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GENERALIZED CYCLOTOMIC FIELDS

BY
STEPHEN BEALE AND D.K. HARRISON

This note examines the splitting field K € C over Q of the set of polynomi-
als of the form X" — b, with n € N* and b € Q. We obtain the Galois group
Auto(K) as a natural subgroup of a semidirect product of the Pontryagin
dual of a quotient of the divisible hull of the positive rationals and the
automorphism group of the maximal abelian extension of the rationals.

Section 1

Let R denote the Pontryagin dual Hom(Q/Z,Q/Z) of Q/Z. For each
n € N* and r € R there is an integer k, uniquely determined modulo nZ,
such that

r(—1-+Z)=-I£+Z.
n n

We denote the class of k mod nZ by j,(r) and observe that r — j, (r) is a ring
homomorphism of R onto Z/nZ with kernel nR. If we write j, for the
induced R/nR — Z/nZ, then these maps interact properly with the natural
epimorphisms R/nR — R/mR and Z/nZ — Z/mZ when m divides n (ie.,
the diagram

R/nR R Z/nZ

Lo,

R/mR -2 Z./mZ

commutes), allowing us to identify the corresponding projective limits R and
Z (= the Priifer ring lim,Z/nZ). With the Krull topology (for which the sets
N, = {f€ R|f(a) =0, Va € A} form a basis of neighborhoods of the iden-
tity when A4 ranges over finite subsets of Q/Z), R is a profinite group. The
units U(R) = Aut(Q/Z) of R form a closed subspace of R in which multipli-
cation and inversion are continuous (in the relative topology) and hence U(R)
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692 STEPHEN BEALE AND D.K. HARRISON

is itself a profinite group. We also have the map
a- eZm’a

of Q into C with kernel Z; we write C for its image and {, for the image of
1/n, and we denote by w the inverse of the induced isomorphism Q/Z — C.
For B a discrete abelian group, there is a natural isomorphism

Hom(B ® Q/Z,Q/Z) - Hom(B, R);

we give Hom(B, R) the strongest topology making this map continuous; here
we take B ® Q/Z to be discrete and we let Hom(B ® Q/Z,Q/Z) have the
Krull topology so that Hom(B ® Q/Z,Q/Z) and hence Hom(B, R) are
profinite groups. We note that U(R) acts on Hom( B, R) by

(r.f)—=ref

and that this action is continuous as a map from U(R) X Hom(B, R) into
Hom(B, R). It follows that with the product topology the semidirect product
Hom(B, R) X U(R) is a topological group; the multiplication is given by

(f’r)(g’s)=(f+r'g’rs),

for all f, g € Hom(B, R), r, s € U(R). Furthermore since both Hom(B, R)
and U(R) are compact, Hausdorff, and totally disconnected, so is their
product, and therefore the semidirect product is a profinite group.

When B is free abelian we have a surjection

n4: Hom(B, R) - Hom(B, R/2R)

induced by the projection n: R - R/2R, and we give Hom(B, R/2R) the
strongest topology making 7, continuous. Assume B is so and let A: U(R) —
Hom(B, R/2R) be a continuous group homomorphism. We define B, to be
the subset

B, = {(f,r) € Hom(B, R) X U(R)]A(r) = n.(f)}

of Hom(B, R) X U(R). Bearing in mind that the class modulo 2R of an
element r € R is determined completely by its restriction to 4Z/Z and that if
r is a unit of R, r| gz must be the identity, one checks that the continuous
map

(f,r) = A(r) = mu(f)

of Hom(B, R) X U(R) into Hom(B, R/2R) is in fact a group homomor-
phism. As the kernel of this map, B, is a closed subgroup of Hom(B, R) X
U(R) and hence is a profinite group.
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Section 2

Let E be the maximal abelian extension in C of Q; this is the smallest
subfield of C containing the roots of all polynomials of the form X" — 1 with
n € N*. Write B for the multiplicative group of positive rational numbers;
this is a free abelian group with basis the set S of prime numbers. For each
n € N*, k € Z, and b € B, the polynomial X" — b* has exactly one positive
real root; we denote this root by b*/" and we write 2 for the set of all such
roots, F for the field Q[2], and K for E[2] = E - F. K is the splitting field
of the set of polynomials x" — b, n € N*, b € B. Denote its Galois group
over Q by I'.

