Moduli spaces of bundles over
nonprojective K3 surfaces
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Abstract We study moduli spaces of sheaves over nonprojective K3 surfaces. More pre-
cisely, let w be a Kéhler class on a K3 surface S, let » > 2 be an integer, and let v = (r, &, a)
be a Mukai vector on S. We show that if the moduli space M of u.,-stable vector bundles
with associated Mukai vector v is compact, then M is an irreducible holomorphic sym-
plectic manifold which is deformation equivalent to a Hilbert scheme of points on a K3
surface. Moreover, we show that there is a Hodge isometry between v+ and H?(M,Z)
and that M is projective if and only if S is projective.

1. Introduction

Moduli spaces of sheaves on projective K3 surfaces have been studied since the
1980s. Fujiki [9] considered the Hilbert scheme Hilb?(S) of two points on a K3 sur-
face S. His result was widely generalized by Beauville [4], who studied Hilb"™(S)
for any n € N, showing that it is an irreducible hyper-Kéahler manifold; that is,
a compact Kahler manifold which is simply connected, is holomorphically sym-
plectic, and has h?° =1.

Moduli spaces of pu-stable sheaves are a generalization of Hilbert schemes
of points, and they have been extensively studied when the base surface S is
a projective K3 surface. Mukai [28] showed that, on the moduli space M of
simple sheaves of Mukai vector v = (r,¢1(L),a) (i.e., of rank r, determinant L,
and second Chern character a — r), there is a natural holomorphic symplectic
form associated to the one on S. This moduli space M is a nonseparated scheme
containing as a smooth open subset the moduli space M} (S, H) of pp-stable
sheaves (with respect to some ample line bundle H on S) of Mukai vector v;
Mukai’s construction thus produces a holomorphic symplectic form on M#(S,w).

If H is generic and r and L are prime to each other, then M#(S,H) is a
projective holomorphically symplectic manifold. Moreover, it is an irreducible
hyper-Kéhler manifold deformation equivalent to a Hilbert scheme of points on
S (see [30], [43]).

If S is a nonprojective K3 surface and w is a Kéhler class on it, one still
defines the notion of p,-stable sheaf and constructs the moduli space MH(S,w)
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of p,-stable sheaves of Mukai vector v. In [36] it was shown that M4 (S,w) is
a smooth complex manifold carrying a holomorphic symplectic form. If w is
generic and r is prime to ¢; (L), then MH(S,w) is even compact (see Section 2.2
for the precise notion of genericity we use for Kéhler classes, called v-genericity
in analogy to the projective case).

It is natural to ask if MM (S,w) is irreducible symplectic and, in this case,
what its deformation class is. We first show the following.

THEOREM 1.1
Let S be a K3 surface, and let v= (r,§,a) € H*(S,Z), where {£ € NS(S), r>1
prime to &, and v? > 0. Suppose w to be v-generic.

(1) The moduli space MH(S,w) is a compact, connected complex manifold of
dimension v +2 which is holomorphically symplectic and deformation equivalent
to a Hilbert scheme of points on a projective K3 surface.

(2) On H*(M}(S,w),Z) there is a nondegenerate quadratic form, and there
is an isometry between H*(MF,Z) and v* if v2 >0 (resp., v+ /Zv if v2 =0).

The condition v? > 0 implies that MH(S,w) # 0 (see [2], [33], [23]). As recalled
above, if S is projective and w = ¢ (H) for a generic ample line bundle H, we even
know that M#(S,w) is an irreducible symplectic manifold. To prove Theorem 1.1,
we study the two remaining cases: S is projective and w ¢ NS(S); and S is
nonprojective.

When S is projective and w is not the first Chern class of an ample line bun-
dle, we show that there is a v-generic ample line bundle H such that M#(S,w) =
M} (S, H). This is done by showing that the v-chamber in which w lies intersects
the ample cone and that moving the polarization inside a v-chamber does not
affect the moduli space. When S is nonprojective, the strategy to prove Theo-
rem 1.1 is to deform M (S,w) along the twistor family X — P! of (S,w): even
if the sheaves in M*(S,w) do not necessarily deform along such a twistor family,
we can still deform them as twisted sheaves.

We then provide a construction of a relative moduli space of stable twisted
sheaves extending Yoshioka’s construction [42] to nonprojective base manifolds,
and we show that we can connect the K3 surface S to a projective K3 surface S’
only by means of twistor lines, in such a way that M#(S,w) deforms to M} (S’,w’)
for some v-generic polarization w’ on S’. Theorem 1.1 holds true even if we replace
M#(S,w) with a moduli space of stable twisted sheaves.

The nondegenerate quadratic form on H?(M!(S,w),Z) is defined as a qua-
dratic form on the second complex cohomology by using the same definition of
the Beauville form, the only difference being that we have to fix one holomorphic
symplectic form to define it, because a priori we have h%? > 1. We then show
that it is nondegenerate. The construction of the isometry with v is standard
and uses the same strategy as in the projective case.

As one might see from the statement on Theorem 1.1, there is only one
missing property for M*(S,w) to be an irreducible symplectic manifold; namely,
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we do not know if M#(S,w) is Kéhler. This is a long-standing problem: on the
open subset MU (S w) of MF(S,w) parameterizing locally free sheaves, we
have a natural Kéhler metric, the Weil-Petersson metric (see [19], [20]), but at
present nothing is known about how this metric could extend to a Kahler metric
on the whole M#(S,w).

The strategy to prove Theorem 1.1 together with [13, Theorem 3.3] may
be employed to obtain another proof of the existence of a Kéhler metric on
MFP=U(S,w) and of a description of a twistor family for such a hyper-Kihler
metric. However, as pointed out to us by Daniel Huybrechts, this strategy does
not allow one to show that M (S,w) carries a K&hler metric too. Let us remark,
however, that there are choices of Mukai vectors for which M#(S,w) coincides
with M#~!/(S,w) and is therefore a compact irreducible hyper-Kihler manifold.
Moreover, such compact moduli spaces of stable locally free sheaves may acquire
any positive even complex dimension (see Proposition 4.27).

As an application of the previous result, we will show the following projec-
tivity criterion for the moduli spaces of slope-stable sheaves on a K3 surface.

THEOREM 1.2

Let S be a K3 surface, and let v= (r,&,a) € H**(S,Z), where £ € NS(S), r > 2,
(r,6) =1, and v? > 0. If w is a v-generic polarization, then the moduli space
M#(S,w) is projective if and only if S is projective.

2. Moduli spaces of stable sheaves

In the following, S will be a K3 surface, possibly nonprojective. If .% is a coherent
sheaf on S, we let the Mukai vector of % be

v(F) = ch(F) - /td(S) € H**(S,7Z).

If v; is the component of v(.#) in H?(S,Z), we have vy = rk(.%), v1 = ¢1(F),
and vy = cho(F) +1k(F) = $c2(F) — ca(F) + rk(F), which will be viewed as
an integer (i.e., we fix an isomorphism H*(S,Z) ~Z).

We recall that on H?*(S,Z) we have a pure weight-two Hodge structure and
a lattice structure with respect to the Mukai pairing (see [15, Definitions 6.1.5,
6.1.11]): the obtained lattice will be referred to as the Mukai lattice, and we
will write v? for the square of v € H?**(S,7Z) with respect to the Mukai pairing.
Explicitly, v? = v? — 2ugvs.

When vy # 0 we define the discriminant of v, or, respectively, of .% in the
case in which v =v(.%), as

L oo
Av) = %v +1.

This coincides with the definition of [2] for instance, where

A(F)=A(w(F)) = @ (02(9) - %C%(ﬁz))
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2.1. The stability condition

Let g be a Kéhler metric on .S, and let w be the associated Kéahler class, which
will be called a polarization on S. If % € Coh(S) has positive rank, then the
slope of # with respect to w is

_calF)w
oo (F) -—W-

DEFINITION 2.1

A torsion-free coherent sheaf % is p,-stable if for every coherent subsheaf & C %
such that 0 < rk(&) < rk(F) we have (&) < p (F). If p, (&) < pw(F) for all
such subsheaves &, then we say that % is pu.-semistable.

The family of pu,-stable sheaves of Mukai vector v admits a moduli space
M#E(S,w). If S is projective and w is the first Chern class of an ample line
bundle H, then M#(S,w) is the moduli space M# (S, H) of up-stable sheaves on
S with Mukai vector v. We have the following proposition dealing also with the
nonprojective case (see [36]).

PROPOSITION 2.2

Let S be a K3 surface, let v € H**(S,Z) be a Mukai vector, and let w be a polariza-
tion on S. The moduli space M¥(S,w) is a smooth, holomorphically symplectic
manifold (possibly noncompact), and if it is not empty, then its dimension is
v+ 2.

In the following we will restrict to the case of those M# (.S, w)’s which are nonempty
and compact. We introduce in the next section some hypotheses on v and w
under which M#(S,w) is compact. We now present a condition which guarantees
its nonemptiness and even the existence of a stable vector bundle with respect
to any polarization.

Recall that over any nonalgebraic surface there exist nonfilterable holomor-
phic rank two vector bundles (see [2], [34, p. 18]). By definition they do not
admit coherent subsheaves of rank one; hence, they are stable with respect to
any polarization.

We now extend this type of result to arbitrary rank in the case of Kéhler
surfaces. Following [2] we say that a coherent sheaf on the surface S is irreducible
if its only coherent subsheaf of lower rank is the zero sheaf. In particular, an
irreducible sheaf is stable with respect to any polarization. We have the following
result about the existence of locally free irreducible vector bundles.

PROPOSITION 2.3
Let S be a Kdhler nonalgebraic compact complex surface, let r be a positive inte-
ger, and let £ € NS(S). Then there exists a bound b:=b(r,£) € Z depending on r

and on & such that for any integer ¢ > b there is on S an irreducible locally free
sheaf F of rank r, c1(F)=¢&, and co(F) =c.
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Proof
For r = 2, a statement of this type was proved in [2] and in [34] without the K&hler
assumption. The idea there was to look at the versal deformation space of a rather
arbitrary coherent sheaf .# and show that if co > 0, then the deformation of %
must contain irreducible objects. For r > 2 we will this time consider deformations
of suitably chosen coherent sheaves and make essential use of the fact that S is
Kahler. In this way, we reduce our argument to one used by Banica and Le Potier
in the case in which the algebraic dimension of S is zero (see [2, Théoréme 5.3]).

We proceed by induction on r. The statement is trivial for r =1 and already
proven for » = 2. Let then r > 3, and suppose that the statement is true for rank
r — 1. Take an irreducible locally free sheaf & on S of rank r — 1, ¢;(&) =&, and
¢2(&) = c. Consider an irreducible component B of the versal deformation space
of Fy:= 0s @ & and the corresponding family .# of coherent sheaves over S x B.

We will check that if ¢>> 0, then the relative Douady space D xxpy/(-%, k)
of flat quotients of rank k of .% over B does not cover B for 1 <k <r —1. Let
b: Dixxp)y/B(F,k) — B be the natural morphism, and let @ C B be a relatively
compact subdomain of B containing the origin 0 € B. Fujiki [10] proved that any
irreducible component of b=1(Q) is proper over Q. By another result of Fujiki
[8], there are countably many such components.

