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NORMAL N.E.C. SIGNATURES

BY
E. BUJIALANCE

1. Introduction

By a non-Euclidean crystallographic (N.E.C.) group, we shall mean a
discrete subgroup I' of isometries of the non-Euclidean plane with compact
quotient space, including those reverse orientation, reflections and
glide-reflections.

Let G denote the group of isometries of the upper-half plane D and let G*
denote the subgroup of index 2 in G consisting of the conformal
homeomorphisms. If I" is an N.E.C. group we let R(I', G) denote the set of
isomorphisms r: I'— G with the property that »(I") is discrete and D/r(I’) is
compact. ry, r, € R(I', G) are called equivalent if for all y € T, r,(y) = gr,(y)g !
for some g € G. The quotient space is denoted by T(I', G), the Teichmiiller
space of I'. It is homeomorphic to a cell of dimension d(I'). If I is a Fuchsian
group with signature (g; +; [m, -+ m,]) then d(I') = 6g — 6 + 2:i. Singerman
[3] states that if I" is a proper N.E.C. group, then d(I') = 4d(T'*).

Macbeath and Singerman [2] have proved that Mod (I') fails to be effective
in its action on T(I', G) if and only if there is an N.E.C. group I'; with
dim I'; = dim I" and an embedding o: ' T',.

We shall find here the signatures of all N.E.C. groups I'" such that Mod (I')
fails to be effective in its action on T(I', G). For this to be done we shall define
in (Section 3) the concept of normal signature. The computation of these
normal signatures on N.E.C. groups allows us to solve the problem (Section 4).

The corresponding problem for Fuchsian groups, was essentially solved in
the work of Singerman [4].

2. N.E.C. signatures

N.E.C. groups are classified according to their signature. The signature of an
N.E.C. group I is either of the form

(%) (g; +;[my ---m]; {("11 g (g e "ks,,)})
or
(%) (9; —smy - mJ; {(ny, - Nig) " (g - nksk)})

The numbers m; are the periods and the brackets (n;; --- n;) the period
cycles.
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520 E. BUIALANCE

The group I' with signature (*) now has the presentation given by
generators

xi i=l, , 1
e i=1,...,k
Cij i=1...,k j=0,...,5

and relations
XM=1, i=1,...,1
G =€ 'cioe, i=1,...,k
oy=c=(cj-y e =1, i=1,..,k j=1..s5
Xy x,ey o egaybiartbyt ooragba; byt =1

A group I' with signature (**) now has the presentation given by generators

and relations
xM=1 i=1...,1,
G =¢ 'coe, i=1,..,k
oy=ch=(y-g ) =1 i=1,..,k j=1..s,

Xy ccX,eq ekdidi d: =1.

(2.1) DeFINITION. Let T' be an N.E.C. group; we say that I' is a proper
N.E.C. group if it is not a Fuchsian group. We shall denote by I'* the
Fuchsian group I’ n G™.

I'* is a normal subgroup of I' with index two. Moreover if I and I" are
N.E.C. groups and I is a subgroup of I"” with index N, then I'* is a subgroup
of I"* with index N.

Singerman [5] proves the following theorem, which determines the
signature of I'* in terms of the signature of T
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(2.2) THEOREM. (a) IfT has signature (x) then T'* has signature
Qg +k—1; +;[my)* -+ (m)’nyy -+ ngd).
(b) IfT has signature (xx) then T' " has signature
@ +k—1; +;0m)* -~ (m)nyy - nig,])

where (- - -)?> means that this proper period is repeated 2 times.

3. Normal N.E.C. signature

(3.1) DEFINITION. Let o, ¢’ be the signatures of two N.E.C. group. We say
that ¢ is normal in ¢’, and denote this g <1 ¢, if there is an N.E.C. group I" of
signature o, and an N.E.C. subgroup I'" with signature ¢’ such that I'<x I"" and
d(I') = d(I'"); I, I'" are called N.E.C. groups associated to g, ¢’, respectively.

(3.2) PROPOSITION. Let 6, ¢’ be the signatures of two N.E.C. groups such that
o<1 a’', and assume that I and I" are proper N.E.C. groups of signatures o, o',
with T<a . Then, if ¢* and o't are the signatures of T'™ and T'*, we have

+ ’+
ct<ad”.

