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INTERPOLATION SETS FOR LIPSCHITZ FUNCTIONS ON
CURVES OF THE UNIT SPHERE

BY

CARME CASCANTE!

Introduction and statement of results

Let B denote the unit ball in C”, and S its boundary. For a € (0, 1],
Lip (B) will denote the space of holomorphic functions in B satisfying a
Lipschitz condition of order a with respect to the Euclidean distance. For a
closed set I C R, and 0 < a < 1, A (I) will denote the space of Lipschitz
functions on I, and A (/) the Zygmund class.

We also consider the Koranyi pseudodistance d(z,w) = |1 — Zw|, for
z,w € S, where

n
w= Y Zw,.
i=1

This defines a pseudodistance only on S, but we will as well consider it when
one of the two variables is on B.

We will work with a simple (without intersections) periodic curve of class
C? y: R - S. With a suitable parametrization (arc-length plus a dilatation)
we will suppose from now on that y is 2#-periodic and that there exists
A > 0 such that for each ¢, |y'(¢#)|> =A. We will write I =[—7,7] and
I = y(I). We will not distinguish between y(¢) and its corresponding param-
eter on I.

Related to y we introduce the index of transversality, T: I — R, given by

(1) —iT(x) =y'(x)y(x), x€l.

Complex-tangential curves (i.e. y'(¢+) € P,,, where P, is the complex-
tangential space at y(¢)) correspond to 7 =0 and transverse curves to

|T(x)| = M. We introduce the set E of complex-tangential points of T, given
by

2) E=y({xeI/T(x)=0})={¢€l/T,T cP}
where T,I is the tangent space of I at {.
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As it is well known, complex-tangential directions are, in certain sense,
twice as regular as the others. In fact (see [R] and [S1)), it can be proved that
the restriction to E of each function in Lip,(B), @ < 1is in A, (E). Thus it
is natural to consider the following definition.

DEeFINITION. A closed set E C S is an interpolation set for Lip(B)
O <a<x<, if for any fe A, (E), there exists F € Lip,(B) such that
Fg=f.

|E

Now we can state our main result.

THEOREM A. If E is the set of complex-tangential points of T and a € (0, 1),
a # 3 then there exists S: A, (E) — Lip,(B) a linear operator, satisfying
Sfg =f for each f€ A, (E). In particular, E is an interpolation set for
Lip(B).

In case vy is of class C*, we deduce from the proof of theorem A, that E is
also a peak set for A”(B), the algebra of holomorphic functions in B, of class
C*(B). This result is also a consequence of [F-H], where it has been proved
that the peak sets and the local peak sets for A*(B) coincide, and from the
fact (see [R]) that FE is locally included in complex-tangential manifolds.

As an immediate corollary to theorem A, we obtain:

CoroLLARY A. Foreach a < 1, a # 3, Lip,(B),z = A, (E).

These results have already been proved by [B-O] for complex-tangential
curves. Our approach in proving them is completely different from the one
used in [B-O], and permits for complex-tangential curves to obtain the
extreme case a = 3, which was not covered by the methods of [B-O]. More
precisely, the following holds:

CororLary B. If T is complex-tangential, there exists S: A(T) —
Lip, ,,(B) a linear operator satisfying Sf r = f for each f € A(T'). In particular,
E is an interpolation set for Lip, ,,(B), and Lip, ,,(B)r = A(D).

The proof of theorem A is essentially different for @ <  and a > 3 and
we will use some of the techniques introduced in [N].

In case a > 3, the function Sf ey, where f € A, (E) is differentiable at
each point of E (see [R]), and we obtain an explicit formula for the
derivative, in terms of the index of transversality T already introduced.

Finally, Corollary B will be deduced from the proof of Theorem A, using
real interpolation methods.

As final remarks on notation, we denote C all the constants, that may
change from one occurrence to another, we write x <y or x = O(y) if there
exists M > 0 such that x <My and x =y if x <y and y <x.



INTERPOLATION SETS FOR LIPSCHITZ FUNCTIONS 667

Acknowledgement. 1 wish to thank J. Bruna for several remarks and
helpful discussions and suggestions about this work.

1. Preliminary results. The case a < 3

In this section we will glve the principal tools we need, as well as the proof

of Theorem A, when a < 3. We omit the proof of the following elementary
lemma.

Lemma 1. |y(x) — y(¥)| = |x — y|, provided x € I, and |x — y| < .

The next result gives an estimate of the Koranyi pseudodistance in a
neighborhood of the curve T', in terms of a suitable projection.

