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CHEVALLEY GROUPS AS STANDARD SUBGROUPS, |

BY
Gary M. Serrz!

1. Introduction

Let G be a finite group and A a quasisimple subgroup of G. Then A is
called a standard subgroup if K=Cg(A) is tightly embedded (i.e. |K| is
even, but |[K N K?| is odd for g¢ Ng(K)), Ng(A)=Ng(K), and [A, A%]#1
for all g€ G. The importance of such subgroups is evident from the work of
Aschbacher (see Theorem 1 of [1]).

The recent approach to the classification of all finite simple groups
requires the determination of those groups, G, having a standard subgroup,
A, such that A/Z(A)= A is one of the currently known simple groups. This
paper and its sequels are concerned with the case of A a group of Lie type
defined over a field of characteristic 2. Our results aim at finding the
possibilities for G when A has Lie rank at least 3, although we will not treat
the cases A =Sp(6,2), Us(2), or O=(8,2)". Our proofs will be inductive so
we require information about the rank 1 and rank 2 configurations as well as
information about the four cases above. The necessary results, not covered
to date, are assembled in the following hypothesis.

Hypothesis(*). Let P be quasisimple with |Z(P)| odd and P/Z(P)=
Sp(6, 2), Ug(2), or O*(8,2)'. If P is a standard subgroup of a group X with
O(X)=1 and Cx(P) having cyclic Sylow 2-subgroups, then one of the
following occurs:

(a P=X

(b) E(X)=PxP.

(¢) E(X) is a group of Lie type defined over a field of characteristic 2.
d P=07%(@8,2) and E(X)=M(22).

For a group, X, we set X = X/Z(X). Our main result is as follows.

MAIN THEOREM. Assume that Hypothesis (*) holds and that the B(G)-
conjecture holds. Let A be a quasisimple group with |Z(A)| odd and A a finite
group of Lie type defined over a field of characteristic 2 and having Lie rank
at least 3. Suppose that A is a standard subgroup of G and that C5(A) has
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cyclic Sylow 2-subgroups. Let t be an involution in C5(A). Then Gy=
E(G)=A and one of the following holds:

(a) teZ*G).

(b) G,=A XA and t interchanges the factors.

(¢) G, is a group of Lie type defined over a field of characteristic 2, and t
induces an outer automorphism of G,.

(d A=GL(4,?2) and G/O(G)=Aut (HS).

(e) A=07(8,2) and G/O(G)= Aut (M(22)).

Listed below are the possible pairs (A, G,) that occur in (c) of the
theorem above.

A G
PSL(n, q) PSL(n, q®
O*(n,q), neven O*(n,q%’
O~(n,q)’, neven O*(n, q?’
PSU(n, q) PSL(n, 4%
PSp(n, q) PSL(n,q),PSL(n+1,q),0*(n+2,q),0 (n+2,q)

PSU(n, q), PSU(n+1, q), PSp(n, g%
E,(q).n=6,7,8 E,(@®

Eq(a) Eq«(q?

F.(a) Eq(q), *E¢(a), Fu(@®)

The assumption that C5(A) has cyclic Sylow 2-subgroups is justified by
Corollary 2 of [2] together with the theorem in [6]. We remark that if A is
defined over F, for q =4, then we do not need Hypothesis (*) for the cases
PSp(6, 2), PSU(6, 2), or O*(8,2)".

The proof of the main theorem is in three parts, after assuming A# G.
The first part, the subject of this paper, is fusion-theoretic. For ¢ an
involution in K, we first study t° " N(A) and then find a subgroup X <A
such that Ng(X) contains a standard subgroup Y of Lie rank less than that
of A and having (t) as a Sylow 2-subgroup of N(X)N C(Y). At this point
induction can be applied. In the second paper we use this information to
construct a subgroup G,= G with G, either a group of Lie type on which ¢
acts as an outer automorphism, or G, isomorphic to the direct product of
two copies of A, interchanged by t. In the third paper we will show that
Go=G (hence G,=E(G)).

As mentioned above this paper concerns the fusion-theoretic information
needed for the proof of the main theorem. These results are in §3. The
proofs use a theorem about transitive extensions, which is proved in §2. In
§4 we apply the results of §3 to show that certain proper sections of G have
standard subgroups.

Notation is as in [5]. Throughout the paper we make use of standard
isomorphisms and only consider orthogonal groups of dimension at least 8.
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Furthermore, the groups O(2n +1,2%)" will be considered as the symplectic
group Sp(2n, 2¢).

2. A result on transitive extensions

In this section let X be a perfect central extension of L, (q,), for q, even,
and let o act on X, inducing a graph field or graph-field automorphism on
X. Setting Y = O%(Cx(c)), we have Y a central extension of PSp(n—1, q),
PSp(n, q), PSU(n, q), or PSL(n, q), for some q | qo.

(2.1). Let G be a 2-transitive permutation group on a finite set ). Choose
a#B in Q and assume that X <=G,, Y=G,4, and Cg_(X) is cyclic. Then
X=L,4), Y=L,(2), and G'=L,(11).

Let X denote the subgroup of Aut(X) generated by X together with all
field and diagonal automorphisms of X. Let M be the usual module for
SL(n, go). Even though X =L, (q,) does not necessarily act on M, there will
be times when we consider subgroups of X acting on M. For example, if T is
any 2-subgroup of X, then there is no ambiguity in discussing the action of T
on M.

If we view X as a Chevalley group, the root subgroups of X are groups of
transvections in a given direction and fixing a given hyperplane of M. From
the action of o on the root subgroups of X, and from the fact that qo is even,
it follows that there is a root subgroup V,, of Y, such that V=0Q,(V,) is
contained in a root subgroup of X. In fact, Vo=V unless n is odd and
Y =PSU(n, q).

The following is well known.

(2.2) Assume Z(X)=1, so that X =X.

(a) There is a unique root subgroup, D, of X such that V=D. In fact,
D = Z(0x(Cx(V))).
(b) For yeY either

[V, V']1=1, (V,V)=L,(q), or (V,V’)eSyl(Liq)).

In the latter case Z(V, V) e V¥,
(¢) For xeX,

[D,D*]=1, (D,D*)=L,(q,) or (D, D*)e Syl,(Ls(qo))-

In the latter case Z({D, D*)) e D*.
(d) Ny (V) is transitive on {V’:ye Y, (V, V*)=L,(q)}.

Fix a subgroup V_e VY such that H=(V, V_)=L,(q).
(2.3) Let Z(X)=1 and regard Y=X=Aut (X)=K.

(a) D¥*=D*
(b) If re Aut(Y), then either V'€ V¥ or Y=Sp(4, q) and V, V" are root
subgroups of Y for roots of different lengths.
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© vVENny=vY.
@ J¥Nny=J".

Proof. To prove (a) one shows that K= XNy (D). This is proved by
simply checking that, under the assumption of g, even, D is normalized by
suitable graph, field, and diagonal automorphisms of X. Similarly we prove
(b), taking into account the one exceptional situation. To see (c), first use (a)
to observe that if ke K with V¥=<Y, then V*=D* for some geX.
Consequently, V¥ is a group of transvections with a given direction and
fixed hyperplane of M. We conclude V*e VY.

Finally we prove (d). Assume ke K and J*=<Y. Conjugating by an
element of Y we may assume V*=V (here we use (c)). So V¥e V¥ and
satisfies (V, V¥)=SL(2, q). So by (2.2)(d), (V, V*) is conjugate to J by an
element of Ny (V).

