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L? AND SOBOLEV SPACE MAPPING PROPERTIES OF
THE SZEGO OPERATOR FOR THE POLYDISC

BY
PeTER M. KNOPF!

1. Introduction

Suppose () is a domain and 9(} is its boundary. The Szegd operator .~ for
dQ is defined to be the orthogonal projection of L?*(8Q2) into H?(3Q) where
H?(Q) consists of those functions in L*dQ) which are the extensions of
holomorphic functions in Q. It is well known (see [2], p. 55) that the Szegd
operator may be expressed as an integral operator of the form

Sf(z) = fa SE0f(§)da(2)

where § is the Szego kernel.

Recently it has been shown (see [1]) that the Szegd operator for the
topological boundary of the bidisc in C? with respect to Lebesgue surface
area measure is bounded on L? and Lf for 1 <p <« and a > 0. In this
paper we show that the same results hold for the topological boundary of the
polydisc in C" for n > 3. Furthermore one may have arbitrary radii for the
polydisc in each dimension and obtain the same results for any ».

The proofs of these results use the Marcinkiewicz Multiplier Theorem in
order to reduce the problem to considering a more tractable operator than
the Szeg®d operator. It turns out that the “tractable” operator is simply the
composition of n — 2 Bergman operators for the disc in C and of the Szeg6
operator for the topological boundary of the bidisc in C2.

We point out to the reader that the mapping properties for the Szego
operator for the distinguished boundary of the polydisc are trivial and should
not be confused with the subject of this paper.

I am greatly indebted to K. Diaz for bringing to my attention the problems
that were studied in this paper. I would also like to thank E.J. Straube for his
helpful comments.
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2. The main results
Let D denote the open unit disc in C and let dD be its boundary The

polydisc in C” is D" =D X +-+ X D and its closure is D" =D X -+- X D
where we take n copies of D. The topological boundary of D" clearly is

D" = (4D x D" ') U (D XD x D""2) U --- U (D"~ ! X dD).

We let (dD)" =dD X +-- X dD. The operator ./, will denote the Szegd
operator for D" with respect to Lebesgue measure. If f is in L2(dD"), it is
well known (see [2], p. 55) that

(1) ‘/;nf(zlvﬂazn)
= lim §n((zl’ e Zn) - 8V(zl,...,zn)’ (gl" R ’{n))

e—0% J9pn

(s 8)do(dys 58

a.e. on dD" where do is Lebesgue surface area measure on D", v, ., ,is
the unit outward normal to dD" at (z,,..., z,), and S is the Szego kernel.

LemmMa 2.1. The Szegé kernel for dD" is

S:n((zl’ tee Z,,), ({1" L) {n)) = Sn(zlfl" L] ann)

where

o ll.[(Jk+ l)xllék
(2) Su(Xppenesx,) = Z k=l
Z Get 1)

Proof. By the proof of Lemma 2.1 in [6],

forms an orthogonal basis for H2(0D"). Using polar coordinates z, = r,e'%,
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it is easy to calculate that

n
. 2 27" Y (e + 1)
ik _ k=1
Zk - n
1 o 1T (1)
k=1

We conclude that

n
o TG+ Dzfdl
$S(ziss2),(Gon8)) = L
i in=0 27 Y (G + 1)
k=1

as required. _ _
Henceforth we will denote the Szegd kernel for dD” by S,(z,{y, ..., 2,{,)
with S, defined in the statement of Lemma 2.1.

THEOREM 2.2. The Szegé operator .7, satisfies ||, fll Lr@apm < CIfllLr@pm)
for1<p <owandn > 1.

The constant C both here and in any subsequent use will stand for a constant
depending only on n and p.

Proof. The case n =1 is well known and the case n = 2 has recently
been solved (see [1]). So we assume n > 3. Fix p with 1 <p <. By
symmetry we may assume that the support of f is contained in 4D X D"~1,
Also by symmetry it is enough to show that

“c/;,f”L”(aszﬁ”‘z) < C”f”LP(anB"‘l)
or more generally
| fll Lrep2xpr-2) < ClIfllLr@p2xDn-2).

Since the operator ., is difficult to handle directly, consider the operator

(3) K f(zy,...,z,) = limf

e—0%

szl_)n_2Kn(Zf§1’ 2585523855 -5 2,L,)

'f((la'"s{n)do'(gla'”,gn)
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where (21, 23) = (24, z,) — ey, ,,) and

s 1 .. ;
(4) Kn(xl,...,xn) = ; E] _Omg(h + l)xfc".
1reesp=

We claim that
| fll Lrap2xpn-2y < Cll %, fll Lrap2xpn-2).
Since dD? = (3D X D) U (D X 4D), by symmetry it is enough to show that
| fll Lrop xBn-1y < Cl %, fll L@ x D1y

It is obvious that both %, f and ./ f are the boundary values of holomorphic
functions in D? and hence may be expressed in power series form:

o . n )
(5) K f(zy,..52,) = ,,.l_i,%l+ Z (1- S)Jlail...jnkl;[lzllck

J1seeesdn=0

and by (1), (2), Lemma 2.1, and (4) we may write
6) Af(zy,...r2,)

1 j LI
7 Z (1 _3)11 aflmfnl_-lzll‘k'

AL Y Gt ko
k=1

j1+12+2
n

Introducing the polar coordinates z; = e’®1, z, = r,e',..., z, = r,e" for
fixed r,,...,r, the functions J%,f and .7 f have the following multiple
Fourier series expansions:

n
‘}z/nf(ewl’r2ei02a'-~arnei0”) ~ Z ajl...j,,nrlﬁ"neifk"k
tseeerin=0 k=2 k=1

and

(e, rye, ... r,en)

“ i +iy+2
1 J1 T2 a.
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We will show that
(7 NAfCe s r(e)seees 1) lranymy
< CIUH f(oora()s ey 1) NiLrqanyny.

