ON WITT VECTORS AND PERIODIC GROUP-VARIETIES

BY
Iacoro BaRsoTTI

1. Witt vectors were introduced in [11] (see bibliography at the end of the
paper), and served the purpose of constructing unramified p-adic fields with
preassigned residue fields; they entered the theory of analytic groups through
the extensive use made of them in [7], [8], [9]; and they have now entered the
field of algebraic geometry via analytic groups (see [3] or [4]), and also directly
as in [10]; they play an essential role in some work still in progress (see intro-
duction of [5]). The reason for the introduction of Witt vectors in algebraic
geometry is in part the same which led to their discovery, namely the need
of building a ring of characteristic zero from one of positive characteristic,
but mainly the fact that truncated Witt vectors afford examples of periodic
group-varieties, in the sense of [1]. Both reasons have a specious element in
them, in that there is no a priori assurance that other, inequivalent, construc-
tions would not accomplish the same purpose, or perhaps lead to more de-
tailed results. A heuristic argument against this supposition is however
offered by the fact that another construction, the hyperexponential vectors
introduced in [6] for applications to the theory of analytic groups, turned
out to be equivalent to Witt vectors, the specific transformation law being
given in [8]. In this note we propose to show that any periodic group-variety
of dimension n and period p” is isogenous to a group-variety constructed by
means of Witt vectors,' so that the use of these, for the purposes described
above, will remain fully justified.

We recall briefly the definition and first properties of Witt vectors as given
in [11]. Let p be a prime number, and let (xo, 21, -+ ) be an ordered set
(Witt vector), either finite or countably infinite, of indeterminates; for each %,
set

gi(x) = Z;:=0 pjx:",_I € I[xo y L1yt '])

I being the ring of integers. Then

T = fi(go(x)) ttty gt(x)) € R[go(x), g;(x), RENR

R being the field of rationals. If (yo, y1, - --) is another Witt vector, of the
same cardinality as (zo, 21, - - ), define

2i = fi(go(®) + 9o@), 91(x) + @ @), - );
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1T am informed by the referee that C. Chevalley, J-P. Serre, and M. Rosenlicht have
found independent proofs of a generalization of this result, namely: Any periodic group-
variety 18 isogenous to a direct product of Witt varieties. The Appendiz to the present
paper, which chronologically follows this footnote, contains my proof of a slightly more
detailed result.
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it is proved in [11] that
Zi= i@, -, T, e, y) ellwo, o 3y, Y, o],

so that the image ¢; of ¢; , mod pIfz; y), exists, and belongs to Clz; y], Cp
being the prime field of characteristic p. We shall accordingly set

2i=§01(x0, T Yo, ""yi))
and

(xﬂ’xly "')+(y0)y1>"')= (20,21, ')

This notation remains meaningful when the x’s and y’s are replaced by ele-
ments of an integral domain K containing C, as a subfield; when this is done,
it is proved in [11] that the Witt vectors of a given cardinality, with elements
in K, form an abelian group with respect to the addition as defined above.
The mappings =(x, -+, ) = (f, -+, 27), tw, -, ) =
©, 20, , Ta), 0@, *++, Ta) = (X0, *-*, Tp1) (which reduces to the iden-
tity if n = «) are respectively a group-isomorphism, a group-isomorphism,
and a group-homomorphism. They commute with each other, and satisfy
the relation

1) =to = p = multiplication by p.

In order to introduce the hyperexponential vectors, we shall consider a
countable infinity of indeterminates 2, uo, w, -+, and the power series
(inz) exp D imou; 2" ; if 2; is the coefficient of 2*" in this power series, the z;
are algebraically independent over R, and, according to [6], there exist poly-
nomials e;(zo, 21, +-+) (j = 1, 2, --- ), with coefficients which are p-adic
integers in R, such that e; is the coefficient of 2’ in the above power series;
moreover, e; = z; if j = p’, while if p° < j < p'*, e; involves only the inde-
terminates %, 21, ---, 2;. Denote by e;j(@, @1, ---) the image of
e; mod pl,[z], so that e; ¢ Cplz]; if now (2o, 21, ---) and (4o, 41, ---) are
ordered sets (hyperexponential vectors) of the same cardinality, either finite
or countable, of elements of an integral domain K containing C, as a sub-
field, define (zo, 21, -+ )Wo, ¥1, -+ ) = (2,21, *-- ) by setting

pi=1

) zi= 2+ yi + 21:,- ei(@)epii(y).