For p a prime number and k a unit of Z/pZ we define the symbol (k/p) in
R/2R to be 0 if k is a square in Z/pZ and to be 1 otherwise; k — (k/p) is
then a group homomorphism from U(Z/pZ) to R/2R. For r € U(R) we
define A(r) € Hom(B, R/2R) on elements of the basis S of B by

if p=2and jg(r) = £1 + 8Z,
1 if p=2and jy(r) = £3 + 8Z,

(fp_(ﬂ) if p = 1 (mod 4),

A(r)(p) = p

orif p = 3 (mod4) and j,(r) =1 + 4Z,

A
1+ (JL(P—)) if p = 3 (mod4) and j,(r) =3 + 4Z,

where j,: R = Z/n’Z is the map defined in §1. One checks with little difficulty
that A\: r— A(r) is a continuous group homomorphism of U(R) into
Hom(B, R/2R). It is B, that we are after.

THEOREM 2.1. With B and \ defined as above, I' = B,.

Proof. For 6 €T, b € B, and a € Q, the number o(b*)/b” is a root of
unity which depends only on the class of a modulo Z; b is to be interpreted
as the unique positive real root of x" — b*, where a = k/n, k € Z, n € N*.
Define p: I' - Hom(B, R) by’

o (b (a+Z~ w(a(b*)/b%)),
and »: I' - U(R) by
1

0 wo|ow .

It is straightforward to check that » is a continuous group epimorphism and
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that p is a well defined continuous map satisfying
p(re) = p(7) + v(7)p(o), Vr,e €T
(i.e., p is a derivation when Hom( B, R) is considered a I'-module through »).

One notes that this is exactly what is needed to insure that ¢: T —
Hom(B, R) X U(R) defined by

o = (n(0), (o))

is a group homomorphism. One checks that the kernel of ¢ is trivial, and with
the aid of the quadratic Gauss sums

(i i if p = 4
/- .EIFK” if p =1 (mod4),

p-1 i

Y (;)g:;‘,ﬂp if p = 3 (mod4)

i=1

(see [1], pp. 70-75; here (i/p) is the ordinary Legendre symbol with values in
U(Z) = {+1)), one sees that the diagram

r — U(R)
| [»

Hom(B, R) - Hom(B, R/2R)

commutes,; it follows immediately that ¢ has its image in B,. In order to show
that its image is all of B,, we will identify K with a quotient of the group
algebra E(D) over E of the divisible hull D = B ® Q of B. The Q here is the
additive group of rationals. D is an abelian group which we write multiplica-
tively, and for d € D we let u, denote the basis element of E(D) correspond-
ing to d. Since B is free abelian, the inclusions Z — Q and 3Z — Q induce
injections

B=B®Z—->D and B® 1Z->D

which we use to identify B and B, = B ® }Z with subgroups of D.
For b € B and a € Q we have defined above the element b* € F; the map

(b, a) - b*
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is Z-bilinear from B X Q into the units of K and so induces a group
homomorphism D — U(K) which in turn determines a surjective E-algebra
homomorphism

0: E(D) » K = EF.

Note that ({u,|d € B,}) C EN F so 0(u,)u, € E(D) when d € B,. We
will show that the kernel of this map is the ideal a of E(D) generated by the
set

T={u;—0(u;)u|d € B,}

and thereby obtain an isomorphism §: E(D)/a - K.