This is equivalent to the following lemma.

Lemma 23, If
e n
f~ Z a;,...,-"l—le”"“"
Jireresn=0 k=1
and
- > i+, + 2 oo
f~ X _—Jr} 12 a .., ek,
Jesdn=0 Y (G + 1) k=1
k=1
then

I ff lLeapyry < ClIfllLrapyr)-

Proof. Consider the multiplier on R" defined by

yi+ty,+2
—.

Xy +1)

k=1

m(Yiseeer V,) =

Let g € LP(R"). Define the operator 7, by

T,8(Y15-- s ¥a) =m(Yi5-e s Y) E(V1s e s ¥2)-

Define the infinite rectangle R to be R = {(y,,...,,) € R:y, = — 3 for
all k} and define the operator S, by

Sr8(Y1s--s¥n) =XR(V1s-- s V) E(Y1e e s ¥0)
where xy is the characteristic function of the set R. From the proof of the
Marcinkiewicz Multiplier Theorem (see [3], Chapter IV, Section 6.3) it can be
seen that

T, SrgllLewry < ClligllLrgn.
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Define ¢ such that ¢ € C*(R),  is non decreasing, ¥(x) =0 on
(=, — 2}, ¥(x) = 1 on [0,%), and |¢(x)| < C for all n > 1. Define the
operator T, so that

n
ng(yl"“’yn) = ’:CI.:[llrl/(Yk)gA(yl""ayn)'

Since IT}_;¥(y,) is a Marcinkiewicz multiplier on L”(R") (see [3], Theorem
6’, p. 109) we have

1T, gllLe@ry < CligllLrgr-

Note that T,T,Sg = T,,T, and so |IT,,T,gllLr® < CIIgIIL‘_L) Associated
with the operator T,T, is a unique periodized operator T,, T, T defined in
Theorem 3.8 in Chapter VII in [5]. It is obvious that TT T-p =T and by
Theorem 3.8 we have ||7fl.zqpyy < ClIfll Loy, Which proves the lemma.
We return to the proof of Theorem 2.2. Raising both sides of (7) to the
power p and integrating with respect to the measure I _,r,dr, gives

|7 fllZrapxBn-1y < CI\ K%, fllf r0px 571y
as claimed. We have left to show that
(8) | %, fll Lr@p2x D=2y < ClIfllLr@p2xD7-2).

Summing up the series in (4) gives
n
K, (x1,...,x,) =27"S,(xy, x3) ,E;B(xk)

where S, is the Szegd kernel for dD? and B(x,) = 7w (1 — x,)~2 is the
Bergman kernel for D with k = 3, ..., n. It is well known (see Theorem 3 in
[4]) that the Bergman operators #*) with associated kernels B(x,) map
L?(D) into L?(D). It has been shown (see [1]) that the Szegb operator
A with the associated kernel S,(x;, x,) maps LP(dD?) into LP(3D?).
By (3) and (4) we may write

9) Kof(z1yeenr2,) = BD ... BOBOSLDf(2,,...,2,).
Inequality (8) now follows, which concludes the proof of Theorem 2.2.

THEOREM 2.4. The Szegd operator .#, maps LY into LY for 1 <p < o,
a>0,andn > 1.
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Proof. The cases n =1 and n = 2 are known (see [4] and [1]). So we
assume n > 3. By induction and interpolation it is enough to do the case
a = 1. The inequality

1%, fllL2@pmy < ClIfllL2epm

follows immediately from (9), Theorem 3 in [4], and Theorem 3.5 in [1]. The
comparison between ./, and %, which is shown in the proof of theorem
2.2, works for derivatives as well. The theorem now follows.

3. Remarks

(a) The Bergman operator &, for the polydisc with respect to Lebesgue
surface area measure maps LZ(D") into L2(D") for 1 <p < »,a > 0, and
any n. This is not difficult to show. Straightforward calculations give

Bf(z1y...,2,) = B™ ... BPBOf(z4,...,2,)

where Z(® is the Bergman operator for the disc D in the variable z, with
the associated kernel

B(x,) =7"'(1 —xk)_2 fork=1,...,n.

The same results hold for the domain D} as defined in part (d) below.

(b) H?(6D") strictly contains H?((3D)") for 1 < p < » and n > 2. The set
(D))" is often called the distinguished boundary of the polydisc D”. In fact it
is easy to show that

||f||LP(aD") < C“f”LP((aD)")

for any f and if f(z,...,z,) =1 —z,z,)7%?" then fe< HP(D") but
f & HP((3D)™).

(c) In [1] it is shown that the Szegd operator ./, for the bidisc is not
weak-type (1,1) nor does it map A, into A, (the Lipschitz spaces) for any
0 < vy < 1. It can be shown using the same counterexamples cited in [1] that
the Szego operator .#, for the polydisc with n > 3 is not weak-type (1, 1) nor
does it map A into A, forany 0 <y <1

(d) Let D(R,) denote the disc of radius R, in C. Define

D} =D(R,) X -+ X D(R,).

Let .#; denote the Szegd operator for Dy with respect to Lebesgue surface
area measure. The Szegd operator .#; is bounded on L?(dD}) and LZ(6Dp)
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for 1 <p <o,a >0, and n > 1. The proofs are similar to those of Theo-
rems 2.2 and 2.4.
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