ILLINOIS JOURNAL OF MATHEMATICS
Volume 23, Number 4, December 1979

ON THE DENSITY OF SEQUENCE {n.¢}

BY
A. D. POLLINGTON

Introduction

In his paper Problems and results in Diophantine approximations II which
appeared in [2] Erdos asked the following:

Given a sequence of integers n,<n,<n, - - - satisfying n,_/m.=a >1,
k=1,2,...,is it true that there always exists an irrational ¢ for which the
sequence {n, &} is not everywhere dense?

Here {x} denotes the fractional part of x.

Strzelecki [5] has shown that if a =(5)*3, and (%) is a sequence of positive
real numbers, not necessarily integers, with ¢, ./t > « then there is a £ such
that {t.£}e[B,1-B], k=1,2,..., for some B>0.

It is the purpose of this paper to provide a complete answer to the
question of Erdds by providing the following.

TueoreMm. Let (t,) be a sequence of positive numbers such that
(1) G =tialt,=a>1 for n=1,2,...

and let so be a real number 0<s,<1 then there exists a real number

B =B(a, s9)>0 and a set T of Hausdorff dimension at least s, such that if
E€T then

(2 {t&telB,1-B] for k=1,2,....
We have the following immediate corollary.

CoroLLARY. The set of numbers & such that {t.£} is not dense in the unit
interval has Hausdorff dimension 1.

A similar result has recently been obtained independently by B. de
Mathan [3], [4].

Proof of the Theorem. We note that it is sufficient to prove the theorem
under the additional restriction that q,=<a> for we can form a new
sequence (t,) from (t,) by introducing new terms between #. and #,, if
tesr/te >a?, so that a<t), . /ti<a? n=1,2,... . Obviously if the assertion
of the theorem holds for some sequence (t,) it holds for any sub-sequence

(t,) of (t,).
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Choose reN so large that

3) a’"—(r+2)>a™

and put

(O] N=a? and e=N"(r+1).
We will show that (2) holds with

(4a) B=3N""e

and with £ belonging to the intersection of a sequence of certain closed
intervals. We will construct these intervals using the following lemma.

LemMa. There is a sequence of pairs (ay, b.) of real numbers satisfying:

(Ar+1) G = Qi1 <brr1 =< beqgy;

(B) [a, be] has no integer interior points;

© l([ari+1’ brj+1]) = b-—j+1“an'+1 =N7,j=0,1,2,... ;
D,) ifr-D+l=m=rj

then

bi

t'” (bn—B) and ay,, =2

t'” (G + B).

Proof. Choose [a,, by] to have no integer interior points and length N™".

Suppose that a,, by, ..., a;.1, b;+1 have been constructed to satisfy the
conditions (A;.4), (B), (C),(D;), 1=i=rj.

Put k=rji+1. We will construct [ay.1, besi1l, ..., [Aksr Drsr] so that

(Ak+19 ] (Ak+ra)9 (B)9 (C)9 and (Dk), cee (Dk+r—1) are SatiSﬁed-
Put

b=

A = [ak9 bk]
A(1) = qi A = [arqs, biai ]
A(2) = q.1A(D)

A(r) = quir—1A(r—1)
Now [(AD)<IAQR) < -+ <U(A(@))=1 since
IAM)=N"q** " Ggsr1=<NT"-N'=1.

Hence each of the intervals A(i) contains at most one integer interior
point, N; say. (If there is no integer in A(i) choose N; arbitrarily in A(i).)
In A(i) order the points
Alx * ** Gieri—1> N1Gie1 * * ° Qesi-1

NoGesz** * Qaiz1s+ -+ Ny bigy + + + Qi +i—1
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and relabel them P <PP=< --- <P®,, 1=i=r. Clearly [P{’, P{},] has no
integer interior points and for all i, j there is an I = [(j, j) such that

&) [P{°, P11 Guia[PFP, PSP
Put
J(r) =[P +¢/2, P —¢/2]U - - - U[PP +¢/2, PRy — /2]

where we take [a, b]=@ if a>b. Then J(r) is the union of at most r+1
intervals and has measure m(J(r)) = l(A(r))—(r+1)e. Let

I[PV +¢/2, PR —g/2]=LN".
Then mJ(r))=Y!_o LN~ and so
d l(A(r)) _(r+De
¥ n1-50-
l(A(r))

—(@r+1)

—(r+2) by (4.