We note that D/B, is a torsion abelian group and hence is the union of its
finite subgroups; from this it follows that E(D) is the union of its subalgebras
E(H) where H ranges over subgroups of D containing B, as a subgroup of
finite index (one uses here the fact that the set of such H is directed by
inclusion). Hence to show that a is the kernel of 8 it will be enough to show
that for any such H the kernel of 04 = 0|, is E(H) - T. So let H be a
subgroup of D with B, < H and with {h,,..., h,} a set of B;-coset represen-
tatives in H. Then in the terminology of [2], the field L = E[8(h,),..., 8(h;)]
is a pure, separable, and coseparable extension of E and hence Cogalois over
E. If 6(h;) and 0(h;) represent the same element of the Cogalois group
Cog(L|E) = torsion subgroup of U(L)/U(E), then h; and h; represent the
same coset of B, (one checks) which implies that i =j. It follows that
0(h)U(E),...,0(h,)U(E) are distinct elements of Cog(L|E) and hence that
0(h,),..., 8(h,) are linearly independent over E. This implies dimz(L) > .

We next observe that vectors u, + E(H)-T,...,u, + E(H) T
span E(H)/E(H) - T as a vector space over E, and hence

dim (E(H)/E(H)-T) <t.

Now since T and hence E(H) - (T) are included in the kernel of 8, and
since L = E(H)/Ker(6,), we have

t <dimg(L) = det(E(H)/Ker(6y)) <det,(E(H)/E(H)-T) <1,

which implies E(H) - T = Ker(8;,). This shows that a is the kernel of 6 and
gives us the isomorphism

0: E(D)/a > K.

We now complete the proof of the theorem by showing that ¢ maps I onto
B,. Let (f, r) € B,. The map

(b, @) = 0 (f(b)(a + Z))upe,
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of B X Q into the units of E(D) is Z-bilinear so induces a group homomor-
phism

D =B ® Q- U(E(D))
which induces an E-algebra homomorphism
é: E(D) - E(D).

Since 7 = 7|, is an isomorphism of Aut(E) onto Aut(C), there is a unique
element 7 € Aut(E) extending »~ 'rw € Aut(C). Define 6: E(D) » E(D)
by

Yequ,— Y 7(ey)8(uy).

One uses quadratic Gauss sums as above to check that 6 maps T (and hence
a) into a. Thus we get an E-algebra homomorphism (taking 1 to 1) &:
E(D)/a - E(D)/a, and since E(D)/a =K is a field, ¢ is an automor-
phism. Finally we let o, , be the composition 056! and check that p(o,) =f
and »(g; ,) = r to complete the proof. ]

Section 3

We turn now to a consideration of subfields of K which are finite dimen-
sional over the rationals, focusing on a family of these fields with the property
that every such subfield is included in some one in our family.

We call a positive integer n indicial and write n € Ind if 8 divides n
whenever n has a prime divisor congruent to 2 or 3 mod4. These will be
cofinal in an upcoming inverse limit. For n indicial we write S(n) for the set
of prime divisors of n and s(n) for the cardinality of S(»n). We define the nth
indicial polynomial to be

2,= Il (x"-p)

PES(n)

and let K, denote the splitting field in K of @, over Q and I, the Galois
group of K, over Q. We also set E, = Q[{,] and F, = Q[S(n)'/"], where
S(n)/" = { p'/"|p € S(n)}, and we observe that K, = E,F, and that E =
U, cmgEn that F=U, 4l F,, and that K = U, o ,4K,,. Furthermore if n, m
are indicial then so is their least common multiple [n, m], and E E, = E, ,,,
F,F, C F, ., and K, K, C K|, ,,. Thus the family { K, |n € Ind} is cofinal
(in the sense of the last paragraph) in the set of all finite dimensional
extensions of Q in K.

Let n be indicial. Write d, for the greatest common divisor of 2 and n, U,
for the units of Z/nZ, and M, for Map(S(n),Z/nZ). M, is an abelian
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group under pointwise addition of maps, and U, acts on M, by pointwise
multiplication; M, X U, will denote their semidirect product with respect to
this action.

For k, j positive integers with j|k, m,; will denote the canonical map
Z/kZ — Z/jZ. The assignment f - m, ,°f maps M, onto
Map(S(n), Z/d,Z) with kernel d,M,; we will use the induced isomorphism to
identify M,/d, M, with Map(S(n),Z/d,Z). Note that this group is trivial
when n is odd.