Proof. First we prove that T* < I"*;sinceF’< I",forte I’'* andgqe ",
then gqtq~! preserves orientation, whence it belongs to I'*; thus T < %,
Now

d(T) = Hd(T*))
d(I") = Hd(I' ™))
hence dT'*) =d(I"*),and c* < o’*.

(3.3) PROPOSITION. Let o and o’ be two N.E.C. signatures; then 6 <a ¢’ if and
only if there are groups T, I'' with signatures ¢ and ¢’ such that T < I" and
ct<o”.

Proof. If o< o', there are I' and I'" with ' I"’; thus (3.2) implies
ct<d”.

If there are groups I', I'" of signatures o, ¢/, satisfying T < I"" and 6* < ¢'*,
then d(I') = d(I"") because 6* <a ¢’ *; thus, 6 < ¢'.

Let 0, o’ be N.E.C. signatures, and ¢ <1 ¢’, since every normal subgroup of a
Fuchsian group is Fuchsian one, some of the following properties must be
true:

(1) o, ¢ are the signatures of Fuchsian groups;

(2) o, o' are the signatures of proper N.E.C. groups;

(3) o is the signature of Fuchsian group I" and ¢’ that of a proper N.E.C.
group I'’, with d(I') = d(I'"") = 0.
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4. Computation of normal N.E.C. signatures

Now we shall give all pairs of signatures o, ¢’ such that g <1 ¢'.

First we consider the pairs corresponding to Fuchsian groups, thus were

given by Singerman [4], and are the following.

I’ r
0; +;02,2,2,2,22]) 2; +;[—)D
©; +;02,2,2,2,¢t]) (1 +;[5tD
0; +;0[2,2,2,2t]) (1 +; (D)
©; +;[2,2,2,¢]) O; +;[tt,t,t]) (t=3)
0; +;[2,2,t,u)) 0; +; [t t,u,u]) (max(t, u)=>3)
©0; +;[3,3,t) O; +;[ttt]) =9
©; +;[2 3,2t) O; +;[tt,t]) =49
0; +;[2,t 2u]) O; +;[t,t,u]) t=3,t+u=7)

MAWNNBRDDDDODDN

[I': I

We shall use Proposition (3.3) to compute the remaining pairs of normal

signatures, which correspond to the cases (2) and (3) of Section 3.

Let 6* = (2; +; [—]) and assume that in ¢ the plus sign appears. Then,
accordingly to (2.2), we have 2g+k—1=2; hence g=0, k=3, 0or g=1,

k = 1; therefore, the possible signatures are
0, =0; +; [—1; {9}
o, =1; +; [—1; {I).

If in o appears the minus sign, we have g + k — 1 = 2; hence

g=1 k=2
g=2 k=1
g=3 k=0;

therefore we respectively have
o3 =(1; —; [ {=)
0a=02; = [=1{)
os=03; —; [

Proposition (2.2) now gives us the N.E.C. signatures ¢’ when ¢'*

=0; +;

[2, 2,2, 2,2, 2]). If the plus sign appears in g, we have 2g + k — 1 = 0; hence

g =0, k = 1, and therefore we respectively have
oy =0; +;[—1;{2222,22)}
o2 =05 +;[21; {2 2,2,2)})
o3 =(0; +;[2,21;{(2 2}
0 =(0; +;12,2,2}; {9}



NORMAL N.E.C. SIGNATURES 523
If the minus sign appears in o, then g + k — 1 =0; hence g = 1, k = 0, and
therefore we respectively have
Now, assume that I'; and I'; are proper N.E.C. groups associated to ¢; and
o, when
ai+ = (2; +; [_]) and aj,+ = (0; +; [29 2’ 2’ 2’ 2’ 2])’

such that I'; <T;. Not all the preceding computed pairs g;, ¢ are admissible;
the results of (1) make it possible to restrict our study to the pairs

a0, a’y 0,4 04 04
a’, 0, gy 0, 04 O
gy 0, 0y 03 g's 05

The following propositions will tell us what are the possible ones among
them.

(4.1) PROPOSITION.  Given a', and o, there is an N.E.C. group I'} of signature
d', and an N.E.C. group I, of signature o, such that I' | <a T".

