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A NEW LOWER BOUND FOR CORRESPONDING RESIDUE
SYSTEMS IN NORMAL, TOTALLY RAMIFIED
EXTENSIONS OF NUMBER FIELDS

STEVEN R. BENSON

Introduction

Let F be the quotient field of a Dedekind domain ©, having finite residue fields
£, /p for all prime ideals p of O, (e.g., a finite extension of Q or Q,). Let K, K’ and
L be finite extensions of F such that L/F isnormal, KK' C Land KN K' = F. If
2 is an ideal of ) such that O, +2 = O,, + %A, then O, and O,, are said to have
corresponding residue systems mod2(. We are interested in finding (K, K'), the
unique minimal ambiguous (over F) ideal of £} so that O, + M(K, K') = O,, +
M(K, K'). In this paper, we will usually focus on the (local) case where F is a finite
extension of Q,, L/F is totally ramified, and K /F and K’ /F are normal extensions.
In this case, D(K, K') is a power of 3, the unique maximal ideal of O, , so our task
is to find M(K, K'), the largest integer m so that O, + " = O+ B". The method
developed by the author utilizes canonical invariants of the field towers L/ K /F and
L/K'/F, which are determined by the ith elementary symmetric functions on the
sets {(ocr — w)/n: o € G} and {(6'n’ —n')/n’: 0’ € G'}, where 7 (resp. ©') is
an arbitrary prime element of O, (resp. £,,). We see that these invariants can be
computed in terms of irr. (), but are actually independent of the choice of 7. By
comparing the invariants associated to L/K /F and L/K'/F, we show that

MK, K)> p" e+ 1) —tp" ",

where ¢t = min{t,(K/F),t;(K'/F)}, and t{(K /F) (resp. t; (K’ /F)) denotes the first
breakpoint in the Hilbert ramification sequence for Gal(K/ F) (resp. Gal(K'/F)).
In addition, we prove that if 1 = #,(K/F) < ;(K'/F), then M(K, K’) can be
computed completely in terms of the coefficients of irr, (x), where again 7 is any
prime element of O, . This, together with a previous result of the author, provides
a method for determining M(K, K’) whenever min{#,(K/F), t;(K'/F)} = 1. As
a final consequence, we “globalize” our results in order to sharpen previous lower
bounds for the highest powerof 3 dividing 9 (K, K ') when F is an algebraic number
field.

In this article, we intend to expand on the results of [1], where the author’s methods
were introduced. As in [1] then, unless otherwise specified, we will assume that F
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is a finite extension of Q, and that L/ F' is a normal, totally ramified extension with
normal subextensions K/F and K'/F satisfying KK’ = L, KN K’ = F and
[K : F]1=[K’: F] = p". Denote by B, and *B,, the maximal ideals of O, and O, ,
respectively.

Stout showed in 3.1 and 4.1 of [6] that, under these hypotheses,

p"(ti(L/F)+1)—p" "4 (L/F) < M(K,K')

| Pt (K /F)+1)~4(L/K"),
< min , 0.1)
Pt (K’ /F)+ D—t;(L/K).

If, in addition, K/ F and K'/F are cyclic extensions, then McCulloh and Stout proved
(in Theorem 3.1 of [3] and Theorem A of [4])

M(K,K') = p"(t + 1) — p"~'0u(L/F),

where, as above, ¢t = min{t;(K/F),t1(K'/F)}.

In Chapter V of [7], Vogt constructed a finite extension F of Q2 and an elementary
abelian, totally ramified extension L/ F of degree 16 such that the Hilbert sequence
for L/ F had aunique breakpoint at 1. Therefore, the sequences for all subextensions
also had unique breakpoints at 1. However, he then exhibited subfields K, K’ and K"
of Lsuchthat KNK' = K'NK" = Fand KK' = K'K" = L, but M(K, K') #
M(K’, K"), showing that the knowledge of the ramification numbers alone does not
suffice, in general, if one is interested in computing M, (K, K').