The set of all the hyperexponential vectors, of a given cardinality, with ele-
ments in K forms an abelian group with respect to the product as defined
above. The operations =, t, ¢ can be defined in the same manner as for Witt
vectors, and (1) is satisfied. It is proved in [8] that this group is isomorphic
to the group of Witt vectors.

2. In this note we depart from previous notations in that we use the sym-
bol 4+ to denote the law of composition on a commutative group-variety.
If G is a commutative group-variety over the field & of characteristic p = 0,
and if {21, -+, x,} is a n.h.g.p. (nonhomogeneous general point) of G, there
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is a commutative group-variety G* over k whose nh.gp. is {«f, ---, 23};
the natural homomorphism of G onto G*, previously denoted by 61,6, will
now be denoted by =; if m is an integer, the endomorphism which maps any
nondegenerate P ¢ G onto mP, previously denoted by mde, will simply be
denoted by m. For the meaning of “factor set”, “crossed product”, and of
the symbols T'(G, V), To(G, V), see [1].

(3) Lemma. Let k be an algebraically closed field of characteristic p = 0;
let L be a 1-dimensional vector variety over k, and let U be an n-dimensional
pertodic group-variety over k. Let € be a factor set of L into U (¢ ¢ T'(L, U))
such that, for a generic P ¢ L, ¢[P X P + ¢2P X P + --+ +
el(p — 1)P X Pi] = R is independent of P (P, being the copy of P on a copy
Ly of L). Then ¢ € TW(L, U).

Proof. Let G be the crossed product {L, U, ¢}, and let X be the rational
mapping of L into G used in the definition of crossed product; namely,
a\P = P for a generic P ¢ L, if « is the natural homomorphism of G ento
L = G/U. We shall first of all replace A by N — AE, (E being the identity
of L); this implies the replacement of ¢ by ¢ — AE ., which is associate to ¢;
we shall continue to denote A\ — NE . by A\, and ¢ — AE, by . We have, for
generic P, Q ¢ L: AP + \Q = AP + Q] + ¢[P X @], hence pAP = \pP +
e[P X Pl + ¢2P X Pi] + -+ + &[l(p — )P X Pyl = ApP + R = \E, +
R = R;for P = E this gives R = Ey = Eg, so that pAL = Eg. As AL
is a 1-dimensional subvariety of G, this implies that it is a subvariety of the
maximal vector subvariety V of G; now, the maximal vector subvariety Z of
U is a component of ¥V n U, outside the degeneration locus; we can thus as-
sert that e[P X Q1] = AP + M@ — AP + Q] ¢ Z. Hence {L, Z, ¢} has a
meaning, and the property of ¢, when applied to {L, Z, ¢}, shows that this
group-variety has period p, and is therefore a vector variety, by Lemma 3.6
of [1]; but then ¢ ¢ To(L, Z), and also ¢ € To(L, U), Q.E.D.

Let {xo, ++ -, o} be the n.h.g.p. of an n-dimensional projective space G
over a field k of characteristic p # 0; let G1, G2 be copies of G, and let {y},
{2} be the copies of {z} in k(G.), k(G,) respectively; define a law of composi-
tion on G by Settmg (zO; Tt zn—l) = (xo y T xn—l) + (y‘) y T yn—l),
where the three vectors involved are Witt vectors. Then it is easily verified
that G becomes an n-dimensional periodic group-variety of period p”, whose
degeneration locus is the hyperplane at infinity for {z}; such G will be called
the n-dimensional Witt variety over k, and denoted by W,(k). The homo-
morphism = becomes a purely inseparable endomorphism of degree p"; t
becomes an isomorphism of W,(k) into W,41(k); and ¢ becomes a separable
homomorphism of W,(k) onto W._,(k); for n = 1, we shall identify ¢ with
the zero homomorphism. Also, W,(k) is a crossed product of W,,(k) and
Wi(k), and ¢ is the related natural homomorphism. Conversely, we have:

(4) LemMma. Let G be a periodic group-variety of dimension n > 0 and period
p" over the algebrazcally closed field k of characteristic p; let V be the maximal
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vector subvariety of G, certainly of dimension 1, and set A = G/V; let p be the
natural homomorphism of G onto A, and set U = pG. Assume the existence
of an isomorphism ¢ of U onto (U, and of an isomorphism t of A onto U, such
that, for any nondegenerate P € G, pP = {'mitoP. Then G = W, (k).