(2.4) If Z(X)=1, then Z(Y)=1 and Y = O*(Nx(Y)).

Proof. Assume Z(X)=1.Let Y, =Nx(Y), C=Cx(Y), and for A <X let
A™ denote the preimage of A in X*=SL(n, q,).

Write M=M®- - - &M, ®M,, where dim (M;)=2 for i=1,...,k and
dim (M,)=1. We may choose this decomposition so that there are Y-
conjugates Ji, . .., J, of J satisfying [O%(J%), M;]=0 for each i#j. Letting
I=1J,---J. we certainly have [C,I]=1, and so [C* I,]=1, where I,=
O?(I*). From the action of I, on M we conclude that for each ge C* and
eachi=0,1,...,k, g induces a scalar matrix on M,. As O*(J%) and O*(J%)
are conjugate in O%(Y*), for each je{l,..., k}, and since [O%(Y¥), C*]=
1, we conclude that g induces scalar matrices on M;®- - -@ M,. In particu-
lar, |g| is odd and Z(Y)=1.

It will suffice to show O%(Y,)=<Cx(0o). Let S e Syl,(Y,). From

LY, Yy, (0)]=[Y, (o), Y1]=1,

we conclude [Yy, (o), Y]=1. Setting C,=[Y,, o], we then have C,=C.
From the above paragraph we have [S,, C§]= 1, where S,= O%(S*). Also,
So= 0% (SC,)* is o-invariant. So

Sg=SO and [SO’ (T]SC?)‘OSO:]..
This proves [S, o]=1, and the result follows.

We now begin the proof of (2.1). Suppose the result false and let G be
a counterexample of least order. Let

SeSyl(G,s), SeSyl,(G,) and S=S.

Choose S such that S contains a Sylow 2-subgroup of Ng_(G,g). We first
show that G does not contain a regular normal subgroup, N. Otherwise
|N5(S): S| =2 and N3(S) inverts Cy(S). This implies N5(S) = SNz~x(S). This
contradicts the facts that |[Ng_(G,g): G,g| is even and |[Nx(Y): Y] is odd. By
Theorem 3 of [3] we may assume Z(X)=1=Cg_(X). So by (2.3) we now
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write X=X, Y=Y, and regard Y=X=G, =Aut(X). Also, we may as-
sume (X, Y)#(L,(4),L,(2)), as otherwise G has dihedral Sylow 2-
subgroups and G is determined.

(2.5) Assume Y#Sp(4,q). Let A, 3, be the sets of fixed points of V, I,
respectively. Then Ng(V)* and Ng(J)* are each 2-transitive.

Proof. Suppose ge G, and VE=G,. As X=G,, VE=XNG,,. Since
Y =G,s, VE=Nx(Y), so by (2.4) and the definition of Y, we have VE<Y.
Now, apply (2.3)(c) and conclude V&e VY < VS, Therefore, Vo« NG,z =
VCas, and Witt’s theorem implies that Ng_(V) is transitive on A—{a}.

Let t be an involution interchanging a and B. If Y = Y’, then te N(G(?) =
N(Y). So in this case (2.3)(b) implies V'€ V¥ < V%=, It follows that Ng (V)
moves a, and hence Ng (V) is 2-transitive. Similarly Ng (J)* is 2-transitive.

Suppose then that Y'<Y. Then Y=PSL(2,2) or PSU(3,2). Even here
the above arguments work provided V' e VY. So the only difficulty is when
Y# O%(G,g) and V'£Y. Here |V|=2, so let V=(v). Then v*€ G5 - Y, so
v'eG,—X. Also, C5(v)=Cg_(v), for otherwise Ng(V)* would be 2-
transitive. However, comparing the structure of Cg_(v) with that of Cx(v")
(see §19 of [5]) this is seen to be impossible. Consequently, we again have

Ng(V)* 2-transitive and we obtain Ng(J)* 2-transitive as well. This proves
2.4).

(2.6) The Lie-rank of Y is at least 2.

Proof. Suppose Y has Lie-rank 1. Then (Y, X)=(L,(q),L.(qo)),
(L»(q), Ls(qo)), or (Us(q), Ls(qo))- Since |X: Y] is even, |Q] is odd. Suppose
X =1,(qo). As noted before, q,>4. Using Theorem 4 of Goldschmidt [9]
we conclude that SN X is strongly closed in S e Syl,(G). Now apply the
main theorem of [9] to obtain a contradiction. Therefore X = L(qq).

Let U=SNX and rechoose notation so that V=Z(U). Let N=Ng(V).
Then, N, contains Cx(V) as a normal subgroup and O,(Cx(V))=U. So
U<IN,. Since U£Y we have U2 # 1. Also, Cx(V) is solvable, and so N2 is
solvable. From the results of O’Nan [14] and Goldschmidt [9] we conclude
that either N* contains a regular normal subgroup or Cg(V)* is 2-transitive
and (C5(V)*) =L,(q,), Us(q1), or Sz(q,) for some q; dividing |U|. The cases
(Cs(V)*Y = Us(qy) or Sz(q,) are each out by observing U =Q,(U).

Suppose (C5(V)*)' =L,(q,). Then U’ is trivial on A. As U’ is a root
subgroup of X,q=q, and Y=L,(q)=L,(qe)- So UNG,s =V and U* is
elementary of order q>=gq,. But then, in N* the normalizer of U* is
transitive on (U*)¥. Using a Frattini argument we see that this contradicts
the fact that U=Q,(U) and exp (U) = 4. Therefore, N* contains a regular
normal subgroup. It follows that U* cannot contain a non-cyclic, abelian,
normal subgroup, semiregular on A —{a} (otherwise write the regular normal
subgroup of N* as a product of centralizers).

If V=2Z(U), then Y=L,(q)=L,(qo), so U*=UJV is semiregular of
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order g3. This contradicts the above. So V< Z(U) and Z(U)* is semiregular
or order qoq'. Therefore, q,=4, q =2, and |A|—1=|N,: N,z| =2k, where
k is a divisor of 12 =|Out (X)|. On the other hand, U* is extraspecial of
order 2°, so the representation theory of U* forces |A|=r’, where r is an
odd prime and b=4. This is a contradiction, proving (2.6).

The proof of the theorem will be complete once we establish
(2.7) The Lie-rank of Y is at most 1.

Proof. Suppose Y has Lie-rank at least 2. Recall the subgroups V, V_, J,
and D. Let D® be the unique root subgroup of X with V_=D? (use (2.1)
(a)). Then J=(D, D*)=(D, D*)” =L,(qo). Also,

Nx()=J XL =(D, D#)xL = Nx((D, D?)) where L=GL(n-2,q).

Finally, Cx(D)= Cx(V)=QL, for Q = O,(Cx(V)).
Assume Y# Sp(4, q) and set M= Ng(J). Then (2.5) implies that M* is
2-transitive. From the minimality of G we conclude that

(X, Y)=(Li4), La(2)) or (Ls(4), Us(2)).

Now let N=Ng(V) and consider the 2-transitive group N“. Let Q=
O,(N,). Since we know Q,g, it is easily seen that Q, = V. Therefore, Q* is
extraspecial of order 2° and so the central involution in Q* is in Z*(N?).
By the Z*-theorem we see that N* contains a regular normal subgroup, say
of order r’. The representation theory of Q* forces b=2* However
|A|=1=|N5: N5g|<2'°-3-5<r®—1. This is a contradiction.