The invariants introduced in [1] (and mentioned briefly above) are computed as
follows: Recall that if 7= is any prime element of 3, then an element 0 € G
(= Gal(K/F)) is in the ith ramification subgroup G; of G if and only if o —
T E &B,';ﬂ Lett = #{(K/F) = min{i: G; # G;;} (the first breakpoint in the
ramification sequence, which will be greater than or equal to 1 in this case). Note
that since L/F is totally ramified and [L : K] = p", we have ‘,13’,( 0 = &Blp " For
i=1,...,p" — 1, wedefine ¢ € ‘13”" " / ‘B"p "!to be the ith elementary symmetric

function on the set {(c & — 7) / T+ iptp "H: o € G} (Alternatively, one can think of
& as the canonical image (in ‘,B"p /‘B"p +l) of the ith elementary symmetric function

of {(ocmwr — m)/m}). The author showed in [1] that each & is independent of the
choice of 7 and is thus an invariant of the extension L/K/F. We similarly define
the invariant &’ € m’ " /&]3"1anrl to be the ith elementary symmetric function on the
set {(o'n’ — ')/’ + &]3'11’"“: o’ € G'}, where n’ is a prime element of ©,, and
t' = t;(K'/F). Under the additional hypothesis that ¢, (K /F) = t;(K'/ F) = 1, the
author showed in Theorem 3.1 of [1] that M(K, K’) = p" +i, where i is the smallest
integer satisfying ¢ # &/ (in fact, it was shown that i will always take the form p" — p*
forsome 0 <k <n-—1).

In this article, we will eliminate the assumption that ¢;(K/F) = t;(K'/F) = 1
and use our invariants to determine (or provide bounds for) M(K, K’). Toward this
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end, in the following section, we review some background material concerning our
invariants and obtain necessary preliminary results.

1. Preliminary results

In this preliminary section, we will present several results which will be needed in both
of the succeeding sections. We shall assume throughout that F is a finite extension
of Qp and that L, K and K’ are normal, totally ramified extensions of F satisfying
KNK'=F,KK'=Land[K : F]=[K': F]=[L : K] = p". Recall that, if 93
is the maximal ideal of £, , then M (K, K') is defined to be the largest rational ihteger
m so that O, +P" = O, + PB". As was demonstrated in [1], there is a connection
between M(K, K') and the coefficients of irr, (;x) and irr, (), where 7 and 7’ are
prime elements of O, and O,,, respectively. By (1.1) and (1.2) of [1], we know that

M(K, K') = max{y, (m — ') 79, =% and 7’9, =P, } (1.1)
and
y(r —n") =min{y(ai —a)) +i: 0<i < p" -1}, (12)

if we define irr, (7) = ap +a1x +- - +ap _x? 7 4 %7 and irr,(n") = ag +dix +
e a;,n_lx”"-l +xP".

Next, we illustrate the connection between the invariants {g: 1 <i < p”"— 1} and
the coefficients of irr, (57) by stating, without proof, Proposition 2.1 of [1].

(1.3) LEMMA.  Letm be a prime element of O, withirt, () = ag+a;x+- ot
anddefinea,, = 1. For1 <i <p"—1landt=t,(K/F),let0 < j < p"—1satisfy
j =it (mod p"). Then

§ = (—1'g (p”]— i)n’f“p" + 5;3””"“ (where j < p" —iimplies (an_ i) = 0).

l n
Furthermore, for all 1, t;((a, (p” l_)n"” ) > it with equality only if | = it
(mod p™).