The idea is to show by a dimension count that very general neighbors of %
are not in the image of D(xp),/p(F,k) for 2 <k <r —2. We remark that if .7,
is such a neighbor sitting in a short exact sequence

0—=F - —F"—0

with F” torsion-free, then I’ and F” are irreducible of different ranks; hence,
Hom(F',F") = 0 = Hom(F”,F'). This remark makes the arguments in the
proof of [2, Théoréme 5.3] work by replacing the corresponding inequality in
[2, Lemme 5.12]. Hence, we have the statement. ]

2.2. The v-genericity for Kahler forms

Let S be a K3 surface, and let 5 be its Kahler cone, which is an open and convex
cone in HY1(S). For v = (r,£,a) with r > 2 and £ € NS(S), we define a system of
hyperplanes in H'!(S), which is locally finite in .#5 and has the property that,
for any w € 5 not lying on such hyperplanes, a torsion-free sheaf .% on S with
v(F) =v is pe-stable if and only if it is u,-semistable. Polarizations verifying
this will be called v-generic.

2.2.1. The notion of v-genericity

To start, let S be any compact Kéhler surface, fix r,co € Z, fix ¢; € NS(S),
and suppose r > 0. We let 7:= (r,c1,¢2), and if F# € Coh(S) of rank r and
Chern classes ¢; and cg, we call 7 the topological type of % . If S is a K3 surface
and Z € Coh(S) has Mukai vector v = (r,&,a), then its topological type is 7, =

(r&&/2+r—a).
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Note that the discriminant A(.%) only depends on the topological type of .
Hence, we can talk about the discriminant A(7) of 7: more precisely, if 7=

(Ta 01762)5 then
1 r—1
A(T) = ; (CQ — 70?)

We set
A
W, = {D € NS(S) \ ~SA(r) <D< 0},
and for every a € H%1(9), we write
at:={peH"(S) |a-B=0}.

When « # 0, the set '’ is a hyperplane in H!(S). Using the same argument
of [15, Lemma 4.C.2], one shows that if 8 € H%!(S), then there is an open
neighborhood U of 8 in HY!(S) such that U N D+ # () for at most a finite
number of D € W,. If the surface S is K3, we will use the notation W, for W, .

DEFINITION 2.4

For every D € W, the hyperplane D+ N.#g will be called a T-wall in the Kdihler
cone of S. A connected component of .#s \ UDGWT D+ is an open convex cone
called a 7-chamber in the Kdhler cone of S. A Kahler class in a 7-chamber of
K is called a T-generic polarization.

If S is a K3 surface and v is a Mukai vector, we will call a v-wall in the Kahler
cone (resp., a v-chamber in the Kdahler cone, v-generic polarization) a 7,-wall in
the Kéhler cone (resp., a 7,-chamber in the Kéhler cone, 7,-generic polarization).

Recall that the ample cone of S is Amp(S) = #sN NSr(S) (where NSg(S) =
NS(S)®R). If S is a projective K3 surface and C C #s is a v-chamber in the
Kébhler cone of S, then C N NSg(S) is a v-chamber in the ample cone of S in the
usual terminology. If H is an ample line bundle on S, then ¢; (H) is a v-generic
polarization if and only if H is v-generic as in [15].

2.2.2. Compactness of M} (S,w) when w is v-generic

Using the same proof as in the projective case (see [15, Theorem 4.C.3]), we
show that v-generic polarizations enjoy the above-stated property concerning
the existence of properly semistable sheaves.

LEMMA 2.5
Let w be a Kdhler class on a compact Kdhler surface S, and let F be a p,-
semistable sheaf of topological type T = (r,&,c2). Suppose that there is & C F
of rank 0 < s <r, first Chern class ¢, and such that p,(&) = pw(F). Then
D :=r( — s is such that
ot
—EA(T) <D*<0,

and D? =0 if and only if D =0.
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Proof
We can suppose that & is saturated, so that ¥ :=.%/& is torsion-free, -
semistable, and of rank r — s. Notice that, as ., (&) = p,(F), we have D -w =0.
As w is a Kahler class, from the Hodge index theorem we then have D? <0, and
D? =0 if and only if D =0. We then just need to show that D? > —%A(T).

By the definition of the discriminant, it follows that

2

r—s A@) = D

A(F) — fA(g) -

Now, recall that the Bogomolov inequality is surely satisfied by & and ¢, so that
A(&),A(¥) > 0. But this implies that

—D? < 25(r — 5)r’A(F)

rd

=2s(r — s)r*A(r) < EA(T),

and we are done. O
Using the main result of [36] we then get the following result.

PROPOSITION 2.6

Let S be a K3 surface, let r > 2 be an integer, and let & € NS(S) be such that
(r,§)=1. Let a € Z, let v:=(r,&,a), and let w be a v-generic polarization. If
MP(S,w) # 0, then it is a smooth, compact, holomorphically symplectic mani-
fold.

Proof

The statement follows from the main result of [36] if S is nonalgebraic. When
S is projective, we will show in Section 3.1 that there exists some integer ample
class H in the same v-chamber as w. The (semi)stability with respect to w or
with respect to H will then come down to the same thing, and M/ (S,w) will
coincide with the Gieseker moduli space M, (S, H) of H-semistable sheaves, which
is known to be smooth, projective, and holomorphically symplectic (see [15]). O

3. Projective K3 surfaces with nonample polarizations

In this section we prove that if S is a projective K3 surface, v = (r,£,a) is a
Mukai vector with (r,£) =1, and w is a v-generic polarization, then M (S,w) is
an irreducible holomorphically symplectic manifold, deformation equivalent to a
Hilbert scheme of points on S.

3.1. Changing polarization in a chamber

We first show that changing polarization inside a chamber does not affect the
moduli space. The following adaptation of [15, Lemma 4.C.5] to the case of Ké&hler
polarizations works also on Kéhler manifolds (see [11, Lemma 6.2]).
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LEMMA 3.1
Let w, W' be two Kdhler classes on a compact Kahler manifold X, and let F be
a torsion-free sheaf on X which is p,,-stable but not p,, -stable. Denote by

[w,w'] = {w =t + (1 - t)w |t €[0,1]}

the segment from w to w'.Then there is a Kdhler class wy € [w,w’] such that F
is properly i, -semistable.

As a consequence of this, changing the polarization inside a chamber does not
affect the moduli space. This is well known for v-generic ample line bundles
and requires the same proof. We let M¥(S,w) be the moduli space of p,,-stable
sheaves whose topological type is 7. If S is a K3 surface, then M/ (S,w) =
M#E(S,w).

PROPOSITION 3.2

Let S be a smooth projective surface, and let 7= (r,£,co) be such that r > 2 and
£ € NS(S). Let C be a T-chamber in the Kihler cone of S, and let w,w’ € C. Then
MHE(S,w) = MF(S,w').

Proof
We show that if % is a pu,,-stable sheaf of topological type 7, then it is u,,-stable
as well. Indeed, suppose that % is not p/-stable. By Lemma 3.1 this implies
that there is w; € [w,w’] such that .# is properly p.,-semistable. Hence, there is
& C .7 of rank 0 < s <r and first Chern class ¢ such that pu,, (&) = p,, (F).
Let D :=r{—s¢. Hence, D-w; =0, and by Lemma 2.5, we have D € W, U{0}.
Note that, as .F is p,-stable, we have D -w < 0, so that D € W_.. It follows that
wy ¢ C, which is not possible as C is convex. In conclusion, & is p,/-stable. O

3.2. Conclusion for projective K3 surfaces

We first introduce some notation. If S is a projective surface, we let NSg(S) be
the real Néron—Severi space of S, which is a linear subspace of H'1(S). Recall
that on H%!(S) we have a nondegenerate intersection product whose restriction
to NSg(S) remains nondegenerate. Let Tr(S) be the orthogonal of NSg(S) in
HY1(S), so that we have H11(S) = NSg(S) & Tr(S).

Finally, for every a € HY(S) we let pys : HY(S) — NSg(S) and pr :
HY1(S) — Tr(S) be the two projections. Moreover, for every o € H1(S) we
let ays :=pns(a) and ar :=pr(a).

The first result we show is the following.

LEMMA 3.3
Let S be a projective surface, and let w be a Kdhler class on S.

(1) The class wyg is an ample class on S.
(2) For every & € NSr(S) we have £ -w=¢ - wng.
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Proof
Recall that w = wyg + wr. It follows that for every nonzero effective curve class
C we have

wys C=w-C—wr-C=w-C>0,

since wr is orthogonal to NSg(S) (where C' lies), and w is a Kéhler class. This
implies that wyg is a nef class on S.

In particular, this means that wyg is a class in the closure of the ample cone
of S. Now, recall that the projection pyg is an open map; moreover, the previous
part of the proof shows that the image of the Kéhler cone of S under pyg is
contained in the nef cone of S. As the Kihler cone is open in H''!(S) and the
interior of the nef cone is the ample cone, it follows that the image of the Kéahler
cone by projection is contained in the ample cone.

The last point of the statement is simply the fact that wr is orthogonal to
NSg(S5). O

Using the previous lemma, we can finally prove the following, which shows The-
orem 1.1(1).

THEOREM 3.4

Let S be a projective K3 surface, and let v = (r,£,a) € H**(S,Z) such that r > 2,
£ NS(S), and (r,§) =1. If w is v-generic and M#(S,w) # 0, then M} (S,w) is a
projective irreducible hyper-Kdhler manifold deformation equivalent to a Hilbert
scheme of points on S.

Proof

The class wyg is ample by Lemma 3.3, and wyg - £ =w - £ for every £ € NSg(S).
It follows that for every .# € Coh(S) we have pi,(F) = piwys (F). In particular,
a coherent sheaf is y,-stable if and only if it is j,,,-stable, so that M} (S,w) =
M{)‘(S, ng).

Moreover, if D € W, then wys - D =w-D. As w is v-generic, it follows that
wps is v-generic. Let C be the v-chamber of the ample cone where wyg lies. As
C is open in Amp(S), there is € > 0 such that the ball B.(wys) € Amp(S) of
ray € and centered at wyg is contained in C. Let w’ € B (wys) N H%(S,Q). By
Proposition 3.2, we have M!(S,wys) = MF(S,w’).

Asw’ € H?(S,Q)Nn HY1(S), there are p € N and H € Pic(S) such that pw’ =
c1(H). As ' €C and C is a cone, we have ¢;(H) € C. Hence, H is a v-generic
ample line bundle, and M#(S,w’) = M} (S, H). By [30] and [43], M} (S, H) is an
irreducible hyper-Kéhler manifold deformation equivalent to a Hilbert scheme of
points, and we are done. (I

REMARK 3.5
A useful corollary of Lemma 3.3 is that if C is a v-chamber in the Kéhler cone of
S, then C intersects the ample cone (and the intersection is clearly a v-chamber
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in the ample cone of S). Indeed, consider the segment [w,wns]|. As the projec-
tion pyg is a linear map, we have that [w,wys] N NSg(S) = {wns} and that
prs([w,wns]) ={wns}

We show that wyg € C (showing that C intersects the ample cone by Lem-
ma 3.3). Indeed, suppose that wys does not lie in C. It follows that there is
w' € [w,wns] lying on a v-wall. This means that there is D € W, such that
w' - D =0. But as pys(w') = pns(w) = wys, it follows that w- D =0, which is
not possible.