The remaining case is Y=Sp(4, q). Here X=1L,(q,) or Ls(Q,). Suppose
that Ng(J)* is 2-transitive. Then as above Ny(J)*=L,(4) and Ny(J)*=
L,(2). This implies Y=Sp(4,2) and X =L,(4). But there is no automorph-
ism of L,(4) with such a centralizer. This is a contradiction and so we now
assume Ng(J)* is not 2-transitive.

First, we claim that Y is weakly closed in G,g, with respect to G. If ¢>2,
then Y=7Y’, and since G,g/Y is solvable, the claim is clear. Suppose q =2.
Since Y =X NG,z we certainly have Y weakly closed in G,z with respect to
G,. So let t be an involution interchanging « and 8. If Y* =, then Ng(Y)
is 2-transitive on the fixed points of Y, so the converse of Witt’s theorem
gives the result. Therefore, we may assume Y*'# Y. Let x,, x, be representa-
tives of the classes of involutions in Y—Y (recall Y=Sp(4, 2)=Ss). Since
(Y)=T, x;e G,z — Y for i =1 and 2. So there is an involution j€ Cg_(Y)
such that x! is Y-conjugate to x;j or x,j. Now, j induces an outer au-
tomorphism on X. It is easily seen from the action of j on the Dynkin
diagram of X that j~x,j or x,j. Consequently, Cg_(xj) or Cg_(x,]) is not
2-constrained. Since Cg_(x;) and Cg_(x,) are 2-constrained, Cg(x;) £ G, for
i=1 or 2 (see §4 of [5]). On the other hand, xZ«N G,, = x7=. So Witt’s
theorem implies that C5(x;) is 2-transitive on the fixed points of x; on (,
and consequently x§ N G,z = x« < Y. This contradiction proves the claim.
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Let ge G, and suppose J® = G,g. The argument used at the beginning of
the proof of (2.4) shows that J® <Y, and then (2.2)(d) implies that JEeJ* <
J%. So, Ng_(J) is transitive on 3 —{a}. Since Ng(J )* is not 2-transitive this
means Ng(J)= Ng_(J).

Let t be any involution interchanging o and B. By the claim, Y* =Y and
by the above, J'¢ J¥. As above, V9N G,g = V. If Ng(V)* is 2-transitive,
then we may choose t with V'=V. But this forces J'eJ¥. Therefore
Ng(V)* is not 2-transitive and as above Ng(V)= Ng_ (V). But from Y=Y"
we have the embedding of Y in G, and it is easily checked that
Cs,(V)# G,p. This is a contradiction, proving the result.

We mention, in passing, that Theorem (2.1) can be generalized to cover

Chevalley groups other than L,(q,). The arguments are a bit more compli-
cated, but similar to the above.

3. Fusion of involutions

In this section, A will denote a finite group of Lie type having Lie rank at
least 2 and defined over a field, F,, of characteristic 2. Suppose A is a
standard subgroup of G and that ¢ is an involution in Cg5(A). We assume
| Z(A)| odd, C5(A) has a cyclic Sylow 2-subgroup, R, and t € R. In addition,
assume A% L;(2), G,(2), Sp(4,2), Ly(2), Uy(2), or O*(8,2).

Let 3 be the root system for A and U e Syl,(A). Set B= N, (U), a Borel
subgroup, and choose a Cartan subgroup, H=B. In the Lie notation,
N/H =W, the Weyl group, and W ={(s,,..., s), where s;,..., s, are the
fundamental reflections. For each s €3, there is a root subgroup, U,, of A,
and U is the product of those groups, U,, for which se3*. For s€3, let
V,=Q,(U;) and let r be the positive root of highest height. Set J=
(V,, V_)=SL(2, q).

(3.1) Let X be a finite group of Lie type having Lie rank at least 2 and
defined over a field of characteristic 2. Suppose Z(X)=1. Let m(X) be the
order of the Schur multiplier of X.

1) If m(X) is even, then (X, (m(X)) is one of the following:

(L3(2)9 2), (L3(4)5 48)3 (L4(2), 2)’ (sp(4’ 2)9 2)3 (Sp(69 2)9 2)>
(07(8,2),4), (Fu2),2), (G2(4),2), (Us(2), 12), Eo(2), 12).

(i) If 1#m(X) is odd, then (X, m(X)) is one of the following:

La(@), (n, q=1)),  (U,(q), (n, q+1)), (Es(q), (3, q—1)),
(2E6(q)a (3’ q + 1))'

Proof. For (i) see Table 1 of [10]. To get (ii) let X be the universal group
associated with X (see [15] and [16] for details). Assuming m(X) odd is
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equivalent to the fact that X is a covering group of X. So m(X)=|Z(X)| and
the result follows from §8 of [15] and §9 of [16].

(3.2) () t°NA*)#Q.
() Ca(t®)®=A=

Proof. Notice that R cyclic implies K solvable, and hence N(A)/A
solvable. Conjugating by g we have N(A#)* < A¢, from which (ii) follows.

For the first assertion we use the results in §19 of [15]. Assume %€
N(A)—AC(A). In most cases each involution in t&(C, (t2)) is conjugate to
t%. For these cases the result follows from (ii) and symmetry. The exceptions
are the groups A=PSL(n, q), PSU(n, q), O*(n, q) all with n even, to-
gether with A =E(q) or 2E¢(q). In each case, t® is in the coset of a graph
automorphism of A.

First assume A = PSL(n, q), PSU(n, q), E¢(q), or 2E(q). Then (19.9) of
[5] implies that when t® is viewed as an automorphism of A, t® is A-
conjugate to ov, where o is the involutory graph automorphism of A and
v € V, (which we are identifying with V,Z(A)/Z(A)). From the root system,
3., we see that there is a root subgroup, I, of A with (I, I'') = I X I**, and so t®
is fused to an involution t8Cz(t®). On the other hand we know that
Cx(t*)=Cz(0v)=Cs(0c)NCz(v)=T and T=T* (we use here (19.7) and
(19.8) of [5], the structure of T given in (19.9) of [5], and also the fact that
q=4if A= =PSL(4, q) or PSU(4, q)). So (i) follows from (ii) and symmetry.

Now suppose A =O0*(n, q)’, n even, and t° NA#t=0. By (3.1), A=A
and so A(t®)=0%(n, q). We identify A(t%) with the orthogonal group and
let V be the natural module. Notation will be as in §8 of [5]. The involution
t® is of type b, for some [=1, and we set X=C,(t®). If [=1, then
X=S8p(n—2,q), so X=X=A= As in the previous paragraph, t* is fused
to an involution in t8X* (here t® is conjugate to the graph automorphism) so
the symmetry argument gives the result. From now on we take [>1.

We claim that t* ~t%a for some involution a € X'. Suppose this is true.
Then from the structure of Aut(A?®) and the fact that X=N(A%) we
conclude that a € A®K®. This implies (i), and so it will suffice to prove the
claim.

Write the matrix for ¢® in the basis %, given in (8.3) of [5]. If [ =3, let

B1={%2, X3, X115 Xn—t> Xni—142> Xn—143}
and set B, =%—%,. If 1>3, then set

By ={X2, X3. X45 X5, X —1+2> Xp—143> Xn—1+4> Xn—1+5)

and set B, =RB—RB,. In either case, let V, =(®,) for i=1,2 and note that
V=V,1V, and t* acts on each of V; and V,. If [ =3, ¢® induces a, on V,
and b, on V,, while if [ >3, ¢® induces a, on V, and b,_, on V,. In any case
t8 € O(V;) X O(V,) and it will suffice to check that y ~ ya in O(V,) for some
ac(C(y)NO(V,)), where y is the restriction of t® to V.
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Suppose 1>3. Let

In the basis %, we then have

—(f O) and we set —(E O)
y I s et a= 0 E .