Lemma 2. There exists € > 0 so that foreachzin U = {z € B B/d(z,T) < &}
there exists a unique y(x,) €T, |x,| <, with Rey’ (xz) z = 0, and such that

(3) [1-7(x)z| = Re(1 - ¥(x) 2)

+‘Im(1 - y(x,) z) + T(x,)(x —x,

+ Jx = x,|?
provided |x — x,| < . In particular,
|1 - Y\x Z|i|1 - Y(xz)z| +|T(xz)| Ix _le + Ix _xz|2

Proof of Lemma 2. Given z € B, let y(x,) be a point in T' where the
Euclidean distance from z to I' is attained. Then

Rey,(xz) (Z - Y(xz)) = 0’

and in particular, Rey’(x,)z = 0. Taking z closed enough to T, we also
obtain the uniqueness of y(x,).
Using Taylor’s development,

(4) 1-y(x)z=1-(x)z - (v(x,) z)(x - x,)

~(7G2) B+ o - x,19).
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Taking modules we get

(5)

. _ 2
It = ¥(r) 2| = Re(1 = 7(5) 2) = Re(3"(30) 2) E52L +0(x -,

+|Im(1 - y(x,) z) + T(x,)(x —x,)

_Im(‘y’(xz) (Z - Y(xz))(x - xz)

() ) S5 4 0 - )

This estimate and the fact that

|tm(y(x) (z = ¥(x.))(x - %)

= O(Re(l - v(x,) z) + |x — xz|2),
give the upper estimate of (3).

By differentiating (1), there exists £ > 0 with sup,, ry., — Rey"(x)z > 0.
Hence

©
1= y(x) z[ = Re(l = y(x,) 2) + Ix = x. 1

- O(x —x,%) + s‘Im(l —v(x,) z) + T(x,)(x —x,)

-8

Im(y'(x,) (z = ¥(x,))(x - x,)

—Im(mz)(—x%zy +O0(x —x.[°)

1Re(1 —y(x,) z) + |x —x,|?
- 0(x — x,%) + s‘lm(l —y(x,) z)

2
— X

m2 "
+T(x,)(x —x,)| - S(HZZLV () + x xl lh’zllmlx __lez)’

where 0 < s < 1. Choosing s conveniently, we may thus obtain the estimate
from below, whenever |x —x,| < & (8 > 0 small enough). And this finishes

the lemma, since in |x — x,| > § both quantities that appear in (3) do not
vanish (see Lemma 1). <
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For p > 0, let h, be as in [N] the holomorphic function in B given by

dx -
(7) %&)=[——————7,26B\D
(1 - y(x)2)
Then the following estimate of 4, holds:
Lemma 3. Letp € (0,1). Then
dx
(8) RChP(Z) =|hp(2)|=f——T__——p.
1 = y(x) 2|

Proof of Lemma 3. 1If x € I and z € B, then Re(1 — y(x) z) > 0. Hence
—_— \P -_ P
Rc(l — v(x) z) =|1 - y(x)zl ,
for each p € (0,1). <

We can now state a result concerning the boundary behavior of 4.

ProrosiTion 1. Ifp € (3,1), then

(9) |h(2)| = (r, + T(x,)?) "7, z€B\E

where r, = |1 — y(x,) z|.

Proof of Proposition 1. The estimate from below of (9) follows from
Lemma (3) of Lemma 2, whereas the upper estimate is a consequence of
Lemma 2 and the following technical result concerning real integrals (putting

a, = Re(1 — y(x,)2z), b, =Im(1 — y(x,)2), T = T(x,)).

Lemma 4. Letp € (3,1 anda > 0,b,T € R, satisfyinga + |b| + T? > 0.
Then

+o dx 1/2-p
10 =Ol(a + |b| + T? .
(10) f—w (a + |b + Tx| +x2)p (( 161 ) )

Proof of Lemma 4. Denoting by I,(a,b,T) the integral of (10), it is
immediate to verify that for each A > 0, I,(Aa, Ab, A'/2T) = N'/>7[ (a, b, T).
Hence, it suffices to prove that the function I, is continuous on the compact
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set
K={(a,b,T)/0<a<1,b,Te[-1,1),a+ |b| + |T|*=1}.

And this continuity is a consequence of the finiteness of the integral near
zero (p < 1), and near © (p > 1). ¢

Remark 1. Defining

(1) $,f(2) = [K,(x,2)f(x) &, feC(D),

where
1 1
hp(Z) (1 _ ;(x_)z)p ’

K, (x,z) =

Lemma 3 and Proposition 1, give that S,f € A(B) and interpolates f on E,
so that E is an interpolation set for A(B). This could be also deduced from
[N], since the set of complex tangential points of I' is locally included in
complex-tangential manifolds of the unit sphere (see [R]).

We need to obtain estimates of the radial derivative Rk, of the function
h,. However, the methods used until now, based on the projection already

obtained in Lemma 2, do not permit to get the desired bounds (essentially

because the exponent of (1 — y(x)z) in Rh, is greater than one). The
following lemma gives a more accurate projection onto the curve.