4. Moduli spaces of stable twisted sheaves

In this section we recall the notion of twisted sheaf on a complex manifold,
and we introduce the notion of stability for coherent twisted sheaves. We will
then construct (relative) moduli spaces of stable twisted sheaves on a K3 surface
(not necessarily projective). They will be used to show that the moduli spaces
M#(S,w) of u,-stable sheaves with Mukai vector v = (r, £, a) such that r and £ are
prime to each other are compact, connected, simply connected, and deformation
equivalent to a Hilbert scheme of points on a projective K3 surface (whenever
the polarization w is v-generic).

4.1. Twisted sheaves and stability
We recall some basic facts about twisted sheaves on a complex manifold X. (We
refer the interested reader to [6] or [25] for more details.)

There are several definitions of twisted sheaves giving equivalent categories.
We use three of them: the first one is due to Calddraru [6] and presents twisted
sheaves as a twisted gluing of local coherent sheaves on X; the second one (found
again in [6]) presents twisted sheaves as modules over an Azumaya algebra on X;
the last one, due to Yoshioka [42], presents twisted sheaves as a full subcategory
of the category of coherent sheaves on some projective bundle over X.

We begin by recalling these definitions. As our aims are moduli spaces of
stable twisted sheaves, we need to introduce several notions. First, we recall the
Chern character and the slope of a twisted sheaf. (For projective manifolds, this
was done in [18] and [42].) We then introduce p,,-stability for twisted sheaves
(with respect to a Kéhler form w).

4.1.1. Twisted sheaves following Caldararu

Let % ={U,}icr be an open covering of X, and let U;; :=U; NU; and Uy, :=
U; NU; NUj. Choose a 2-cocyle {ej;r}, where ayji, € 0% (Uiji), defining a class
a € H*(X, 0%). An {a;ji }-twisted coherent sheaf is a collection F = {.Z;, ¢i;},
where .7; € Coh(U;) for every i € I, and for every i,j € I, ¢i; : Fjju,, — Fiju,,
is an isomorphism in Coh(Uj;;) such that

(1) ¢s; =idg, for every i € I;
(2) ¢ij= ¢j_¢1 for every i,j € I;
(3) ¢ij o Pjk 0 Pri = cviji - id for every 4,5,k € 1.
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By a morphism of {aji }-twisted sheaves
[+ F ={Fi,bi;} — G ={%, i;}

we mean a collection f ={f;} of morphisms f;: % — ¥ of Oy,-modules such
that v;; o fj = fi o ¢s; for every 4,5 € 1.

The {1 }-twisted coherent sheaves form an abelian category Coh(X, {jx }).
If {vjr} and {};,} are two representatives of the same class o € H?*(X, 0%),
then there is an equivalence between Coh(X,{ay;r}) and Coh(X,{aj;.}), so
that we can speak of the category Coh(X,«) of coherent a-twisted sheaves. If
F € Coh(X, o) and ¢ € Coh(X, ), we can define in a natural way . ® ¢ and
Hom(F,9): the first one is a coherent a3-twisted sheaf, while the second is a
coherent a1 S-twisted sheaf.

We now recall an important definition: a sheaf A of &x-modules is said to
be an Azumaya algebra if it is a sheaf of x-algebras whose generic fiber is a
central simple algebra. Equivalence classes of Azumaya algebras form a group
Br(X), the Brauer group of X, which has an injection into H?(X,0%). One of
the main properties we will use is the following (see [6, Theorem 1.3.5]).

PROPOSITION 4.1

Let X be a complex manifold, and let o € Br(X). Then there exists a locally free
a-twisted sheaf on X.

For the rest of this section, we suppose « € Br(X) and define the twisted Chern
character and twisted Mukai vector for a-twisted sheaves. More precisely, let
Z be an a-twisted coherent sheaf on X, and let E be a locally free a-twisted
coherent sheaf. The Chern character of % with respect to E is

ch(Z @ EY)

Veh(E®EV)
The Mukai vector of % with respect to E is
vp(F) :=chg(F) Vtd(X).

The slope of a torsion-free a-twisted sheaf .# with respect to E and to a Kahler
class w is

chp(F) =

CE,l(y) W
rk(F)
where cg 1(F) is the component of chg (%) lying in H2(S,Q).
We collect some explicit formulas when X = S is a K3 surface. Let r :=
tk(F), s:=1k(E), £ :=c1(F ® EY), a:=chy(F @ EVY), and b:=chy(E® EV).
Then

Hp(F) =

chp(F) = (r,&/s, (2as — 7"())/232)7
vp(F) = (r,¢/s,r + (2as — rb) /25%),
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so that
Ew al(FREY)w v
W) e F) =2 = k) T O
and
2 2
9 £ 2ra b 9
(2) UE(J@)fS—Q*—S +—82 —2r°.

If & =0, then one easily sees that ug o(F) = pw(F) — po(E) and that
(3) VB (F) = v2(F).
If . is a torsion-free a-twisted sheaf on S, we let

cho (F) :=chgvw (F), Vo(F) =vaw (F),

which we call the twisted Chern character and twisted Mukai vector of %, respec-
tively. The twisted slope of .% with respect to w is

Ma,w(y) = %a

where ¢, 1(F) is the component of ch, () in H2(S,Q).

Using twisted slopes, we introduce the notion of stability for twisted sheaves.
Fix a € Br(X), and let E be an a-twisted locally free sheaf.

DEFINITION 4.2

We say that a torsion-free .% € Coh(X, o) is pp ,-stable if for every a-twisted
coherent subsheaf & C .# such that 0 < k(&) < rk(.#) we have pg (&) <
PEW(ZF). It pp (&) < prw(F) for every such subsheaf, we say that .Z is pg .-
semistable. A pgvv ,-(semi)stable sheaf will be called piq, .- (semi)stable.

To conclude this section, we show that the ;1 .-stability does not depend on F.

LEMMA 4.3

Let a € Br(S), .# € Coh(S,a), and w € #s. If E', E € Coh(S,«) are locally free,
then F is pg o -stable if and only if it is pgs o -stable. In particular, F is pg .-
stable if and only if it is pq w-stable. If o =0, then the sheaf F is po . -stable if
and only if it is p,-stable.

Proof
Let .# € Coh(S,a), let 4 be an a-twisted coherent subsheaf of .%, and let H be
a locally free a-twisted coherent sheaf. Then

tk(H)rk(F)er (9 @ HY) —rk(H)1k(9) e (F @ HY)
(4)

= (90.7VoH®HY)=1k*H)c1 (9 0 F).

Suppose now that % is pg -stable but not pgs ,-stable. Hence, there is an
a-twisted coherent subsheaf & of .F of rank 0 < s < rk(.%) such that pg/ ,(¢) >
e w(F). By the ug ,-stability of %, we even have ug ,(4) < pg o(F). Writing
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these two inequalities explicitly, we have

(5) w- (tk(E")rei (9 @ (E')Y) —tk(E')sc1 (F @ (E')Y)) >0,
(6) w- (tk(E)re1(9 @ EY) —1k(E)sc1(F @ EV)) < 0.
By using (4) for H = E’, (5) becomes w-¢1 (¢ ®.#") > 0. By using (4) for H = F,
(6) becomes w - ¢1(¥ ® FV) <0, giving a contradiction. O

4.1.2. Tuwisted sheaves as A-modules

Again, let X be a complex manifold, and let 4 be an Azumaya algebra on X.
We let Coh(X,.A) be the abelian category of coherent sheaves on X having the
structure of an A-module. The following is [6, Proposition 1.3.6].

PROPOSITION 4.4

Let X be a complex manifold, let A be an Azumaya algebra on X, and let o
be its class in Br(X). If E is a locally free a-twisted coherent sheaf such that
énd(E) ~ A, then we have an equivalence

Coh(X,a) — Coh(X, A), F—FEY.

We now define Chern characters, Mukai vectors, and slopes for the objects of
Coh(X,.A), which allow us to define a notion of stability. For .% € Coh(X,.A) we
define

ch(%#)
/ch(A)’

vA(F) = cha(F) - Vid(X),

chy(F) =

and if w is a Kéhler class and % is torsion-free, we let
ca1(F) w
tk(F)
where c41(F) is the component of ch4 (%) in H%(S,Q). We now introduce the
notion of stability for A-modules.

paw(F) =

DEFINITION 4.5

A torsion-free .7 € Coh(X, A) is pi4-stable if, for every & C.# in Coh(X,A)
such that 0 < rk(&) < rk(F), we have pg,,(8) < paw(F). I paw(&) < paw(F)
for every such subobject, we say that F is p .4 .,-semistable.

We note that if 4 € Coh(X,a) and F is a locally free a-twisted sheaf such that

End(E) ~ A, then chg(9) =cha (9 ® EY). It follows that
vp(9)=va@ @ FEY),  ppw(?)=pau@@EY),

so that .# € Coh(X,a) is pp -stable if and only if F ® EV is pa ,-stable.
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REMARK 4.6

We note that A :=(Ox,.A) is a sheaf of rings of differential operators following
the definition from [32] and that Coh(X, .A) is the category of A-modules (always
in the sense of [32]). Moreover, .4 -stable A-modules are exactly u-stable A-
modules (always in the sense of [32]). Even though the definitions from [32] are
given only for projective manifolds, they can immediately be extended to compact
complex manifolds.

4.1.8. Twisted sheaves following Yoshioka
Yoshioka [42] introduced twisted sheaves as a full subcategory of the category
of coherent sheaves on a projective bundle. More precisely, let X be a complex
manifold, let a € Br(X), and let E be a locally free a-twisted sheaf. On an open
cover % = {U,; }ier we represent E by {E;, ¢i;}ijer. Let P; :=P(E;), together
with the map m; : P; — U;. The twisted gluing data ¢;; turn to gluing data ¢;;
of the P;’s and of the 7;’s, giving a projective bundle 7 : P — X (whose class in
Br(X) is a).

As shown in [42, Lemma 1.1], we have Extl(Tp/X,ﬁp) = C. Hence, up to
scalars, there is a unique nontrivial extension

0—0Op — G—Tp/x —0.

The vector bundle G can be described in another way. Fix a tautological line
bundle €();) over P;, so that the twisted gluing data ¢;; give isomorphisms
Yij: O(N) — O(N\j), and L:={O(\;),¢;;} is an 7*(a™!)-twisted line bundle
on P. Then the vector bundles 7} E;(\;) glue together to give a locally free sheaf
which is isomorphic to G.

DEFINITION 4.7

A coherent sheaf % on P is called P-sheaf if the canonical morphism 7*m,(GY ®
F) — GV ®.Z is an isomorphism. We let Coh(P, X) be the full subcategory of
Coh(PP) given by P-sheaves.