Proof. By Lemma 3.6 of [1], the result is true if » = 1; we can therefore
apply a recursive argument on n.

Part 1. Assume n > 1; by the lemma just mentioned, A has period p"*
and dimension n» — 1; let W be the maximal vector subvariety of 4, and set
B = A/W; let é be the natural homomorphism of A onto B, and set Z = pA4.
Then the nondegenerate points of Z are of the type poP = opP for P ¢ G,
so that Z = oU; now, V& U, so that pU =2 U/V =< A/W = B,or Z == B.
For a nondegenerate P ¢ G we have poP = opP = of 'm{toP, which is the
same as pQ = ¢ '=ttQ for a nondegenerate Q e A; the relation p = ¢ 'mite
shows that ={U =2 ¢U, or that = is an endomorphism of {U; consequently,
for any nondegenerate Q ¢ A, { ={tQ = tn ‘wyQ, where n = {t, so that pQ =
otn '=nQ. Now, for a suitable isomorphism s of B onto Z we have otQ = séQ
for any nondegenerate Q € 4, so that pQ = sén '=nQ. Since = is an endomor-
phism of n4 onto itself, it is also an endomorphism of 4Z onto itself; there-
fore there exists an isomorphism s* of B onto Z such that, for any nondegen-
erate Q € A, ség 'mnQ = 4 ‘mns*éQ, or pQ = n ‘mys*éQ. This proves that A
satisfies the conditions stated in the lemma for G; by the recursive assump-
tion, we conclude that A = W,_(k).

Part 2. Having reached the result A = W,_;(k), there is no loss of gen-
erality in assuming A = W, (k). By Lemmas 3.2 and 3.6 of [1], we can
write G = {L, A, v}, and of course G’ = W,(k) = {L, 4, v}, where L isa
1-dimensional vector variety, and v, v’ ¢ T'(L, A); on the other hand, we also
have G = {4,L,8},G' = {A, L, 5}, where 5,8 e I'(4, L),and A = {L, B, 6},
6 ¢ T(L, B). All this implies the following: there are homomorphisms a of
G onto L with kernel U =< 4, o of G’ onto L with kernel U’ = 4, ¢ of @
onto A with kernel V =< L, ¢’ of G’ onto A with kernel V' =2 L, 8 of A onto
L with kernel Z =~ B = W,_y(k), and we may assume a« = B¢. There are
also rational mappings N of L into G, N’ of L into G', u of 4 into G, u’ of 4
into @, v of L into 4, such that oA = &'\ = pu = ¢'u’ = B = 1; and we
may select A = ur, N’ = u’v. Finally, there are isomorphisms t of A onto
U, t of A onto U’. A generic point of @ is of the type R = AP + t@, where
PeL,QeA,sothat pR = pAP + ptQ = M\E, + ty[P X P1] + ty[2P X Pi] +
-+ 4+ tyl(p — 1)P X P4] + ptQ, Py being the copy of P on a copy L, of L.

Having selected A = W,_(k), we can also select, in the statement of the
lemma, { = nt™, n being an automorphism of 4 ; then pR = pA\P + ptQ =
tn 'mnoAP + ptQ = tn 'mnourP + ptQ = tn 'mqvP + ptQ. Hence,

Y[P X P] + v2P X P] + -+ + 4l(p — DP X Py}

(5) ~1 -1 ~1
=1t (pR — NE, — ptQ) = n =P — t AE,;
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likewise,
® V'[P X Pl ++'2P X Pi]+ -+ ++'[(p — )P X Py]
= mP — t"WE,,

since n = 1 in this case. Now, there exists an automorphism ¢ of 4 such
that, for a nondegenerate S e 4, on '=nS = =S; if we set v" = ¢y, we have
G = {L, A, "}, and (5) becomes

¥'[P X Pil++"2P X P]+ -+ ++"[(p — )P X Py
= mvP — ot A\E, .

Set £ = v — +'; then (6) and (7) give e[P X Pi] + &[2P X Pyl + -+ +
el(p — )P X Pi] = t7'WE, — ot \E., which is independent of P. Re-
sult (3) implies then € ¢ To(L, 4), or v’ ~v”, so that G = G’ = W,(k), Q.E.D.