Let u,: M, - M,/d,M, be the natural projection, and define A,: U, -
M,/d,M, by

-t +az, =2,
N9 (p) = [%] p=1mod4,
[-”}]+ L 147, p=3mods,

where u =a + nZ € U, and p € S(n), and where [u/p] is defined to be
0€Z/d,Zif uis asquare in U, and 1 € Z/d,Z otherwise; it is straightfor-
ward to check that A, is a well defined group homomorphism.

We let

V= (U)?- {1,-1} if niseven
"\, if n is odd.

PROPOSITION 3.1. A, maps U, onto M,/d M, and V, is its kernel.

Proof. This clear when n is odd, so assume that »n is even and hence that
8|n. It is easily seen that ¥, is included in the kernel. Suppose that u € U, is
in the kernel, with u = a + nZ, a relatively prime to n. Then u is a square in
U, if and only if a = 1mod 8 and [u/p] = O for every odd prime p dividing
n. Now if a = 1 mod 8 then 4(a — 1) = O0mod 2, so for p|n with p = 3mod 4,

[p1= 1+ (%

Since [u/p] = A, (u)(p) =0 for p|n with p=1mod4 as well, we have
u € U? if a = 1mod 8. Thus since

) = A (u)(p) = 0.

a2

=L 42z=2, ()@ =0
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implies a = +1mod 8, u fails to be a square in U, only if a = —1mod 8. In
this case —a = 1mod 8§,

3+ [5)+[3]-

for p|n with p = 1mod4, and for p|n with p = 3mod 4,

['_“] - [l] + [:l] _ [2] +1
p p p p
u a—1
= [;] + ( 5— + 2Z) =M, (u)(p) =0,
and hence —u € U? and u € V,. Thus Ker(A,) = V.
Still assuming that n is even, we note that —1 & U? and hence that

|V,| = 2|U2|. By decomposing U, into a product of groups of units mod
prime powers we find that

[l]n: UnZ] = 2s(n)+1
and hence that
|V,| = 2™ /250+1 = gm) y35(m),

It follows that the image of A, has cardinality 2™ = [ M,: 2 M, ], which shows
the map is surjective. a

Let G, = {(f,u) € M, X U,|n,(f) = A,(u)}. Define g, to be the order of
G, and note that since

(f,u) =, (f) = A, (u)

is a group homomorphism (as one easily checks) of M, X U, onto M, /d, M,
with kernel G,, G, is a group and

|M, X U,| (

_ M, XU (n s(n)
gn = M,2M,| ~\d ‘P(”),

n

where ¢ is the Euler function.
Write C, for the subgroup ({,) of C and w, for the unique group
isomorphism C, — Z/nZ satisfying w,(§,) = 1 + nZ. Define »,: T, = U, by

v, has its image in U, since o(7,) is a primitive nth root of unity, and one
easily checks that », is a group homomorphism. For each 6 €I, and p €
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S(n), a( p*/™)/p'/" is an nth root of 1, so we can define a map p,: T, > M,
by

o~ (p = w,(a(p")/p"));

for o, 7 € T, this map satisfies

ra(o7) = p,(0) + v,(0)p,(7).
Thus

Pu: 0 = (p,(0),7,(0))

is a group homomorphism of T, into M, X U,.
THEOREM 3.2. ¢, maps T, isomorphically onto G,.

Proof. One checks that g, is injective and uses quadratic Gauss sums as in
2 to see that its image lies in G,. We take advantage of the finiteness of I, and
G, in showing that the image of g, is all of G,. The following lemma enables
us to count the relevant dimensions.

LemMa 3.3. F, and E, N F, are cogalois extensions (see [2]) of Q with
cogalois groups isomorphic, respectively, to M, and M,/d M,

Proof. Write L for E, N F, and Q* for the units of Q. By [2], F, is
cogalois over Q and hence the subextension L|{Q is also cogalois, and
Cog(L|Q) < Cog(F,|Q). Let ¢ be a positive integer dividing n. For a prime
p € S(n) and an integer a, p®/* is an element of F, whose coset modulo Q*
depends only on p and the class u of a modulo tZ, and we let p*/‘Q* stand
for this coset; it is an element of Cog(F,|Q). It is straightforward to check that

fe 1_[ p/(p)/nQ*

PES(n)

is a group isomorphism of M, onto Cog(F,|Q).

