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Let h > 2. The set A of integers is an asymptotic basis of order h if every
sufficiently large integer can be represented as the sum of 4 elements of 4. If
A is an asymptotic basis of order 4 such that no proper subset of A4 is an
asymptotic basis of order 4, then the asymptotic basis 4 is minimal. It follows
that if 4 is minimal, then for every element a € 4 there must be infinitely
many positive integers n, each of whose representations as a sum of 4
elements of A includes the number a as a summand. Stohr [6] introduced the
concept of minimal asymptotic basis, and Hirtter [2] proved that minimal
asymptotic bases of order /4 exist for all 4 > 2. Erdos and Nathanson [1] have
reviewed recent progress in the study of minimal asymptotic bases.

For any set A of integers, the counting function of A, denoted A(x), is
defined by A(x) = card({a € 4|1 < a < x}). If A is an asymptotic basis of
order h, then A(x) > ¢;x'/* for some constant ¢; > 0 and all x sufficiently
large. For every h > 2, Nathanson [3], [4] has constructed minimal asymptotic
bases that are “thin” in the sense that 4(x) < c,x'/* for some ¢, > 0 and all
x sufficiently large.

Let A be a set of integers. The lower asymptotic density of A, denoted
d;(A4), is defined by d;(A4) = liminf, , A(x)/x. If a=1im,_ A(x)/x
exists, then a is called the asymptotic density of A, and denoted d(A).
Nathanson and Sarkozy [5] proved that if 4 is a minimal asymptotic basis of
order h, then d,;(A4) < 1/h. In this paper we construct for each & > 2 a class
of minimal asymptotic bases 4 of order & with d(A4) = 1/h. This result is
best possible in the sense that it gives the “fattest” examples of minimal
asymptotic bases. We also prove that for every & € (0,1/(2h — 2)) there exists
a minimal asymptotic basis 4 of order 4 with d(4) = a.
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DerINITIONS. Let N denote the set of nonnegative integers. Let 4 be a
subset of N. The h-fold sumset hA is the set of all integers of the form
a, +a,+ -+ +a,, wherea,€ A for i =1,2,..., h. Let

=a,+ - +a,=a{+ -+ +ay

be two representations of n as a sum of 4 elements of A. These representa-
tions are disjoint if a, # a; foralli, j=1,...,h.

The set B of nonnegative integers is a B,-sequence if it satisfies the
following property: If u,,v,€ B for i =1,...,k with u; < --- <u, and
0; < -+ Sy, and if uy + --- tup=v,+ -+ tu,, then u,=v, for i =
1,..., k. If B is a B,-sequence, then B is also a B;-sequence for every j < k.

Let |S| = card(S) denote the cardinality of the set S. Let {x} denote the
fractional part of the real number x.

LEMMA. Let k > 2, and let B = {b;}?°, satisfy by >0 and b;,, > k - b,
for alli = 1. Then:

(0.1) B is a B,-sequence.

(0.2) B(x) = O(log x).

0.3) If 8 €(0,1) and k™' < 8, then B(x) < B(éx) + ¢ for all x > 0. In
particular, B(x) < B(x/k) + 1.

Proof. Let u,v,€ B fori=1,...,j, where j<k, uy < --- < uj, and
vy < -+ < v, Suppose that

U+ U, =0+ o+,
Let vj=max{uj, vj}. If u; <v, then
o+ tu <jru<ku<v <ot e o,

which is absurd. Therefore, u ;=0 and so

upt o Fu =0+ e Fog
It follows that u, = v, for i = 1,..., j. In particular, B is a B,-sequence. This
proves (0.1).
Note that b, > k - b;_; > k*>-b,_,> -+ > k/7' - b = c-k’, where ¢ =

b,/k. Let x = ¢ - k. Choose j such that ¢ - k/ < x < ¢ - k/*1. Then
B(x) <j <log(x/c)/logk < c'log x
for some ¢’ > 0 and x sufficiently large. Thus, B(x) = O(log x). This proves

0.2).
If x/k < by, then x <k -b; <b,,and B(x) <1=B(x/k)+1.1f x/k =
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b,, choose i > 2 such that b,_; < x/k < b,. Then x < k - b; < b, ; and so
B(x) <i=B(x/k)+1.