LEMMA 5. There exists € > 0 so that foreach zin U = {z € B/d(z,T) < ¢},
there exists y(x}) €T, |x¥| <, and m, = m(z) € R, such that

(12) 1= y(x)z| =m, +|T(x)| & — x| + |x — x5,
provided |x — x,| < m, where
m, = infxE,Il —v(x) zl and (mz + T(x;‘)z) = (rz + T(xl)z).

Proof of Lemma 5. In Lemma 2 we have obtained a point y(x,) € T, such
that

(13) |1 - MZ| = Re(l - v(x,) z)

+.Im(1 - y(x,) z) + T(x,)(x —x,)| + |x —x,)?
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Without loss of generality, we can suppose that x, = 0. We let
a,= Re(l - Wz), b, = Im(l - Wz),
and distinguish two possibilities:
(i) T(0)* < Cr,,
(ii) T(0)> > Cr,

where C > 0 is a constant that will be fixed later. In case (i), it suffices to
choose x} = 0, m, = r,. Writing

|1 = y(x) z| =m, +|T(0)] x| +x2,

we get the upper estimate of (12). For the estimate from below, it suffices to
choose ¢ > 0 and k > 1 such that

(14) e(r, +|T(0)| |x|) < k(x2 + a, +|b, + T(0)x|),

since a, + |b, + T(0)| + x? > x% And (14) will follow if there exists ¢ > 0
and k > 1 with

(15) 2+ (1—&)r,> (1 + €)|T(0)] |x|
If & and n are chosen satisfying (1 + ¢)C = n(1 — ¢), then from (i) we obtain
1+ &)|TO)| x| = +e)nx?+ (1 —é)r,,

estimate that gives (15) with k = (1 + &)n. That finishes the case (i). For (ii),
let x} be a real number satisfying

(16) b, + T(0)x* =0

Choosing C sufficiently big, formula (16) gives that x* is in /. From (16) we
also get that

(17) a, +|b, + T(0)x| + x* = a, +|T(0)| |x — x}| + x?

If g(x) is the function on the right hand side of (17), and C > 2, then
min, . ;8(x) = g(x¥). We then define

(18) m, =g(x}) =a, +x1°.

Since T(0) and T(x}) differs in a term which is O(|x¥|), the estimate (12) will



672 CARME CASCANTE

follow once we have proved

1= y(x)z| =m, +|T(O)| x — x| + |x — x2]?,
which is a consequence (using (13) and (16)) of
(19) a, +|T(0)| |x —x}| +x* =m, +|T(0)| |x — x}| + |x —x}|*.

The definition of m, already gives the upper estimate of (19), whereas the
estimate from below is also a consequence of the definition of m,, since

m,+ |x —x}?<m, + x>+ x <m, +x?<a, +|T(0)| |x — x¥| +x32,

and that finishes the proof of (12).

From (12) we also deduce that m, = inf, ;|1 — y(x) z|. For the second
relation we write (notice that we are in the case T(0)? > Cr,),

2
m, + T(x;")ziaz +x*% + T(O)2_<_az y Lz +|T(0)|2_<__rz + T(0)%.

|T(0) [’

The converse estimate is proved in an analogous way. <

Remark 2. From the last proof we obtain in particular, that if T is
complex-tangential then Lemma 5 is valid with x¥ =x,, m, =r,.

Now we can state the result concerning the behavior of the radial deriva-
tives of the function #,,.

ProPOSITION 2. Suppose p € (3,1). Then for z € U\ E,
-1/2—-p
(20) Rh,(z) = 0((r, + T(x,)%) )

Proof of Proposition 2. We need a technical lemma concerning real
integrals.

LEMMA 6. Let a>0,9>0, m=>0,TER, withm + T? # 0. Then

T xa
dx
fo (m + |T|x +x2)°

(21)

O(m*=a* (T2 + m)"“*"7), fa<q-1 )

o((T? + m)**P/*77) fa—1<a<2q-1 (i)
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Proof of Lemma. We will prove (i) first. If

2m
£ = 5
IT| + VT2 + 4m

we break the integral on the left hand side of (21) in two parts, corresponding
to x < e and x > &. Hence

o

™ x
dx
-/(; (m + |T|x + x2)°

=f5 X qu+fv x* - dx
o (m+ |Tlx +x?) e (m+ |Tlx +x?)
=I+1I.