Proof. Let I'} be an N.E.C. group with signature ¢;. By (Section 2) we
already know that a set of generators and relations of I'} is given by
generators

Cq, C3, C3, C4, Cs5, Cg, Cq
and relations
(c1c2)? =(c3¢3)* = (c3¢a)* = (cacs)* =1,

(cs 06)2 = (5607)2 =1,

EG=c2=c2=c2=ci=ci=c2=1,
circy=1
We define an epimorphism
VA -
0:T,—»—=1{0,1

in the following way:
Oci) =1, 6(c)=0, 6lc;)=1, 6O(cs) =0,
Ocs) =1, O(cg) =0, Oc,)=1.
Since 6 is onto,
Iy ~ z
ker 0

b

~_
~—
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hence ker 6 is a normal N.E.C. subgroup of I';. From a fundamental region of

1, we get one for ker 0, and from the last one we have, for ker 6, generators

€ =0C3Cs, € =01C3, €3=0C5C5 Cy Cyy Ce>
and relations
diehey=1, e lc,eic, =1, eyl ehe, =1, €y lcgesce=1.
Therefore the signature of ker 6 is
oy =(0; +; [—1; {5

thus, ker 6 is the group I'; we wanted.

(4.2) PROPOSITION.  Given o', and 6, there is an N.E.C. group I'’, of signature
a%, and an N.E.C. group 5 of signature o, such that I'y<a I'),.

Proof. Let I', be an N.E.C. group with signature ¢,. By Section 2 we
already know that I', has generators

X1, €15 C15 €25 C35 C45 Cs,
and relations
x,-e;=1, x2=1, eflc,e;cs=1,
(1)’ =(c2¢3)? =(cs¢a)* = (cacs)’ =cl=cf=ci=ci=ci.
We define an epimorphism 6: I', — Z/(2) in the following way:
0x;) =1, 6c))=0, 6(c))=1 6cs)=0,
Ocy) =1, 6(cs)=0, Oe)=1.
Since 0 is onto,
L, Z
ker 6 (2)°

hence ker 6 is a normal N.E.C. subgroup of I',. From a fundamental region of
", we get one for ker 6, and from the last one we have, for ker 0, generators

€1 =10304, dy=X1Cy, €3 =0C4X1C3%;, C3, Cs,
and relations
el leseic; =1, eylesehes=1, ejeydi=1.
Therefore the signature of ker 6 is
o3 =(1; —; [ 1 {0
thus, ker 6 is the group I'; we wanted.

(4.3) PROPOSITION.  Given ¢’y and ¢ ,, there are no N.E.C. groups I'; and T,
with signatures o and o, respectively, such that I'y<a T';.
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Proof. Assume there is such a pair of N.E.C. groups I',, I';. Then
r, 2z
L~
because [I'3: I',] = 2. Therefore, there is an epimorphism
0:T3— Z/(2)

satisfying ker 6 = T,.
We shall show the impossibility of this. Since I'; has generators

X1, X2, C15 Cg, C35 €1,
and relations
erlciejca=1, x;x,e, =1,
(1’ =(c2¢c)f’ =ci=ci=ci=1 xi=xi=1,

and T, has the signature (1; +; [—]; {(—)}), 6(x,) = 1 and 6(x,) = 1. Since
e;x1 X, =1, 0(e;) = 0. Thus I', has an empty period cycle, and no period; and
for the remaining generators we must have

0y 8c)) =0, 6(c;)=0, 6(cs) =0,
or
@ Ocy) =1, 6c;) =0, 6(c;)=1

For case (1), we shall see in (4.4) that ker 6 has o, as signature. In case (2),
ker 6 has generators

dy=c3%;, dy=xy01, € =cy¢3 ¢y
and relations

e lc,eic, =1, ejd?di=1, c2=1.
Therefore, the signature of ker 6 also is g,, whence it cannot be I',.

(4.4) PROPOSITION.  Given d’y and 6, there is an N.E.C. group I'’y of signature
0%, and an N.E.C. group T, of signature o4, such that I' < T';.

Proof. Let I'; be an N.E.C. group with signature ¢%3. By Section 2 we
already know that I'j has generators

xla Xz, cl’ 025 CS, el,
and relations
e;lcl el C3 = 1, xl X2el = 1,
2 _ 2 _ 2 .2 a2
(c1c))” =(crc3)’ =ci=c3=c5=1,

x2=1 x(=1.
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We define an epimorphism §: I'; — Z/(2) in the following way:
0(x) =1, 6(x;)=1, 6(c,) =0,
b(c;) =1, 6(c;)=0, 6(e,)=0.
Since @ is onto,
I ~ V4

ker 6 (35

hence ker 6 is a normal N.E.C. subgroup of I';. From a fundamental region of
%, we get one for ker 6, and from the last one we have, for ker 0, generators

dy =Xy, dy=03X;, €1 =X30%XX1€;3%Xy, C)=X1C3%y,
and relations
¢ didi=1, ée'cieici=1, =1
Therefore the signature of ker 6 is
04 =(2; —; [0 {0
thus, ker 6 is the group I', we wanted.