Using Gauss sums again, one notes that for every p € S(n), p/% € E,,
and since d,|n, p'/% € F, as well, so that p®/% € L for every integer a.
Hence

f~ n pf(p)/d,.Q*

pES(n)

defines a map from Map(S(n),Z/d,Z) = M,/2M, into Cog(L|Q) which one
checks is an injective group homomorphism. Its surjectivity follows (as one
checks) from the fact, which we proceed to establish, that every element of
Cog(L|Q) has order dividing d,,.
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Let y € Cog(L|Q) have order k. Note that k|n since Cog(L|Q) <
Cog(F,|Q) and the latter has exponent n. Also, y is of the form bQ* with
b € L and b* € Q*; thus b is aroot in L of X* — b* € Q[x]. The conjugates
of b over Q all look like {b with ¢ a kth root of 1, and they all lie in L since
L is a subfield of the abelian extension E,. Thus if {b is a conjugate of b, then
¢$ € L, C F, c R which implies that { = 1 1. It follows that all conjugates of
b are in the set {b, —b} and therefore that b* € Qand y? = 1. Thus k|2, and
since k|n as well, we get k|d,. This establishes the lemma.

We complete the proof of the theorem by observing that, as a consequence
of the lemma,

[F,: Q] = |Cog(F,|Q)| = n*™
and
[E, N F,: Q] = |Cog(E, N F,|Q)| = d:™,
and hence

IT,| = [K,: Q] = [E,: Q][F,: Q)/[E, N F,: Q]

ns(n)
= (p(n) ) FEO)

= 8- o
The next result gives G, as an extension of M, /d, M,. Let
N, = Map(S(n), dn(Z/nZ)) = d,M,.
The action of U, on M, restricts to an action of ¥, on N,, and the semidirect
product N, X V, with respect to this action is a subgroup of M, X U,. Since
N, is the kernel of 4, M, > M,/d,M, and V, is the kernel of A,: U, -
M,/d,M,, N, X V, is actually a subgroup of G,.
THEOREM 3.4. There is an exact sequence

1-N,xXV,-G,—> M/N, - 1.

Proof. The map from G, to M,/M, is given by (f, u) — A,(u). All details
are easy to check. 0O

We now give a criterion for deciding when an arbitrary number field is X,
for some indicial integer n. Let L be a finite extension of Q. Write r’ = r'(L)
for the cardinality of the group p(L) of roots of unity in L. We note that ' is



GENERALIZED CYCLOTOMIC FIELDS 701

always even, and we set

(L) rif4|r
rer T\ if 4y

Recall that B denotes the multiplicative group of positive rationals, and set
A=A(K)={a€ B|3a € Lwitha"=a}.
LEMMA 3.5. Assume n is an indicial integer. Then r(K,) = n.

Proof. Since ¢{, € p(K,), n|r' and ¢™|p(r). Also E, -F,C K,, so
[E, - F,: Q] divides g,. We note that Lemma 3.3 remains valid when E, is
replaced by any extension of E, which is abelian over Q, and hence [E, N E,:
Q] = d:™. 1t follows that

[E, - F,: Q] = ¢(r)n*™/d;™,

and because this divides g, = @(n)n*™/d*™ we obtain ¢(r") = ¢(n). If n is
even then n = r’, and since 8|n in this case, 8|, so r = r' = n. If n is odd
then @™ = ¢ implies r’ = 2n; in this case 4 does not divide r’ and
r = 3r’ = n. Thus in either case we conclude that r = n. O

COROLLARY 3.6. If n and m are indicial and K, C K, then n|m.

THEOREM 3.7. With L, r, and A as above, the following are equivalent:
(1) L = K, for some indicial integer n;

(2) ris indicial and L = K ;

(3) risindicial, S(r) C A, and [L: Q] < g,;

(4) 3 m indicial with m|r, S(m) C A, and [L: Q] < g,,.