Since

m

£ = —
(m+ Tz)l/2

andin x <&, m + |T|x + x2 = m, I is bounded as follows:

K

£ o
(22) Ii[ % dx =~ m—q8a+1 ~ ma_q+1(T2 + m)a+1/2
0

which is an estimate like (). In x > &, m + |T)x + x? = |T|x + x2. Hence, II
is bounded as follows:

T xe
R e

= |Tje2art [T e (1 4 )™ i,

e/|T|
In order to estimate (23), we distinguish two possibilities

(a) T? < 4m,

(b) T? > 4m.
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In case (a), £ = Vm, and in consequence (23) is bounded by

ITla—2q+1 f"/lTlxa—Zq dx = O(Ea—2q+1)’
e/|T|

which also implies (i) (notice that in case (a), T? + m = m). In case (b),
¢ = m/|T|. Hence, (23) is bounded by

el [ v [ )
e/|T| 1

a—q+1
=i ()T v o) = meeen,

an estimate that also gives ().
For (ii), it suffices to use a similar argument of the one done in Lemma 4

since the condition ¢ — 1 < a < 1 gives the finiteness of the integral of (21),
near 0 and near . <

Following with the proof of Proposition 2, from the definition of s, we
obtain

(24) Rh,(z) =p a _%)pﬂ dx,

Applying (i) of Lemma 6 to m = m,, T = T(x}), we obtain
—p 2\ ~1/2
(25) |Rh(2)| = O(mz(m. + T(x2)) "),

and the problem is that in general m, and (m, + T(x¥)?) are not of the
same type. That is why we distinguish between two possibilities

(i) T(x,)* < Cr,,
(ii) T(x,)* > Cr,

where C > 0 will be chosen later. In case (i), r, = r, + T(x,)?, and since then
x} =x, and m, = r, (see proof of Lemma 5), the estimate (25) gives (20).
Hence it suffices to prove (20) in case (ii). Breaking the integral defining 4,
in two parts,

h,,(z)=f dx + ——#"3‘——;=1+11,

Li-y(@)z) (- y(x)2)
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where ¢ > 0 will be fixed later, and I, = {x/|x — x,| < &|T(x,)|}, we will

estimate both parts separately. If ¢ is sufficiently small and C is chosen
conveniently, then in I,

(26) ly'(x) z| =|T(x,)|

since

Y0 2=y () v(x) + (V) - 7 (x) Jr(x) + ¥ () (z - v(x.)

= —iT(x,) + O(x — x,]) + O(r}7?)

= —iT(x,) + (e + —C%)O(IT(JC;)D-

In particular, y'(x)z # 0 in I,. Integrating I by parts,

o
L, (1 — y(x) z)p

1 1 x,+&|T(x,)|
el [(y'(m)(l - y(x)z)"”]

x,—€&|T(x,))|

p—1

(y’(xz + &|T(x,) |) z)(l - y(xz + ¢|T(x,) |) z)pul
1 vy'(x)z dx
PTGy (-3

hy(2)

It can be easily checked that there exists r, > 0 such that for every point rz,
r > ry, in the radius joining 0 and z, the pseudodistance from z to T is
attained at y(x,). Hence, it does make sense to take the radial derivative of
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h}, and we obtain

1 _ 1
+

Ri(z) = —— .
o (v xe 2 el T ) 2) (1 = 93 £ 6T (5] 2)

. (p = Dy(x, £€T(x,)])2
(y’(xZ + &|T(x,)]) z)(l - 'y(xz + £|T(xz)|)z)

—f 'y”(x)zz dx _
Ly(nz) (1-v(0)z)

1

+(p - 1) lﬂgzz _di_ 7
I (y'(x) z) (1-v(x)z)
=()+@2)+0B)+4).
By Lemma 2 and (26),

(r,+ T(x,)?) "
1T(x,)]

1/2-p

1) = = (r.+ T(x)})"7,

= (r,+ T(x,)}) """

b

1
(D) 2
=T

1/2-p

1 nl-pr 2
(3)’(4) = m(rz + T(xz) ) = (rz + T(xz) ) ’

1
T(x,)’

(%) =

i

(r, + T(x,)?) ™"

where in (4) we have also used Lemma 6. Differentiating /I and applying
Lemmas 2 and 4, we obtain

dx
RII <
N1 - },(x)zr’+1
1 dx n—1/2-p
= ——— < (= +T(x,) )
T(xz)2fR|1 - 'y(x)zlp ( )

an estimate which finishes the proof of the lemma. <
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Remark 3. 1If vy is of class C*, the same kind of argument gives that
-p—k
|R*h,(2)| = O((r, + T(x,)?) """ ), k=0

and R* is the k™-iterated radial derivative. Then the function F,=e" hp is in
A”(B) and (see Lemma 3) satisfies |F,| < 1 on B\E, F,=1 on E. That is,
E is a (P)-set for A”(B). This is also (as we have already said at the
introduction) a consequence of [F-H], where it has been proved that the peak
sets and the local peak sets for 4”(B) coincide.

Now we can prove the following result.