(4.5) PROPOSITION.  Given o/, and o ,, there is an N.E.C. group I'; of signature
o4, and an N.E.C. group T, of signature o,, such that I'y < I';.

Proof. Let I', be an N.E.C. group with signature ¢,. By Section 2 we
already know that I';, has generators

X1, X2, X3, €1, Cy,

and relations

X Xpx3e; =1, eflcieic; =1, x3=x3=x}=1 ci=1

We define an epimorphism 0: I', — Z/(2) in the following waiy:
Bx) =1, 6(x;)=1, O(x3)=1, Oe)=1, 6(c,)=0.
Since 0 is onto,
r, ~ z

ker 6 (2)

hence ker 6 is a normal N.E.C. subgroup of I';. From a fundamental region of
+» we get one for ker 6, and from the last one we have, for ker 0, generators

— — —_ -2 —
a;=Xx1X;, by=x;x;, € =x,e7°x;, ¢} =x.01xy,
and relations

eia;bai'b;t =1, e icieici=1, =1
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Therefore, the signature of ker 0 is
o =1 +; =1 {);
thus, ker 0 is the group I';, we wanted.

(4.6) PROPOSITION.  Given o, and g5, there are no N.E.C. groups I'), and Ty
with signatures o}, and o5 respectively, such that T'; < T',.

Proof. Assume there is such a pair of N.E.C. groups I'5, I'y. Then
L 2
I's
because [I';: I';] = 2; thus, there is an epimorphism
0:T',— Z/(2)
satisfying ker 6 = T';.
We shall show the impossibility of this. Since I'}, has generators
X1, X2, X3, €y, Cy,
and relations

X1 X,X3e; =1, eflcie ey =1, x2=x2=x3=1 c2=1,

and I'; has the signature (1; —; [—]; {9}, 6(x;) =1, 6(x,) =1 and
O(x;) = 1. Since x;x,x3e; = 1, (e;) = 1. Now, I'; has two empty period
cycles, and no period; thus 6(c,) = 0. But for this case we have already shown
that ker 6 has signature o,, whence ker 6 cannot be I';.

(4.7) PrROPOSITION.  Given ¢, and o, there are no N.E.C. groups I';, and T,
with signatures o), and o, respectively, such that T, < T},

Proof. Assume there is such a pair of N.E.C. groups I', I';. Then
L2
r, @
because [T';: I'y] = 2; thus, there is an epimorphism
0:T,— Z/(2)

satisfying ker 6 = T,.
We shall show impossibility of this. Since I', has generators

X1, xZa x3’ el’ cla
and relations

X X,%X3e, =1, eflcieje; =1, x}=x2=x3=1, c}=1,
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and T, has the signature (2; —; [—1; {(—5)}), 0(x,) = 1, 6(x,) = 1 and 6(x;) =
1. Since x, x, x;e; = 1, O(e;) = 1. Now I', has an empty period cycle, and no
period; thus 6(c,) = 0. But for this case we have already shown that ker § has
signature g,, whence ker 6 cannot be I',.

(4.8) PROPOSITION.  Given o), and as, there is an N.E.C. group I'y of signature
a4, and an N.E.C. group I 5 of signature o, such that T's<a T'}.

Proof. Let I', be an N.E.C. group with signature ¢,. By Section 2, we
already know that I';, has generators

X1, X2, X3, €3, Cyp,
and relations

X1X;X3e; =1, eflcieje; =1, x2=xi=x3=1, c¢i=1

We define an epimorphism 6: I', — Z/(2) in the following way:
Ox;) =1, O(x)=1, O(x3)=1, O(c;)=1, Oe) =1
Since 0 is onto,
r, z

~o

ker 0 (2)

hence ker 6 is a normal N.E.C. subgroup of I'};, and it has generators
dy=cyxy, dy=x;01X1Xp, d3=X;X;C;X1X;X3,
and relations
d?didi=1.
Therefore, the signature of ker 0 is
os=03; —; [,
thus, ker 6 is the group I's we wanted.