The key to (1.3), as was proved in [1], is that ¢ is independent of the choice of
prime element 7. As K /F is totally ramified and 7 is a prime element of O, , we
know that irr,(r) is an Eisenstein polynomial, and therefore, the constant term a,
satisfies v, (ap) = [K : F] = p". The next two propositions use (1.3) to provide
lower bounds for the degree of divisibility of the other coefficients ofirr, () by R, .
The next proposition is a restatment of (2.6) from [1].
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(1.4) PROPOSITION.  Let K /F be a normal, totally ramified extension of degree
p" \”w'th t=n (K/F) < p. Suppose m is a prime element of O, withirr (w) =
Y P saix'. If 0 <l < p"and vp(l) =k, then

y(a) = @+Dp"  ifl < p' —1ph,
y(a) > tp" ifl > p" — 1p*.
In particular, when ¢ = 1, (1.4) gives us
v (a) > 2p" if | < p* — pk,
yla)>pr  ifl=pr—pk.

In this article, we will not necessarily assume that #;(K/F) < p, so we need to
prove the following generalization of (1.4).

6]

(1.6) PROPOSITION.  Suppose K /F is a normal, totally ramified extension with
[K: F]= p"andt = t1(K/F). Let w be a prime element of O, with irr, (1) =
Y aixi. If0< I < p" and v,(I) = k, then

y(a) >tp" — ¢ — 1)p.

Proof. Let [ be given and suppose v () = k. By (2.5) of [1], we know that
q,((})) =0, so vx((ll,k)) =0, as well. Letting i = p" — p* in (1.3), we have

(p"—p*r < v(a, (;k)n’-lf) =v,(a)+1 - p".

Observing that! < p" — p*, the proposition follows immediately. ]

A fact which will prove to be useful in the section which followsis thatif t > 1, then
tp"—(t—1)pk—2p"—p*) = t=2)(p" —p*) = 0, sotp"—(t—1) p* > 2 p"—ph).
Therefore, by (1.6), if v,() =k, then y (a)) > 2p" — pk. Finally, since a, € F for
each /, we know that v, (@,) is an integral multiple of p”, so we may conclude:

Ift > 1, then v, (@,) > 2p", forall0 <I < p". amn

2. The case min{t; (K /F), t;(K'/F)} = 1

In this section, L /F is anormal, totally ramified extension of degree p%* with normal
subextensions K/F and K'/F satisfying KN K' = F, KK' =L and [K : F] =
[K’ : F] = p". We will also assume that min{# (K /F), t,(K’/F)} = 1. For ease
of notation, we shall denote ¢t = ¢;(K/F) and t’ = (K'/ F). Recall that the case
t = t' = 1 was addressed in [1], so we shall assume thatz =1 and ¢ > 1.

The following theorem provides a method of computing M,(K, K’) in terms of the
canonical invariants g of K/F.
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(2.1) THEOREM. If 1 =1t < ', then M(K,K') = 2p" — p*, where p* — p* =
min{i: & # 0+ P¥ +1}.

Proof. As ¢ is independent of the choice of prime element 7 of O, let us
assume that we have chosen m and 7’ so that y (w — ') = M(K, K’), and let
irr, (r) = Y7 axi andirr, (1) = Y7 a/xi. LetO < [ < p" and suppose that
v,(l) = k. Sincet = 1, (1.5) gives us

v (a)=2p"  ifl# p" - ph,

v (a)>p" if | = p* — p*.
. . 1 A 27" Ip"+1
In particular, if I # p" — p*, thena, e P~ ,s0§ =0+ P by (1.3).
Since t' > 1, (1.7) gives us v,,(@;) > 2p". As a; € F, and the extensions K /F
and K'/F are totally ramified of equal degree, we have y (a)) = y.(d)) > 2p".
Therefore, if [ # p" — p*, then v, (@, — @) > min{v, @,), v (a))} > 2p", which
implies y, (a, —a,) +1 > 2p". However, by (1.2)and (0.1),2p" — 1 >y (x — ') =
min{y, (@i —a)) +i: 0 < i < p" — 1}, and we may conclude that M(K, K') #
y (a, — a}) + [ for such I. To summarize, we have proven that, if v,() = k and
I # p" — pk, theng = 0+ and M(K, K') # 4 (a, — a) +1. Note that,
by (0.1), M(K, K") = 2p" — p"™!, so min{y (@i — a)) +i} = 2p" — p"~', by
(1.2). In particular, y (a0 — ap) +0 > 2p" — p"~!. Therefore, since ap — ay€F,