TueoreMm 1. Let a € (0,3), and p € (a + 3,1). Then S,f € Lip,(B) for
each f € A, (') and if y(xy) € E, S,f(y(x,)) = f(xo) In pamcular if §? =
S,°&®: Ay (E) = Lip (B), where £O s the linear extension operator given

by Whitney’s extension theorem (see [S1)), then S? is a linear operator that gives
the interpolation.

Proof of Theorem 1. If p € A, (T), and p € (a + 3,1), we will see
(27) |RS,f(2)| = O((1 = 121)*7"),

a condition which implies that S, f lies in Lip (B) (see [R, page 107]). Since
/iK,(x, z) dx = 1 (see Remark ls (27) is equivalent to

) = PR (3,2) | = 001 = 1)),
provided z € U, and x} is as in Lemma 5. But

J(Fx) = FG))RK (3, 2) d

(F(x) = f(x) ———p
Rl (1-¥()2)

1 1

— —f(x))R, 5| dx=1+1I,
o LU —fGD) 1_7(”2)) +

and it suffices to obtain estimates like (27) for I and II. Propositions 1, 2, and
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Lemma 5 give

)l

Hence

_ 2a
Ii(mz + T(x;")z)p-s/zf |x — x¥|

—=——dx
’|1 —y(x)z[p

a—1
b

= (m, + T(x1))

where the last estimate is a consequence of Lemma 5, and of (ii) of Lemma 6
(notice that p — 1 <a < 2p — 1).

Applying Proposition 2 and (i) of Lemma 6, we get that II is bounded as
follows

)p—1/2 lx — x|
’Il - y(x) z‘p“
i(mz + T(x;")z)P—lm““’

<=z

I < (m, + T(x¥)? dx

Since m, > 1 — |z| (see Lemma 5), this finishes the theorem. <

2. The case a > 3

In this section we will deal with functions in A, (E), @ > 3. The tech-
niques that we will use here are more involved than the ones used before. We
will consider the functions 4, already introduced in last section, but now the
parameter p needs to be greater than one. When p < 1, the estimate
Re h,(2) = |h,(2)| = (r, + T(x,)*)!/>77 (which implies in particular that
Reh, > 0 on B\ E) was essential for the proof of the interpolation results.
However, if p > 1 this global result does not hold, and it is necessary to use a
different argument based on the ideas of [N].

With the same notations used since now, we introduce the functions

(1) F(z,y(x))=1—-;(_x)_z, z€B,xel,

(2) G(Z, xz’x) = F(Z"Y(xz)) + iA(Z)(x —xz) + B(Z)(L_f;xz_)z’

zeU,x R,
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where A(z) = iy'(x,)z, B(z) = — ¥"(x,)z. The following lemma holds.

LemmMma 1.
@ |F(z,y(x)) — G(z,x,,x)| = O(|x — x,|%),
(i) ReG(z,x,,x)> |x —x,|%
(i) 38 > 0 such that if |x — x,| < 8, |F(z,y(x))| = 3|G(z, x,, x)|,
provided z € U.

Proof of Lemma 1. Part (i) is a consequence of the definition of the
functions F and G, since G is the second order Taylor’s development of F.

Part (ii) is also a consequence of the definition of G, since i4A(z) = 0 (see
Lemma 1.2) and Re B(z) is bounded from below, provided z is closed
enough to TI'.

Part (iii) follows from (i) and (ii). <

We need the following result that can be deduced from [N, Theorem 8],
using an argument of analytic continuation and induction on k. We state it
without proof.

TueoreM 1 [N]. Let Z,B< C, with ReZ >0, ReB >0, A €R, and
k € N. Then

k

X
3) fn(z + 2idx + Bx?)” @

A? 1/2-p
— ( _1\Kk gk;kpn-k-1/2
= (-1)*4*%i*B (z+ B)

X{[%Z](zkj)A—szfi‘Zi(Z + ATf)ij(p)C(p —j)},

j=0
provided p > (k + 1) /2, where

8(p) =1 ifj=0,

(2i-1)...1 .
Z-D..-pn b

5,‘(17) =27

and where C(p — J), are constants only depending on p and j.
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Remark 1. Define the functions

0 0 = [ s P T

(5) Gp(z)—[angl)—dx p>1,
Y

(6) J(z) = fR—G%—f%—); dx, p> %;

then, in particular, the last theorem gives the following formulas:

(7)
2\1/2-p
H,(z) = 2°C(p)B(z)~ 1/2(2F(z v(x,)) + ‘;‘3((?) ) ,
(8)
2\ 1/2-p
Golz) = —’2”C<p)B(z)‘3/2A(z)(2F(z v(x) + B ) ,
9)
1/2—-p
10 =200 28t + A

| S8 2re ) + 53| - clma]

