+c e/2 < c-t-w-- e/2+ (1

<_ (1 1/2’)a -4- a/2"+

1 n+l )a(I--

<_ c,, + w, + a/2"+

<_ c, "4-e/2 (Q ).
i +i)v (P) we haveSince u < c,, < (1-

u / (c,-- e/2) < c, < (1 1/2"+)v/k (c,A-e/2")(P)
and

x"+)a < (1 "+)v/X (c -t- e/2") (Q)u X/ (c- e/2) _< (1

Thus c,+ can be chosen as claimed. Thus (c,) is Cauchy and in the limit

a c-4-m; u <_ c <_ v(P).

Finally, again in case int P is not empty we give an extension result where
the dominating functions are only assumed to be semi-continuous.

THEOREM 2.6. Let F be a closed split face of the compact convex set K and let
-u, v be lsc concave functions on K, a e A (F and b e A (K such that

u < b <v onK, u < a <_v onF.

Then a extends to c e A (K such that u <_ c <_ v.

Proof. Extend a to a function in A (K) also referred to as a. We assume
without loss that 11 b a 11 <- 1. By Proposition 1.4 and Theorem 2.5 if

u < b < v onK and u < a <v onF

there is c e A (K) such that c ir a Ir and u < c <v on K. We construct a
sequence (c) in A (K) such that

(1) u < c < vonK,
1(2) cl,. b-l- (1 )(a- b)],.,Ic+l-- cl < onK.

Sinceu < b < vonKandu < b-t- 1/2(b- a) < vonFthereiscleA(K)
satisfying (1) and (2) above. Assume c has been chosen satisfying (1) and
(2). Then on F,

+(a- b)c =b+ (1 - )(a-b)-4--
1 n-bl=5-4- (1-- )(a--b)

1<cA-.
Hence

1(c )Vu<c< (c,-b1/2")/kv onK

i 1-}"I(c, ) X/u < b + (1 )(a-- b) < (c,-b1/2")/Xv on F.
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Thus c+1 can be chosen as required. Let c lim.. c.. Then

u <_ c_< v onK and cl-- b - (a--b)
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