Then ya is of type a, and a € (C(y) N O(V,)). This follows from the facts
that C(y) N O(V,) contains all matrices of the form (§ %) with Xe Sp(4, q)
and that E€ Sp(4, q)’, even if q=2.

Now suppose [ =3. Here O(V,)=0%(6, q) and O(V,)'=SL(4, q). With
this identification, an a, involution in O(V;) corresponds to a transvection
in SL(4, q). Checking matrices in SL(4, q), we easily find a transvection a
with y ~ya and a € (C(y) N O(V,))". Indeed, this is possible with y, a, ya all
transvections in the same direction. This proves (3.2).

(3.3) If A=L,(q), then t° NA#t#0.

Proof. By (3.2),t° NA#(t)#0. Let t®c A(t), t°#t. If t® € A, then choose
SeSyl,(A) with t#€ Z(S) (A has just one class of involutions). Then
S=N(A®). For ueS—2Z(S), [(u, S]=Z(S). As q=4, SNA£Z(S), so we
choose ue SN A2—Z(S) and conclude that Z(S)= A%. But then t% € A%, so
t® € Z(A*®), contradicting the assumption that Z(A)| is odd.

(3.4) Suppose that rank (A)=2, A#L,(q). Let s€3* be such that
U,+ U.,.

(@ If A#G,(q) or Us(2), then either t° N\ V#t#( or t° N U%t#.
(b) If A=G,(q) or Us(2), then either t° N V#t#@ or t° N U%(t) # 0.

Proof. Suppose A has rank 2 and A%L,(q). Then, either A has 2
classes of involutions with representatives in V, and U,, or A =PSp(4, q)
and A has a third class of involutions with representatives in U#U%# (see
(6.1), (7.7), and §18 of [5]).

We claim that either t NV, (t)#@ or t° N Ut)# . Suppose false. By
(3.2), A=PSp(4, q) and the projection of t° NA(t) to A contains U#U*.
Choose S € Syl,(N(A)) with UR = S. Further, choose S so that & € Z(S) and
note that Z(U)= U,U,. For x an involution in UR we have Cs(x)= U,U,R.
On the other hand, if x € S— UR is an involution, we use (19.5) of [5] to see
that m,(Cs(x)) <m,(U,U,R).

Now, S € Syl,(N(A#?)) and the above remarks imply that Q,(UR) < A*K?.
So Q,(UR)' = U,U, < A*. Therefore, t* € U,U;t and t° N U,U(t)= U#U*t.
Now, A, A® contain subgroups Y, Y,, respectively, with Y,=Y,=
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w-1%XZ,—1 and Y; regular on U#U%, for i=1,2. Namely, just take
2-complements in N, (U,U;) and in N,.(U,U;). Then (Y, Y,) is 2-transitive
on the set U#U*t= U” U*t®. But this contradicts Theorem 1.1 of Hering-
Kantor-Seitz [12], proving the claim.

Suppose t2 € V, or U,. If t* € C, (t*)® (second derived group), we argue as
follows. In each case Out (A®) has cyclic Sylow 2-subgroups, and K® =
O(K®)Re®. It follows that t® € A%, contradicting |Z(A¢®)| odd. For the excep-
tional groups use the results of §18 of [5] to see that t* € C,(t*)®, unless
A=G,(q) and t*c U, So we may take A=PSp(4,q), PSU(4,q) or
PSU(5, q). First assume t® € V,, so that t* corresponds to a transvection.
Using the fact that q>2, if A =PSp(4, q), we check t& € C, (t*)® using (6.2)
or (7.10) of [5] (or by using the Lie structure). Suppose t®e U,. For
A =PSp(4, q) use the existence of the graph automorphism interchanging V,
and U,. Finally, for PSU(4, q) or PSU(5, q) just use the natural embeddings
of PSp(4, q)=PSU(4, q)=<PSU(5, q). This proves (3.4).

(3.5) Suppose that rank (A)=3 and A% O*(n, q)". Then
SNA#*NCI)#.

Proof. Suppose otherwise. By (3.2), t NA(t) #{t}. Let t® € A(t) with
t®#t. Assume that t® is not A-conjugate to an involution in D X(t), where
D = 0%(C4(J)). From (13.3), (14.3), (15.5), (16.21), and (17.18) of [5] we
conclude that A must be a classical group.

The idea of the proof to follow is this. We will choose a certain elemen-
tary abelian normal 2-subgroup, Q, of C,4 (t®) and then look at the action of
Ns(Q{t)) on t°NQ(t). The action group will turn out to be a certain
2-transitive group or rank 3 group, and we show this to be impossible. The
contradiction follows since we will know the structure of the 1-point
stabilizer and the 2-point stabilizer. However, before we can do this we need
to show that Q(t)= Q,(t*), where Q; plays the same role in C,:(t) as does
Q in C,(t®).

Let V be the natural module for the appropriate covering group, A, of A.
We have D/Z(D)=PSL(n—2,q), PSU(n—2,q) or PSp(n—2,q). Also V=
Vi@V, where V, is a 2-space (non-degenerate if V is unitary or symplec-
tic), Jx D acts on V; and on V,, J trivial on V,, and D trivial on V.

Let x be the projection in A of t® The only way x can fail to be
A -conjugate to an involution in D is for dim ([V, £]) =, where | =[n/2] (see
(4.2), (6.1), and (7.7) of [5]). So this must occur for each such element
t8 e A(t)—{t}. If A=PSp(n,q) with n=0 (mod 4), then £ may be of type a,
or ¢ (in the notation of §7 of [5]). In this case choose % to be of type ay, if
possible. We define an elementary abelian 2-group, Q=< A, such that

Q=Cs([V,£DNCa(VILV, £).

Then N, (Q) is a parabolic subgroup of A. If t" € Q*(t), then [V, 2]=[V, §],
where y is the projection of t" to A. Using the results of §§4-7 of [5] we see
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that, except in one situation, x and y are conjugate in N4, (Q). The
exceptional case is when A = PSp(n, q) for n=0 (mod 4), one of x or y is of
type a, and the other of type c.

Let C=Cgs({t t*)) and note that C=C(t®)NN(A). We will use the
following facts about C. First, O,(C) = O,(C,4 (t8)) X O,(Ck(t)). This can be
checked using the results in §§4-7 and §18 of [5]. What is relevant is the
action of an involutory outer automorphism on C, (t8)/O,(C,4(t%)). The
other remark is that unless £ is of type ¢ we have Q(t)=Q,(Z(0,(C))). (In
fact Q = O,(C, (t®)) unless dim (V) is odd (§84-7 of [5]).) Now set Q, = Q(t)
and Q,=Q,N A&,

Case 1. Suppose there does not exist h € G with t* € A(t) and projecting
to an involution of type ¢, where | =n/2. As above N4 (Q) is transitive on
t°NQ and on t°NQ¥t (one of which may be empty). As C,(t8)=<
C(t)NN(A?®), t induces an inner automorphism on A%, and by symmetry,
Ca (t8) ~ C4<(t). From the above we have Q; = Z(0,(C,:(1))) and N,.(Q;)
transitive on the involutions in Q, that are A®-conjugate to the projection
of t. Then Y =(N,(Qp), Na:(Q,))) acts on Qy, on Q=t¥, and Y is a
2-transitive group or a rank 3 group.