Remark 2. With a more careful calculation done in the proof of [N,
Theorem 8], also based in analytic continuation, it can be proved that
defining H, Gy, J; similarly to H,,G,,J, respectively, interchanging x,
and x}, and defining

A*(z) =iy’ (x})z, B*(z) = —y"(x¥)z,

the corresponding formulas (7), (8) and (9) for H,, G, J* remain valid.
We can now prove a result concerning the behav1or of the function A,

near E.
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ProrposiTioN 1. Let p € (1, 3).
(1) Then there exists a neighborhood W of E in C" such that

2\ 1/2-p
10) o) = |26 + G

x{27C(p)B(z) % + o(1))
for z€ (WN B)\E and d(z,E) - 0, where C(p) is the constant
given in (7).
(i) In particular, from (i) we obtain
()| = (r, + T(x)2) """ ifze (W B)\E.
(iii) Furthermore, if p € (1,2), then

|[Rh,(2)] = (. + T(x,)z)_l/z_p) ifz € (Wn B)\E.

Proof of Proposition 1. We need the following Lemma

LEMMA 2. Let

- A(2)*
0(z) = (ZF(Z y(x;)) + B(z)
Then
(11) 10(2)| = (. + T(x.)),
for z close enough to E.

Proof of Lemma 2. The upper estimate follows from the fact that A4(z)
and T(x,) differ in a term which is O(r}/?), since then r, + A(z)* =r, +
T(x,)*. The estimate from below of |Q(z)| is deduced also using this fact
and the fact that Re B(z) = —Rey"(x,) z is greater than zero, if z is close

enoughto I'. <

Following the proof of the proposition, formulas (7) and (11) of Lemma 2
show that it suffices to prove that

(12)  |ky(2) = Hy(2)| = o((r, + T(x)) ") it d(z,E) > 0.
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Now we can write

1 1
[#,(2) — Hy(2)] < f{xe1/|x—x,|s3’{ (1-y®z) i G(z’xz’x)p}

dx dx
+f1 ———+f{

\llx —x,| <8} |1 — y(x) le x-x)28) |G(z, x,, x)[

=1+1+1l,

where 8 > 0 is as in Lemma 1. As usual we will see that each of the three
integrals satisfies an estimate like (12). The two last integrals II and III,
are bounded, since on one hand |1 — y(x)z| is bounded from below in
I\ {Jx — x,] < 8}, and on the other hand p > 3 (in fact p > 1). For the first
summand, an argument like the one done in [U] gives

|F(z,v(x)) = G(z,%,,%)|

I< —57 dx,
rel/ix—x,1<8} |s(x) F(z,y(x)) + (1 — s(x))G(z, x,, x) |

where |s(x)| < 1. Now, by (i) and (iii) of Lemma 1, this integral is bounded
by

f = x,|?
R|F(z,y(x)["
which (see Lemma 1.2) is bounded by

e —x,|?
fR )p+1 dx

(az + |bz + T(xz)(x —xz)l + (x —xz)z

(here a, = Re(1 — y(x,)z) b, = Im(1 — y(x,)z)). Finally, by Lemma 1.4,
this integral is

0((rZ + T(xz)z)l_p).

The estimate of (ii) is a consequence of (i) and (11) of Lemma 2. Finally,
part (iii) is a consequence of (ii), since

(13) Rh,(z) = —p(hp(z) - hp+1(z)). <o
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Remark 3. Notice that in (i) we have proved that

1-p
(14) |h,(2) = H(z)| = O((rz +T(x,)?) )
and that the same holds if we replace H, by H.
Notice also that if S,f(z) is defined as in Remark 1.1, but only when
z€ WNB,then S, f|lp=ffor fe A, (I),and p > 1, a >1/2.
We can now state a result concerning the local behavior of the operator §,,.
THEOREM 2. Let @ € (3,1) andp € 3, a + 1). Then
(15)  |RS,f(2)| =0((1 = 1z)*") iff€ Ay(T), z€ WNB.
Proof of Theorem 2. By (13),

by
(16) RK,(x,2) = p—hi;(l#{l(p(x,z) — K, ,i(x,2)).

Hence, if a € 3,1, pe G,a+ 1), fe A, (T), a> 3, and z in WN B,
equalities (13) and (16) give

(17) RS,f(z) = f, (f(x) = f(x*))RK (x, z) dx

by
=~ () S [ =R 2) = Ky ()
-
+ Zpé;) LO(lx —x¥|**)K,(x, z) dx
-
# 222 [0 = x2) Ky 2)
=I+1I+1,

and we will prove that each one of the summands satisfies an estimate like
(15). The estimate of I will follow once we prove

(18)

hyor(2) [ — )

)p+1 dx| = 0(|hp(z)l2)

x37)
7 dx — h,(2)
l—y(x)z) f 1—'y(x)z
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Defining the function

(x —x3)
— Ty,

Proposition 1.1 gives that (18) is equivalent to
1-2p
(20)  |h,0i(2)83(2) = h(2)83an(2)] = O((m, + T(x5)%) ).