Let 1/k* < 8. Then

B(x) < B(x/k) +1<B(x/k?)+2< --- < B(x/k') +t< B(8x) + t.

This proves (0.3).

THEOREM 1. Let h > 2. Let A be an asymptotic basis of order h of the form
A = B U C, where B and C are disjoint sets of nonnegative integers. Let r(n)
denote the cardinality of the largest set of pairwise disjoint representations of n in
the form

n=>bl+bj+ - +b,_, +c, (1)

where c € C, b},...,b,_; € B, and b; <bj < --- <b}_,. Let W be the set
of all integers w € hA such that if w=a, + -+ +a, with a, € A for i =
1,..., h, thenaj=c€Cforatmostonej. Let

Q(n)={ceCn-ce(h—-1)B}.

Suppose that for some 8 € (0,1) the following conditions are satisfied:

1.1) B = (b}, where b, ; > (2h — 2)b, fori = 1.

(1.2) r(n) > oo asn — co.

(1.3) For every ¢ € C there exist infinitely many choices of b},..., b,_, € B
such that w=>b{+ b, + -+ +b,_,+c€ W\B and ¢’ > 8w for all ¢' €
2\ {c}.

(1.4) For every b} € B, at least one of the following holds: (1.4a) there exist
infinitely many choices of b5,...,b,_, € B and ¢ € C such that w = b] + b}
+ --- +b,_+ c€ W\hBandc' > dw forall ' € Qw)\ {c}; (1.4b) there
exist infinitely many choices of b}, ..., b, € B such thatw = b + b} + --- +b,
€ Wand ¢’ > 8w for all ¢’ € Q(w).

Then there exists C' C C such that A’ = B U C’ is a minimal asymptotic basis
of order h and (C\ C’)(x) < 2B(x)""! for x > wy. In particular, d(C\ C’)
=0 and d;(A) = d,(A).

Proof. We shall construct the minimal asymptotic basis 4’ by induction.
Choose ¢ such that (24 — 2)™f < 8. Choose N; such that

(B(n) +1)""" < (3/2)B(n)"" o))

and r(n) > 2 for all n > N;. Let 4, =A and C, = C. Choose c € C,. Let
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a, = c. By condition (1.3), we can choose b1,..., b;_; € B such that
wy=b{+b,+ -+ +b,_,+cE W\hB, (3)

and w; > N, and ¢’ > éw, for all ¢’ € Q(w))\ {c}. Let F; = Q(w)\ {c}.
Let C;, = C\ F;, and let 4, = B U C,. Then

C\ Cy = F, C(8wy, wy]. 4)

If ¢’ € F;, then there exist integers v/ € B for i =1,..., h — 1 such that
wy =vy+ --- +v,_; + ¢ Since v} < wy, it follows that there are at most
B(w,) choices for each v/, and so

(C\C)(x) = |F| < B(w)"™" (5)
for x = w,. Since w; € W\ hB, it follows that, except for permutations of the
summands, (3) is the unique representation of w, as a sum of 4 elements
of A4,.

Let n > N, and n # wy. Since r(n) > 2 for n > N, it follows that n has at

least two disjoint representations of the form (1) of hA. That is, there exist
integers u; and u;” € Bfori=1,...,h— 1, and ¢/, ¢” € C such that

n=ul+ - 4u,_,+c (6)
and
n=ul’+ - 4u_ +c’, (7)

where ¢’ # ¢” and u] # u” forall i, j=1,...,h — 1.
Either ¢’ € C; or ¢” € C;. If not, then

¢ €Q(w)\{c} and ¢” € Q(w)\{c},
and so there exist integers v; and v’ € B for i = 1,..., h — 1 such that
w=vl+ - 4v,_ +¢ (8)
and
wo=0o)+ -+ + (9)

Subtracting (8) from (6) and (9) from (7), we get two representations of
n — wy, and these yield the relation

U+ e tuf_ A OY o =l e Ul AU+ e ).
1 h—1 1 h—-1 1 h—1 1 h-1
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By Lemma 1, the growth condition (1.1) on the elements of B implies that B
is a B,,_,-sequence; hence

’ ’ ” ” — 144 ” !
{uf,eesup 1, 0o oy = {us o uf 00, 0,1 )

Since the representations (6) and (7) are disjoint, it follows that u; # u}’ for
all i, j=1,...,h— 1, and so

{uf,...;,u;_1} € {v],...,v5_1}-
Since u{ < --- < u}_,, it follows that
{uf,...;uj_1} = {v},...,vh_1}.

