Harmonic functions on the branching graph
associated with the infinite wreath product
of a compact group

Akihito Hora and Takeshi Hirai

Abstract A detailed study of the characters of G (T'), the wreath product of compact
group T with the infinite symmetric group G, is indispensable for harmonic analysis
on this big group. In preceding works, we investigated limiting behavior of characters of
thefinite wreath product &, (T") asn — oo and its connection with characters of G (T').
This paper takes a dual approach to these problems. We study harmonic functions on
Y(f), the branching graph of the inductive system of &,,(T")’s, and give a classification
of the minimal nonnegative harmonic functions on it. This immediately implies a clas-
sification of the characters of Goo (T"), which is a logically independent proof of the one
obtained in earlier works. We obtain explicit formulas for minimal nonnegative harmonic
functions on Y(CZA“) and Martin integral expressions for harmonic functions.

0. Introduction

Let 6,(T) and & (T) denote the wreath products of a compact group T with
the symmetric group &,, of the nth degree and the infinite symmetric group
S, respectively. The present paper constitutes a part of our project on harmonic
analysis of G (T). Tt is closely related to our previous works [7] and [9] published
jointly with E. Hirai, in which asymptotic behavior of characters of &,,(T) and its
connection with characters of G, (T') are analyzed in detail from different points
of view. The present paper thus cuts a clearer figure when it is put together with
[7] and [9]. However, we keep it self-contained and feature independent results
and approach. Let us explain the problems we treat as well as how they are
related to [7] and [9]. Several notions freely used in this section are defined and
explained in appropriate places of later sections.

Let Doo(T') denote the restricted direct product of T'. Then, G canonically
acts on Do (T) (see (1.13) and (1.14)), and S (T) is the semidirect product of
Do (T) and G under this action. We equip G (T) with the inductive limit
topology. The following problems are fundamental in the harmonic analysis of
G (T):

(a) classification of the finite factorial (or primary) unitary representations;
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(b) canonical direct integral decomposition of a finite unitary representation
into factorial ones.

One knows that (b) is solved in an abstract sense as the central decomposition
by virtue of von Neumann’s reduction theory. We then get a measure for the
superposition on the classification space of (a). Concrete computation of this
measure remains as an independent and difficult problem. Concerning (a), we
recall that the following four objects are equivalent. In other words, there exists
a bijective correspondence between one another:

(a.1) the quasiequivalence classes of finite factorial unitary representations
of G (T);
(a.2) the extremal points of

K(Gs = : G C
01) (Soo(T)) = {f :60(T) — C|

f is continuous, positive definite, central, and normalized};
(a.3) the extremal points of
H(Y(T)) = {¢:Y(T) —C|
© is harmonic, nonnegative, and normalized};
(a.4) the extremal points of

(0.3) M (%(T)) = {central probabilities on T(T)}.

~

Let us explain the notation used above. Let Y(T') denote the vertices of the
branching graph for the &,,(T)’s (see (1.16)). The harmonicity of ¢ is defined
in (1.18). The term “normalized” means that f(e) =1 in (0.1) and p(&) =1
in (0.2). Let T(T) denote the set of infinite paths from @ on the branching
graph. The centrality of a measure in (0.3) is defined in (3.1). The correspondence
between (a.1) and (a.2) is described in [3]. Explicit realizations of finite factorial
unitary representations of G, (T) in terms of the classifying parameters are given
in [6]. We refer to [9] for the bijections between (0.1), (0.2), and (0.3). Later in
Section 4, we review these bijections in a slightly wider context, namely, in the
case of a general inductive system of compact groups. Furthermore, relations
between their topologies are also discussed. An extremal point of (0.1) is called
a character of G (T). The second author and E. Hirai published several papers
on the determination of the set of all characters of G (T"). A final form is given
in [4] and [5]. The main purpose of the series of works that includes [7], [9], and
the present paper is to understand the above four objects (a.1)—(a.4) for G (T)
through limiting procedures from the inductive system of &,,(T)’s and thereby
to give a sufficiently concrete answer to the fundamental problem of (a). These
three papers take different approaches and methods. The present paper takes
an approach from the viewpoint of (a.3). In contrast with this, [7] and [9] have
(a.2) and (a.4), respectively, as their main targets. In the case where T' is a finite
group, such a character theory was developed in [2].
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We give a characterization of (a.3) by computing the Martin boundary 8Y(f)
of the branching graph Y(7'). This approach is strongly motivated by works
treating the Young graph and its variations such as [17], [12], [14], [1], [13],