If Y? is 2-transitive, consider Cy()®, the 1-point stabilizer. If A =
PSL(n, q), then Cy(¢)® contains a normal subgroup, X, with X a central
product of two copies of SL(l, q) (see 84 of [5]). For SL(l, q) # SL(2, 2), this
contradicts O’Nan[11]. If SL(l, q) =SL(2,2), this contradicts O’Nan [12].
Suppose G =PSU(n, q) or PSp(n, q). Here Cy(t) contains a normal sub-
group X with X®=GL(l, q*) or GL(l, q), respectively. From (6.2), (7.9),
and (7.10) of [5] we see that Y satisfies the hypotheses of Theorem (2.1).
We conclude X?=L,(4). But then =2, n=<5, whereas we have assumed
rank (A)=3.

Therefore Y is a rank 3 group. In particular, Y is transitive on Q(t) N t°
and t° N Q#0#t° N Qt. Moreover, for each t*c Q{t)—{t}, t ~t%. As x ~t
we may assume that t®=x. Let t" € Q—{t*}. Then considering t"e€ Q,=
A%(t®) we have t"t® ~t%, by symmetry. However, it is easy to check (see
(6.2) and (7.9) of [5]) that t" can be chosen so that t"t® is a transvection in
A. This is a contradiction.

Case 2. Suppose that £ is of type ¢, Then A=PSp(n,q) and n=
0 (mod 4). Notation is as in §7 of [5]. With Q as before, N, (Q) induces
SL(l,q) on Q. This case differs from Case 1 because here T;N
A# O,(C, (7)) (see (4.3) of [5] for the definition of T;). In fact C, (x)/Q is
isomorphic to the centralizer of a transvection is Sp(l, q). In particular
|OL(CA (%) =q" 1 | Q).

Let K, = O(K)NC(t). From (7.11) of [5] we have

O,2(C) = O,(C4 (%)) XK R.
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By symmetry, Ca«(t) contains a normal elementary subgroup Q, with
NAg(Ql) inducing SL(l, q) on Q,. We set Q,= QIR" and claim that Q,=

Q,(t®) = Q,. First, we note that, by symmetry, Q, = O,,(C), so Q, projects
into O,(C4 (%)) when considered as a subgroup of AK. Suppose we can
show that Q, projects into Q. Then Q,=Q X K;R and by orders Q,=
(QOR)* for some keK,. If |R|=2, then we are done. If |R|>2, then
Q,(®(QR)) =(t), whereas Q,(P(Q,)) =(t®). This is a contradiction. So we
need only show that Q, projects into Q.

Suppose false and let Q, denote the projection of Q, to A. Then
Q,=C,(t?) and from (7.11) of [5] we conclude that either

QzQ/Q =Z(0%(CA(t*))/Q)

and is of order at most q or Q,Q = O,(C,(t®)). In either case, Q,N Q=
Z(Q,Q). For notation and computations use (4.3), (7.11), and (7. 12) of [5].
In the first case | Q: Z(QQ,)|=q and some element, u, of Q, satisfies

I
X(u)= I , x#O0.
X I

An easy computation shows that |Q: Co(u)|> g, so this case is out. In the
other case, Q,NQ=Z(0,(C,(t?)))=P. However, computing, we check
that Q NP consists of matrices of the form

L, 0O r
1 -
< I ) where M —(;;, rl,_, r)

3

and r, y, u, £ satisfy the conditions of (7.12) of [5]. Checking orders, we have
a contradiction, establishing the claim.

Since we now have |R|=2, we necessarily have t¢ Cs(t)'. On the other
hand we will show x € C,(x)’, which will imply t° N A =@. Actually, we
show x € Cy (x)', where Ay=O0%(n, q)', viewed as a subgroup of A. We do
this in order to handle a similar configuration arising in the proof of (3.6). So
consider V equipped with a quadratic form for which A stabilizes the
underlying bilinear form. Write V=V, 1 - -1V, where k =1/2 and each V;
is an x-invariant 4-space. We write x; for the restriction of x to V;, and we
may assume that each x; is a ¢, involution in O(V;). For each i=1,...,k
there is an involution y; € O(V;) and a transvection ¢, € O(V,) with [x;, y;]=1
and [, y;]=x. So fix ie{l,..., k} and choose j#i. Then e O(V) and
[tt, y:.]1=x; implies x; € C, (x)'. Hence x € C, (x)', as claimed.

It follows from the above remarks that Y =(N,(Q,), N.:(Q)) is 2-
transitive on Q=t¥=t°NQ,. Let S=Y® and, fixing a#B in Q, set
So= 0,(S,e). Since Ns(S,g)=Ns(Sy), we have Ng(So)> Ns_(So). Let A de-
note the set of fixed points of S, on Q. Then N (S,)* contains a normal
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elementary abelian 2-group, D, extended by Sp(l—2, q). Here |D|=q'>
and is semiregular on A—{a}. So D is a strongly closed subgroup of a Sylow
2-subgroup of Ng(So)* and we apply the main theorem of [9] to conclude
[-2=q=2. At this point one can obtain a contradiction by applying
Sylow’s theorem to S.

Case 3. Here A=PSp(n,q), n=0(mod4), x is of type a; for l=n/2,
but for some t" € A(t), t" projects to an involution, y, in A of type ¢, We
may choose y so that C, (t") = Ca (y) < C,(t%). Indeed, choosing a basis for
V as in (7.6) (3) of [5] we take

(I 0 . (I 0 1.
y_<I 1) and x'(M 1) for M—(l '1)‘

As before, consider Y =(N,(Q,), NAo:(Q,)) acting on Q,. Let Q=t¥ and
S =Y. If the projections of the involutions in ) to A are all of the same
type, then we use the argument of Case 1 or of Case 2. So suppose this is
not the case. Let a =t, B =t", and y =t&, with 8, yc Q. As in Case 2, t"¢ Q
and we set Sp= O,(S,s). The embedding of E(S,,) in E(S,) and in E(S,) is
the natural embedding of Sp(l, q) in SL(l, q). Except for the case | =4 these
embeddings determine the embedding of S, in E(S,) and in E(S,). In the
case of 1 =4, E(S,,) could be twisted by a graph automorphism of Sp(4, q).
But in all cases

N(So) NE(S,) £S..

So we consider (N(S,) N E(S,), N(So) N E(S,)) acting on the fixed points of
So on . As in Case 2 we have a contradiction to the main theorem of [9],
unless | =4 and q=2.

For the exceptional case, argue as follows. First check that a, and c,
involutions in Sp(8, q) are each in the derived group of their centralizer. As
q=2, Ng(A)=AK and t£€Cgs(t). Thus t°NA =0 and Y acts on Q as a
rank 3 group. The orbit of ¢* under Cy(¢) has length |GL(4, 2): Sp(4, 2)| =
28 and the orbit of t" under Cy(t) has length 420. So |Q| =449, and we

obtain a contradiction from Sylow’s theorem. This completes the proof of
(3.5).

_Next, we prove an analogue of (3.5) for the orthogonal groups. If
A =0*(n,q), then by (3.1), A=0%(n,q). Also, O¥(C,(J))=JyXD,,
where Jo~J in A and Dy=O*(n—4, q)'.

