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REITER’S CONDITION P, AND THE PLANCHEREL
MEASURE FOR HYPERGROUPS

FRANK FILBIR AND RUPERT LASSER

ABSTRACT. Inthis paper we study the Reiter P, condition for commutative hypergroups and give necessary
and sufficient conditions for x € supp 7, where 7 is the Plancherel measure. Finally we apply general
results to characterize supp 7 in the case of polynomial hypergroups.

1. Introduction

Let (pn)nen, be a sequence of polynomials on the real line satisfying a recurrence
formula

X pn(x) = Qny1 Prp1(X) + Bn Pn(x) + oty pa-1(x), (LY

where a, > 0, forn € N, po(x) = 1 and p_;(x) = 0. By the Favard theorem there
exists a probability measure = on R such that the polynomials p, are orthonormal
with respect to 7. In general it is rather difficult to derive from properties of p,(x)
and «,, B, whether some real number x is contained in supp 7 or not. If (py)nen,
belongs to the Nevai class M (b, a), i.e., lim,, 0 @, = § and lim,—, o0 B, = b, and if
a > 0 then by a theorem of Blumenthal we have suppm = [b—al, [b+a]US, where
S is bounded and countable with only possible accumulation points in {d + a} (see
[9], p. 23). If one assumes in addition that the polynomials (p,)nen, give rise to a
convolution structure on /! (Ny) (i.e., they induce a polynomial hypergroup structure
on Ny (see [5], [8]) and if a = 1, b = 0 one has supp 7 = [—1, 1] (see [14] and [8]).
In the latter case Banach algebra techniques are applied, where the algebra structure is
inherited from the hypergroup structure on Ny. In [10] amenability of hypergroups is
investigated (a concept of harmonic analysis). Among many other results connected
with amenability it is shown that the constant character 1 is contained in the support of
the Plancherel measure if, and only if the Reiter condition ( P,) is satisfied. Translating
this result to orthogonal polynomials inducing convolution structure on I!(Np) this
yields a characterization of 1 € suppm. The purpose of this paper is first to initiate
a systematic study of a shifted Reiter condition (P;) on commutative hypergroups
and second to apply these results to characterize supp 7 in the case of orthogonal
polynomials that induce a hypergroup on Ny.
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2. Preliminaries

Througout this paper, K will denote a commutative hypergroup, see [1] (same as
convo in Jewett [3]). The following notations and basic results of harmonic analysis
on K will be applied in the sequel. The convolution of two elements x, y € K is
denoted by w(x, y), and the involution by X.

Let C.(K) be the space of all continuous functions with compact support. Given
y € K and f € C.(K) the translation L, f of f is given by

Lyfx) =w(y,x)(f).

A Haar measure on K is a regular positive Borel measure m on K, m # 0 such
that [, f(x)dm(x) = [, L,f(x)dm(x) forall f € C.(K) and y € K. By the
commutativity of K the existence of a Haar measure m on X is ensured. A fixed Haar
measure on K is denoted throughout by m. The dual space K is defined by

B={aec’®) a#0, 0@ @ =a@®a®),e® =am],

where C?(K) is the space of all bounded continuous functions on K. For f €
LP(K,m) let f* € LP(K,m) be given by f*(x) = f(X). Similar as for locally
compact Abelian groups one can identify K with the symmetric structure space
As(L'(K,m)) of the Banach* algebra L'(K,m); see [3] or [1]. The topology of
convergence on compacta on Kis equal to the topology o(L®(K,m), LY (K, m))
restricted to K. Equipped with this topology Kisa locally compact space. The
Fourier transform of f € L!(K, m) is defined by

f(ot)=f f(x) a(x) dm(x), xek.
K

‘For f € LP(K,m),1 < p < 00, one can define the translation L, f of f withy € K
by putting

Ly f(x) = o(y, x)(f).

Based on that translation one defines the convolution f % g, where g € L' (K, m) and
feLP(K,m),1 <p<ooby

7186 = [ 1) Lye) dmy.

We have f x g € LP(K, m) and due to the translation invariance of the Haar measure
one has in the case of f, g € L1(K,m),

/K Lo F ) () dm(y) = /K FO) Lig®) dm).
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Every f € L!(K,m) defines a bounded linear operator L; on the Hilbert space
L%(K,m) by Lg(h) = f % h, where h € L*(K,m). The mapping f — Ly,
LY(K,m) — B(L*(K,m)) is called regular representation of K. It is an injective
mapping and satisfies |L¢|| < || fll1, Lfsg = Ly o Lg and (Lf)* = Lyx*.