Y (a0 — ap) =2p" (> M(K,K")). Hence

M(K,K') = min{v, @pn_pt — a;"—p") + p" - p": O0<k<n-—1}

Next, we shall investigate the case [ = p" — p*.
Suppose that ] = p" — p" for some 0 < k < n— 1. Then, by (1.3),

spn_pk # O+m

A D

(since v((pn I;pk)) =0)
= ylap_p) <p"+1
(since v(apn_pt) = p" - v{apn_pt))
= ylap_p)=p" (since apn_px € O,)
= tg((apn_pk — a;,,_pk) =p"
(since v, (@,_,x) = 2p")
— q((a,,_pk - a;,,_pk) +p —pt=2p" - p".
We have shown, then, that

2 _ k+n
6,y FO+PT T = @y p—al, )+ p" - pr =2 -
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As2p" — 1> M(K,K') = min{y, @y —pt — ) + p" — p¥}, we know that

Upn_p
MK, K"y = v @pr—pt —ap_p) + p" — Pk
& p"— p* =minli: v (@ —d) = p"}
& p"—pF=minfi: & £0+P*HY,

and the theorem is proved. O

Notice that, in the midst of the above proof, we demonstrated another technique
for computing M(K, K'), for we showed that if = is chosen (along with 7") to satisfy
M(K,K') = v, (x — n’), then

n__pk+n
e, A0+ T
However, since each ¢ is independent of the choice of m, the proof of (2.1) actually
shows that if 77 is any prime element of O, and irr, (7) = Zf;o b;x', then

= ylap-p)=p".

#£0 477 Y(bpn_pt) = p".

pn_pk

By (2.1), we have M,(K, K') = 2p" — pk, where p" — p* = min{i: ¢ # O+‘$ip"+1},
so we know that

MK, K') =2p" — p* = p'~p* =min{i > 0: 4 (b) = p"}
< p"—p=min{i > 0: y (b)) =1}
— p" —pF=min{i > 0: b; ¢ p?},
where p is the maximal ideal of O,. Hence, we have proven the following:

(2.2) COROLLARY. Suppose 1 =t < t' and that v is a prime element of O, with
irr, (m) = Y0 oaix'. If p is the maximal ideal of ©., then M(K,K') = 2p" — p*
where p"* — p* =min{i > 0: a; ¢ p?}.

We conclude this section by noting that we can consolidate (2.1) abo_\_'e and (3.1)
of [1] by making a slight change in the definition of §'when ¢’ > 1. Let ¢/ be defined

as follows:
_ el.’ ift' =1
8/= :n
' 0+ 7 iy > 1

In Theorem (3.1) of [1], we showed that, if = ¢’ =1, then M(K, K’) =2p" — Pk,
where p" — p* is the smallest integer i such that & # ¢’ This result, along with (2.2),
gives us a method of determining M, (K, K') whenevermin{# (K /F), t;(K'/ F)} = 1.
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(2.3) THEOREM. If L/F is a normal, totally ramified extension of degree p*"
with normal subextensions K /F and K'/F satisfying KNK' = F, KK' = L,
[K:Fl=[K':F]= p"and tj(K/F) =1, then

M(K,K")=2p" — pk, where p" — p* = min{i: 3 ;églf}.

3. The general case

In this section, we will continue to assume that F is a finite extension of Q, and that
L/F is a normal, totally ramified extension of degree p* with normal subextensions
K/F and K'/F satisfying KNK' = F,KK'=Land[K : F]=[K': F]=p". We
will also continue to use the notationt = min{# (K /F), t1(K'/ F)} with the additional
observation that, without loss of generality, we may assume that t = #(K/F). We
will also use the abbreviation ¢’ = #1(K’/F) and let 3 denote the maximal ideal of
£,. In (3.3), we will sharpen the previously computed (see (0.1)) lower bounds for
M(K, K'). First we show that, under our hypotheses, p" cannot divide M(K, K'),
generalizing a result found in the proof of Theorem (3.1) of [3].