and [15]. It turns out that the minimal Martin boundary 8,,Y(T) is a proper
noncompact subset of 9Y(T') if and only if the compact group T is continuous. As
an alternative answer to problem (b), we show the Martin integral representation

for any element ¢ in (0.2) as
(04) o) = [ v,
A

in which A realizing BmY(f) and the kernel function ¢, (A) are explicitly given
together with the manner of obtaining probability @ from ¢. In general, Cho-
quet’s theorem enables us to have an abstract framework in which any element
of a compact convex subset of a locally convex space is expressed as an inte-
gral over the extremal points. While Choquet’s theorem is quite powerful, the
superposition measure (namely, probability @ in (0.4)) is highly unclear since it
is obtained in a transcendental manner. We prove (0.4) by using a constructive
method as an analogue of the ‘radial limit’ for a harmonic function on the unit
disk of C (see [12] for the Young graph), without relying on Choquet’s theorem.

This paper is organized as follows. In Section 1, we review necessary facts
about representations of wreath product groups &,(T) and their branching
graph Y(f ). Irreducible character formulas for &,(T) are discussed in some
detail since their asymptotic behavior is crucial for our purpose. In particular, we
need to formulate the expressions from which we can read out the asymptotics as
n — oo. The branching graph is constructed from the branching rule for &,,(T")’s.
We recall several notions in the theory of Markov chains on graphs. Since there
may be some differences in the terminology of Martin boundaries between prob-
abilistic contexts and representation-theoretical ones, we give a brief account in
Appendix A. Section 2 is devoted to the computation of the Martin boundary of
Y(T)) by using irreducible characters of &,,(T). In Section 3, we prove an integral
representation formula for harmonic functions on Y(f ). Combining the integral
representation with the results in Section 2, we obtain a complete characteriza-
tion of the minimal Martin boundary of Y(f) The aim of Section 4 is to explain
the relations between (0.1)—(0.3) from a general viewpoint with emphasis on their
topologies.

1. Preliminaries about wreath product groups and branching graphs

Throughout the present paper, let T" be a compact group with identity ele-
ment er. Let [T] and T denote the set of conjugacy classes of T" and the set of
equivalence classes of continuous irreducible unitary representations of T', respec-
tively. The group T' may be noncommutative and continuous. For technical sim-
plicity, however, we assume that T is at most countable. In this section, we recall
necessary notions and some known results on wreath products of a compact group
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and associated branching graphs. In what follows, continuous unitary represen-
tation is referred to as UR for short. Similarly, irreducible UR is abbreviated to
IUR. Forne N={1,2,3,...}, &,, denotes the symmetric group of degree n, and
Y, denotes the set of Young diagrams of size n. Set Y = |7 Y, the totality
of all Young diagrams, where Yo = {@}. We use the following (conventional)
notation and terminologies for Young diagrams. For A € Y,,,

- \j is the length of the jth row where Ay 2 Ay 2 --;

- m;(A) is the number of rows of length i contained in A;
< I(A) =>22, m;(\) is the number of rows of A;

- A= Zé(:)‘i ;=Y imy(X) = n is the size of \;

. 7 is an IUR of &,, labeled by A;

- x) =trm is the associated irreducible character of &,,.

Note that we use ‘tr’ for the nonnormalized trace.

1.1. Wreath product of T’
For n € N, &,, canonically acts on T", the n-fold direct product of T: ¢ € &,
t=(t1,...,tn) €T,

O'(t) = (tg—l(l), .o ,t071(n)).

This action gives the semidirect product T" x &,,, which is denoted by &,,(T") and
called the wreath product of T with &,,. We have &1(T") =T from the definition,
and set So(T) = {e} for notational convenience.

1.2. Standard decomposition into basic elements
Any nontrivial element g = (¢,0) in &,(T), where t € T" and o € &,,, has the
standard decomposition

(1.1) 9=Eq6q,. 91 Im

into two kinds of basic elements &,;, and g; as follows. For each ¢ € {1,2,...,n},
&g in (1.1) denotes an element in T™ with nontrivial ¢, # er only at the gth entry:

§q:(eT,...,eT,tq,eT,...,eT), thT,

where {q} is referred to as supp&, (= support of &;). We use the notation as
&g = (tq,(q)) for &, above. Each g; in (1.1) has the form (¢;,0;) in which o, is a
cycle permutation in &,, and t; holds possibly nontrivial elements in T" only at
the positions of suppo;. Here suppo; denotes the set of letters in {1,2,...,n} of
which the cycle o consists. Set supp g; = suppo;. Moreover, all the supports

supp&y; - - -,Supp &y, ,SUPP g1, - - - , SUPD G

are taken to be disjoint in (1.1). Since g = (¢,0) is nontrivial in &,(T), the
union of these supports is nonempty. It follows from (1.1) that o =0y -0y, is a
cycle decomposition in &,,. The standard decomposition of ¢ in (1.1) is uniquely
determined up to the orders of &;,’s and g;’s.
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1.3. The conjugacy classes of G,,(T')
It is immediate that

(1.2) J(t, (q))ai1 = (t,a(q))

for 0 € &, ¢€{1,2,...,n}, t € T. For the basic element (¢,0), o = (i1iz-- 1),
let ¢ hold t;; € T' at the position i;, that is,

t=

—

I
-

(ti;, (i)

Using (1.2) also, we have

(tiy, (i) 71t0(ti17 (i1))

(ti_11a (il))td(til, (Z‘l))o'flo—
l
(H (tij’ (ZJ))) (til ) (iz))a
=2

l

= (titiy (i) (H(tij, (ij)))g,

Jj=3

Repeating these conjugations, we see that (¢,0) is conjugate to

(1.3) ((tatiy - tistir, (i), (indg - -1 1d1)).

Moreover, in (1.3), conjugacy class [t;, -« -t;,t;,] of T is well defined since it is
independent of the cyclic order of ¢;,,...,t;,. A conjugacy class of 7" and a 1-row
Young diagram (corresponding to the conjugacy class of I-cycles in &,,) are thus
assigned to the basic element (¢,0). In the expression of (1.1), we can add the
product of

(er,(2)), a¢| |supp&, U] |suppy;,

i=1 j=1
without affecting anything. Furthermore, this yields the expression (1.1) even

for the identity element e in &,,(T"). We hence see that the conjugacy classes of
&, (T) are parameterized by

(1.4) Y, ([1]) = {P: (po)oe(r) ‘Pe €Y, > |psl :n}~
0€(T)

Let Cp denote the conjugacy class of &,,(T) labeled by P € Y,,([T]).

1.4. The equivalence classes of IURs of &,,(T')
By virtue of a standard inducing-up method, the equivalence classes of ITURs of
6, (T') are parameterized by

(1.5) Yn(T):{A:()\C)Cef’)\CEY,Z\)\ﬂ:n}.
CeT
In fact, IUR 7 of &, (7T) labeled by A = ()‘<><ef € Yn(f) is constructed as

shown in [7, Section 3] (see also [9, Section 1.1]). For the case where T is finite,
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we refer also to [11, Chapter 4]. To recall the construction, picking a partition of
{1,2,...,n} into |\¢|-blocks:

{1,2,...,n}= |_| I, Lol = X1,
ceT
we define IUR n of T" by

T’ZgCef(®ieln,<WCi), ¢ e eT, G=C(€lng).

Here X denotes the outer tensor product of representations. We note, however,
that the expression may not reflect the order of outer tensor products for sim-
plicity of the notation. To be precise, taking distinct ¢’,¢”, (" €T, let

(2)3 C:C/a

A= ()¢ Y T‘ A = (171)a C:C'/,

( )CETE 5( )’ (1)’ c=",
a, otherwise,

for example. Assume that we take a partition of {1,2,3,4,5} as
{1,4}|_|{2,5}L|{3}, 15’4/ :{174}7 1—5’(// :{2,5}, _[5}4/// :{3}
Then, we have/\n =7 ®ad" ®al”
of 0 €6, on T™ by
on(t) =n(o"'(t), o ' (t)=(tow) (t=(t:) €T"),

the stationary subgroup S" = {0 € &, [ on = n} is isomorphic to [[..7&y, =
HCETA“ 6|)\C|. Set,