Now we introduce

S= {a € K: |f@)| < |ILs|l forevery f & L‘(K,m)].

S is a nonvoid closed subset of K , and for each f € L!(K,m) one has ILfll =

SUPyes | f (a)|. To obtain this one can apply the fact that S is homeomorphic to
the structure space A(A), where A is the commutative C*-algebra A = cl{Ls: f €
L! (K, m)}, the closure taken in the Banach space B(L?(K,m)). One should note
that K in general does not bear a dual hypergroup structure, which makes harmonic
analysis on K more delicate. The proof of the next result can be found in [3] or [1].

THEOREM 2.1 (Plancherel-Levitan). Let K be a commutative hypergroup. Then
there exists a unique regular positive Borel measure w on K with

f If )P dm(x) = fA 1F)I? dr (@)
K K

forall f € L'(K,m) N L*(K, m). The support of 7 is equal to S.
The set { f f € C.(K)} is dense in L2(K ). m is called Plancherel measure.

In the next section we will give several equivalent conditions for @ € S = supp .

3. Characterization of supp 7

We start by recalling some further notions of harmonic analysis. For f € L! (X, m)
define the inverse Fourier transform

Fo) = /? Fl@) a(x) dr(e)

for x € K. A function ¢ € C?(K) is called positive definite if for all choices of
neN,c,c,...,cho€Candxy,x2,...,x, € K,

Y @ o, 5)(e) 2 0.

i,j=1

Important examples of positive definite functions are o € Kor f* f* where f €
L%(K,m). We mention that one can prove a Bochner theorem for commutative
hypergroups; see [3] or [6]. We apply the following inversion result; see [6].
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PROPOSITION 3.1. If ¢ € LY (K,m) N CP(K) is positive definite then ¢ €
~ AV
LY (K,7)and (9) =e¢.

We now introduce a concept very useful for investigating supp 7r. In the case of
o = 1 it has already been studied in the context of hypergroups, see [10], and in the
group case closely related to the notion of amenability.

Definition 3.1. Leta € K. We say that the P, condition is satisfied in « if for
each ¢ > 0 and every compact subset C C K there exists some g € C.(K) such that
ligllz = 1 and

IL5g — a(y) gll2 < ¢ forall yeC.

Now we characterize those & € K which belong to S = supp 7. The equivalence of
the conditions (i) and (ii) in the following theorem is already shown by M. Voit; see
[1], Corollary 4.1.12.

THEOREM 3.1. Leta € K. Then the following conditions are equivalent.

(i)a € S =suppr.

(ii) There exists a net (f;)ier € Cc(K), | fill2 = 1 such that f; % f* converges to
o uniformly on compact subsets of K .

(iii) The P, condition is satisfied in o.

Proof. Firstwe shgw that (i) implies (ii). Lete > 0, C € K be campact. Choose
aneighborhood U € K of @ such that 0 < 7 (U) < oo and

U C {BeK: lakx)—Bx)| <e&/2forall x € C}.
Define h = xy/n(U) € L‘(I?, 7). Then for all x € C we have

. 1
[h(x) —a(x)| = )

f B(x) dm(B) — f a(x) dn(ﬂ)l <sf2.
U U

For h'/2 = xy /m(U)'/? there exists some f € C.(K) such that uf—- 2|, < &/4;
cf. Theorem 2.1. Since ||h!/2||; = 1 we can assume that || f]l, = ||fl. = 1.
Furthermore we get

ICF % £ =kl = 11 1F? = &L
fK 178 = 2B - [IF1(B) + 1B d(B)
IF = h"2ls (1702 + 1BY2112) = 211 F = B3|y < &/2.

Applying Proposition 3.1, for x € K we obtain

IA

IA

If * £ @) = h@) = |((F % )" @) k@] = 1% = kil <72,
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and hence | f * f*(x) — a(x)] < e foreveryx € C.

In order to prove that (ii) implies (iii) we again consider a compact set C C K.
Then the convolution of C with itself, C * C := Ux,yeC supp w(x, y), is also a
compact subset of K; see [3] or [1]. Let ¢ > 0. Then by (ii) there is a function
f € C.(K) with || f]l2 = 1 and

f* f*x) —a(x)| <€ forallx e CxC.