Equations (6) and (8) imply that » = w,, which is false. It follows that either
¢ & F = Q(w)\{c}orc” &F =Qw)\{c}, and so

n€h(BUC,) =hA, foralln> N,.

Let k > 2. Suppose that for each j < k we have constructed

(1.5) an integer w; € W with w;,_; < éw, for2 <j <k,

(1.6) a finite set F;, C C N (8w, w;] with |F}| < B(wj)"“l,

(1.7) a set C;=C\(F U ---UF) and an integer a;€4,=BU
such that w; has a unique representation as a sum of s elements of 4, and a;
is a summand that is used in this representation, and n € h4 ; for all n = N,.

To perform the induction, we choose N, so large that

18) N, > w,_,,
(1.9) B(N,)" !> 4B(w,_,)" !, and
(L10) r(n) 2 2+ TAZNF| = 2 + [A\ 4, _,| for n > N,.

j=1
Let a, € A;,_, = B U C,_;. There are two cases.

Case 1. Suppose a, = ¢ € C,_;. By condition (1.3) of the theorem, there
exist integers b/ € B for i = 1,2,..., h — 1 such that

b{+bj+ - +b,_+c=w, € W\hB,
where 8w, > N, and ¢’ > 8w, for all ¢’ € F;, = Q(w;)\ {c}. Let
Ck=Ck—1\Fk and Ak=BU Ck'

Then the element w, has a unique representation (up to permutations of the
summands) as a sum of 4 elements of A4,, and the integer a, = c is one of the
summands in this representation.
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Case 2. Suppose a, = b{ € B. If condition (1.4a) is satisfied, there exist
integers b € B for i = 2,3,..., h — 1 and ¢ € C such that

b+ by + - +b,_, +c=w,E W\ B,

where dw, > N, and ¢’ > éw, for all ¢’ € F, = Q(w,)\ {c}. If condition
(1.4b) is satisfied, there exist integers b/ € B for i = 2,3,..., h such that

bi+b+ - +b,=w, €W,

where 8w, > N, and ¢’ > 8w, for all ¢’ € F, = Q(w,). With either condition
(1.4a) or (1.4b), let C, = C,_; \ F, and 4, = B U C,. Then the element w,
has a unique representation (up to permutations of the summands) as a sum of
h elements of A4,, and this representation includes the integer a, = bJ.

In both cases, F, € C,_; N (8w, wy] and |F| < B(w,)"" L. Let n > N,.
We shall show that n € hd4,. Since n € h4,_; and ¢’ > dw, > N, > w,_, for
all ¢’ € F, =A4,_,\4,, it follows that n € h4, for N, <n < dw,. Let
n > 8w, and n # w,. Since r(n) =2 + |4\ 4,_,| for n = N, by condition
(1.10), it follows that n has at least two disjoint representations of the form (1)
in hA,_,. That is, there exist integers u/ and u’ € B for i=1,...,h -1,
and ¢’, ¢” € C,_; such that

n=u{+ - tu,_;+c¢ (10)

and
n=ul’+ - +uy_, +c”, (11)
where ¢ # ¢” and u] # uy foralli, j=1,...,h— 1.1f ¢’ € Fy and ¢” € F,,

then there exist integers v/ and v;” € B for i = 1,..., h — 1 such that

W, =0+ +v,_;+ ¢ (12)
and

wy =0+ - +oy_ + . (13)

Subtracting (12) from (10) and (13) from (11), we get two representations of
n — w,, and these yield the relation

ui + - tup oy + s toy o =u" 4 s tuy o+ o
Since B is a B,,_,-sequence, the argument used at the beginning of this proof

shows that n € h(B U C,) = hA4,. Thus, n € h4, for all n > N;. This com-
pletes the induction.
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We now define

o0 o0
c=NC=C\UF and 4 =BuC.
k=1 k=1

Let n = N,. Choose w, > n. Then n € hA,. Since

[oe]
a>w,>n foralla’ e 4\4'= | F,
Jj=k+1

it follows that n € hA’. Thus, A’ is an asymptotic basis of order h.