(3.6) Suppose A =0%(n, q)'. Then, either
@) tSNAGENCUT) #{t}
or

(ii) there exists x € C(t) such that A{x)==O*(n, q), x induces a transvec-
tion on A, and there exists t#t® e C(t) N C(x); moreover t® € D X{(x)X(t),
where Sp(n—2, q)=D = C,(x).
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Proof. First suppose that
tSNCEHN(N(A)—AC(A)) #0.

Choose t" e C(t)— AC(A). If A(t")# O*(n, q), then t" induces a field or
graph-field automorphism on A and A=0%(n, q)". By (19.1) and (19.6) of
[5] we see that all involutions in C, (t")t" are fused. Since n=8, C, (t") =
C,(t")* =< A", and so (i) holds. Suppose then that A(t")= O*(n, q). Then t"
induces an involution of type b, on A, and therefore centralizes a transvec-
tion x € A(t"). So here (ii) holds. We assume from now on that t° NC(t)=
AC(A). Let x be the projection of t® to A. Then x is of type a; or ¢,
assuming (i) false; the possibilities are given in the following table.

n=0 (mod 4) n=2 (mod 4)
+ ’
O*(n, q) Q25 Cu2 An—2)12> Cn-2)2
- ’
O7(n,q) A—ay2> Cry2 An-2)12> Cn—2)12

If possible, choose t® so that x is of type a;.

Consider A acting on the natural module, V, for O*(n,q) and set
Vo=V, t8]. If x is of type a,, then V|, is totally singular, while if x is of type
¢, V, contains a unique totally singular (I—1)-subspace, V; (see (8.4) of
[5]D. Let Q=CAo(Vy)NC,(V/V,). Then Q is an elementary 2-group. If
yeQ is A-conjugate to x, then [V,y]=V,, so x~y in N4(Q). The
arguments here will be similar to those of (3.5) for the case A = PSp(n, q).

We begin with the following observations. If ye N(A) with A(y)=
O*(n, q), and if x is of type a;, with | <n/2, or of type x, then (ii) holds. For
in these cases x centralizes a transvection in A(y) (consider an orthogonal
decomposition of V into a 2-space and an (n —2)-space). So in the presence
of a graph automorphism of A, we may assume that x is of type a,
with [ =n/2. In the latter case N(Q)NN(A) does not contain an involution
acting as a graph automorphism on A. Let C=(t° NC(t t?)). Then
C=AC(A)NABC(A?). We check that

O,(C((t, 7)) = O5(C) X Ox(Ck (1) = O(O)R,
and using (10.2) of [5] we have
ClO,(O)= OZI(CA(tg)/Oz(CA(tg)))-

Say | =n/2. The arguments here are similar to those in the proof of (3.5)
for A = PSp(n, q). However, note that here we cannot have t# t" € Q(t) with
t" projecting to an involution of type different from that of x. So Case 3 in
(3.5) does not occur here. The analogue of Case 1 goes as before, but in
Case 2 things are a bit different. Again we obtain a 2-transitive group
S = Y. But here a computation shows that, for a €, S, is an extension of
a parabolic subgroup of L(l, q) corresponding to the stabilizer of a hyper-
plane of the usual module for SL(I, q). We also have the structure of S,z for
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a# B e (see (8.8) of [5].) Using O’Nan [12] we obtain a contradiction. So
now assume that [ =(n—2)/2.

Assume first that x is of type a,—,),. Then, from (8.6) of [5] or from the
Lie structure of A, we compute

Q=Z(0,(Ca(t?))) and Q,=Q(t)=0,(Z(C)).

The wusual argument shows that Y =(N,(Qp), Ns:(Qp)) induces a 2-
transitive group or rank 3 group on t¥. The 2-transitive case is out by (2.1).
In the rank 3 case we may assume t® € Q. Choose a basis for V as in (8.2) of
[5]. Then t® has matrix form

1
I 1
Let t" be the element of Q with matrix form
1 11
01
where M= I_,
. 11
M 1 01

Then t5t" has type a,. But t® ~ t¥ ~ t, and by symmetry t%t"* ~ t2. Therefore,
=2, whereas n=10 here.

Next, assume that x has type a(,_.y». As above, consider the groups Q,
and Y, with Y 2-transitive or rank 3 on t¥. The rank 3 case does not occur
for n=8. This is because x is then of type a,, so x€C,(x). We are
assuming there are no graph automorphisms in this case, so t¢ Cg(t)'.
Therefore t# x. So in the rank 3 case [ =4 and the argument of the previous
paragraph gives a contradiction. In the 2-transitive case the contradiction
follows from (2.1) (as above), except when [ =2. So now assume [ =2 and
let I =0,(C). Then x is a 2-central involution in A, IN A is special with
center of order g, and

C/T=(C/D) x(Cy/T)=L,(q) X L,(q?).
Considering the embedding of C in N(A#%), we see that g may be assumed
to normalize C. So recalling the definition of U e Syl,(A), we may assume
g € N(U(t)), and hence g € N(I,) for I, = U{t) N C,. Notice that I, is just the
product of I with a root subgroup of A.

We will consider the group W, = U(t) N\ Cg(I;). Computation within the
Lie structure of A shows that W, = W(t), where W = O,(P) and P= N, (W)
is the stabilizer of a singular 1-space of V. Now S =(P, g) acts on W, and we
consider 8 =t° N W,. The involutions in W are of type a, and c,, so since (i)
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is false, each involution in t° projects to an involution of type a,. As usual,
x € Co(x)' implies t5 < Wt. Therefore, S° is 2-transitive and |0|=1+n,
where n=(q>+1)(q*>*—1) is the number of a, involutions in W. Also
C(t)N S® contains a cyclic normal subgroup of order q—1. So for q> 2 this
is against Theorem 3 of [3].

For q=2 we use a special argument as follows. First note that S°
normalizes W = (t"t*: t", t* € Wt). We have P= WL for L=SO7(6,2). Let a
be an involution in S¢ interchanging t and ¢% Then setting t = a, t* = 8, we
have a stabilizing Sz, where S&; is the extension of an elementary group of
order 2* by SO™(4,2)=As. Let Ze Syls(Sss). Then |N(Z)N S| =20 and
Sylow’s theorem (applied to S°) gives |N(Z)|=60. From the action of Z on
W we have an element of order 3 in S — S, centralizing Z and irreducible on
the klein group Cw(Z). Now, L preserves a non-degenerate quadratic form
on W and, of course, the associated alternating bilinear form. The non-zero
singular vectors in W are just the a,-involutions. Viewing Z=S07(6,2)=
Sp(6,2) we see that the above mentioned 3-element is necessarily in
Sp(6,2) It is then easy to conclude that S®=Sp(6,2). But then |S°: S&|=
56>|6|, a contradiction.

The remaining case is when x is necessarily of type ¢, for | =(n—2)/2.
Again we set Q= Q(t). As in (3.5), xe C,(x), and as before, t£ Cs(t)'.
Therefore t° N A =@. From (8.8) of [5] we have

C/O,(C)=Sp(1-2, q) X SL(2, q).

We will show that Q, can be recovered from the abstract structure of C.
Once this is done we will have Y =(N,(Qy), NA:(Q,)) 2-transitive on
t° N Q,, at which point the earlier arguments for x of type c,, give a
contradiction.

To recover Q, from C argue as follows. First assume [—-2>2. Let H, be
the complete preimage of-the SL(2, q) factor of C/O,(C). This group is well
defined as [—2>2. Let H, be a (q+ 1)-Hall subgroup of H,. Then Hj is
determined, up to conjugacy, within C. Also, it is easy to check that
O?(C, (Ho))=SO7(21, q) and Cc(H,)/H, has the structure of the centralizer
of a ¢ involution in SO™(21, q). The arguments in Case 2 of (3.5) show that
Q is determined from the abstract structure of C.(H,). This shows that for
[-2>2, Qq is determined by the abstract structure of C.