Now a similar argument to the one done in part (i) of Proposition 1, gives
that

@D £3(2) = G3(2) + O((m. + T(x2)?)").

Putting together this formula and the corresponding one for %, (see Proposi-
tion 1 and Remark 3) we get

|1y r(2)85(2) = hy(2)g344(2)]|
= |H3(2)G3(2) = H(2)Gr(2)] + O((m, + T(x2)°) ),
which is O((m, + T(x*)*)!~??), since by formulas (7) and (8), and Remark 2,
H}Y, (2)G}(z) — H}(z)G},\(z) = 0.

For 11, using the estimate of &, given in Proposition 1, and Lemma 1.6, we
obtain

_ |x _x*IZa
I =0((m, + T(x¥)* o - dx,
(( ) ? ) )’|1—)'(x)z|[’+1
e —x3 %
-y@ "
m2*~?(m, + T(xjf)z)—w_l/2 if2a <p

<

)a—l/Z—p

(mz + T()c;“)2 ifp<2a<2p+1,

estimates which in both cases (p < a + 1) give I = O((1 — |z])*~ ).
The estimate of III follows from Proposition 1 and (ii) of Lemma 1.6. <
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In particular we have the following:

COROLLARY 2. If @ € (3,1) and p € (3,1) there exists a W neighborhood
of E in C" and a linear operator

§7: Ayo(E) > HW N B) n C(Wn B) n {h/|Rh(z)| = 0((1 - |2)*7")}
with §Pf(y(x0)) = f(x,) for each x, € y~'(E).

Proof of Corollary 2. If a € (3, 1), it suffices to consider the composition
of the operators S,, p € (%,a + 1) with the linear extension operator E
given by Whitney’s theorem. <

Remark 4. Notice that the regularity of the extension operators E, give
that S¥f is of class C* in W N (B\ E).

Now we will see that we can extend these linear operators to the whole
Lip (B), by solving a suitable d-equation.

TueoreM 3. () If a € (3,1), and p € (3,1) then there exists a linear
operator

$7: Ayo( E) = Lip(B)

such that SPf(y(xy)) = f(x,), for each x, € y~(E).
(ii) Furthermore, SPfoy is differentiable on y~'(E) and for each x, €
-1

vy U(E),

%S”f(v(xo)) = F{?T(‘@‘f'(xo)

(recall that A is given by the parametrization of ).

Proof of Theorem 3. If a € (%,1), let p e (3,1) and W be the corre-
sponding neighborhood given in Proposition 1. We will also consider the
operator S” given in Corollary 2. Let V' be another neighborhood of E in C"
with V' c W (without loss of generality we will suppose that both neighbor-
hoods are simply connected). Let x be a C* function in C”, such that y = 1

on V, and supp x N B € W N B. Then the function xSf is well defined in B
and satisfies

X'S:pfwnﬁ = S.prnt_?'

At this point, we need the following result.
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LemMA 3. There exists
¢ € C*(B\E) nA'(B)

with ¢y ~'(0) = E, and Vi z = 0, where

- (22

Proof of Lemma 3. 1t suffices to consider the function ¢ = 1 /h’;, where
g <1and k > 1satisfy (k + 2)/2k <gq. <

Followmg the proof of the theorem, since (see Remark 3) $7f is of class
C* in WN (B\E), and dy =0 on V' N B, we have that the (0,1)-form
SPf(dx/¥) is of class C* on B. Hence (see [R, page 357] and [BD), there
exists a linear operator U that solves the d-equation du = Spf(ax /¥), and
such that the function u = U(SPf(dx /¢)) is of class C* on B. Now, defining
the holomorphic function in B by v? = x$Pf — yu, it can immediate be
verified that v” is in Lip (B) (see [R, page 107]). Hence, it suffices to
consider the linear operator given by S?f = v.

For (ii), it is enough to prove (see [R, page 106] and (i)) that if y(x,) is in
E,fe A, (I and p € 3,a + 1), then

A
22 lim R,,\S f(z) = ——7—f(x),
( ) 1, ry(xg) € WNB v(z) pf( ) A +iT (xO) f( 0)

where W is the neighborhood of E given in Proposition 1, v(z) = ry'(x,),
and for each F € H(B),

oF
Ru(z)F(Z) = 21 az, (Z)V
l

Using Taylor’s development on f, we obtain

Ry Spf(2) = [(f(x) = f(x0)) Ry K,(, 2)) de

+ [0(x = xal*) Rugo (K, (5, 2)) s

=I+1I,
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and we will see that

A
lim I= ————f'(xy),
r=1,ry(xp))EWNB A +iT (xo)f( 0)

whereas the limit of I is zero. Using the definition of R, ), we obtain

I= ’;lféx‘)’z (XY - zV),
where
X =h,(2),
- fl(v(z)@x L
(1-v(x)z)
(v(2)v(x))
(1= y(x) z)p+1
and