We can assume that e € C and C = C. Since for all x,yeC,
ILy(f * fH)(x) = a(y) a(x)] < /K If * f*(2) — @) do(y, x)(2) <&

and | f * f*(x) a(y) — a(x) ¢(y)| < ¢ we obtain

ILy(f * f)(x) = f* f*(x) a(y)] < 2,

and hence

fK Lzf@) [Lyf(@ = @) f@)] dm()

/K F@ [L:(Ly £)@) — a(y) L f(2)] dm(2)
= |Ly(f * fH@E) = a) (f * FH&)] < 2e.

In a similar way for y € C and each x € K we get

[ 7@ [£,1@) - a1 @] dm@
= la@)| - [f* @) —a®) <e.

For y = X € C we therefore have

ILyf = e

[ T7@=e0)7@] [L,7@ - a0) 1@] dn(@
< 3¢;
thus the implication is shown.

It remains to show that (iii) implies (i). Assume that the P, condition is satisfied
in . We will prove that

|7(@)| < sup {IIf *gll2: g € LXK, m), llgls = 1} forevery f € C.(K), f #0.

Since C.(K) is dense in L! (K, m), this condition implies that @ € S.
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Let f € C.(K), f # 0. By the P; condition there exists a function g € L*(K, m),
ligll2 = 1 such that

|58 -aBrg|, <ersin
forall y € supp f. Since
7+80) = Far g = [ £0) (Lye) ~70) ) dm),
it follows that
Ifxg - F@rel, < fK 1O+ I8 —F0) glla dm(y) <.

Thus we have the estimate

IF@)l =17@)-lgla <&+ IIf *gla

which obviously implies
IF@)] < sup {Ilf *gll2: g € L*(K,m), ligh2 = 1}. O

Remark. Inthecaseof @ = 1 € K we can assume that the functions g € C.(K)
in Definition 3.1 are nonnegative. In fact one can proceed as in the proof of Lemma
4.4 of [10] to construct nonnegative f;, i € I, in condition (ii) of our Theorem 3.1,
which also yields nonnegative functions for the P, condition in & = 1.

4. Application to orthogonal polynomials

Now we apply the general result of Section 3 to polynomial hypergroups. In
order to do this it seems to be useful to recall some basic facts about polynomial
hypergroups.

Consider a polynomial sequence (Py)nen, defined by a recurrence relation of the
form

Py(x) Py(x) = an Pry1(x) + by Pu(x) + ¢y Pyey(x) “4.1)
for n € N and starting with
1
Po(x) =1, Pi(x) = = (x — bo) “4.2)

with a, € R\{0} for all n € Ny, ¢, € R\{0} foralln € Nand b, € R for all n € Ny.
A well-known result, usually referred to as Favard’s theorem, states that (P,),cN, is
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an orthogonal polynomial sequence with respect to a certain probability measure
on the real line; see [2].

We impose two assumptions on (P,)neN,- A minor one is
P,(1) =1 foralln € Ny 4.3)
and a more restrictive one is
g(m,n; k) >0, 4.4)

where g(m, n; k) are the linearization coefficients of the products

n+m

Pu(x) Pa(x)= ) glm,n; k) Pe(x). 4.5)

k=|n—m|

Note that P, (1) = 1 implies ap+ b = 1 and ZZ:{:-M g(m, n; k) = 1. Furthermore
we have

/ P%(x) dm(x) = g(n, n; 0).
R

We write h, = g(n,n;0)"!. Hence p,(x) = /A(n)P,(x) is the orthonormal
version of P, (x). There is an abundance of orthogonal polynomial sequences ( Py )nen,
satisfying (4.3) and the crucial nonnegativity condition (4.4); see [5], [6] and [8].

By means of coefficients g(m, n; k) (that are in one-to-one correspondence to
(Pn)nen,) We define a convolution wp on Ny :

n+m

wp(m,n) =Y gm,n; k) e,

k=|n—m|

where ¢ is the point measure of k € Ny. With the identity mapping as involution,
i.e.,, i = n, and the discrete topology the natural numbers Ny are a commutative
hypergroup, called polynomial hypergroup; see [5].

The translation now reads as follows:

n+m
L.Bm)= Y g(m,n;k) BK).
k=|n—m|
The dual space NB can be identified with
D; = {x € R: (Py(x))pen, is a bounded sequence} (4.6)

by the mapping x — oy, Dy — I/\I;, where «,(n) = P,(x). Direct consequences
(see [5]) are:

() Dy ={x e R: |P,(x)] <1 forall ne N}
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(ii) Dy is compact.
(iii) Ds € [1 — 2ay, 1].