Finally we assume [—2=2, | =4, Then

ClOx(C)=SL(2,q)xSL(2, q).

If q>2, then C/O,(C) contains precisely two proper normal subgroups,
while if g =2, C/O,(C) contains precisely two normal subgroups of order 3.
Let C, and C, denote the preimages of these factors. One checks that if C;
corresponds to the factor centralizing Q, then |Z(C,)|>|Z(C,)|. So C,=H,
is determined by C, and we can choose H, as before. This completes the
proof of (3.6).
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4. Standard subgroups

For this section we assume the notation of §3. The results in this section
are aimed at showing that for a suitable subgroup, X = A, the group Cg5(X)
contains E(C, (X)) as a standard subgroup.

(4.1) Notation. Assume A has Lie rank at least 3. We define a subgroup
of N(A) as follows. If A% O*(n, q)', then let X be a (q+1)-Hall subgroup
of J=SL(2,q). If A=0*@8,q), let X=0,(F), where F<A is the
stabilizer of a non-degenerate 2-space having index 1, of the natural
orthogonal space for A. Here X is cyclic of order q— 1 (recall, q>2 here)
and E(CAa(X))=0%(6,q)'. Finally, suppose A=0%n,q), but
A#0*(8,q). In the notation of (3.6), let X be a (q+ 1)-Hall subgroup of
JJ, if (3.6)(1) holds and X =(x) if (3.6)(i) fails to hold. In all cases set
D = E(Ca(X)). _ _

Let J=1J, if A2 0*(n,q)' and J=J X J,, otherwise. Set Dy=E(C4 (J)). If
A% 0%(n,q), then J=J=(V,, V_,) and D, is the Levi factor in C,(V,) that
is generated by root subgroups for certain roots in 3.

(4.2) There exists t*# t with t* € C(X)N C(t) and C,(t*) 2-constrained.

Proof. If A% O*(n, q), then this follows immediately from (3.5). Suppose
A =0%(n,q),but A= 0O"(8, q)'. Then (3.6) gives the existence of t&# t with
t* € C(t) N C(X). The only way C,4 (%) could fail to be 2-constrained is that
A(t8)=0*(n, q) with t® corresponding to a transvection. If this occurs
consider C, (t8)=Sp(n—2, q). Then C, (t*) = C, (1)< A% and t* ~ t%a for
a an involution in the center of a Sylow 2-subgroup of C, (t8). Using the
symmetry between N(A®) and N(A) we get the result.

Finally, suppose A =PSO*(8, q) and let V be the natural module for A.
Choose t® according to (3.6) and argue as above that we are done if ¢®
induces a transvection on A. So C,(t®) is 2-constrained and it suffices to
show that % can be chosen to centralize a non-degenerate 2-space of V with
index 1. If (3.6)(1) holds, this follows as t* will centralize the 4-space
[V, JJ,). Suppose (3.6)(i) fails to hold. Choose t® € D X(x)x(t) as in (3.6)
(ii). Assuming the result false, we see that t®* must induce an inner au-
tomorphism of type a, or c,. The former is impossible as t* centralizes the
transvection x. So all such involutions project to involutions in A of type c,
and we can use the argument in the fourth paragraph of the proof of (3.6) to
get a contradiction.

(4.3) If A%20*(n, q), then D=D,. If A=0%(n, q), but A% O™(8, q),
and if (3.6)(1) holds, then D = D,

Proof. If A=0*(n, q)' (in fact if A/Z(A) is any classical group), then
this can be checked directly by considering the natural module for A.
Otherwise, we argue as follows. We first will show that for ge A, X=<J®
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implies J& =J. This implies that N, (X)=N(J)=N(D,) and the result fol-
lows.

Suppose, then, that ge A and X =J2 If A/Z(A)= G(q) is an untwisted
Chevalley group, consider X =G(q?) =Z. If G(q) is twisted, let Z be the
Chevalley group from which A/Z(A) is constructed (e.g. A/Z(A)=2Eq(q),
Z=Egq?). Then J=J,<Z, where J,=SL(2,q° is generated by root
subgroups. Now X is contained in a Borel subgroup of J; and hence a Borel
subgroup of Z. So N,(X) is easily determined using the Bruhat decomposi-
tion (see (4.2) of [4]), and one sees that J& =J,. That is X is contained in a
unique conjugate of J;. So J® =J, and we have J® =], as desired.

(4.4) Assume that A% O*(n, q) or A =0*(n, q), but A#O*(8, q), and
(3.6)(i)_holds. Let Y =0(Cg(X)) and let bars denote images in Cg(X)/Y.
Then D is standard in C5(X) and R € Syl,(C(D) N Cs(X)).

Proof. We first claim R e Syl,(C(D)N Cg;(X)). Otherwise, there is a
2-element u € Cg(X) such that iie C(D) and ue N(R)—R. Then ue C(t)=
N(A), so ueN(D). As e C(D), we have ue C(D)NN(A). However,
O?(N(A)NC(D))=JK. This is a contradiction and proves the claim. The
rest of the lemma follows easily. ‘

(4.5) With hypothesis as in (4.4), D# C5(X).

Proof. Suppose false. Then RO(C(X))=Cs(X). The idea is this. Let
I=C4:(X) be t-invariant, where t® is as in (4.2). Then

I=N(RO(C(X))) and I'=1.

Therefore, [I, t]=INO(C(X)), and if I is quasi-simple, then [I, t]=1. For
example, suppose X and X® are conjugate in A8 Then I =E(C,.(X))=D,
so I=C(t), and I=I°"<N(A)® = A. This forces I =D, whereas t¢¢ C(D).
So X and X® are not A%-conjugate. In fact, we can argue:

(*) Forno acA is X*=C(t®) and X°K®~ X*K*® in A"

The rest of the proof will be concerned with either providing a suitable
I<A* or contradicting (*). Let C=Cs({t, t®)) and C,= 0?(C).

First suppose A is an exceptional group and q>2. Then J=J=J=<
N(A®)*® = At so X=AE From the description of centralizers in (13.3),
(14.3), (15.5), (16.20), (17.15), and §19 of [5] we see that te A®K® and
C, (t8) = C4«(t). It follows that we may choose g to normalize (¢, t%). Let
N,(U)=B =P be the minimal parabolic subgroup of A subject to P=
C, (t®). This parabolic subgroup is obtainable from (13.2), (14.2), (15.4),
(16.19), and (17.14) of [5] and in each case P = P"o, where w, is the word of
greatest length in the fundamental reflections {s;,..., s,}. Then L =L"e,
where L = O?%(L,) and L, is the Levi factor of P. Since ge N(C), ge N(Y),
where Y =C®=A®N A. Conjugating by an element y € Y, we have X* <
L. Now set I=(Z, Z¥%), for Z = Z(C,:(t)). The group Z is given explicitly
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in [5] in terms of the root system 3, (all carried to A%, via g) and in each case
I is quasi-simple with |Z(I)| odd. As t projects to an involution in I we have
a contradiction to the first paragraph.