V=g,(2)

(notice that, shrinking W if necessary, Lemmas 1.2 and 1.5 give x, = x, = x¥).
Defining

. (x _xo)2 3
= —'—de, > LR
in(2) [1 707 p>5

and using Taylor’s development, we obtain
Y = (v(2)7(x0) )8ps1(x0) + (v(2)7'(x0) )ipri(2) + O((1 = )/277)
Z = (v(2)7(x0) Jpei(2) + (v(2)7'(%) )&, i(2) + O((1 = 1)'/>77).
Hence
(23) XY = 2V = (v(2)7(x%0) ){h,(2) 8p41(2) = 8,(2)hpui(2))

+(#(2)7'(x0) Y1 (2)Jpar(2) = 8,(2)8p11(2))
+0((1 - r)>?7%r).
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By (20) and the fact that
(2)y(x,) = 0((1-n)"?) (v(2)7(x0) =0)

we see that the first summand of (23) is

o((1 = )'?)0(|1,()[) = o(|1([).

In consequence (notice that v(z)y'(x,) = rd),

XY = 2V = ra{(2) ], i(2) = 8)(2)8(2)} + 0|, (2)[).)
The same kind of argument as in Proposition 1 gives
Jpe1(2) = Tpi(2) + O((1 = 1r)'").
Using (7), (8) and (9), we obtain

{h(2)ipi(2) +8,(2)8,41(2))

2p 2\ 1-2p
- %C(pr(z)‘z(zF(z,y(xo)) - )

+0((1 - r)¥2),

Consequently, I is equal to

2\1-2p
r/\f'(xo)Zz"C(p)zB(Z)_Z(ZF(ZaY(Xo)) + %((Lz))_)

2\ 1-2p
221’C(p)23(z>“(zF(z,mo)) + j‘;(zz)) ) +o((1 - ryVe
+0(1).

Letting r — 1, the definition of B, gives

liml = —2—— = 2
STy (x) v(x) AT
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Now we will see that lim, _,,IT = 0. We write

|1}

[ ol = o) R, 5, 20) |

|2a

|Rv(2)|f |x — xo
= @ =3

x - xol (@)
|1 _ mzlp+l

1 |
+
e
=1+ 1V,

and we will estimate each one separately. For IV, we will use Proposition 1,
and the fact that

— — 1,2
[v(2)7(x) | =1z = v(2)| + ¥ = xol <|1 = ¥(x) 2]
since T(x,) = 0, to obtain

|x — xolza

-1/2
‘p+1/2dX<(1—r)a 2,

= (1 —r)l’—l/zf[ll =
—y(x)z

where in the last estimate we have used (i) of Lemma 1.6 (note that
2p — %< 2a < 2p). And this converges to zero, when r — 1.
For the estimate of I1I, we will first obtain a bound of R, ,,. We write

(»(2)7(x) )
oo pf (1 —Y(X)z)p h

dx
=Awnﬂ%w£“_ﬂﬂdﬁl

+p(v(z)'y(x0) )f’(l _();(;))ci))pﬂ dx
O(lx — x*)
1|1 _ ;—-(——52|p+1
—V+ VI + VIIL
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Since T(x,) = 0, we have
ViIV(Z) - V(Y(xo))l |hp+1(z)|_§_(1 -r)".
For VI, formula (8) and an argument like the one used in Theorem 2, give
VI <|gyei(2)| = (1=r)",
And (ii) of Lemma 1.6 (note that p <2 < 2p + 1), gives
VII < (1 —r)'/?77.
Hence |R,,)| < (1 —r)7?, and

|x —xo|2a
p+1

1 - y(x) 2|

o< (1-r)"" dx < (1 —r)* 12,

an expression that also converges to zero, when r - 1. <

Theorem 1.1 of the last section, and Theorem 3 finishes the proof of
Theorem A stated in the introduction, and also give the corresponding
Corollary A.

Now we will give the proof of Corollary B.

Proof of corollary B. Let ay < 3 and @, > 1. Since T is complex-tangen-
tial, it is easy to check that the operators S?, with %< p <2 are also
interpolation operators for Lip,(B) (see Remark 1.2). In particular, there
exists a linear interpolation operator S?, which maps

Az (T) = Lip,(B) and A,,(T) = Lip,(B).

It follows from the real interpolation method and the fact that these

Lipschitz spaces are Besov spaces (see [B-L, page 153]) that it maps

A, (T) = Lip (B), for each a € (a,, ;) and it suffices to take a = . <
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