Here is the critical idea in the proof: At the k-th step of the induction, we
could choose any element a, € 4, = B U C,. We must make these choices in
such a way that if a’ € 4’, then a’ = a, for infinitely many k. This implies
that for every a’ € A’ there are infinitely many integers w, such that w, € h4’,
but w, & h(A’\ {a’}), and so 4’ is a minimal asymptotic basis of order A.

Finally, we must prove that for x > w,,

(c\C)(x) < 2B(x)"". (14)

By (5), (C\ C")(w;) < B(w;)"~L. Suppose that (14) holds for w; < x < w, _,.
Since (C\ C’) N (w;_q, w,] = B, then (14) holds for x < éw,. Let dw, < x
< w,. Then by (1.6), (0.3), (1.9), and (2) we have

(C\C)(x) < (C\C)(w,) = (C\C) (W) +|F
<2B(w,_;)" '+ B(w)" !
<2B(w_ )"+ (B(8w,) + )"}
< 1B(8w,)" " + 3B(6w,)" !
= 2B(8w,)""

<2B(x)" "

Thus, (14) holds for all x > w;. Since the set B is a B,,_,-sequence, it
follows from the lemma that B(x) = O(log x), and so d(C\ C’) =0 and
d;(A") = d;(A). This completes the proof.

We shall now use Theorem 1 to construct examples of minimal asymptotic
bases of order h with prescribed positive densities.
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THEOREM 2. Let h > 2. Let B = {b;}2, be a set of positive integers such
that

21) b1 >Qh—=1b, fori=1,

(2.2) By = {b, € B|b =0 (mod h)} is infinite,

(23) B, = {b, € Blb =1 (mod h)} is infinite,

(24) B=B,U B,.
Let C = {c = 0|c = 0 (mod h)} \ B,. Then there exists a set C' C C such that
A’ = B U C' is a minimal asymptotic basis of order h, and d(A’) = 1/h.

Proof. Theset A = B U C is an asymptotic basis of order 4, and d(4) =
1/h. We shall show that conditions (1.1)—(1.4) of Theorem 1 are satisfied with
8 = 1/(h + 1). Note that condition (1.1) in Theorem 1 follows immediately
from condition (2.1) in Theorem 2. The lemma implies that B(x) = O(log x).

To show condition (1.2), choose a large integer m. Let

e€ {0,1,...,h —1}.
By (2.2) and (2.3), we can choose m + 1 pairwise disjoint sets

{bj1s--sb 41} S B
such that b, ; < -+ <b; ,_;and b; ,_; < by, for j=1,...,m and

e;=b,+ - +b, =e (modh)
for j=1,...,m+ 1. Thene, < --- <e,,_ ;. Choose
b, > max{e;,...,e,.1}-

Let n=e (mod h) and n > b, ;. Then n —e;> 0 and n — e; = 0 (mod k)
forj=1,...,m+l.Supposcthatn—e,.=bueBandn—ej=bUeror
some i < j. Then b, > b, and

by=n—e;>b, —b,>b.>e>e;,—e,=b,—-b,>b,

which is absurd. Therefore, n — e;€C for at least m different e;, and so
r(n) = m for all sufficiently large n = e (mod /). It follows that r(n) — oo as
n — o0, and condition (1.2) is satisfied.

Next we show that (1.3) holds. Since ¢ = 0 (mod #) for all ¢ € C, it follows
that if n=h — 1 (mod k), then n € W. Fix ¢ € C. Choose b, € B with
b,>c and b, =1 (mod h). Let w = (h — 1)b, + c. Then w = h — 1 (mod h)
and w e W.
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We shall prove that w € W\ hB. Suppose that there exist bf,..., b, € B
such that w = b + -+ +b;. Since

(h—1)b,<w<hb < (2h—2)b,<b,,,,

it follows that b] < b, for all i = 1,..., h, but b/ + b, for some i =1,..., h.
If bj’ # b, for exactly one j € {(1,..., h}, then

b;=ceBﬂC= z,
which is absurd. If b/ # b, and b} # b,, then
w=bj+ - +b,<(h—2)b,+2b_; < (h—1)b<w,

which is also absurd. Therefore, w & hB.
Let ¢’ € @(w)\ {c}. Then there exist b, € B for i =1,...,h — 1 such
that w = b] + -+- +b,_, + ¢’ and b] # b, for some j. Then b/ < b,_,. Since

(h—1)b,s(h—-l)b,+c=ws(h—2)b,+b,,1+c'
it follows that
¢ =b—b_;> ((2h -2)/(2h - 1))b, > ((2h -2)/h(2h — 1))w > 6w.