Hence we can find at least I(A(r))/N~" —(r +2) disjoint sub-intervals of A(r)
of length N~ whose distance from any point P{" is at least &/2.
Choose one of these arbitrarily to be [a,..,, b...] then

6) [ax.rrs bsr ] [PP, P, for some .
Now suppose that [a,.;, b+ 1< [P, P,]; then, by (5),
(7) [+ D] S Qe o[PY, PEFP),  1=1G, ).
Put

(8) Qrg1=PF ™ and b, ,=PE".

Thus Starting with [ak+r9 bk+r] define [ak+r—-19 bk+r—1]’ R ] [ak+1’ bk+1]'
Clearly (A,.), (B) and (C) are satisfied for [a,,b,], l1=m=<k+r=
(j+Dr+1. We now have to show that (D,,) is satisfied for ri+1=m=
r(.,+1) Now by (6)’ (7) and (8)’ bk+r+%85bk+r—1qk+r—1 and bk+i =
bi+j-1GQk+j—1, 1 =j<r. Thus by (1), (4) and (4a),

betr €
bk-t-r = bm o T A

tw 2

tm 2qm *C Gr4r-1

b rr
s';—(bm—ﬁ).
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Similarly @i, = (fsr/tn)(@m +B). Hence (Aiiy),...,(Aws), (B), (O,
(Dy), . ., (Dr4,—q) are satisfied as required.

We have constructed a sequence of intervals ([a,, b,]) satisfying q,.a, <
Ap 41 < bn+lsqnbn° Thus bY(l)’
e bl Gy

So ([a,/t,, b,/t,]) forms a sequence of closed nested intervals. Consequently
there is a number £ belonging to all the intervals of this sequence. We now

have to verify that {¢,.}€[B,1-B], m=1,2,.... By the condition (D,,),
ri+tl=m<r(j+1),

a,; 1 t;.
+B) <A<t <—02(p,. - B),
e 1 OB S, (B

1t

thus a,+B=t.£<b,—pB. But by (B), [a,.,b,] has no integer interior
points. Hence {t,.£}e[B,1-B8], m=1,2,... .

To show that there are uncountably many such £ we only have to note
that at each stage in the construction there are two disjoint choices for

(@41, b1, 1=0,1,2,...,and consequently for [ay.1/t+1, brsa/tys), §=
0,1,2,... .

We will now use a result due to H. G. Eggleston [1] to show that the set
of ¢ satisfying the above conditions has Hausdorff dimension, at least s,.

TueoreM (Eggleston). Let A, be a set of intervals, N, in number, each of
length &,. Let each interval contain n,.,>0 disjoint intervals of length
8i+1 (Ax+1)- Suppose that 0<so=<1 and that for all s <s, the sum

¥ 21 (N, (8,)7)

k 6k
converges. Then P = (_, A, has dimension greater than or equal to s,.

We apply this theorem with

o b,
Ay = {set of possible intervals [&Eﬂ, —'ﬂ] after [a,, b,] has been selected}.
b+ bic+1

Then P< T, N, =1}, @r-1i ** * @i —(r+2)), and
8 =N"(q:" " Gu+) "
Now a"—(r+2)>a™ by (3) and so since q-1y+1° * * G >a” by (1) then

qdi-1yr+1 " " Qir _(’+2)>Q(i—1)r+1 * Qi
and so N, >(q142 " * * Guc)™-
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Let 0<s<s,. Then

8 — - r s S-S,
L (N(@)) =¥ Y (4 qa)*™
k k k

= a2r+2rs z (ar(s—so))k
k
which converges and so T has dimension at least s,.
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