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1. Introduction

Finitely generated projective modules arise significantly in certain geo-
metric and arithmetic questions. We shall show here that nonfinitely
generated projective modules, in contrast, invite little interest; for we show
that an obviously necessary ‘‘connectedness” condition for such a module to
be free is also sufficient.

More precisely, call an R-module P uniformly N-big, where N is an infinite
cardinal, if (i) P can be generated by N elements, and (ii) P/AP requires N
generators for all two-sided ideals A (# R). A free module with a basis of
N elements is manifestly uniformly N-big. Our main result (Corollary 3.2)
asserts, conversely, that, with suitable chain conditions on R, a uniformly big
projective R-module s free.

Finally, we ask, for what R are all nonfinitely generated projective modules
uniformly big? For commutative rings, the answer is quite satisfactory;
with mild assumptions one requires only that spec (R) be connected (i.e.,
that there exist no nontrivial idempotents). For R = Zx, with 7 a finite
group, Swan (unpublished) has established this conclusion when = is solvable,
and it is undoubtedly true in general.

Our method relies on two basic tools. One, naturally enough, is
Kaplansky’s remarkable theorem [2, Theorem 1] which asserts that every pro-
jective module is a direct sum of countably generated modules. The second
is an elegant little swindle, observed several years ago by Eilenberg, and which
might well have sprung from the brow of Barry Mazur. It is this result,
recorded below, which permits us to waive the delicate arithmetic questions
which plague the finitely generated case.

EmLENBERG’S LEMMA. If P ® Q = F with F a nonfinitely generated free
module, then P @ F = F.

Proof.
FXFOF® ---=POQ®PO®Q® ---
~PO®FoFo®- ---=2PorfF.
Finally, I wish to thank Peter Freyd for several helpful conversations, and,

in particular, for pointing out the method in §2.
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2. Very big projectives: Freyd's theorem

Notation. We denote by J(R) the Jacobson radical of R. If P is an
R-module, then P* = Homg(P, R), and we denote by 7z(P) (or simply =(P))
the image of the natural pairing P* ® P — R; 7(P) is a two-sided ideal.
When P is projective, one knows (or easily verifies) that for any two-sided
ideal A, 7za(P/AP) is the image in R/A of 7z(P). It follows that
if R(P) = R, then P/UAP 5 0 for all A. We shall say that R is p-connected
if 7z(P) = R for all nonzero projective R-modules P.

CoroLLARY 2.1. If R is p-connected, then any infinite direct sum of nonzero
projective R-modules, in particular any noncountably generated one (by
Kaplansky’s theorem), is uniformly big.

Proof. By Kaplansky’s theorem we can reduce the problem to considera-
tion of a countably infinite direct sum, P, of nonzero countably generated
projective modules. We must show that P/IP is never finitely generated.
But this is evident from the remark above since an infinite direct sum cannot
be finitely generated.

TueoreM 2.2. Suppose R/J(R) s left or right Noetherian, and let R be an
uncountable cardinal. Then a uniformly N-big projective R-module P is free.

Proof. By Kaplansky’s theorem, P = > @ er P, with each P, countably
generated; hence card I' = N. Note first that

(%) if card IV < N, then > @1+ P, is still uniformly N-big.

Suppose we can find a single direct summand of P isomorphic to R. Since
this requires only a finite number of the P,’s, we can remove them, and then,
by (%), find another such direct summand. Apply Zorn’s lemma now, and
observe, again by (%), that we could meet no obstruction before removing N
direct summands isomorphic to B. But then, by Eilenberg’s lemma, we are
done. Hence, we need only find one such direct summand.

Since P is uniformly big, certainly 7(P) = R. Hence if U is any proper
ideal (left or right), we can find f : P — R such that f(P) & %. Therefore,
f(P,) ¢ U for some vy. It follows that we can inductively construct

fi: P;— R, =1,2, .-+,

$0 that fu(Pn) &€ D ica fi(P) + J(R). If Risleft Noetherian, we are forced
to stop, but this means that Zién fi(P;) + J(R) = R;hence, by Nakayama’s
lemma, Ziénfi(P,«) = R. But then Ziénfi : Z@i§n P; — R splits off the
desired direct summand.

If, on the other hand, we must use the right chain condition, we simply re-
place fi(P;) by fi(a:)R for suitable a; e P;, in the above argument, and
proceed in the same way.
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CoroLLARY 2.3. If R/J(R) is left or right Noetherian, then a uniformly
N-big projective R-module P is a direct sum of uniformly No-big modules.