Lemma 1.5 of [42] shows that .% € Coh(PP, X) if and only if Fp, ~ 1% &jy, @ O(\;)
for some & € Coh(U;). Using this, one shows the following result.

PROPOSITION 4.8
Let X be a complex manifold, and let m:P — X be a projective bundle whose
class in Br(X) is a. Then there is an equivalence of categories

P : Coh(P, X) — Coh(X,a), P(F):=m.(FL").

Following Yoshioka, we have a definition of the Chern character, Mukai vector,
and slope of a P-sheaf .#. More precisely, we have

ch(m.(GY ® F))
ch(m, (G¥ ® Q))’

Ch]p(y) =
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so that
2%
2(F) = chelF) VRIE), e F) = L,

where cp 1 (%) is the component of chp(F) in H?(S,Q). We now introduce the
notion of stability for P-sheaves.

DEFINITION 4.9

We say that a torsion-free .# € Coh(P, X) is up,-stable if, for every subob-
ject & of F in Coh(P,X) such that 0 < rk(&) < rk(.#), we have up (&) <
pw(F). If pp (&) < pp o, (F) for every such subobject, we say that .# is pp .-
semistable.

If P=P(E) for some locally free a-twisted sheaf E, the equivalence P gives
Ch]p(y):ChE(P(y)), Up(y):UE(P(y)),

pipw(F) = ppw (P(F)).

It follows that .# € Coh(P, X) is up -stable if and only if P(.%) is pg . -stable.
If .7 is a up,-stable P-sheaf, as Coh(PP, S) is a full subcategory of Coh(P)
and as the functor P is an equivalence, we have that

EXtéoh(P,S)(gvf) a Ethcoh(s,a) (P(F),P(F))

and

O

ExtEone,s)(F+ F) = Extgons,a) (P(F), P(F)).

4.1.4. Chern classes following Huybrechts and Stellari

If we consider twisted sheaves following Caldararu, there is another possible
definition of their Chern classes and characters, introduced by Huybrechts and
Stellari [17], which we recall here.

Consider a complex manifold X and o € H?(X,0%), and fix a Cech 2-cocycle
{aji } representing o on an open covering {U; },c; of X. Moreover, choose a Cech
2-cocyle {B;ji}, where By € I'(Uiji,Q), such that ;i =exp(B;jx) (viewed as
local sections of R/Z=U(1) C O%).

As the sheaf C of C'*°-functions on X is acyclic, up to supposing the cov-
ering {U; }ser is sufficiently fine, there are a;; € I'(U;;, C*) such that

Bijk = —aij + aik — aji.
Now, let us consider an a-twisted sheaf given by .# = {.%;, ¢;;}, and let
Yij = ¢ij - explasy),

which is clearly an isomorphism between the restrictions of .%#; and .%; to Uj;.
It is, moreover, easy to show that

)i 0 Pk 0 Py = id.



122 Arvid Perego and Matei Toma

Hence, the sheaf Fp = {%;,v:;}i jer is an untwisted sheaf. We then let
ch?(F) .= ch(ZFp).

The definition given in this way depends only on B.

The relation between ch? and the previous Chern characters is explained
in [18] and goes as follows, supposing that « € Br(X). Let F be a locally free
a-twisted sheaf, and let
_ cP(E)

rk(E)’

BEZ

where ¢P(E) is the degree two part of ch”(E). Then we have

ch®(F) = chp(F) - exp(Bg).

4.2, Genericity for polarizations

We now extend the notion of genericity for polarization to the twisted case. As we
did in Section 2.2, we first introduce a notion of discriminant for twisted sheaves,
which depends on the choice of a locally free E' € Coh(S, ).

4.2.1. Discriminant of a twisted sheaf
If % is an a-twisted coherent sheaf, we call the discriminant of .# with respect
to E the number
1
Ap(F)i= —5—
2 )= e

If o =0, this is just A(F) by (3). More generally, the discriminant does not
depend on FE, as shown in the following result.

V5 (F) + 1.

LEMMA 4.10
Let a € Br(S) and & € Coh(S,a). If E1,E2 € Coh(S,a) are locally free, then

Proof
Let E € Coh(S,a) be locally free of rank s, and set r:=1k(F), £ :=c1 (F QEVY),
a:=chy(F @ EY), and b:=chy(E ® EV). By (2) we have

1,62 2 2p
:—(5 - o o?) 41
2r2

2
s
An easy computation shows that

& 2ra N b chy(FRFQEQEY) N r2chy(E® EY)

Ap(F)

52 s

s s 2 52 252
:7(;}12((9\@35\/),
so that
1
(7) AE(ﬁ):ﬁ(fchg(ﬁ@)ﬂv)—Qﬁ)+1,

which does not depend on E, implying the statement. O
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For v € H**(9,Q) and « € Br(S), we let
Aa (U) = A‘gvv (y),

where .Z € Coh(S,a) is torsion-free and v, (%) = v. By Lemma 4.10 this is well
defined, and if o =0, then Ap(v) = A(v). We now prove a generalization to
twisted sheaves of the Bogomolov inequality.

PROPOSITION 4.11
Let o € Br(S5), let % € Coh(S,«), and let w be a Kdahler class on S. If F is
How-semistable, then Ay (F) > 0.

Proof
It is easy to see that .Z is fiq -semistable if and only if .#" is f1,-1 ,-semistable.
In particular, this implies that .# is pi, -semistable if and only if FVY is g -
semistable.

Now, note that #VV @ FY = (F @ #V)VV. Hence, if [ is the length of the
singular locus of . ® .#V, it follows that

cho(FVV @ .FY) =cho(F @ FV) + 1.
By (2), it then follows that

V2 (FVV) =02 (F) - 2 <2 (F).

e

As 1k(F) =rk(FVVY) it follows that A, (F) > A, (FVY). Hence, we just need to
show the statement for F#VV.

Now let F :=.ZYV, which is locally free and p, -semistable. By the
Kobayashi-Hitchin correspondence for twisted sheaves as proved by Wang [41],
the sheaf &nd(F)=F @ FV is p,-polystable, so that A(F @ FV) >0 by the
Bogomolov inequality.

Choose now a locally free E' € Coh(S,«) of rank s, and let b:=chy(E® EVY).
By Lemma 4.10 we have A(F ® FV) = Apgrv(F ® FY), so that Aggpv(F ®
FY)>0.If {=c1(F®EY) and a = chy(F ® EV), it follows from (2) that

21262 493 2r2b
v?E@Ev(F@FV): rf — r3a+ ; —2rt = 2r%% (F) + 21t
Hence,
1
0<Apgpv(FRFY)= ﬁv?gmv (F®FY)+1=2Ag(F).
Hence, A, (F)=Ag(F) >0, and we are done. O

4.2.2. Walls and chambers
Now, let

ot
Wy = {D € NS(S) ) —58a(v) £ D < o}.
If =0, then we have Wy, =W,,.
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DEFINITION 4.12

For D € W, ., we call the hyperplane D+ an (v, v)-wall. A connected component
of #s\Upew, . D* is called an (a, v)-chamber. A polarization w € £ is (a,v)-
generic if it lies in an (v, v)-chamber.

A polarization w is (0,v)-generic if and only if it is v-generic. We are now ready
to prove one of the main results of this section about changing polarization inside
a chamber. The argument is the same as that for untwisted sheaves, here adapted
to the twisted case.

PROPOSITION 4.13

Let o€ Br(S), let ve H**(S,Q), and let w,w’ be two (v, v)-generic polarizations
lying in the same (a,v)-chamber. If F € Coh(S,«) is a torsion-free sheaf such
that vo(F) =v, then F s po w-stable if and only if it is g, . -stable.

Proof
The proof is divided into two steps.

Step 1. Choose an a-twisted locally free sheaf F, and let r:=1k(%), £ :=
c(F QEY), a:=chy(F @ EY), s:=1k(F), and b:=chy(E® EV). Let w be any
polarization, and suppose that % is properly pq -semistable. Hence, there is
an a-twisted subsheaf & C .Z such that pg (&) = ppo(F). We let ' :=rk(&),
¢ :=c1(®EY), and a' :=chy(& @ EY), where 0 <1’ <r and £ € NS(S5) ® Q.
Moreover, let

!
D::rg— —r'§,
s

s
so that D -w=0. Hence, D2 <0, as w is a Kahler form.

Now, let ¥ := % /&, and we suppose without loss of generality that & is
saturated and that & and ¢ are p, ,-semistable. Moreover, let r” :=rk(¥),
& =c1(9®EY), and @’ :=cha(¥9 @ EV), so that r'" =r — 71/, £’ =£ — ¢, and
a’ =a —da'. Finally, let

va(Z) (&)  vi(¥)

K= - -
r TI 1"

r
We note that as & and ¢ are p, ,-semistable, by Proposition 4.11 we have
Ay(8),An(9) > 0, meaning v2 (&) > —2(r')? and v2(¥) > —2(r")?. Hence, we
get
2( g
(8) K< @ +or.
On the other hand, by (2) we have

B 0 G (0 B 3 el 0 Sl

7"82 27‘7"7"”

r's?2  rl's? s
By the definition of D we have
7”2(5/)2 + (7‘/)2€2 _ 27“7'/55/

52 ’

D? =
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so that (8) implies

D? = —r"v" K > —r'(r — 02 (F) — 2r% (r — ).

[0}

But as v/ (r — ') < r?/4, we finally get
2 4 4 4
D?> T 0l(F) - :
In conclusion, D € W, ,, U {0}.
Step 2. Suppose that .# is p, -stable but not 4 -stable. Let

[w,w]:={w =t + (1 - t)w |t €0,1]}

be the segment from w to w’, and let B, be the family of subsheaves of .% whose
slope with respect to F and w’ is bounded from below.

If & € B, then £® EV is a subsheaf of Z @ EV, and pg (&) = p (@ EY).
This implies that & ® EV is in the family B of subsheaves of .# @ EV whose slope
with respect to w is bounded from below. As the family B is bounded, it follows
that the family B, is bounded. Using the same argument as in the proof of
Lemma 3.1, one can then conclude that there is t €]0,1] such that .# is properly
Ha,w,-Semistable.

Hence, there is a subsheaf & of .# of rank 0 < s < such that g, (&) =
UEw, (F). If D=rcg1(&) — scp1(F), it follows that D -w; =0. As D-w #0,
we have D # 0. Hence, D? < 0. But as .% is up ., -semistable, Step 1 implies that
D € W, which is not possible as w; is in the same («a, v)-chamber as w and w’.
In conclusion, the sheaf .# has to be pg /-stable, and we are done. O

4.3. Moduli space of stable twisted sheaves
We now introduce (relative) moduli spaces of stable twisted sheaves. On projec-
tive manifolds these were constructed by Yoshioka [12] (viewing twisted sheaves
as P-sheaves and using a geometric invariant theory construction) and by Lieblich
[25] (viewing twisted sheaves as sheaves on some 0*-gerbe).

Here we first provide a relative moduli space of simple twisted sheaves by
viewing them as simple P-sheaves. The relative moduli space of stable sheaves
will then be an open subset of it.