Thus, condition (1.3) of Theorem 1 holds.
Finally, we consider condition (1.4). Let b, € B = B, U B,. If b, € B, we
shall show that (1.4b) holds. Choose b, € B; with b, > b,. Let

w=b,+ (h—1)b,

Then w < hb, < b,,,. Since w = h — 1 (mod h), it follows that w € W. Let
¢’ € Q(w). There exist b € B such that w=b] + --- +bj_; + ¢/, where
b/ < b, for all i and b/ < b,_, for some j. The same argument as above
implies that

¢ > ((2h = 2)/h(2h — 1))w > 8w.

If b, € B;, we shall show that (1.4a) holds. Choose b, € B, with b, > b,.
The interval (2b, — b,,3b, — b,) contains b,/h + O(1) multiples of 4, and so
b,/h + O(log b,) elements of C. There are at most B(3b,)> = O(log?b,) in-
tegers of the form b, + b, — b, in this interval. It follows that for b, sufficiently
large there exists an integer ¢ € C such that

2b,<b,+c<3b and b,+ c € 2B.
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Let w=(h—-2)b,+b,+c. Then w=h—1 (mod k), hence we W. If
w € hB, there exist b{,..., b, € B such that b{ + --- +bj, = w, but this is
impossible, since

hb,<w < (h+1)b, < (2h — 1)b, < b, .

Therefore, w € W\ hB.
Let ¢’ € Q(w)\ {c}. There exist b,..., bj_; such that

w=b{+ -+ +b,_, + .
Then b/ < b, fori=1,...,h— 1 and so
c2w—(h—-1)b>b>w/(h+1)=08w.
This completes the proof of Theorem 2.

COROLLARY. For every h > 2 there exists a minimal asymptotic basis A’ of
order h with asymptotic density d(A’) = 1/h.

THEOREM 3. Leth > 2. For every a € (0,1/(2h — 2)) there exists a minimal
asymptotic basis A of order h with asymptotic density d(A) = a.

Proof. Let a € (0,1/(2h — 2)). Let ® > 0 be irrational. Let B = {b,}2,
be a set of positive integers so that { 5,0 } is dense in the interval (0,1/(h — 1))
and b,,, > (2h — 2)b, for all i > 1. Let

C={c=0|{c®} <a}\B.

Let A = BU C. Then d(B) = 0 and d(A) = d(C) = a. We shall prove that
A is an asymptotic basis of order & and satisfies conditions (1.1)-(1.4) of
Theorem 1 with § = A — 3)/h(2h — 2) < 1/4.

Clearly, B satisfies (1.1). To show that condition (1.2) holds, we first fix an
integer N > 2 /a. Choose m large. Fori =1,...,h—1l,and j=1,...,m + 1,
and k=1,..., N, we choose pairwise distinct integers b(i, j, k) € B such
that -

(1) bQ, j k) <b@2, j, k)< --- <b(h—1,j k)forall jk,
(32) b(h—1,j,k)<b(,j+1,k)for j=1,2,...,m and all k,
(33) {bG, j, k)®} € [(k — 1)/((h — 1)N), k/((h — )N)).

Let

h—1
s(j, k)= Y b(i, j, k) € (h—1)B.

i=1
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Conditions (3.1) and (3.2) imply that s(1, k) < s(2, k) < -+ <s(m+ 1, k).
Also, condition (3.3) implies that
{s(j,k)®} e [(k—1)/N,k/N) forj=1,...,m+ 1.
Let
n>2- -max{s(j,k)j=1,....m+1, k=1,...,N}.

If {n®} €[1/N,1), then {n®} € [k/N,(k + 1)/N) for some k=1,...,
N — 1, and

{(n-s(j,k))®} €[0,2/N) c [0,0)
for j=1,...,m+ 1. 1If {n®)} €[0,1/N), then

{(n-s(j,N))®} €[0,2/N) c [0, a).