A Haar measure m on Ny is the counting measure on Ny with weights & (n) on the
points n € Ny. The theorem of Plancherel-Levitan has in that case the form:

THEOREM 4.1. There exists an unique probability measure w on D; such that

> W@ ho = [ 1P an

nENo
for every d = (d(n))nen, € 1Y (No, m), where dA(x) = ZneNo P,(x)d(n) h(n).

Applying the polarization identity it is easy to see that 7 is in fact the orthogonal-
ization measure for (P,)nen,, guaranteed by Favard’s theorem. In particular, see [5],
as a first result we have:

PROPOSITION 4.1.  Let (Py)neN, be an orthogonal polynomial sequence satisfying
(4.3) and (4.4). Then

supprt =S C Dy = {x € R: |P,(x)| < 1foralln € Ny}
- [1_2aOa 1]'

We will now derive some sufficient conditions for x € supp 7. For this the next result
plays a fundamental role throughout the remainder of this section.

PROPOSITION 4.2.  Let (P,)neN, define a polynomial hypergroup on Ny and x €
Dy. If for every € > 0 there exists some B = (B(n))nen, € Cc(No) with ||Bll2 =1
such that

IL1B — Pi(x) Bll2 < &, 4.7

then the P, condition is satisfied in x € D;. (The || . ||l2-norm is in 1*(Nog, m).)

Proof. We show that (4.7) implies the following property: Given e > 0,n € N
there exists 8 € C.(Ng) with ||8]l2 = 1 such that

|LeB — Pe(x) Bll2 < & foreachk =0,1,...,n. 4.8)
We use induction and assume that (4.8) holds for some n € N. Then

ILi(LnB) — Pi(x) Py(x)Bll2 < IL1(LnB) — Pu(x) L1Bll2
+ |Pa(x)| IL18 — P1(x)Bll2
2s.

IA
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Now we apply the recurrence relation
Py1(x) Py(x) = ap Ppy1 (%) + by Po(x) + Cp Py1(x)

and obtain the estimate

1

ILns1B = Pas1(x)Bll2 = —

b c
Ll(Lnﬂ) - _a_n Lnﬁ - a_n Ln—lﬁ
n n

1 b, \
- [a— Pi(x) Pa(x)B — — Py(x)B — ;— Pn_l(x)ﬂ]

n n

1 2+b
< ——(28+b,,e+c,,e)=—i—-—"j-—cls

a, an

2

After an appropriate modification of the &’s it is obvious that (4.8) is valid for
n+1. 0O

In view of our general result we get for polynomial hypergroups the following
theorem.

THEOREM 4.2. Let (P,)neN, define a polynomial hypergroup on Ny, and let x €
D;. Then x € suppm, if and only if for every ¢ > O there exists B € C.(Ny) with
IB2ll = 1 and

IILyB — Py(x)Bll2 < e.

Next we give a sufficient condition for x € suppm. Let 8, € 12(No, k) be given
by

Pi(x) x0,....n} (K)
1/2°
(Sheo PP @) 1)

Br(k) = 4.9)

It is straightforward to see that || B, |l = 1 and

Ly Bn(k) — Pr(x)Bn(k)
= gLk, k+1)Bua(k+1) +g(1, k, k) Bu(k)
\.—T TJ
+ 8Lk, k= 1) Bu(k — 1) — Py(x)Bn (k)
[ ———

Ck

=0

foralk=0,1,...,n—1.
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. n 2 -1
For the sake of brevity let A, (x) = (3_j—y PZ(x) h(k)) . Then we have

IL1 Bs — P1(x) Bal}
= A () (1bs Pa(x) + n Paci(x) = Py(x) Pa(x)|? h(n)
+ leas1 Pa@)* h(n + 1))
= 2 () (lan Par1(0)? h(n) + lcnrr Pa()? h(n + 1))
= Mn(x) @y Ca1 (PH () h(n + 1) + P}(x) h(n)).

For the latter equality we used the fact that ¢, 4+, h(n + 1) = a, h(n). Therefore from
Theorem 4.2 we obtain:

PROPOSITION 4.3.  Let (Py,)neN, define a polynomial hypergroup on Ny, and let
x € D;. If

.. . P2)h(n) + P2 (x)h(n + 1)
lim inf T =
n—o0 2 k=0 Pi (x)h (k)

then x € suppm.