3. It is now expedient to restate a particular case of (4), with some modi-
fications, in a form which is independent of the language of algebraic geometry.
Let & be a field of characteristic p ¢ 0, and let gi«(@o, - -, Tn; Yo, *** , Yn)
(z = 0, -+, n) be polynomials in the indeterminates xo, *-- , y», with co-
efficients in k; set (20, *++, &) + (o, -+, Yn) = (go(@; ¥), =+, ga(®; ¥))-
We say that {go, ---, ga} Is a commutative recursive group-law over k if the
following conditions are satisfied:

(a‘) giek[x(h X3 Yo, c ,yi];

d) gz ) = 9:(y; 2);

(C) (%,“',$n)+[(y0,"‘,yn)+(zo,"',zn)]=
[(@o, ~++, &) + Wo, -+, Ya)] + (20, + -+, 2a), {2} being another set of inde-
terminates;

(d) there exist polynomials gﬁ(xo , +++, x;), with coefficients in k£, such that
gi(xo y "ty Xn g gé(-’”): R} g;(x)) = 0)

(e) gi(xof"'7xn;07""0)=x'i;

) g0, 20, -+, 2130, %0, Ynot) = gia@o, 0, Tu 3 Yo, vty Ya)
if 2 > 0.

We have:

(8) TuroreEM. Letk be a field of characteristic p 5 0, and let {go, * - , gu}
be a commutative recursive group-law over k; assume moreover that, in the pre-
vious notations, p(xo, *++ , Tn) = (0, 2§, -++, 2h-1). Then there exist poly-
nomials ¥; , xi e klwo, -+, xd,2 =0, -+, n, such that

Yilxo(@), -+, xi@) = xi{Wo(®), -+ , ¥ilx)) = @,
and thal

Wo(@), -+, ¥a(@) + o), -+, ¥a(®))

= (Wolgo(@; 1)), ¥1(90(x; ¥), 15 9))s -+, ¥algo(®; 9D, -+, gul2; ¥))),
the + denoting addition of Witt vectors.
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Proof. Let G be a group-variety over k& with nh.g.p. {0, -+-, #.}, and
with the law of composition prescribed by {go, -+, g»}. Then G (extension
of @ over the algebraic closure % of k) is a periodic group-variety of dimension
n -+ 1 and period p"*, endowed with all the properties requested for the ap-
plicability of (4). Hence, by (4), it is isomorphic to W,.1(k), and this proves
the existence of ¥;, x; € k(xo, - -+, ;) with the properties expressed in the
statement (see the remark at the end of this proof for the existence of the
endomorphism =). Since G and W,1(k) are normal varieties, and the bira-
tional correspondence of isomorphism is regular at finite distance, we also
obtain that ¢, x; € k[xo, --+, 2]. The stronger result according to which
¥; and x; can be selected in k[x,, - - -, ] is proved by induction in the fol-
lowing manner: if » = 0, any xo must have the form xo(x)) = azo + b, or
Yo(2) = a “(xo — b), where a, b ¢ k and @ # 0; moreover, we can always se-
lect @ = 1. We then have go(z0, %) = xo(bo(x0) + ¥o(%0)) = 20 + % — b,
so that b ¢ k, since {g} is a recursive law over k. We can then assume x;,
¥; € k[z] for © < j = n, and prove the same for ¢ = j; we shall do this for
the particular case j = n, this being equivalent to the general case. Let
Xo, " 5 Xn1,%0, ', ¥na be selected in k[x], and let x. , ¥» be any possible
selection in k[z]; we have g.(z;9) = @u + yn + B0, < -+, Tue1 Y0, ** 5 Yn1),
h € klz; y]; if for a Witt vector (20, ---, 2z,) and a polynomial F we denote
F(z0, -+, 22) also by F((20, -, 2a)), we must have

xn((x‘)) "',xn)+(y07 "',y"))

= xn(x) + Xn(y) + h(XO(x), ) Xn—l(x); Xo(y), Tt Xn—l(y))'

If &' is the smallest subfield of k& over & which contains all the coefficients of
xn,and if by = 1, by, .-+, b, is a k-basis for k’, write x,(x) = X.: Fi(2)b;,
Fi(x) € k[x]; then