Say A is a classical group and let Z =Z(0O,(C,)). One checks that

O*(Ce,(2)) =(X)O(Ck (1))

This can be computed from the results in §§4-8 of [5] or by passing to the
Lie structure and computing within certain parabolic subgroups of A. Let
C,=0*(C¢,(2)), so that C,=(X“)O(Ck(t)). Now look at C,/C;, where

Cs = 0,(C)O(Cy) = O,({x ) O(Ck (1)).

In most cases the class of XC;/C; is uniquely determined by the structure of
C,/C; (for example, in most cases, J < C, and the class of JC;/C; is uniquely
determined (see Timmesfeld [17])). In these cases we read all of this in
C(t*)=N(A*®) and contradict (*). The exception is when C,/C;=Sp(4, q)
and J=J=SL(2, q). But here, choose a Hall subgroup, X, of C, containing
X, set I = E(Cas(X)) and contradict the first paragraph of the proof, unless
A =Sp(6,2). In the latter case, first argue that we may take ge N((t, t%)).
Then g acts on O?(C({t, t®)))=L and induces an outer automorphism on
L/O,(L)=Sp(4, 2). Considering the action of L{(g) on O,(L), we have a
contradiction.

If A is an exceptional group with q=2 and if |Z(Ca«(t)|>2, then
A =F,(2) (see [5] and [6]) and we can argue as in the second paragraph. For
all other cases we will contradict (*) Let Y=C,(t®) and let bars denote
images in Y/O,(Y). Then O?(Y)=Y, Y2, a central product of Chevalley
groups, where notation is chosen so that J<Y,.

We now have A an exceptional group and q=2=|Z(C,4(t®))|. In most
cases we argue by setting Y = C® = C, (8)® = C,«(t)®, noting that J* <Y
for some a € A and that Y/O,(Y) has just one conjugacy class of (2, 3, 4)-
root involutions (Timmesfeld [17]). In these cases we contradict (*) im-
mediately. The exceptions are as follows, where we list the isomorphism
type of A and the notation for the projection of t® to A as given in [5]:
(E(2), 2), (Eg(2), z) (E4(2), u), (PE¢(2), v). For the last case note that there
is an error in (14.3)(iii) of [5], corrected in [6]. The essential change is that

Ca(0)/O(Co(v))=Ly(q) X Us(q) and [Z(C,(v))|=q=2.
Also, the L,(q) factor is covered by J* for some a € A. Let
Y= 0,3,(C)=C,(v)O;,(Ck(1)),
and check that

02,( Y1/ 0,(Y,) N C((Y1/O( Yl))(z))) =J*Oy( Y/ Oy( Yy).
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So this factor is determined by the abstract structure of C and we again
contradict (*). Similarly, if A =FE4(2) or Eg(2), then

ClO,(C)NC(Y/0x(Y))=T*0,(C)/O,(C) forsome acA.

Finally, assume A =FE,(2). Here Y/O,Y)=F,(2) and X*=<J*<Y, for
some a € A. We may choose g to normalize (¢, t8), hence ge N(C)NN(Y).
The only difficulty is when g induces on Y/O,(Y) an element in the coset of
a graph automorphism of F,(2). However, checking the action of fundamen-
tal reflections of F,(2) on O,(Y) we see that Y admits no such automorph-
ism. This completes the proof of (4.5).

We need analogues of (4.4) and (4.5) when A=0%@8,q) or A=
O*(n, q)' and (3.6)(ii) holds.

(4.6) Assume A =0*(8, q) or A =0*(n, q)' and (3.6)(i) does not hold.
Let Y = O(Cg(X)) or O(Cs(X))X, respectively, and let bars denote images in
Cs(X)/'Y. Then D is standard in Cg5(X) and R € Syl,(C(D) N Cg(X)).

Proof. For A=0"(8,q) this follows as in (4.4). Suppose
A=0%(n,q), A%O0*8,q),

and (3.6)(i) fails to hold. This is also similar to (4.4), although there is a
difference. Namely, in trying to show

Re Sylz(c(ﬁ) N Cs(X))

we assume otherwise and obtain an element u e N(R(x))— R(x) such that
ue C(X)NC(D). So it is possible that t*=r¢x. If this happens consider
Ng(A*). As n=8, D=D®=A" and A*(t)=0*(n, q) with t inducing a
transvection on A*. If 1#deD is in a root group of D=Sp(n—2,q) for a
short root, then x ~dx by an element of A, so t* ~t“d. By symmetry, (3.6)
(1) does hold, contrary to our assumption.

(4.7) With hypotheses and notation as in (4.6), D# Cg(X).

Proof. 1If é = (07(8, q) (where g>?2), then the arguments of (4.5) apply.
So assume A#O0%*(8,q)'. Then X=(x) with A{x)=0*(n,q) and x a
transvection. Assuming the result false, let C = C,.(X). Then [C, t]=CNY,
and so either ¢t~ tx or

[Ct]=CNOC:(X)=0(0)=1

(see (3.1)). In the first case consider D X{tx)= C(tx) and argue that (3.6)(i)
holds, which is not the case. Therefore, [C, t]=1 and Ca,:(x)= C,:(t).
The results of §10 of [5] imply that either x~t (mod C(A®)) or x
corresponds to an involution of type b, with [ =n/2 and t corresponds to an
involution of type a;_;. As mentioned in the proof of (8.12) of [5], each
involution in O*(n, q) centralizes a transvection except for the one case of g,
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involutions in O*(2l, q). Consequently, t® cannot project to an a,, involu-
tion in A.

First suppose that ¢t can be chosen in C(X)NAC(A). Let
A=t°NC@E)NC(e).

Since (3.6)(i) is false we necessarily have A< (x2)A%K® (see §19 of [5]).
Assume also that x ~t (mod C(A#?)), so that C,.(x) = Cx:(t). From this we
conclude that A< Cg(x). Now view this in N(A) and apply (10.6)—(10.8) of
[5] to conclude that t® induces an involution of type b, on A. This
contradicts the choice of t8. Therefore, the earlier remarks give t€ A*C(A?)
projecting to an a,_; involution, x corresponding to a b, involution, and
I=n/2. Since C,.(t)=N(A), we easily see that t* must project to an q;,_,
involution in A.

Let W be the natural module for A and let y be the projection of t® to A.
Then W,=[W, y] is a singular (I —1)-space and

Q; = Z(0,(C, (t8){x))) = C(Wo) N C(W/ Wp).

Let Q = Q; X(t). One checks that QN t® consists of t together with involu-
tions projecting to involutions in A of type a;,_,. Now consider N=
(NA(Q), NA:(Q)) acting on t° N Q =(. At this point we argue as in Case 1
of the proof of (3.5), using the permutation group N**. The only difference is
that in the case where N is rank 3 on  we first choose t® € A and then
notice that there is an element t" € QN A with t"t® of type a,. This leads to
a contradiction as in Case 1 of (3.5).

Now assume that it is not possible to choose t® € AC(A) and t® € C(X). So
A(x)=0"(n, q) and each involution t#t" € AC(A) projects to an involu-
tion in A of type a;, where | =n/2. Choose t#t"e AC(A) (possible by
(3.2)(1)) and let W be the natural module for A. If y is the projection of t"
to A, we have [W,y]=W,, a singular l-space. As above let Q;=
Co(Wy) N CL(W/W,) and Q = Q, X(t). Then Q is elementary abelian. As
C.o(t")=N(A")NC(p), it follows that ¢t projects to an involution of type a;
in A" This time set N=(N,(Q), NA»(Q)) and obtain a contradiction by
considering N, where Q=t° N Q. This completes the proof of (4.7).
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