4.8.1. The relative moduli space of simple twisted sheaves
Consider a smooth and proper morphism 7 : 2" — T such that for every t € T
the fiber X; over t is a K3 surface. We assume for simplicity that T is a complex
manifold, although the constructions work over complex spaces as well.
Suppose, moreover, that we are given a complex manifold &2 together with
a morphism f: 2 — %2 of T-complex spaces such that, for every t € T, the
morphism f; : P, — X; is a projective bundle, where P; = f~1(X;). For every
t € T the projective bundle P, — X; defines a class «; in the Brauer group
Br(X;).
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Now, let f:=mo f, so that we get amap f': & — T. By [22, Theorem 6.4],
there is a complex space # (£ /T) together with a holomorphic surjective map

b M(P|T) —T

which is a relative moduli space of simple coherent sheaves on &. For every t € T
the fiber .#; of ¢ over t is the moduli space of simple coherent sheaves on P;.

Now, # € Coh(P;) is simple if and only if End(.#) ~C. As Coh(P;, X;) is a
full subcategory of Coh(F;), a Pi-sheaf .7 is simple in Coh(FP;, X;) if and only
if it is simple in Coh(P;). Hence, simple P;-sheaves form a subset .#°(Z/T) of

As the condition defining P-sheaves is open (see [42, Lemma 1.5]), it follows
that .#°(22/T) is open in A4 (2 /T). Hence, it is a complex space together with
a holomorphic map ¢ : #°(Z?/T) — T. This is the relative moduli space of
simple &-sheaves on 2 .

The relative projective bundle f: & — 2 corresponds to the existence of
a relative Azumaya algebra A on 2. For every ¢t € T, we have P, = P(E;) for
some locally free a;-twisted sheaf on Xy, and we let A; := F; ® E}. The previous
equivalence of categories of twisted sheaves then shows that .#°(22/T) is the
relative moduli space of simple A-modules on 2~ or, equivalently, the relative
moduli space of simple twisted sheaves on 2 .

4.3.2. The relative moduli space of stable twisted sheaves
We now produce out of ¢ : .#°(P/T) — T the relative moduli space of sta-
ble twisted sheaves. Choose v = (vg,v1,v2) € H**(S,Q) such that v; € NS(S;) for
every t € T and vy > 2. We let #2(?/T) be the component of .#*(%/T) param-
eterizing simple P-sheaves of Mukai vector v, and we write ¢, : £5(P/T) — T
for Y143 /1)-

In order to define the moduli space of stable twisted sheaves of Mukai vector
v, we need a section & € R?>7,C such that w; := w|x, is a Kéhler class for every
t € T, which is used to define stability on every fiber. As stable twisted sheaves
are simple, we let .Z} (% /T,&) be the subset of #7(S/T) whose fiber over
t €T is given by the simple P;-sheaves which are pp, .,,-stable and whose Mukai
vector is v. We then have a natural map (of sets)

p: M(P)T, &) —T.

The main result of this section is the following.

PROPOSITION 4.14

Letm: & —T, f: P — %, v, and @ be as before. Then A} (P /T,0) is an
open subset of M5(Z/T). Hence, it is a complex manifold, and the map p is
holomorphic.

Proof
By Remark 4.6, the openness can be proved as in [32, Lemma 3.7]. Indeed, if
F € Coh(P,S) and F:=P(Z#)"V, then .Z is up,-stable if and only if P(.%) ®
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P(F)Y is pa-stable in Coh(S,A), where A= P(F)® P(F)". Moreover, the
openness of stability in the analytic case may be proved in the usual way, by
using boundedness results which are contained in [37] and [38]. The separat-
edness follows from [22, Proposition 6.6] since the parameterized sheaves are
stable. O

Standard deformation arguments following [5] allow us to show that if p: .# :=
MP(P ] X ,0) — T is the relative moduli space of twisted stable sheaves, then
for every t € T and for every . € p~1(t) = .#; we have

T[ﬁ]%t =~ EXtéoh(Xt,at) (P(y)v P(gz))v
that the obstruction for the existence of deformations of .% lives in
EXt%oh(Xt,oct) (P(y% P(y))?
and that we have an exact sequence
ExXtGon(x, a0) (P(F), P(F)) — Ty z) M

— T,T — Extgon(x, a0 (P(F), P(F)),-
It follows, from this exact sequence and by the previous discussion, that the
morphism p:.# — T is smooth.

If T is reduced to a point, then X is just a K3 surface S and P — S
is a projective bundle whose class in Br(S) is «. The moduli space of piq w-
stable a-twisted sheaves of twisted Mukai vector v on S will then be denoted
Ma”’v(S,w).

REMARK 4.15
Suppose that o =0, and let

ch(F#V)
N
for .F € M{,(S,w). Then v(F) = v if and only if v(F) =v/y, so that
Mg, (S, w) =~ M{f/v(s, w). We even notice that w is (0,v)-generic if and only if
it is v/~y-generic.

4.3.8. Moduli spaces of stable twisted sheaves over projective K3 surfaces
If the base K3 surface S is projective, from [42] we have some more information
about the moduli spaces of stable twisted sheaves. We make use of the following
notation: let & € Br(S), and let .# be a torsion-free a-twisted sheaf whose twisted
Mukai vector is w = (r,0, a).

We let F be a locally free a-twisted sheaf and & be a representative of the
class of P(E) in H?(S,Z). We let €8/7 := (1,&/r,£2/2r?) and we := €&/ - w, so
that

we = (r,&,a+&/2r).
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It is worth noting that there is a topological vector bundle E¢ on S such that
v(E¢) = we. As shown in [42], we have we € H?(S,Z) (while in general we have
w e H%(S,Q)).

REMARK 4.16

If « =0 and .Z is a p,-stable sheaf whose Mukai vector is v = (r,{,a), write
a=c+r, where ¢ = chy(.%). The 0-twisted Mukai vector of .# is then w =
(r,0,7 4 a’/2r), where a’ = cha(F @ FVV). We note that a’ = 2rc — £2. Hence,
w=(r,0,7+c—£2/2r). A representative of the class of P(E) in this case can be
chosen to be £ itself. Hence, we have

we =e"w = (r,&,r+¢)=v.
The following is [42, Theorem 3.16].

THEOREM 4.17

Let S be a projective K3 surface, let w= (r,(,b) € H*(S,Q), and let o € Br(S).
Choose a representative & of o in H?(S,Z), and suppose that we is primitive.
Moreover, let H be an (a,w)-generic ample line bundle on S. Then the mod-
uli space M}, (S, H) is an irreducible symplectic manifold which is deformation
equivalent to a Hilbert scheme of points on S.

We have the following result, which is the twisted version of Theorem 3.4.

PROPOSITION 4.18

Let S be a projective K3 surface, let w = (r,(,b) be a Mukai vector, and let
a € Br(S). Choose £ to be a representative of o in H?(S,Z), and suppose that
r and & are prime to each other. If w is an («,w)-generic polarization, then
M} ., (S,w) is an irreducible symplectic manifold which is deformation equivalent
to a Hilbert scheme of points on S.

Proof

By Lemma 3.3 and Proposition 4.13 and following the proof of Theorem 3.4, we
see that there is an ample line bundle H such that M¥  (S,w) = M} (S, H).
This last moduli space is an irreducible symplectic manifold which is deformation
equivalent to a Hilbert scheme of points on S by Theorem 4.17. O

4.3.4. Quasi-universal families
We conclude this section with the following result about the existence of a quasi-
universal family (see [1] for the absolute untwisted case).

PROPOSITION 4.19

Letm: & —T, f: P — 2, v=(vo,v1,v2), and & be as before. Let A be a
relative Azumaya algebra corresponding to &, and for every t € T let oy € Br(Xy)
be the class of Az. Suppose that there is a locally free A-module V verifying the
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following two properties for every t € T':

(1) the restriction Vi of V to Xy 1S pay, w, -Stable;
(2) the twisted Mukai vector of Vi is (vg,v1,ws), where wy < vs.

Then there is a quasi-universal family on M (P|T,0) xp X' .

Proof

Let .# = .4 (P /T,w). As for stable coherent sheaves, there is an open cov-
ering % = {U,;}icr of .# given by analytic subsets endowed with universal A-
modules .%;.

Let p; : Uy xp0 & — U; and q; : U; X7 & — 2 denote the two projections. We
put & := F; @gx A ¢ VY. By the choice of V we have Ropi,*é”i =0= RQpi,*éZ;, and
W; = Rlpi,*é@ is a nontrivial locally free 0p,-module whose rank is independent
of 7. It is easy to check now that the A-modules .#; @4 p; W, glue together to
give the desired quasi-universal family. (I

4.4. Deformation of stable twisted sheaves along twistor lines
In this section we describe and generalize a construction used by several authors
in the case of stable locally free sheaves of slope zero (see [35], [39], [40], [27]).

Let (S, I,w) be a polarized K3 surface, and let 7 : Z(S) — P! be its twistor
family. We suppose that the fiber over 0 is Sp = (5,I), and we write Sy = (S, ;)
for the fiber over t. Here I = Iy and I; denote the complex structures on S. With
this convention we have So = (5, Is) = (5, —I). Recall that the choice of w on
(S,I) is equivalent to the choice of a Riemannian metric g which is compatible
with I and whose associated Kahler class is w. Along the twistor line the metric
g remains compatible with I, the associated class w; is Kahler, and we get a
section @ of R?m,C which is w, on S;. Slope stability on S, will be considered
with respect to wy.

Before we introduce deformations of sheaves along twistor lines, we make an
observation about (1,1)-forms on the twistor space of S. Recall that, as a differ-
entiable manifold, Z(S) is the product S x P!, which is endowed with a complex
structure in the following way (see [13]). Cover P! by two charts (each isomorphic
to C), and take ¢ as the complex coordinate function on one of them and (! as
that on the other. Further, let I,.J, K be the complex structures on S which make
it into a hyper-Kéahler manifold. Denoting by Ip: the complex structure on P!, put
the following complex structure to act on the tangent space Ts x Tp1 of S x P!:
3 (1 LY Sy C_C_K,IPI).

1+¢¢ 1+¢¢ 1+¢¢

With respect to this complex structure the projection ¢ : S x P! — S is not holo-

morphic but only C*°.

LEMMA 4.20
Let v be a (1,1)-form on (S,I,w). Its pullback q* is a (1,1)-form on Z(S) if
and only if ¥ is anti-self-dual on (S, I,w).
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Proof

Let U :=g¢g*y. It is a 2-form on Z(S), so it is of type (1,1) if and only if
U(Jv,Jw) = ¥(v,w) for any pair (v,w) of real tangent vectors at a point of
Z(S). As T preserves the horizontal and the vertical directions on Z(S) =S x P!
and as ¥(v,w) =0 if one of the tangent vectors v or w is horizontal, it suffices
to check that ¥(Jv,Jw) = ¥(v,w) only on vertical vectors, meaning that the
restrictions of W to the fibers of m: Z(S) — P! are of type (1,1).