(3.1) PROPOSITION. Let L /F be a normal, totally ramified extension of degree
p*" with normal subextensions K /F and K' |F satisfying KK’ = L, K N\K' = F
and [K : F1=[K': F]= p". Then p" does not divide M,(K, K').

Proof. Define M = M/(K,K’) and let ¥ and =’ be prime elements of £, and
9, so that y (m — n") = M. Since L/K is totally ramified, we have v () = p".
Assume, by way of contradiction, that p"| M. Thenz /7" € O, and y(z¥/?") = M.
Since L/F is totally ramified, the residue fields £, /3 and O, /p are equal, so there is
ay €9, satisfyingw — 7’ = yM/” (mod P *"). Therefore, 7’ =7 +7' -7 =
7 — yaM/P (mod P "), Defining p = 7w — ynM/P", we see that p is an element
of O, satisfying y (o — ') > M+ 1 > p" = y (7'), so we must have y (p) = p".
Thus, p is a prime element of £, satisfying y (o — n') > M, contradicting (1.1).
Hence, p” cannot divide M. O

With (3.1) in mind, if = and 7’ have been chosen so that v (x — ') = M(K, K'),
then v (x — 7’) cannot be a multiple of p”. However, (1.2) gives us v, (m — ') =
minf{y, (a; — a}) + it 0 <i < p" — 1}, where g; (resp. a}) is the coefficient of x!
in irr, (;r) (resp. irr (n')). As v, (q; —a)) +i = i (mod p"), (3.1) shows that the
minimum cannot occur when i = 0, and we have the following corollary:

(3.2) COROLLARY. Along with the hypotheses of (3.1), suppose that & and '
are chosen so that M(K,K’) = v (m — /). Ifirr, (m) = ap+a;x + - -+ + xP and
irr, (7" =ay+ajx+--- +x”", then y(wr —7') < vy, (@p — ay).
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As a final note on (3.1) and (3.2), we insert a note of caution. Notice that if # and
7’ are chosen tobe arbitrary prime elements of O, and O,,, then we cannot guarantee
that y (;r — #’) is not a multiple of p”. However, as was shown in (3.1) of [1], if
t(K/F) =t;(K'/F) = land m and 7’ are chosen sothat v, (x —x’) is nota multiple
of p*, then y (;m — ') = M(K, K’). Whether this result generalizes to other cases
is not known to the author.

We now come to the main result of this section. We show thatif L, K, K’ and F
are as above and¢ = min{t,(K/F), t;(K'/F)}, then M(K, K') > p*(¢ +1)—p" !¢,
sharpening the lower bound given in (0.1). To see that this is, indeed, a sharpening
of the previous lower bound, recall that#,(L/ F) < min{#(K/F), t;,(K'/F)} = t,s0
that

prae+)—p it > p (tl(L/F)+1)—p”‘lt,(L/F) (= thelower bound of (0.1)).

(3.3) THEOREM. Let L/ F be anormal, totally ramified extension of degree P
with normal subextensions K /| F and K'| F satisfying KK' =L, KN K' = F and
[K:Fl=[K': F]= p" Ift = 1.(K/F) <ti(K'/F), then p"(t + 1) = p""'t <
M(K, K'), with equality only if t is not divisible by p.