2ilFi((o, -+, mw) + (o, -+, ¥n) — Fl@) — Fu)lbs
= h(x(x); x(¥)) € kla],

F(x) + () — F(x) — F(y) = 0

for © > 1. This proves that for + > 1 the mapping (xo, -, 2.) — Fi(z)
is a homomorphism of W,,i(k) into a 1-dimensional vector variety over k;
thus, F(x), for ¢ > 1, belongs to k[x]. We can therefore change the selection
of x» by taking x.(x) = Fi(x) e k[z], with the assurance that y,.(x) exists,
and that the conditions expressed in the statement are fulfilled, Q.E.D.

or

Remark. Since, in the previous statement, the mapping (o, -, &) —
0, zf, ---, x5_1) is a homomorphism, we must have
P p,,DP Py __ p D, P D
g‘i(xo y % Yo, ’yi) = gi+1(0,$o y Tty &g ,0,?/0 y t 7y'i)

= {g'i(x‘), T Yo, 0 )y'i)]p for 1 = 0> e, M — 17
hence, for these values of 7, g:(x; ¥) € Cplz; ¥l.
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4. We recall that two commutative group-varieties are said to be isog-
enous if each is a homomorphic image of the other; we shall say that they
are tnseparably tsogenous if each is the homomorphic image of the other in a
purely inseparable homomorphism.

(9) TrEOREM. Let G be a periodic group-variety of dimension n over the al-
gebraically closed field k of characteristic p; then G has period p" if and only of it
18 a homomorphic image of Wa(k). And if this is the case, G is inseparably
1s0genous to W (k).

Proof. If G is a homomorphic image of W,(k), it certainly has period p".
Conversely, let G have period p"; if n = 1, all the statements of the theorem
are true; we shall accordingly proceed by induction on n. Consider the case
in which dim G = =, and let A, U, V, L have the same meaning as in the
proof of (4) (we recall that L = G/U); then G =2 {A, V, §}, for a suitable
8 e T(A, V). By the recurrence assumption, there exists a purely inseparable
homomorphism 8 such that A = W, (k). The mapping &P X Qi =
8[BP X (8Q).], where P, Q are generic points of W,_4(k), is a factor set of
W.(k) into V, and obviously G is a homomorphic image of {W,._1(k), V, 8’}
in a purely inseparable homomorphism. In order to prove that G is a homo-
morphic image of W,(k), in a purely inseparable homomorphism, it is suffi-
cient to prove that this is true of {W,_1(k), V, &'}; we can, for this purpose,
assume A = W,_(k).

With this assumption, we shall denote by ¢ the natural homomorphism of
G onto A, and by u the rational mapping of 4 into G which defines a crossed
product; then pu is a homomorphism of A onto U, certainly divisible by the
endomorphism = of A, since the homomorphism p of @ is divisible by the
homomorphism = of G; we can thus write pu = tx, t being a homomorphism
of A onto U. This gives pR = tmpR for any nondegenerate R ¢ G; the latter
is the same relation given in the statement of (4), with the difference that now
t is a homomorphism rather than an isomorphism. As in part 2 of the proof
of (4) we shall write @ = {L, U, v} = {4, V, 8}, A = {L, B, 8}, and denote
by » the rational mapping of L into A used in defining {L, B, 6}; we shall also
set A = wr. A generic point of G is of the type R = AP + @, with P ¢ L
and Q ¢ U = tA, so that pR = pAP + pQ = NE, + [P X Py +
Y2P X Py} + -+ ++[(p — 1)P X P1] + pQ. But pR = tmeuvP + pQ =
txvP + pQ, so that [P X Pi] + v[2P X Pi] + -+ ++4[(p — )P X Py] =
txvP — AE ., which is the analogue of (5). On the other hand, if we write
W.(k) = {L, A, v}, we have, as in (6), ¥'[P X Pi] + ¥[2P X Py] + -+ +
¥'[(p — 1)P X Py] = =P, since X’ can be so selected as to have NE, =
Ew,x. If wenow set v’ =ty,and ¢ = v — v, we have that [P X Py} +
e2P X P + -+ 4+ &l(p — 1)P X Pi] = AE,. is independent of P, so
that, by (3), ¢ € To(L, U),and y ~~", G = {L, U, v} = {L, U, ¥"}; but
{L, U, ¥"} is obviously a homomorphic image, in a purely inseparable homo-
morphism, of {L, A,v'} = W,(k). It is thus proved that G is a homomorphic



106 TACOPO BARSOTTI

image of W,(k) in a purely inseparable homomorphism. If we write, accor-
dingly, k(@) & k(W.(k)), we have, for a suitable r, k(W,(&)))" S k(@), so
that G is inseparably isogenous to W,(k), Q.E.D.