Proof. If N = Ny, there is nothing to prove, and if ¥ > Ny, then P is
free by the theorem above.
A cheap extension of the above argument even requires no chain condition.

ProrosiTioN 2.4.  Suppose R s p-connected and P is a projective R-module.
Then the countable direct sum P @ P @ - - 1s free.

Proof. By Kaplansky’s theorem we reduce our problem to the case: P is

countably generated and nonzero. Since 7(P) = R, we have f;eP¥,
i=1,---,n,such that D ;fi(P) = R;hence P ® --- ® P (n times) has
a direct summand isomorphic to R, so P @ P @ - - has a free direct sum-

mand of infinite rank; now use Eilenberg’s lemma.

3. Reasonably big projectives

Corollary 2.3 reduces our problem to countably generated modules, and
here we must do some rather tedious and uninspired juggling with infinite
matrices.

TuroreMm 3.1. Suppose R/J(R) is left Noetherian. Then a uniformly
No-big projective B-module is free.

CoroLrLARY 3.2 (Main Theorem). If R/J(R) is left Noetherian, any uni-
formly big projective R-module s free.

Proof of 3.1. We are given a uniformly N,-big projective module P; say
P ® Q = F with F a free module whose elements we shall identify with
(ultimately zero) sequences of elements of B. Say P is generated by o,
az,o.-’an,onn’andan=(anl’anz,oo.’ank,-'o).

Consider the row finite matrix

A=(aij), ,]=1,23,---.

The elements of the first column generate a left ideal which, by hypothesis,
is finitely generated mod J(R), say by a1, +** , @n,;1 . Then, after subtract-
ing linear combinations of oy, -+, a, from the remaining o’s, we may
assume a; € J(R) for ¢ > n;. Now apply the same procedure to the ele-
ments of the second column beyond the n,™. Then, for suitable ns , we render
the second column zero mod J(R) beyond the (n; + ns)™ row. We continue
this way, considering next the elements of the third column beyond the
(ny + ns)*™, ete. Since this process alters a given a only finitely often, it
defines a legitimate change of generators for P, the result being that we may
assume A is also column finite mod J(R).

Before continuing it will be convenient to introduce some provisional nota-
tion. If 8 = (b1, bz, -++) eF, we call S(8) = {¢]|b;¢J(R)} the “mod J
support” of 8. Moreover, we write
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(B) = the two-sided ideal generated by those b; ¢ J(R),
(B)" = the two-sided ideal generated by the b; for all 1,
[8) = the right ideal generated by those b; ¢ J(R).

We propose now to construct a linear combination, 8, of the a’s such that
B generates a free direct summand of F. Specifically, we shall construct a
sequence 7y < ng < - -+ < m; < -+ - and homomorphisms f; : F — R such that

(i) the n; may be taken to exceed any preseribed bound;

(ii) if ¢ 5 j, then S(an;) N S(aw;) = B;

(iii) f:is a (right) linear combination of coordinate projections on S(ax;);
and

(iv) the sequence of left ideals Y i< ; Rf:( ;) strictly increases mod J(R).

Suppose for the moment that this is possible. Then, since R/J(R) is left
Noetherian, we are compelled by (iv) to stop at some %, at which point
Ziék Rfi(aw;) = R. Hence we can write 1 = Ziék rs fian;) for suitable
rieR. Letf = Dictfi. Then by (ii) and (iii) we see that

f(am') = fi(ani) mod J(R)

for all 7. Hence, if 8 = D riom; , then f(8) = 1 mod J(R), so f(B) is a
unit, and 8 splits off the desired direct summand.

Now since A is column finite mod J(R), S(a.) is disjoint from S(a,,) for
sufficiently large n. By condition (i) we may construct a second sequence
as above with these large n, and produce another element, say 8: , generating
a free direct summand of F. The restriction on 7 guarantees that
S(8) n S(B2) = @. Continuing in this way we get a third such -element, a
fourth, etc. We see thus that once the above construction is accomplished,
then we will be able to produce a sequence B;, B2, 83, - -+ such that

(1) each B8,isin P (i.e., is a linear combination of the o’s),

(2) 8(B.) n S(Bw) = B forn #= m, and

(3) [8.) = R foralln. (Forsince 8, generates a free direct summand of
F, its coordinates generate the unit right ideal, and we may then disregard
coordinates in J(R).)