Proof. Choose  and ' so that M (K, K') = v, (w —x"), and suppose irt, (1) =
P aixiandirr, (') = Y7 a/x'. By an intermediate step in the proof of (1.6), if
0 <[ < p", then

v (@) = p"(t(K/F)+1) — p"Or(K/F) -1
and
v (@) > p"ti(K'/F)+ 1) — p»On(K'/F) 1.
Since a, € F, we have v (a]) = y, (d)). Hence,
v (a,—a)+1>min{y (a), y (@) +1> @¢+1)p" —prPt—1+1=tp"—tp>r®.
Moreover, since 0 < vp(l) < n — 1, we have shown that
w(a —a)+1>@+Dp" —tp"™" forall0 <1l < p".
Now, recall that, by (1.1) and (1.2), we have M(K,K') = min{y,(a, — a]) +

I: 0 <1 < p" — 1}. However, (3.2) shows that this minimum cannot occur for
| = 0. Therefore,

MK, K)Y=y@ —a')=min{v, @, —a)+1: 1#0}>p"¢t+1)—p"'t.

In view of (3.1), we see that this lower bound can only be attained if ¢ is not divisible
by p, and the proof is complete. [
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4. Thecaset =1 < p

With (3.3) in hand, we now make the additional assumptionthat ¢, (K /F) =t,(K'/F)
< p, thus obtaining some partial results concerning the connection between our
invariants and M (K, K’).

(4.1) PROPOSITION.  Let L/ F be anormal, totally ramified extension of degree p*
having normal subextensions K /F and K'/F satisfying [K : F]1=[K’' : F] = p",
KNK' =F,KK'=Landt =t,(K/F) =t,(K'/F) < p,and choose m and '
so that y (7 — n') = M(K, K'). Ifirr,(n) = Y07 apx‘ and itr, (n') = Y/, dixi,
thenforO <k <mn —1,

Ep 8y = Ylapip —ap_ ) =1p".

Proof. Let0 < k < n — 1 be given. By hypothesis (and (3.1)), we know
y (r—7") = M(K, K') > p",s0 (t —n’) € B ', which implies nl = 1(modP),

tp
and therefore (71:—,) = 1 (mod*P) . Inlight of this, we will define ¢ = (n/n/)‘P"_l €

no_ ¢ k
. Since t < p, we know v,(p" — tp*) =k, so vp((p o P )) = 0. Therefore,

(1.3) gives us

a
’ apn_tpk _ pr—tpk c sz"—tp”""ﬂ
gk - pk it (n/)tﬂ‘

41
= ap gk — a’p,,_,‘,((l +a) e ‘.]3”’2 .

tpin 11
As a;,,_ o € ‘13”2 and o € B, we haveaa;,,_ i € ‘13”2 , and therefore,
, , tp? +1
ok = Ep_ > Gprogp —d_ €P

p"+1
= apgp — i € R
= y(@p_pk— a;,,,_,pk) > tp".
By (1.4), y (apn_,;p) > tp" and q((a;n_tpk) > tp", so we have proven that
/ / n
&y T Epp T Y@ppr—a, ) <tp
— v,((a”:_,pk —a;"-—tp")= tpn. O

We conclude this section with two corollaries of (4.1). The first provides a method
for computing an upper bound for M(K, K’) whenever t = ¢ < p. The second
provides a necessary and sufficient condition for M(K, K’) to take the value of the
lower bound given in (3.3).
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(4.2) COROLLARY.  With the hypothesesof 4.1), ife, , # &, ,,then M(K, K')
<p"t+1)—tpk.

Proof. If m and nr’ are chosen so that M(K, K') = y (m — "), then (4.1) shows
that

Ep Pl i = Y@y — )+ p" —1ph =2p" —1pF.

. ’
Therefore, if € o #e D then

P e+ D~1p* = v (ap _f—dyp_,0)+p" —tp* = minfy, @ —a)+i} = MK, K,

and our inequality is established. O

(4.3) COROLLARY. With the hypotheses of (4.1),

&, 1 FE, = MEKK)=p"t+1)—1p".