To give an example where this criterion works, consider orthogonal polynomials
which are defined by the following reccurrence coefficients in (4.1) and (4.2):

ay = 1, bo=0
and
a, =

“—a—“‘ for n odd,
% for n even.

We call the corresponding orthogonal polynomials Karlin-McGregor polynomials,
since they were first considered in [4]. Applying the recursion formula of [5] one can
determine the linearization coefficients g(n, m; k) explicitly. Here we only state that
the nonnegativity of all g(n, m; k) is fulfilled if @ > 2 and 8 > 2. The weights h(n)
are h(0) =1 andforn > 1,

ala — 1)-D2(g — 1)*=D/2 for n odd,

h(n) = {ﬂ(a — M2 — 1)) for n even.

Furthermore applying methods of [8] (in particular property (7)) one can easily
deduce that D; = [—1, 1]. Now we consider some points x € [—1, 1] for which

Proposition 4.3 works. Let x = 0. It is easily seen that P,(0) = (;‘_il)"/2 for n even
and obviously P,(0) = 0 for n odd. Hence

00 B o) B—1 k
ZPf(O)h(n)=1+ﬁZ< ) :

n=0 o\ —1
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Fora > 8 > 2 we have

Y P2O)h(n) = ——

n=0 a_ﬂ

and hence 0 € supp . Moreover, by Theorem 4.1 we get = ({0}) = 9!.52 provided
a > B. In order to determine P,(x) in general we observe that

x?Poy(x) = 1 Pani2(x) + S Pou(x) + 1 Poys(x)
and Py(x) = 1, Po(x) = &—f? x% - a—h, where r = w;%u, s = (“"1);';3( =
1
t = —.
Now we can apply the method of difference equations with constant coefficients to
first calculate Py, (x) and then P,,.(x) for fixed x €] — 1, 1[. It is well known that

2-8) £ /(2 —5)2 —drt
Po(x) = cA] +dA3, where)q,z:(x )EV@&x2—19)*—-4r

provided (x2 — 5)? # 4rt. If (x> — 5)? = 4rt we have

2

Py, (x) = A"(1 +nd), where A = r-s

To be brief we only discuss the case where x2=s +2/rf = # (Wa=Tx/B -1 )2,
In that case we get A = _m——\/_ﬁ Without calculating the constant d explic-

itly we see that an (x)h(2n) ~ n?. Inserting P,,(x) into the recurrence system
we also obtain P, (x)h(2n + 1) ~ n®. Therefore Proposition 4.3 implies that

1 1
:I:T.TE (Vo =1+ /B = 1)and:!:7o.(—§ (v =1 — /B =T)areelements of supp 7.

As already sketched above we have x € supp 7 for those x such that (x? —5)? < 4rt.

Hence we see that [——ﬁ(«/a -1+/B-1), -Iﬁ(«/a —1-4/B =1 and
[ﬁ(m —JVB=1), —\/—'__J(\/a — 1+ /B —1) ] are subsets of suppz. If, in

addition, @ > S then O € supp~.
Choosing B, (k) once more as in (4.9) we can derive a further result.

PROPOSITION 4.4. Let (Py,)neN, define a polynomial hypergroup on Ny and let
x € D;. Assume that liminf,_, « a, = 0 or liminf,, o c, = 0. If

P2 (0)h(n+1)
I i FRGORG) " € N"]

is bounded, then x € supp .



REITER’S CONDITION FOR HYPERGROUPS 31

We close this paper with an example which shows that the condition
2
. PR _
=00 3y P (X)h(K)

is not necessary for having x € suppm. For that we consider the little g-Legendre
polynomials (Py)sen,; see [1], p. 187. To have P,(1) = 1 we have to make a
slight modification by putting 1 — x for x. For fixed g €]0, 1[ the little g-Legendre
polynomial P,(x) = P,(gq; x) are given by

Pi(x) Py(x) = an Puy1(x) + by Py (x) + cp Pp—1(x), n 22

Pix)=1, Pix)=(@+1Dx—gq

where

. (+q)1—g"h

an = (1_q2n+1)(1+qn+1)
p - A=) —g"h
EECEOITE D)
S (1+49)1-q")

(=g (I +g7)’

It is known (see [1]) that the (P,),eN, define a polynomial hypergroup on Ny and
suppm = {1} U {1 — g%*: k € No}. Furthermore 5-(’%%5 — ql. Hence we see that

______h(n) —1-
i o h(®) e

but 1 € suppr.

The contributions of Section 4 are strongly connected with results of R. Szwarc;
cf. [11], [12], [13].
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