Suppose that v is anti-self-dual. This property only depends on g and on the
orientation of S. As g is compatible with each complex structure I3, it follows
that the restriction of ¥ to each fiber of 7 is then anti-self-dual. In particular, it
is of type (1,1). Hence, ¥ is also of type (1,1) on Z(S5).

Conversely, if 1/ is not anti-self-dual, then it decomposes as 1) = 1)SP + AP
where the self-dual part is of the form 5P = fw; for some nonzero function f.
But wy is not of type (1,1) with respect to J so neither will be U. O

We now turn to deformations of sheaves along the twistor line.

4.4.1. Deformation of a locally free polystable sheaf with trivial slope

Let Ey be a polystable vector bundle on Sy whose slope is zero, and denote by E*°
the C*°-vector bundle underlying Ey. The Kobayashi—Hitchin correspondence
provides E*° with an anti-self-dual connection. By Lemma 4.20, the curvature
of the connection is of (1,1)-type on each S;. We therefore obtain holomorphic
structures F; on E°° over each S, induced by the structure Ejy in a canonical
way. In fact, we even get a holomorphic structure on ¢*E>. Denote by E the
corresponding sheaf of holomorphic sections over Z(.S). As F; is holomorphic and
carries an anti-self-dual connection, it is polystable for every ¢ € P!. It is easy to
see that if Ey is stable, then E, is stable for every t € P!.

4.4.2. Deformation of an Azumaya algebra

Let now Ay be an Azumaya algebra on Sy, and let ag be its class in Br(Sp).
Choose a locally free ap-twisted sheaf Fy such that Ag ~ &nd(Ep). We will
suppose that Ey is ftq,,w,-Stable.

The Kobayashi-Hitchin correspondence for twisted sheaves established by
Wang [41] shows that Ag is p,,,-polystable. Note that p,,(Ag) = 0. Hence, by
Section 4.4.1 the vector bundle A := ¢*Aq carries a holomorphic structure, and
for every t € P! its restriction A; to the fiber S; is a ju,,, -polystable vector bundle
with trivial slope. We need to show that A; is an Azumaya algebra.

To do so, we argue as in the proof of [27, Lemma 6.5(3)]. The Azumaya
algebra structure on Ag is given by a holomorphic map mg : Ay ® Ag — Ag
verifying some identities among holomorphic sections. This means that mg is a
holomorphic section of the vector bundle J#om( Ay ® A, Ag). But this is fie,-
polystable as Aq is; hence, it carries an anti-self-dual connection, and mg is
parallel with respect to it.
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As a consequence, mg defines a parallel section of #om(A; ® A, A;) and,
hence, a holomorphic map m; : Ay ® A, — A;. Hence, A, is an Og,-algebra. As
the same identities among sections which are verified on 4 are verified even on
Ay, it follows that A; is an Azumaya algebra.'

4.4.3. Deformation of a stable twisted vector bundle

Let ap € Br(Sp), and let Fy be an agp-twisted locally free sheaf which is fiag w,-
stable. Choose an ag-twisted locally free sheaf Ey which is piq,,.,-stable in such
a way that cg, 1(Z%o) =0.

We let Gy :=Fy® Ey and A := Fo ® Ey. Then Ay is an Azumaya alge-
bra, and as we saw in Section 4.4.2, it is a polystable sheaf. Moreover, G is a
locally free sheaf of trivial slope, and it has the structure of an Ap-module. The
Kobayashi-Hitchin correspondence for twisted sheaves in [41] shows that Gg is
a polystable sheaf.

Following Section 4.4.2, ¢*Aq is a holomorphic vector bundle, and for every
t € P! its restriction A; to Sy is a polystable sheaf having the structure of an
Azumaya algebra. We let ay be its class in Br(S).

By Section 4.4.2 the polystable sheaf G gives rise, for every ¢t € P, to a
polystable sheaf G; with trivial slope. The same argument used in Section 4.4.2
to show that A; is an Azumaya algebra, applied this time to m; : A; ® Gy — Gy,
shows that the sheaf G; has the structure of an A;-module.

As G; is an A;-module, it corresponds to an a;-twisted locally free sheaf Fy
on S;. In particular, Ej gives rise to an ay-twisted locally free sheaf E; on S;
such that &nd(E;) ~ A; and F; @ EY ~ G,.

LEMMA 4.21
The sheaves Fy and E; are [iq, ., -stable.

Proof
We show that E; is fi4, ,-stable. The proof for F; is similar. Suppose that E}
is N0t pa, w,-stable, and let & C Ey in Coh(S¢, o) with pg, w, (61) > pE, w, (Et).
We suppose that & is jiq, w,-stable.

We let H; := & @ EY, which is an As;-module, and we have H; C A;. The
inequality s, v, (6) > 15, (F) gveS fia o (He) = fia,u (Ar), so that

I1f Eyp is an untwisted sheaf, we can give a more direct proof. The multiplication of two holo-
morphic sections ¢1, ¢2 of A; remains holomorphic. (Hence, A; is a sheaf of algebras on S;.)
This is a consequence of the formula ﬁ(qﬁl o¢2) = ﬁqﬁl o0 ¢2 + ¢y 0 ﬁqh, where D is the con-
nection induced by D on Ag.

By [6, Theorem 1.1.6], we just need to show that A; is locally of the form &nd(F’) for some
locally free sheaf F' of &g ,-modules. To do so, consider the self-dual part Rsp of the curva-
ture R of D. We have that Rgp = c-Id - wg for a suitable constant c. By solving the equation
dd®¢ = —Twp on an open subset U, we find a holomorphic Hermitian line bundle (L,h) on U
whose curvature is — fwo. Hence, F*° := Ey® L is a rank r vector bundle on U with a Hermite—
Einstein connection, and A% 2 &nd®° (F'°°) as anti-self-dual vector bundles. Hence, on F'*° we
have a holomorphic structure Fy compatible with the corresponding I;, and A; & &nd(Fy).
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Hoo, (Ht) > po, (Ar) = 0. As A; is pg,-polystable, this implies that pu,,, (H:) =0
and that it is a direct summand of A;. In particular, it is px,,-polystable.

By using the same argument given before, the sheaf H; gives rise to a fu,,-
polystable sheaf Hy on Sy, which is contained in Ay and has the structure of an
Ag-module, and p,, (Ho) = tw, (Ao) = 0. The equivalence between Coh(Sy, o)
and Coh(Sp,.Ag) given by tensoring with Ej then produces a subsheaf & of Ey
such that g, w,(60) = HEy w, (Fo). But this is not possible as Eg is fia,,w,-stable.
In conclusion, the sheaf E; is fiq, w,-stable. O

4.5. Relative moduli space of twisted sheaves on twistor lines
In this section we show that the relative moduli space of stable twisted sheaves
gives us a way to deform the moduli spaces MY ,(S,w) to an irreducible sym-
plectic manifold (which is moreover deformation equivalent to a Hilbert scheme
of points on a projective K3 surface).

We let S be a K3 surface, w = (r,0,a) € H**(S,Z) with r > 2, « € Br(95), and
w be an (a, w)-generic polarization. The Kéahler class w corresponds to the choice
of a Riemannian metric g which is compatible with the complex structure I of S
and whose associated Kéhler class is w. Let m: Z(S) — P! be the twistor family
of g. We denote by S; the fiber of m over ¢, which corresponds to a complex
structure I; on S associated with t. The metric g is compatible with I, the
associated class w; is Kahler, and w is a Mukai vector on S, for every ¢t € P'.

Choose now a fiq-stable a-twisted sheaf & on S of rank r, and let
E :=&VYY. This is a g -stable a-twisted vector bundle of rank r, and we
let A := &nd(F) be the corresponding Azumaya algebra. We suppose that
vE (&) =w. By Section 4.4.2, there is a holomorphic vector bundle A on Z(S)
whose restriction A; to S; is an Azumaya algebra on S; for every t € P1. We let
a; € Br(S;) be its class and A; ~ &nd(E;), where F; is the deformation of E
along the twistor line (see Section 4.4.3).

By Section 4.3.2 there is then a relative moduli space of stable twisted sheaves
p:.# — P such that for every t € P! the fiber over ¢ is the moduli space
Mt (St wi) of pia, w,-stable a;-twisted sheaves whose twisted Mukai vector

g, w

with respect to F; is w.

REMARK 4.22
On # xp1 Z(S) we have a quasi-universal family. For .# € M} (S,w), let F':=
FVV and Vy:=F ® EV. We let V in Proposition 4.19 be V := ¢*V).

We first prove some geometric properties of the relative moduli space p :
M — PL.

PROPOSITION 4.23

Let S be a K3 surface, let w= (r,0,a) € H**(S,Z) with r > 2, o € Br(S), and
let w be an (a,w)-generic polarization. The relative moduli space p: M —s P!
of stable twisted sheaves verifies the following properties:
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(1) the morphism p is submersive;

(2) if T,; denotes the relative cotangent bundle of p, then there is a holomor-
phic global section of /\QT;‘ ® Op1(2) whose restriction to any fiber is a holomor-
phic symplectic form.

Proof
We divide the proof into several parts.

Step 1: Submersivity. As every & € .#; is simple and the canonical bundle of
a K3 surface is trivial, we have Ext?(&,&)o = 0. The exact sequence (9) implies
then that the map p is submersive, so that condition (1) of the statement is
proved.

Step 2: Section through locally free sheaves. Let to € P!, and choose F €
Méfto,w(sto»wto) a locally free sheaf. As we saw in Section 4.4.3, the sheaf F’
gives rise to a sheaf Fy € M¥  (Sy,w;) for every t € P1. This produces a section

SF:]P)l—).%, SF(t) = F;

of p, which is holomorphic. If we let E; be the a;-twisted piq, w,-stable sheaf such
that A; = &nd(E;) (an Azumaya algebra on S; whose class in Br(S;) is oy), and
Gy :=F,® EY, we let G := q*G;, which is a holomorphic vector bundle on Z(S).
The restriction of the relative tangent bundle T}, of p to the section s is

§*T, ~ Rlr, &nd(G).

Step 3: Relative symplectic form. We prove that condition (2) is fulfilled. We
first note that for every ¢t € P! the restriction Tpe of Ty, to A, is the tangent
bundle of MY, , (S¢,wt), and similarly, the restriction (7)), of T, to .#; is the
cotangent bundle of MY, , (Si,w:). As on MK, (Si,wi) we have a holomorphic
symplectic form (if S; is projective, this is done in [42]; the proof in the general
case is similar), so we get an isomorphism T}, =~ (T};);.

This implies the existence of a line bundle &pi(d) for some d € Z together
with an isomorphism 7, — Ty @ p*@p1(d). We then just need to show that
d=2. To do so, consider a locally free sheaf F' € .#,. As seen in Step 2 we have

a holomorphic section s: P! — .# of p, and
s*T, ~ R'p, &nd(G),
where G = ¢*(F ® Ey). By the relative Serre duality we get
R'p.&nd(G) ~ (R'p. E0d(G)" @ Kr)',

where K is the relative canonical bundle of 7: Z(S) — P*.
Now, as G is locally free, we have &nd(G) ~ &nd(G)*. Moreover, K, ~
Op1(—2) (see [13]). Hence,

R'p, £1d(G) ~ R'p, £nd(G)* @ Op1 (2).
In conclusion,

sy~ 5T, @ Op1(2).
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As T, ~ s*T;; ® Op1(d), it follows that d = 2. This shows that condition (2) is
fulfilled. O

We now prove some geometric properties of the moduli spaces of stable twisted
sheaves we are considering. In particular, we show that they are all compact and
connected.