The existence of periodic group-varieties isogenous, but not isomorphic,
to Witt varieties, is established, for instance, by the following example:
G is a 2-dimensional projective space with n.h.g.p. {#, x1} over a field of
characteristic 2, with the law of composition given by (xo, 1) + (%, y1) =
(@0 + Yo, 21 + Y1 + 20y0).

A direct consequence of (9), and of a result of [11], is:

(10) CororLrARY. Let k be as in (9), and let F be o field of characteristic
zero, complete with respect to a normalized discrete valuation v of rank 1, with
residue field k, and such that v(p) = 1; +f R, , B, are respectively the valuation
ring of v and uts prime ideal, and if G is a periodic group-variety over k, of di-
mension n and period p”, the group of the nondegenerate poinis of G is tsomor-
phic to the additive group R,/By = B, "/R, .

It may not be superfluous to note specifically that from the construction
used in the proof of (9) follows that for any n-dimensional periodic group-
variety G over k, of period p”, there exist (n + 1)-dimensional group-varie-
ties G’ and G” over k, of period p™*", of which @ is, respectively, a homomor-
phic image (in a separable homomorphism) and a group-subvariety. The
projective and injective limits of chains of the type G, @, -+, or G, G”, - --
yield, respectively, an infinite abelian torsion-free group, and an infinite abel-
ian torsion group. These are isomorphic to, respectively, R, and F/R, .

6. According to (6) of [2], each periodic group-variety over the algebraically
closed field k of characteristic p is isomorphic to a Vessiot variety; this must
be true, in particular, of W.,(k); now, according to (8), or also by Corollary 1
§8 of [8], W,.(k) is isomorphic to a group-variety G with a general point
{xo, -*+, Zna}, whose law of composition is the recursive group law (2) of
hyperexponential vectors; namely, if for a nondegenerate P ¢ G' we denote by
z;(P) the value of z; at P, we have z,(P + Q) = z:(P) + z(Q) +
2oiei(x(P))eyi_i(@(Q)). Let then M = (my;) (5,5 = 0, -+, p") be the
square matrix of order p™' + 1 such that: m;; = 0if j > 43 mu = 1;my; =
eij(x) if j < 4; since, in the notations of (2), e(2) = efz) +
e(y) + 2imt ei(@)e—i(y), it is easily verified that M(P + Q) = M(P)M(Q),
so that M provides an explicit representation of W.(k) as a Vessiot variety.

Periodic group-varieties are rational, that is, birationally equivalent to pro-
jective spaces; Witt varieties, in addition, are actually projective spaces, with
a hyperplane as degeneration locus, and a group of Cremona transformations
as group of ‘“‘translations’; we shall prove that this property is common to all
periodic group-varieties of the type studied in this note (the relation of this
property to Fano’s theorem on regular group-varieties is not investigated
here):
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(11) TueoreM. Let A be a periodic group-variety of dimension n and period
p" over the algebraically closed field k of characteristic p # 0; then A s isomor-
phic to a group-variety G over k, with degeneration locus F, such that G is a pro-
Jective space; and a n.h.g.p. {xo, -+, To} of G can be selected in such a way
that F is the hyperplane at infinity for {x}, and that the law of composition on G
18 (a Cremona transformation) given by

2P + Q) = ziP) + Q) + filze(P), -+, zia(P); 20(Q), - -+, zia(Q)),
fi being a polynomial with coefficients in k.

Proof. The theorem is true for n = 1; we shall therefore proceed by induc-
tion on n. Given A, of dimension n, we have, by (9), 4 = aW,(k), « being
a purely inseparable homomorphism; we shall accordingly assume k(4) &
k(W.(k)) as prescribed by a. There is a natural homomorphism ¢ of W,(k)
onto W,_i(k), and a natural homomorphism é of A onto an (n — 1)-dimen-
sional periodic group-variety B over k, of dimension n» — 1 and period p"™;
we shall assume, accordingly, k(W,_i1(k)) < k(W.(k)), k(B) < k(A). Since
dim B = n — 1, by the recurrence assumption we may assume B to have the
property claimed for G, and denote by {x, -, Z.—2} a nh.g.p. of B having
the properties stated in the theorem. Furthermore, the previous embeddings
are such that k(B) & k(W ,-1(k)); this generates a homomorphism 8 of W,_1(k)
onto B. There are rational mappings A of W,(k) into W,(k), and u of B
into A, such that pA = éu = 1. Since the rational mapping éax of W,_,(k)
into B coincides with 8, we can select u to be such that u8 = a); then, for a
nondegenerate P ¢ B, say P = (Q where Q ¢ W,1(k) is nondegenerate, we
have u[P] = aA[Q]; since, by the nature of A, A[@] is a nondegenerate point of
W.(k), u[P] is a nondegenerate point of A. But then there exists a factor set
v of B into a 1-dimensional vector variety V over k, such that A = {B, V, v},
and such that y[P X Q] = u[P] + u[Q] — ulP + Q] is a nondegenerate point
of V for each pair of nondegenerate points P, Q of B. If x,; is a canonical
coordinate on V, namely one for which z,4«(P + Q) = z.a(P) + 2,1(Q),
this means that