Before going further with these 8’s let us return to the construction from
which they are to be derived. We shall proceed by induction, so assume
n < --» < mjand fi, -, f; have been constructed satisfying (i), (ii),
(iii), and (iv). We are interested in continuing only if

A = D iciRfi(an;) + J(R) = R.

Now since the matrix A is column finite mod J(R), we can choose an N > n;
so that if n = N, then S(a.) n S(an) = @forallm < n;. I claim further
that we can choose n = N such that (a,)’ & %. For otherwise, if
B = Doy (an), then B = R and P/BP is generated by the images of
ap, -+ ,ay, contrary to our assumption that P is uniformly big. We may
therefore choose n;41 = N so that (an;,,)’ ¢ A. It is clear then that we
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have satisfied (i) and (ii). We must now construct f;4;. Since ¥ is a left
ideal containing J(R),

(a"j+1)/ ¢ A = (anj+1) ¢ A = [anj+1) ¢ b8

The last relation means that there is a right linear combination of the co-
ordinates of an;,, in S(an,,,) which does not lie in 2. This same right linear
combination of coordinate projections on S(as,,,) then defines a functional
fimn: F — R such that f;p(an;,,) ¢A. We have thus constructed fju
satisfying (iii) and (iv).

As always our strategy will be to find in P a large free direct summand and
then invoke Eilenberg’s lemma. This will be accomplished once we show
that, if 81, B2, - - - is a sequence of elements of F satisfying (2) and (3) above,
then the submodule generated by the 8’s contains a free direct summand of F
of infinite rank.

To prove the above statement there is no harm in adding to F a large free
direct summand to guarantee that there are infinitely many coordinates at
which all the 8, have zero projection. Choose such a free coordinate for each
n, and let S’(B,) denote the result of adjoining it to S(8,). Since [8,) = R,
there is an elementary change of basis involving the coordinates in only S'(8,),
which puts a 1 in the free coordinate and zeros elsewhere for 8, in the S’'(8,)
coordinates. Since S’(B.) n S’'(Bn) = O for n #= m, these transformations
define a global change of basis. After this change each 8, has a distinguished
coordinate where it has a unit, and all other coordinates are in J(R). More-
over the distinguished coordinates are different for different n. Hence, if we
list the distinguished coordinates first, in sequence, and then the remaining
ones, the coordinate matrix for the 8’s assumes the form

U
Uz
e J(R)
. e J(R)
€ J(R) Un

This matrix is row finite (by definition). By subtracting multiples of 8; from
B2, B3, + - - , multiples of B: from B3, 8, - - - , etc., we may further render the
matrix zero below the main diagonal. It is important to note that these sub-
tractions leave unchanged the format of the matrix, in particular leave units
on the diagonal, in order to justify continuing from one column to the next.

After altering the 8’s in this way, it is clear that we can choose a subsequence
Y1 = By ;Y2 = Bny, -+ so that if ¢ 5 j, v; and v; do not simultaneously have
nonzero projection on any of the first set of coordinates.
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If we list the coordinates now according to the distinguished coordinates of
the v’s, then the coordinate matrix of the v’s takes the form

(”1

(%)

e J(R)

The v’s evidently generate the desired free direct summand of F.
CororrAry 3.3 (Kaplansky). If R is local, all projective R-modules are free-

Proof. One need only show that if P is projective and not finitely generated
then P/J(R)P is not finitely generated. This follows from Nakayama’s
lemmma and the fact that P £ J(R)P for any nonzero projective P over any
ring [1, Proposition 2.7].

Now from Corollary 2.1 we get

CoroLLARY 3.4. If R is p-connected and R/J(R) s left Noetherian, then
any infinite direct sum P of nonzero projective R-modules is free. In particular,
this 1s so ©f P is not countably generated.

4, Commutative rings

In this section R is commutative and spec (R) is its space of prime ideals
(Zariski topology). We shall (abusively) call R connected if spec (R) is
connected. One checks easily that R is connected if and only if B has no
nontrivial idempotents. Moreover, it is evident that R is connected if it is
p-connected.

We shall find it convenient to introduce a further notion suggested by
Serre’s treatment in [3, §§2-3]. Let ~ denote the equivalence relation on
spec (R) generated by inclusion (C). We call the ~ equivalence classes the
S-components of spec (R), and we call R S-connected if there is a unique
S-component.

Let P be a projective R-module and p espec (R). Then P, is a free

R,-module of rank pp(p). The virtue of S-components is that pp is clearly
constant on each of them.