Proof. The implication (1) = (2) follows from the last lemma, and (2) =
(3) = (4) is clear. If (4) holds then {,, € L and X" — p has a root in L for
every p|m. It follows that X™ — p splits over L for each p|m, and hence that
K, € L. The condition [L: Q] < g,, then implies that L = K. O

Finally, we remark that for » indicial it can be shown that a prime number
q ramifies in K, if and only if g divides n. Furthermore, if p is a prime
number which is indicial (i.e., if p is a prime congruent to 1 (mod 4) then p
ramifies fully in X, and for ¢ a prime different from p, ¢ decomposes in X,
into a product of g primes each of inertial degree f, where f is the multiplica-
tive order f, of gmod p and g =p(p — 1)/f, if XP —p € Z/qZ[x] has a
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root in Z/qZ and f=p-f, and g = (p — 1)/f, if X? — p has no root in
Z/q7.

Section 4

Let K|k be a finite extension of fields and let Sub(K|k) be the lattice (with
respect to inclusion) of field extensions of k in K. An inclusion reversing
bijection 8 of Sub(K|k) onto itself will be called a duality of K|k if for all
L € Sub(K|k), [K: L]=1[6(L): k] holds. A field extension for which a
duality exists will be called semiabelian. We make analogous definitions for a
finite group G and its lattice of subgroups Sub(G), and note that a Galois field
extension is semiabelian if and only if its Galois group is. We also point out
that as a lattice antiisomorphism, a duality of K|k takes intersections to
composities and composites to intersections. A similar statement holds for
groups.

Let G be a finite abelian group. By selecting an isomorphism of G onto its
Pontryagin dual G and following the induced lattice isomorphism Sub(G) —
Sub(G) with the lattice antiisomorphism

Hw- {6 €G|x(c)=1,VxEH}

of Sub(é ) onto Sub(G), one obtains a duality of G. Thus finite abelian groups
are semiabelian. The next two theorems follow easily from this observation.

THEOREM 4.1.  Every Cogalois field extension (see [2]) is semiabelian.
THEOREM 4.2. Every abelian field extension is semiabelian.

Let n be an indicial integer. Let m = m(n) =d, -1, cg,yp and k, =
Eppiwy = Ql,n(m]- Note that k, is a subfield of K.

THEOREM 4.3. K, |k, is a semiabelian field extension.

Proof. Lemma 3.5 implies that K|k is a pure extension. Since it is also
separable and coseparable, theorem 1.5 of [2] implies it is Cogalois and hence
semiabelian. a

The existence of a duality for a group imposes a symmetry on its lattice of
subgroups which we exploit in the following application.

THEOREM 4.4. Let K|k be a semiabelian Galois field extension of finite
degree g. Let

g=pi-..p7
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be the prime decomposition of g. Then for i =1,...,s there is a unique
subextension L; of degree p§i over k, and

KEL1®k tee ®kL

s

as k-algebras.

Proof. By theorem 7 of [3] semiabelian groups are nilpotent. Hence G =
Aut,(K) has unique Sylow subgroups. We choose a duality 6 of G, and for
each i =1,...,s we let H; denote the p-Sylow subgroup of G. Then 6( H,)
has index p{i in G, and since there is just one such subgroup in G, it is
independent of the choice of #. The Galois correspondence then gives a unique
element L; of Sub(K|k) with [L;: k] = p;i.

To obtain the isomorphism of the theorem’s second assertion, we note that
multiplication induces a k-algebra homomorphism

Ll ®k ce ®kLS_)K
with image L, ... L,. The properties of § imply that

Ly...L, = KON 00(H,)
= K9H,.... H))
= K9®
= K{1}
= K.

Thus our map is surjective. Since both domain and codomain have dimension
g over k, the map is also injective, and the theorem is proved. 0O

COROLLARY 4.5. Let n be indicial and for each p|n write e, for the largest
power of p dividing 8,/ Pmny = | K,: k,]. Then for each such p there is a unique
subextension L, ,, of K|k, with [L(p, n): k,] = p*, and K, is isomorphic as
a k,-algebra to the tensor product over k, of the L, .
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