PROPOSITION 4.24

Let S be a K3 surface, let w= (r,0,a) € H**(S,Z) with r > 2, a € Br(S), and
let w be an (a,w)-generic polarization. Moreover, let £ be a representative of
o in H?(S,Z) which is prime to r. The moduli space MY ,(S,w) is a compact,
connected manifold.

Proof

The compactness of M/, (S,w) is well known when S is projective, and a proof
in the nonprojective and nontwisted case has been given in [36]. This proof uses
in an essential way the comparison map from the moduli space of stable sheaves
to the corresponding Donaldson—Uhlenbeck compactification of the moduli space
of anti-self-dual connections in a Hermitian vector bundle on S. These arguments
may be extended to the twisted case. We refer the reader to [36] and [41] for the
ingredients.

To show that M}, (S,w) is connected, we will follow the strategy used by
Mukai and by Kaledin, Lehn, and Sorger to prove the analogous result when S
is projective, w is the first Chern class of an ample line bundle, and the sheaves
are untwisted (see the proof of [21, Theorem 4.1]).

We first suppose that the moduli space M} ,(S,w) is not connected, and we
choose a connected component Y. Moreover, we fix a sheaf F' €Y and a sheaf
Ge My, (Sw)\Y.

Let p: Y xS — Y and ¢: Y xS — S be the two projections, and consider
a p* B - ¢*a-twisted universal family .% on Y x S. We then define two complexes

K3 = &xt, (¢"F, F), K¢ = &xt)(q" G, F)

of B-twisted sheaves on Y.

As the sheaves F' and G have the same topological invariants (since their
Mukai vectors are equal), by the Grothendieck—-Riemann—Roch theorem and let-
ting d := dim(Y), we have cf (K%)= cF(K¢), where cf is the component of
degree 2d of ¢P (for some B-field giving the twist 3). We now compute more
explicitly these twisted Chern classes, and we start from K. We note that if
E €Y, then F is a stable twisted sheaf having the same slope as G, but which
is not isomorphic to G. It follows that

Ext®(G, F) = Ext*(G,F) = 0.
As
&xt) (¢*G,.F)p ~Ext! (G, E),



Moduli spaces of bundles over nonprojective K3 surfaces 135

it follows that
Ext)(¢"G, F) =0
if 7=0,2, and that éaxtzl,(q*G,f ) is a locally free S-twisted sheaf whose rank is
d—2.
As a consequence we have
e (K&) = —cf (xty(q"G,.F)) =0,

as & Xt},(q*G7 F) is a locally free S-twisted vector bundle of rank d —2 < d. Recall
that ¢ of & Xt;(q*G, F) is defined as the Chern class of some untwisted vector
bundle of the same rank. Hence, as this rank is smaller than the dimension of Y,
the dth B-twisted Chern class is trivial.

We now need to compute ¢ (K$.). To do so, we first recall that by [3] there
is locally on Y a complex

A®=.. I A0 20 A1 1 42
of free sheaves such that for every o: Y’ — Y and for every j € Z we have
cfxti;, (c*(¢')*F,0*F) =~ H (c* A®),

where p’: Y’ xS — Y  and ¢’ : Y/ x S — § are the two projections, and where
H7 denotes the jth cohomology of the complex.

Let us now cover Y with open subsets U; so that F' is contained in only
one of them, and let us moreover suppose that the previous complex A® exists
over U;. If E € U; and E is not F, then H7(A®)g = 0. Hence, the rank of each
map a; of the complex A® is constant on Y \ {F'}. But we have

HO(A®)p ~HO(A%)p ~C.

Hence, the rank of ay and a; at F' drops by 1, while the rank of a; is constant on
Y for i < —1. The same proof as that of [21, Lemma 4.3] shows that the degen-
eracy locus of ag and a; is the reduced point F', while a; does not degenerate if
1 < —1.

Let us now consider the blowup o : Z — Y of Y at F' with reduced structure,
and let D be the exceptional divisor on Z. Consider the complex

o—*a7 * *
cFA = TS AV T o A T Y 52 A% 0.

The degeneracy locus of 0*ag and o*a; is then the exceptional divisor D with
reduced structure, while the o*a;’s do not degenerate on Z for ¢ < —1.
The maps o*ag and o*a; hence factor through

(A/)O A o Al i> (A')Q,
where 0*A? C (A")°, (A’)2 Co* A2, and the sheaves

M :=(A)°/o* A°, L:=0%A%/(A")?
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are supported on D. As in the proof of [21, Theorem 4.1, Step 4], the sheaves L
and M are characterized by canonical isomorphisms

L®Op~Ext’(F,F)® Op, Tor?? (M, Op) ~Hom(F, F) ® Op.

Here the computation is done in a neighborhood of the divisor D.
As in [21], it follows from this that

éaxtg,(a*q*F, c*F)~0p(D), é”xtzz,, (c*q"F, 0" F) ~Op,

viewed as o* 3-twisted sheaves, and that 5}(‘511,/ (c*q*F,0* F) is alocally free o* -
twisted sheaf of rank d — 2. It follows that

cf(oc"Kp)=D"=~1.
But note that
¢l (0" Kp) =0 (Kp) =o"cP(Kg) =0,

giving a contradiction. In conclusion, the moduli space M} ,,(S,w) has to be
connected. 0

We can now prove the following result, which is the main result of this section
and which concludes the proof of Theorem 1.1(1).

PROPOSITION 4.25

Let S be a K3 surface, let w= (r,0,a) € H**(S,Z) with r > 2, o € Br(S), and let
w be an (o, w)-generic polarization. Moreover, let & be a representative of a in
H?(S,Z) which is prime to r. Consider the relative moduli space of stable twisted
sheaves p: M — P! along the twistor family of (S,w).

(1) There is a t € P* such that #s is an irreducible symplectic manifold
which is deformation equivalent to a Hilbert scheme of points on a projective K3
surface S.

(2) The moduli space MY ,,(S,w) is a compact, connected complex manifold
which is simply connected and carries a holomorphic symplectic form.

Proof

We let 7 : Z(S) — P! be the twistor family of (S,w). By [16, Lemma 2.1] there is
a t such that S7 is a projective K3 surface. The polarization w; is (ag, w)-generic,
and we = v(Eg) for some topological vector bundle E¢. Such a topological vector
bundle remains constant along P'. Hence, we = (r,£,b), where r and £ are prime
to each other. It follows from Proposition 4.18 that MA_,,(Sz,ws) is an irreducible
symplectic manifold which is deformation equivalent to a Hilbert scheme of points
on S7.

By Proposition 4.24, all the fibers are compact, connected manifolds, and
by Proposition 4.23(a) the morphism p is submersive. By [7, the proposition in
Section 1], it follows that p is a smooth and proper morphism. Hence, it is a
deformation of M}, (S,w), and we are done. O
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4.6. Moduli spaces of locally free sheaves

The previous results can be largely improved if we suppose something more on
MH(S,w), namely, that it parameterizes only locally free sheaves. However, this
case has already been considered by differential geometers. We therefore only
state the following result and refer the reader to [19] and [20] for the proof.

PROPOSITION 4.26

Let S be a K3 surface, let v = (r,§,a) be a Mukai vector such that r and &
are prime to each other, and let w be a v-generic polarization. Then the open
part M of the relative moduli space p: M — P* along the twistor family of
(S,w), parameterizing locally free sheaves, is the twistor family of the moduli
space MPU (S, w) of w-stable locally free sheaves with Mukai vector v on S.

If moreover v? = 0, then a standard argument shows that every sheaf in M*(S,w)
is locally free (see [15, Remark 6.1.9]), and thus, the previous proposition applies
to M#(S,w), which is moreover compact. The next proposition shows that com-
pact moduli spaces of stable locally free sheaves as above may attain any even
complex dimension.

PROPOSITION 4.27

Let r be a positive integer, let d € [0,2r — 2] be an even integer, and let g be
an integer such that g < —(r* —1)(r — 1) and g is congruent to % modulo r.
Then there exists a K3 surface X with NS(X) generated by one element £ such
that €2 =2g — 2, and there exist torsion-free coherent sheaves E on X of rank
r, c1(E) =&, and such that 2r2A(E) — 2(r? — 1) = d. Moreover, all such sheaves
are locally free and irreducible. In particular, they are stable with respect to any
polarization on X, and their moduli space is a compact irreducible holomorphic
symplectic manifold of dimension d.

Proof

The existence of K3 surfaces X with cyclic Néron—Severi groups was proved in
[24], whereas the existence of torsion-free sheaves E with the above invariants
follows from [23, Theorem 2.7]. We will check that such sheaves are irreducible
and locally free. Suppose that 0 — F;, — F — F5 — 0 is an exact sequence with F;
coherent sheaves without torsion on X of ranks r; and with ¢;(E;) =¢; (i=1,2).
Then & + & =&, r1 +r2 =1, and we directly compute

- 1 §2 62 2 T1 T2
= (5 - -2+ Dam) + 2AE).

r 1 T2
Since g <0, X is nonalgebraic. Hence, A(E;) > 0 and thus

A(E)>i(§_§_§): (g’

—2r\r L To 2riro \ 1T

A(E)

2 _ 2 _
o _ 3 _ 1—g re—1 :17i.
- 2r2(r—=1) (r—1)r? r2 r2
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But this implies that d > 2r?, which contradicts our choice of d. Hence, E is
irreducible. If E were not locally free, then an easy computation would imply
that the discriminant of its double dual would be negative: a contradiction to
the nonalgebraicity of X. O

5. The second integral cohomology

We now study the second integral cohomology of M#(S,w). We will show that it
carries a nondegenerate quadratic form of signature (3,20) and that we have an
isometry between H2(M#,Z) and vt. If M*(S,w) is Kihler, it is even a Hodge
isometry. As a consequence, we will show that the moduli space is projective if
and only if S is projective.

5.1. The quadratic form

Throughout this section we will let X := M} (S,w) for a choice of a K3 surface S,
a Mukai vector v = (r,&,a) with r and & prime to each other, and a v-generic
polarization w. We let 2n be its complex dimension. We start by defining a
quadratic form on H?(X,C) for every holomorphic symplectic form o on X, by
using the same formula as that of the Beauville form of an irreducible symplectic
manifold. For every o € H?(X,C), we let

n
qo (@) :== 5/ o Aot /\E"‘l/ o NT"
p's X

+(1—n)/ aAa”AE”‘l/ aNo" AT
X X

Note that the symplectic form is always supposed to be closed, so the above
definition does not depend on representatives. Note also that ¢, (04+7) = ([ 0" A
7")%2 #0, s0 g, is nontrivial.