PropositioN 4.1.  Every nonfinitely generated projective R-module ts uni-
Sformly big if and only of
(a) pp s constant on spec (R) for all projective P, and

(b) #f a projective module P is locally finitely generated, then P iiself is
finitely generated.
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Proof. Suppose every nonfinitely generated P is uniformly big; then surely
R must be connected, so (a) holds for finitely generated P. Hence, to prove
(a) and (b) we may, by Kaplansky’s theorem, assume P is countably, but
not finitely, generated. Then Pg/MPy = P/IP is free of rank Ny over
R/ for every maximal ideal I, since P is uniformly big. It is then clear
that pr(p) = N for all p, and this proves (a) and (b).

Conversely, assuming (a) and (b) we want to show that P is uniformly
big, where, again, we may assume P is countably, but not finitely, generated.
If P/IP is finitely generated for some maximal I, then (a) implies this is
so for all M, so P is locally finitely generated, contradicting (b).

ProrosiTioN 4.2.  Suppose R has only finitely many primes minimal above
0. Then

(1) The S-components agree with the components, and R is a finite direct
product of S-connected rings.

(2) If P is a locally finitely generated projective R-module, then P itself is
finitely generated.

Proof. (1) Let®;;,i=1,---,n,7 =1, --,h;,be the primes minimal
above 0, with ®y; ~ ©;; if and only if ¢ = 4. Set &, = N; O, ;
then @ = N, ®; is the nil radical of R. Moreover, since for ¢ = ¢’

&+ Opp =R for all 7, 5

it follows that ®; + & = R. Hence R/® is the direct product of the R/,
(Chinese Remainder Theorem). Since idempotents can be lifted modulo
a nil ideal, it follows that R itself splits into a direct product of » rings, each
of which is clearly S-connected; this establishes (1).

(2) Tirst suppose P is finitely generated modulo each p;;. Then clearly
P is finitely generated modulo &. Hence there is a finitely generated @ < P
such that Q + OP = P. If I is any maximal ideal, then & < I and Px
is free of finite rank (by hypotbesis), so, by Nakayama’s lemma, Qm = Px .
Hence Q@ = P since (P/Q)x = O for all k.

This permits us to assume (passing to R/p;;) that R is an integral domain
and P is a projective module of finite rank, say n. Let M C P be free of
rank n, so P/M is torsion. Write P @ @ = F with F free, and say M C F,
with Fy generated by a finite number of basis elements of F; F = F, @ F,.
Since the torsion submodule of F/M is contained in Fo/M, it follows that
P c Fy, and hence P is finitely generated (being a direct summand of Fy).

TaroreM 4.3. Assume (i) R has only finitely many primes minimal above 0,
(ii) R 4s connected, and (iii) R/J(R) is Noetherian. Then every nonfinitely
generated projective R-module P is free.

Proof. We need only verify that P is uniformly big, by (iii) and Corollary
3.2; hence we must establish (a) and (b) of Proposition 4.1. But (ii) and
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Proposition 4.2 tell us, first, that R is S-connected, which secures (a), and
secondly affirms (b).

CoroLLARY 4.4. If R has only finitely many primes minimal above zero and
R/J(R) s Noetherian, then for every projective R-module P we can write
1 =¢ + -+ 4+ e as an orthogonal sum of idempotents so that e; P is either
finitely generated or free as an e; R-module.

CoroLLARY 4.5. If R 1s connected and Noetherian, every nonfinitely gener-
ated projective R-module is free.

CoroLLARY 4.6. With R as in Theorem 4.3, and X an indeterminate, every
projective R[X]-module is free as an R-module.

We conclude this section with a couple of examples to show how Proposi-
tions 4.1 and 4.2 can be disturbed.

(1) If P is the Z-submodule of @ generated by {p™ | p is a prime}, then
P is locally free of rank one, but neither projective nor finitely generated.

(2) Let R = C(I), the ring of continuous functions on I = [0, 1], let M
be the maximal ideal of all functions vanishing at some x € I, and let P be the
ideal of all functions vanishing in some neighborhood of . Then R is con-
nected; indeed every finitely generated projective B-module is free (since I is
contractible). However, P is a countably, but not finitely, generated, inde-
composable, faithful projective R-module such that (P) = P. It follows
that if p is any prime ideal, then either (i) p ¢ I, P, = R,, and
even p + P = R;or (ii) p € M, P, = 0, and P < p. Thus R is neither
p-connected nor S-connected. This example, which seems to be well known,
was first pointed out to me by Kaplansky.
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