In all cases, n — s(j, N)=¢c;€BUCfor j=1,...,m+1,and ¢; > ¢c; >
«++ > ¢, Since s(j,k) € (h—1)B and since B is a B,-sequence, it
follows that c; € B for at most one j, and so n has at least m pairwise disjoint
representations of the form (1). Thus, A4 is an asymptotic basis of order 4, and
r(n) — oo as n = oo. Condition (1.2) is satisfied.

Let W be the set of all integers w € h4 such thatif w = a; + - -+ +a, with
a;€Afori=1,...,h,then a; € C for at most one j. Let

B=(h-2)/(h-1)+2a.

Since 0 < a < 1/(2h — 2), it follows that 0 < a < B < 1. Let n be a positive
integer such that {n®} > B. We shall show that n € W. If not, then there
exists a representation

n=>bl+ -+ +b,+cp 1+ - +cp,

where b/ € B, ¢;€ C, and 0 < k <h — 2. Since {b/®} <1/(h—1) and
{c;0} < a, it follows that
{(n®} <k/(h—1)+ (h—k)a
=ha+k(l/(h—1) - a)
<ha+ (h=2)1/(h-1) — a)
=(h-2)/(h—1) + 2a
=8,

which contradicts {n®} > B. Therefore, k =hork=h—1,andson € W.
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We now prove that condition (1.3) holds. Let ¢ € C. Then {¢®} < a < B.
The set {{b,0}|b, € B} is dense in (0,1/(h — 1)), and so there exist infinitely
many b, € B such that b, > ¢ and

(B={c0})/(h=1) < {50} <(1-{c@®})/(h-1).
Let w = (h — 1)b, + c. Then
B<{w®}=(h-1){b0O} + {B®} <1

and so w € W. Since (h — 1)b,<w < hb, < b, 4, it follows that w & hB,
hence w € W\ hB. Let ¢’ € Q(w)\ {c}. Then there exist b; € B such that

w=b{+ - +b,_; +,
where b/ < b, for all i and b/ < b,_, for at least one j. Then
(h—-1)b<w<(h—-2)b+b_,+¢,
and so
¢ =b—-b_,
> ((2h — 3)/(2h — 2))b,
> ((2h = 3)/h(2h = 2))w

= fw.

Thus, A satisfies condition (1.3).
We show next that (1.4b) holds. Let b, € B. Suppose that {50} < B. Note
that this is always true for & > 3, since

(O} <1/(h—-1)<(h—-2)/(h—1) +2a=8.
Then there exist infinitely many b, € B such that b, > b, and
(B—{p0})/(h-1) < (b8} < (1 - {b0})/(h—1).
Let w=(h — 1)b, + b,. It follows as in the case above that w € W and
¢’ > éw for all ¢’ € Q(w).
Finally, we consider the case # = 2 and
0<2a=B8<{b0} <1
There exist infinitely many b, € B such that b, > b, and

0<{b®} <1-{b0}.
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Let w = b, + b,. Then b, < w < 2b, < b,,;, and
B={b9} <{wd}={b0}+ (b9} <1,

hence w € W. Let ¢’ € Q(w). Then there exists b{ € B such that w = b} + ¢/,
where b{ < b,_;. Then

b<w<b_,+c,
and so
¢’ >b,—b_;>b/2>w/4=3w.

Thus, condition (1.4) is satisfied. This completes the proof of the theorem.

COROLLARY. If A is a minimal asymptotic basis of order 2, then d;(A) <

1/2. For every a € (0,1/2], there exists a minimal asymptotic basis A with
d(A)=1/2.

Proof. This follows immediately from Theorems 2 and 3 and the result of
Nathanson and Sarkézy [5].

Open problems. It should be possible to generalize the corollary to Theo-
rem 3 to bases of order A > 3. If a« € (0,1/h), prove that there exists a
minimal asymptotic basis A4 of order 4 with asymptotic density a.

The minimal asymptotic basis 4 = {a;}?2; of order 2 and density 1,/2
constructed in Theorem 2 has the property that a,,, — a, < 4 for all i and
a;., — a; = 4 for infinitely many i. It is easy to show that there does not exist
a minimal asymptotic basis A of order 2 with limsup(a,,,; — a;) = 2. Does

there exist a minimal asymptotic basis 4 of order 2 with limsup(a;,, — a;)
= 3?
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