Recall next the definition of the topological quadratic form

ix(a):= cn/XOzQ\/td(X),

where ¢, is a constant depending only on n chosen so that the form becomes
integral on H?(X,Z) (see [12, Part III, Definition 26.19]). It is known that ¢,
and ¢x are proportional when X is moreover supposed to be Kahler.

We finally define H%C := Im({r € H(Q?) | dr = 0} — H?*(X,C)) and
h?0(X) := dim H%9(X). We first prove the following.

PROPOSITION 5.1

Let p: X — C be a proper submersion of relative dimension 2n over a connected
curve C' such that there ezists a point 0 € C' with Xo:=p~1(0) irreducible holo-
morphic symplectic. Suppose, moreover, that there exists a relative nondegenerate
symplectic form o € H(X, Qﬁ(/c ® p*L) with values in a line bundle L over C.
Let q; := q,, be the quadratic form defined by o on H*(X,,C) for each t € C.
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Then for all t € C the quadratic form q; is a positive multiple of §x,. In partic-
ular, q; is nondegenerate of signature (3,b2(X) —3) and h?°(X;) =1.

Proof
We may suppose that L is the trivial line bundle on C'. Indeed, for the general
case it will suffice to take trivializations of L over Zariski-open subsets of C
containing 0.

Fix some o € H%(X;,C), and define for t1,t5 € C

n

R 2 n—1 , =n—1 n —n

qty,to (a) = 5/ a” A O, A Oy, / O, A O,
X X

—|—(1—n)/ aNop /\Ef;l/ aNol P AT
p's b

(Note again that the above formula does not depend on representatives since the
symplectic forms oy, , 04, are closed.) This defines a complex function on C x C
which is holomorphic in ¢; and antiholomorphic in ¢5. It becomes holomorphic on
C x C~,where C~ denotes the curve C with the opposite complex structure. Over
an analytical open neighborhood U of 0 in C, all fibers X; are K&hler. Hence,
for t € U the quadratic form g; is proportional to ¢. Take now «,a’ € H%(X,C)
such that go(a) # 0. Then the meromorphic function

dty,ta (O/)
Gt 2 ()
on C' x C~ is constant on the diagonal Ay CU x U~ C C x C~. But Ay is
Zariski-dense in C' x C~. To see this, consider the system of local holomorphic
curves Cy on C x C~ given as images of the maps z — (t + z,t + z). Each curve
C} passes through the reference point (¢,¢) € Ay but its intersection with Ay is
a piece of a real line. Hence, by the principle of isolated zeros, any holomorphic
function vanishing locally on Ay will also vanish on the curves C; and thus
also vanish on the three-dimensional real submanifold of C' x C~ they cover.
Therefore, the function (t1,ts) — %
follows that ¢; is proportional to ¢ for any t € C.

It remains to check that A29(X,) =1 for all t € C. For this we will show that
the kernel K of the linear map

re HY (X, 0 |dr=0} - H'(X{,Kx,), 7—T1Ac" %
{ t

(t17 t2) —

is constant on C x C~. From this it

consists of d-exact forms only. Let b; be the bilinear form associated to ¢;. Then
for any 7 € K and o € H*(X¢,C) we have

n
bt(T,a)=§/ 7'/\0(/\0';1_1/\5?_1/ oy NGy
p's b's

1—-n _ _
+—— | TAO} AT 1/ aNo? L AT
2 X X

1—n
+—/ a/\af/\??il/ 7'/\0'?71/\6?:0,
2 X X

and our assertion follows since ¢; is nondegenerate. (I
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5.2. Isometry with v+

We now show that there is an isometry between H?(MF(S,w),Z) and vt if
v? >0, and with v /Z- v if v? = 0. We introduce some notation. If v € H**(S,Z),
then we let v be the orthogonal of v with respect to the Mukai pairing. If v =
(r,€,a) and € € NS(S), then the pure weight-two Hodge structure on H?*(S,Z)
induces a pure weight-two Hodge structure on v1: namely, a class o = (g, a1,
az) € vt is of (1,1)-type if and only if a; € NS(S).

If o= (ag,a1,a2) € H?*(S,Q), then we write " = (ag, —a1,a2). If a =
ch(F) for some locally free sheaf F', then a¥ = ch(FV). It is immediate to see
that if a, 8 € H?>*(S,Q), then (a-B)Y =aV - BY. In particular, this implies that
(B/a)Y =BY/a¥ and (y/a)¥ =+vaV whenever these expressions make sense.

We now introduce a morphism associating to any class in v a rational coho-
mology class on the moduli space of stable (twisted) sheaves. The construction
is inspired from the similar morphism which is used in the projective case (see
[30], [43], [26], [31]). Let a € Br(S), let w € H**(S,Q) be a Mukai vector, and
let w be a w-generic polarization. Suppose moreover that M} , (S,w) is compact,
and let p: M (S,w) x S — Mk (S,w) and q: M} ,(S,w) x S — S be the
projections.

Choosing a quasi-universal family & on M} (S, w) x S of similitude p (which
exists by Remark 4.22), we define a morphism

ASyapw i wh — HA(ME,,(S,w),Q)

by letting
M. (B) = %[p* (" (BY - VAd(9)) - ch(#))] ,

where []; is the part lying in H2(MY ,,(S,w),Q). As # € wh, the class A a,w(5)
does not depend on the chosen quasi-universal family. If « =0, we simply write
)\s)w for )\5,07“,.

We now show the following, which is a generalization of known results in the
projective case (see [29], [30], [43]).

PROPOSITION 5.2
Let S be a K3 surface, and let v= (r,€,a) € H**(S,Z), where r >2, £ € NS(S),

(r,€) =1, and v? > 0. Moreover, let w be a v-generic polarization. Then the image
of As,v is contained in H?(M!(S,w),Z), and

(1) if v2 =0, then \s,, defines an isometry
Xsp 10 /Z v — H* (MY (S,w),Z);
(2) if v2 >0, then \g,, is an isometry.
Proof
If v2 > 0, we just need to show the following properties:

(a) the image of \g,, is contained in H?(M}!(S,w),Z);
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(b) the morphism Ag, is bijective;
(c) the morphism Ag, is an isometry.

Let & be a quasi-universal family of similitude p on MH(S,w) x S, and fix a
locally free p,-stable vector bundle F' of Mukai vector v. Let w :=vp(F) =
(r,0,a — £2/2r), and let

f:Mﬁ(S,w)—>M6fw(S7w), f(F)=FFY,

which is an isomorphism (see Remark 4.15).
We let ¢ : M&M(S,w) x § — S be the projection, and we let

& = (f xidg).E @ ¢ F,

which is a quasi-universal family of similitude p on Mg, (S,w) x S. Moreover, as
f is an isomorphism, the morphism

fe: H*(M}(S,w),Z) — H* (M}, (S,w),Z)
is easily checked to be an isometry.
Now, we let
B-ch(FY)
V/h(F@FV)
We let (-,-)s be the Mukai pairing on S, and we let [-]2 be the part lying in
H*(S,Q). If B € vt, we have

(h(ﬁ)’w)s ==

h:H?*(S,7) — H**(5,Q), h(B) =

(D) )]
JRFSF)
= —[BY - ch(F)-\/td(S)], = (B,v)s =0,

2

so that

hivt — wt.

The same argument shows that it is an isometry. We even have f.(Ag,(8)) =
Asw(h(B)). Indeed,

£ (s(B)) = /% [fope (47 (BY V4(S)) eh(£)) ]

= %[p*((f x ids).q* (BY1/td(S)) ch(&"))],
1

= [P (0" (R(B) " V1d(5)) ch(&) ], = Asw (1(5)).

In conclusion, we see that Ag, verifies properties (a), (b), and (c) above if and
only if Ag ,, verifies them.

Now, consider the twistor line of (S,w), and let p: .# — P! be the associated
relative moduli space. As we can define Ag,, in a relative way using relative quasi-
universal families (which exist by Remark 4.22), properties (a), (b), and (c) above
are verified on a fiber if and only if they are verified all along the twistor line. It
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follows that Ag., verifies (a), (b), and (c) if and only if Ag, ., verifies them for
some t € P*.

As we saw before, there is ¢ such that S; is projective, and in this case Ag, v,
is an isometry by [42]. Hence, we are done. If v2 = 0, the proof is similar: the
only difference is about the fact that Z - v is the kernel of Ag,, which holds in
the general case as it holds over a projective K3 surface (see [29]). O

An immediate corollary of the previous proposition is the following result.

COROLLARY 5.3

Let S be a K3 surface, v = (r,&,a) € H?*(S,Z) where ¢ € NS(S), r >2, (r,€) =1,
and v? > 0. If w is a v-generic polarization and M!(S,w) is Kdihler, then the
morphism \, is a Hodge isometry.

Theorem 1.2 can now be seen as a corollary of the previous results.

COROLLARY 5.4

Let S be a K3 surface, and let v = (r,&,a) € H**(S,Z), where £ € NS(S), r > 2,
(r,€) =1, and v®> > 0. If w is a v-generic polarization, then M (S,w) is projective
if and only if S is projective.

Proof

First, note that if S is projective, then M#(S,w) is projective by Theorem 3.4.
Suppose now that S is not projective; we want to prove that M} (S,w) is not
projective as well. Suppose that M#(S,w) is projective: in particular, this implies
that it is Kahler. Hence, by Theorem 1.1(1) it follows that it is an irreducible
symplectic manifold.

Recall that an irreducible symplectic manifold X is projective if and only
if there is a line bundle L on X such that ¢(L) > 0, where ¢ is the Beauville
form of X (see [14]). Hence, there is a line bundle L on M#(S,w) such that
q(L) > 0, where ¢ is the Beauville form on M/ (S,w), which coincides with the
nondegenerate quadratic form we defined in the previous section.

Moreover, by Corollary 5.3, as M} (S,w) is Kéhler we have that A, is a Hodge
isometry. There is then a € v+ of type (1,1) (with respect to the Hodge structure
on v1) such that A\, (a)=c;(L), and (a,a)g > 0.

Let us now describe v+ ® Q. First, an element (0,(,b) € H(S7 Q)isinvt®Q
if and only if b= (- €. As (0,¢,¢-€) =e&/7-(0,¢,0), we have

et/ H%(S,Q) Cot.
It is easy to see that e&/" - (2r2,0,v%) € v+ ® Q. Hence,
ef/m.Q(2r2%,0,v%) Cvt ®Q.
This implies that
vE@Q=¢"" (H*(S,Q) ® Q(2r%,0,0?)),
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so that the (1,1)-part (v+)! of vt ®Q is
() =€ (NSg(8) & Q(2r%,0,0%)),

where NSg(S):= NS(S)® Q.
The direct sum is orthogonal with respect to the Mukai pairing, and it is
easy to see that

(eg/r(2r2,0,v2))2 = —4r%? <0,

as v2 > 0. Moreover, as S is nonprojective, the lattice eE/TNSQ(S) is negative
semidefinite. It follows that (v')»! is negative semidefinite. Hence, for every
a € (vh)b! we have (o, a)s <0, which is not possible. In conclusion, if S is not
projective, then the moduli space cannot be projective, and we are done. (I
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