xn—l(y[P X QI]) = f"—l(xo(P)) Tty xn—?(P); xo(Q), ) xn—Z(Q))’

fa-1 being a polynomial with coefficients in k. Thus A is isomorphic to the
projective space G with n.h.g.p. {x, ---, 2.1}, and has the required de-
generation locus and the required law of composition, Q.E.D.

Appendix

In this appendix, all varieties are over an algebraically closed field % of
characteristic p ¢ 0. Those group-varieties which are isogenous to Witt
varieties will be called of Witt type.

(12) LEMMA. Let V, W be varieties of Witt type, V being 1-dimensional. If
{V, W, ~} ts a homomorphic image of V. X W, then v ¢ To(V, W).
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Proof. If dim W = 1, the lemma is true, since in this case {V, W, v} is a
vector variety, hence isomorphic to V. X W. If dim W = n > 1, and the
lemma is accepted when dim W < n, then either v operates on the (n — 1)-
dimensional irreducible group-subvariety U of W, certainly of Witt type by
(9), and in this case the result is true by the recurrence assumption; or else,
if 8 is the natural homomorphism of W onto L = W/U, {V, L, By} is a homo-
morphic image of V X L, so that 8y e To(V, L), v is associate to a v’ which
operates on U, and the previous case gives v’ ¢ T'o(V, W), Q.E.D.

(13) LemMma. V and W having the same meaning as in (12), any given
{V, W, ~} is either of Witt type, or tsomorphicto V. X W.

Proof. The lemma will be proved by recurrence on n = dim W, since the
result is true if dim W = 1, by (9). If {V, W, v} isnot of Witt type, then,
by (9), it has period p”, so that p" 2 1 yliP X Pi] = D 21 yliP X Py =
Ey for a generic P e V. Then Zf.’.'ll v[iP X P;] belongs to the irreducible
(n — 1)-dimensional group-subvariety U of W; if @ is the natural homo-
morphism of W onto W/U, we have Y%= ay[iP X Pi] = E, , hence

ay e TW(V, aW)

by (3), and v is associate to a 4’ which operates on U. We shall conse-
quently assume v to operate on U from the beginning; if

V,U,v} =2V XU,

v belongs to To(V, W), as claimed. Otherwise, by recurrence, {V, U, v} is
of Witt type, and is therefore a homomorphic image of W = {V, U, s}, by
(9); but then {V, W, v} is a homomorphic image of {V, W, 6}, and this
is isomorphic to V' X W since & € To(V, W). The result now descends from
(12), Q.E.D.

(14) TuroreM. Let A be a periodic group-variely of period p"; then A is
1somorphic to the direct product of varieties of Wilt type. In particular, A pos-
sesses n-dimensional group-subvarieties of Witt type, and any one of these is a
direct factor of A.

Proof. The first statement is a consequence of the second; the two parts of
the second statement will be proved by recurrence on dim 4. If X = p4, X
has the period p"; if X is not of Witt type, by the recurrence assumption
we have X =~ Y X Z, where Y is of Witt type and dimension n — 1, and
dim Z > 0; after setting W = p'Y < A, W has the period p", hence it pos-
sesses an irreducible n-dimensional group-subvariety of Witt type; it follows
that A has the same property. If instead X is of Witt type, L = A/X has
period p, and is therefore isomorphic to a direct product Vi X --- X V, of
1-dimensional vector varieties; but then

A (Vi X - XV, X,mi4+ -+ + v}
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(by Lemma 3.3 of [1]), where v; ¢ I'(V;, X), and vy; ¢ To(V;, X) for at least
one value of 7, say ¢ = 1 (otherwise A = L X X would have period p" ™).
Thus {Vi1, X, m} is a group-subvariety of 4, of dimension n, and it is of
Witt type by (13).