(4.9) PROPOSITION.  Given o's and o5, there are no N.E.C. group I's and T's
with signatures o's and o 5 respectively, such that I's <1 I's.

Proof. Assume there is such a pair of N.E.C. groups I's, I's. Then
rs Z
.~
because [T'5: I's] = 2; thus, there would be an epimorphism
0:T's— Z/(2)
satisfying ker 0 = I's.
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We shall show the impossibility of this. Since I'; has generators

X1, X3, X3, dy,

and relations
2=xl=xi=1, x;x,x;3d?=1,

and I'5 has the signature (1; —; [—]), 0(x;) = 1, 6(x,) = 1 and 6(x;) = 1. Since
Xy X, x3d? =1, 6(d,) # 1, 0, whence it cannot be an epimorphism 6 with ker
9 = rs.

X

Similar reasoning upon the remaining pairs of signatures that appear in (2)
and (3) of Section 3, leads to the following list of pairs of normal signatures:

r r [[:T]
©; +;[2,21; {®) O; +; [—1; {00} 2
©; +;[2,2]; {®}) 2; —; [D 2
©; +;[21; {2, 2, 1)} (; —; [ {)) 2
©; +;[2]; {2, 2, 1)}) (1; —; 1 {@& ») 2
(0; +; [_]’ {(2’ 2’ 2’ 2’ t)}) (O’ +; [t]’ {(_)(_)}) 2
(0; +; [_]s {(2’ 29 2a 2’ t)}) (0, +; [—']’ {(ts t)("‘_)}) 2
O; +;[—1:{22,2,2,2,2)}) (0; +; [—]1; {(-HD) 2
O; +;021;{(2,2,2,2)}) 1 = =1 {=) 2
0; +;[2,21; {2, 2)}) 2; = = {) 2
©; +;[2,2,2]; {))) t; +; =1 {=» 2
©; +;02,2,21; {5} G =D 2
©; +;[21; {2, 20)}) 1 = =1 {0 2
©; +;[—1; {2, 2,2, 20)}) ©; +; [—1; {9} 2
0; +;[—1: {22,211} O; +;[t, ]; {(Pe =3) 4
O; +;[—1:{2,.2,2,1) O; +; [ {¢ t, t, )} = 3) 4
O; +;[—1; {2, 2,2, 1)} (1; =5 [t eIt = 3) 4
0; +; [2]; {(t, w}) O; +;[—1; {@t u t, w)}) 2
(max (t, u) > 3)
0; +;[21; {(t, w}) (1; —; [t, ul)max (¢, u) = 3) 2
O; +;[—1 {2 2, 1, w} ©; +; [t, ul; {))) 2
(max (t, u) = 3)
(O; +; [—]9 {(2’ 2a L u)}) (0, +; [_']; {(t’ t, u, u)}) 2
(max (t, u) > 3)
O; +; [—1: {2 ¢, 2, w} ©; +; [1]; {(, w}) 2
(max (t, u) = 3)
©; +;[11; {2, 2)}) ©; +; [t, 5 {0 = 3) 2
©0; +;[t, 21; {}) 05 +; [t, 5 {(} = 3) 2
©; +;[t, 21; {5 (1; —; [t eIt = 3) 2
©; +; [31; {®}) O; +; L {ttot=49 3
0; +;[—1; {2 3,20} O; +; [ {tto=49 6
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r r [r: 1]

©; +;[—1; {2 t, 20)}) ©; +; [1; {}Xe = 3) 2
t+u=7)

©; +;[—1; {2, t, 20)}) ©; +;[—1; {(t t, Wikt = 3) 2
t+u=7

©; +;[—1; {¢t &, w}) ©; +; [t, t, ul)t = 3) 2
t+u=7)

05 +; [11; {W}) 0; +; [t, ¢, ul)t = 3) 2
t+u=7)

©; +; [31; {0} O; +;[t, t, et =4) 6

©; +;[—1; {3, 3,0} ©; +; [ttt =49 6

©; +; [—1; {(m, t, w)}) ©; +;0m t, ulfm #t + u+m) 2
t,tu=dort=7)

©; +;[—1: {2 t, 20} ©; +; [t ¢, ul)t = 3) 4
t+u=7)

©; +;[—1; {2, 3, 20)}) O; +; [t t, e =49) 12

The author wishes to thank the referee for several helpful comments and
suggestions.
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