Proof. By (42),ife, ,, # ¢, ., then M(K,K) < p"(t+1) — tp" L.
By (3.2), however, M, (K K )=>p (t + 1) —tp"~ ! and therefore, we must have
MK, K)=p"¢+1)—tp™!. O

5. Global consequences

The notion of corresponding residue systems was introduced by Butts and Mann in
[2] under the hypothesis that F was a number field. We will suppose here that F
is the quotient field of a Dedekind domain having characteristic 0 and finite residue
fields for every prime ideal in O, (a number field, for example) and that L is a finite
extension of F. Recall that if 2 is an ideal of £}, then O, and O, (or K and K')
have corresponding residue systems mod A if O, + 2 = O, + 2, and M(K, K')
is defined to be the unique minimal ambiguous ideal of O, so that O, and O,, have
corresponding residue systems mod UK, K').

Of course, in order to compute M(K, K'), we need only find its factorization
as a product of prime ideals in £). To this end, for each prime ideal ‘P of O, we
compute max {m € Z: Dﬁ(K K c P } As (K, K')is ambiguous, if " divides
M(K, K'), then so does P, where P is any conjugate of B, so the highest power
of P dividing M (K, K') is the same as the highest power of P dividing M(K, K').
Hence, we turn our attention to computing

MEB*: K,K') = max [m eZ: MK, K C (‘/B#)m]

max [m €eZ: O + (P =9, + (‘p#)m]
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where P3* is the product of the distinct conjugates of Pin ), . If we lete = e(P : L/F)
the (relative) ramification index of ‘B over F, then McCulloh and Stout showed in
Theorems 1.7 and 1.8 of [3] that M(P*. K,K’) > 0 if and only if ‘B is totally
ramified in K /F and K’/F. In this case,

M@P3*: K, K') > min

e e
[K:FI[K':F1[’

with equality unless [K : F] = [K’ : F] = p" forsome r where p is the characteristic
of the residue field O, /B. Hence, we will assume that [K : F] =[K' : F] = p" for
some positive integer . Under these hypotheses, Stout further showed, in Theorems
3.1 and 4.1 of [6] that

M@ K, K)>p (1B :L/F)+1)— p"'a(P: L/F),

where t1 (3 : L/F) is the first breakpoint in the Hilbert ramification sequence of
the subgroups of Gal(L/F) with respect to B. We are now ready to prove the
following theorem, a global version of (3.3), sharpening the above lower bound
for M(P*: K, K'):

(5.1) THEOREM. Let F be the quotient field of a Dedekind domain having char-
acteristic 0 and assume that the residue field £,/ is finite for for each prime ideal
p of O..! Let L be an extension of F of degree p*" which is totally ramified at the
prime B of O, (a divisor of the rational prime p). Suppose K and K' are normal
extensions of F satisfying K N K' = Fand L = KK’ andlet ti(: K/F) (resp.
11(B,: K'/F)) denote the first breakpoint in the ramification sequence of subgroups
of Gal(K /F) (resp. Gal(K'/F)) with respect to B (resp. B,,). Then

M@ K, K)>p"(t+1)— p*lt,
where t = min{r\(B,: K/F),n(P,,: K'/F))}.

Proof. As ‘B is totally ramified in L/ F (and therefore in K/F and K'/F, as
well), then ¥ = 8 and we may assume that L is complete with respect to 3,
since Gal(L/ F) and the lattice of intermediate fields (and therefore the sequence of
ramification groups) are unchanged if L and F are replaced by their completions L
and F (with respect to ). Furthermore, since a field is dense in its completion,
M(B*: K, K') is unchanged if K and K’ are replaced by their completions K and
K’. Thatis, M (P*: K,K') = M, (K K)

Since the characteristic of F is O and O, /p is finite (wherep =P NY,), O, is a
free Z, module of finite rank (see [5], p. 36), and therefore, we may regard F as a
finite extension of Q e But this is the case addressed in the earlier sections, so we
may use (3.3), and the theorem is proved.

'In fact, we need not assume that every residue field of F is finite, only that £} /p is finite when
p=PNO,.
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