Having now established that A possesses an n-dimensional group-subvariety
of Witt type, if dim A > n let B be an irreducible group-subvariety of A4,
containing W, and having dimension equal to dim A — 1. Then, by the re-
currence assumption, B W X C,and A = {V, W X C, & + 8}, where V
is a 1-dimensional vector variety, & ¢ T'(V, W), and & ¢ I'(V, C); now,
{V, W, &} == A/C has period p", so that, by (13), & e To(V, W), and
A=1{V,C, 86} X W,QE.D.

Remark. If W is a group-subvariety of 4, of Witt type and dimension <n,
in general W is not a direct factor of A, not even in the case in which W is
not a proper group-subvariety of any group-subvariety of Witt type of 4.
For instance, if A has n.h.g.p. {z, v, 2} and law of composition

(xs Y, z) + (x,y y’: z’) = (x + x’; Y+ y, + f(x’ x’)7 z+ z’)’

where f(z, 2') = — 2 23 G)(p — ) ''z’® ", the vector group-subvariety

W given by x = 0, z = y” is not properly contained in any group-subvariety
of Witt type of A, since no point of W, with the exception of Ey , is of the
type pP with P ¢ A. However, W is not a direct factor of A; in fact,
V = A/W has nh.g.p. {£ 9} and the law of composition (£, 1) + (&, v) =
E+ &0+ 9 + f& £)7), and the natural homomorphism of A onto V is
given by ¢ = z,9 = y* — z. We have A = {V, W, §}, where ¢ is deter-
mined by the function g((¢, #), (¢, 7)) = f(& ¢). Were W a direct factor
of A, & would belong to TI'o(V, W), and it would be possible to find an
h(%, m) € k(¢ n) such that

S&EE) = h(g ) + 1E, ') — g+ &, 0+ 2" + [ E)7).
Set here n = ¢’ = 0, derivate with respect to ¢, and set £ = 0; one obtains
£ 4+ dh(g, 0)/dt e k, which is impossible.
BiBLIOGRAPHY

1. 1. Barsorti, Structure theorems for group-varieties, Ann. Mat. Pura Appl. (4), vol.
38 (1955), pp. 77-119.

2. ———, Un teorema di struttura per le varieta gruppali, Atti Accad. Naz. Lincei Rend.
Cl. Sci. Fis. Mat. Nat. (8), vol. 18 (1955), pp. 43-50.

3. ———, Abelian varieties over fields of positive characteristic, Rend. Circ. Mat. Pa-
lermo (2), vol. 5 (1956), pp. 145-169.

4. ———, Gl endomorfismi delle varieta abeliane su corpi di caratteristica positiva, Ann.

Scuola Norm. Sup. Pisa (3), vol. 10 (1956), pp. 1-24.

, Repartitions on abelian varieties, Illinois J. Math., vol. 2 (1958), pp. 43-70.

6. J. DieUDONNE, Sur les groupes de Lie algébriques sur un corps de caractéristique
p > 0, Rend. Circ. Mat. Palermo (2), vol. 1 (1952), pp. 380-402.

7. ————, Groupes de Lie et hyperalgébres de Lie sur un corps de caractéristique p > 0.
II1, Math. Zeit., vol. 63 (1955), pp. 53-75.




110 IACOPO BARSOTTI

8. ——, Witt groups and hyperexponential groups, Mathematika, vol. 2 (1955), pp.

21-31.

, Lie groups and Lie hyperalgebras over a field of characteristic p > 0 (IV),

Amer. J. Math., vol. 77 (1955), pp. 429-452.

10. J-P. SeRRE, Sur la topologie des variétés algébriques en caractéristique p, mimeo-
graphed notes of the Symposium of Algebraic Topology, Mexico, Summer
1956.

11. E. Wrrr, Zyklische Korper und Algebren der Charakteristik p vom Grad p™. Struktur
diskret bewerteter perfekter Kérper mit yolkommenem Restklassenkorper der
Charakteristik p, J. Reine Angew. Math., vol. 176 (1937), pp. 126-140.

9.

UNIVERSITY OF PITTSBURGH
PITTSBURGH, PENNSYLVANIA