X ¢ K" by definition. Under the action

Hy,=T" xS [] &5¢/(T).
CeT

Define TUR p¢ of & ,¢|(T) by
¢ ¢
o (t.0) = (=N (0)1() (teTN o€ &),

where 1(0)(Q,;vi) = &, vo-1(;) on (VE)®X°l the representation space of
(Wc)ﬁp\ﬂ_ The p¢’s give an IUR of H,, on the representation space of 7, V" =
®C€f(VC)®|’\C|, as p" =K. 7p°. On the other hand, we have £7 = @Cefﬂ)‘c as
an IUR of S", where £" is regarded as an IUR of H,, by considering trivial actions
of T™. We see that p" ® " is an IUR of H,,. Then, 7 is given by the induced
representation

w =Indy ™ pr @ €.
1.5. Branching rule for &,,(T)’s

If k < n, then canonical inclusion ¢y, ; : G (T) — &,,(T) is defined as ¢, 1 (t,0) =
(t,5), where

t=(ter,...,ep) €T x T *=1"  G=0(k+1)(k+2)---(n) €G,.
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Under the inclusion ¢y, ;, & (T) is regarded as a subgroup of &,,(T). If A € Y, (T)
is obtained by adding a box at an entry of M € Yn_l(f), we say that A is adjacent
to M and write M " A. In this situation, since the entry of M at which a box
is put is uniquely determined, we denote it by (m,A € T. For A € Yn(f ) and the
corresponding TUR 7 of &, (T), the restriction of 7 to subgroup &, (T,
denoted by Resg"(T) 7, has the following irreducible decomposition:

nfl(T)
& (T) A @ [dlm CM,A]T‘-M~
MeY,, i (T):M_ A

1%

(1.6) RCSGn_l(T)Tr

1.6. Irreducible character formula for &, (T)

~

For A € Y, (T), let

(1.7) XMg)=trm™(g), g€ &L(T),

be the character value of IUR 7 at ¢g. A formula for computing the value of
(1.7) was given in [7, Theorem 4.5] (see also [9, Section 1.2]). For the purpose
of this paper, we need to know the asymptotic behavior of irreducible characters
of &,,(T) along with a fized conjugacy class type and growing IURs. Taking this
situation into account, we recall the formula as follows. Let g € & (T') have the
standard decomposition like (1.1), where &, may be (er,(¢)). If n 2 k, then ¢
considered as an element of &,,(T) under the inclusion ¢, j : S (T) — &, (T")
has the same standard decomposition as (1.1). As shown in [7, Theorem 4.5], we

~

have, for A € Y,,(T),

Afy (n—1Q] —>Z,cloj)! PRI
9= 2 T~ Q] — 2y 7)) [T{w@mo :

CeT

X ( H XC(tq)) ( H XC (PUJ (tj)>)x>\c MI-Tjes, ‘”j‘)}’

|
; 1) s (1
e e (lo5 D jesc1(

(1.8)

where g=(t,0), 0 =01+ 0m, g; = (tj,05) (j €{1,2,...,m}), |o;| =|suppo;|,
Py, (t;) =titi,_, - tiy, o5 ="(>iri2--i1),t; = (ti)iesuppo;

x¢ = tr7¢ (irreducible character) for ¢ € T, (lojl)jer. is a Young diagram of size
ZjGJC o], and Q@ = (Q¢) 7 and T = (J¢) 7 are partitions of Q@ ={q1,..., ¢}
and J = {1,2,...,m}, respectively. We note that (1.8) is valid either if £, might
be (er, (q)) in the standard decomposition of g € &5 (T) or if not. In other words,
we can take either of the following (i) or (ii) in the expression of the right-hand
side of (1.8):

(1) @={q1,92,---,q}, where t,, Zer (i=1,2,...,r),
(i) @ ={1,2,...,k}\Jj=, suppoy.

The verification reduces to the obvious identity: for a,b € N and a; € NU {0}
(¢=1,...,p) such that b<a and a1 +--- + a, = a,
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al B (a—D)!
ol ) 2 (a1 = A1) (ap = [Ap))!

A=(A;)?_,: partition of {1,...,b}

with the convention 1/(—n)! =0 if a; < |A;|. (Imagine dividing an a-set consisting
of b whites and a — b blacks into aj-set,...,a,-set.) The formula (1.8) can be
expressed also by using the notation for a conjugacy class of &;(T) as (1.4). Let
g € Cp C G(T), where P = (pg)ge[r)- Picking up nontrivial pg’s (i.e., not equal
to @), we write P = (pg, )i=1,...;. Then the standard decomposition (1.1) of g has
the form of

o 61) 6 6
(L9 g=Eyon - Eon a1 gniany oo 6o 9™ g0l
where 7(6;) = m1(pe,), m(ﬂl) =ma(ps,) +ms3(ps,) + -, and
oo = oo G0), o™ =0, 0=t = [P (6]

for he{l,2,...,7(6;)}, j€{1,2,...,m(0;)}. Note that
m(6:)

k=Y |P9|*Z( )+ > 1oi"]).
j=1

0e(T]
Let (pe,); denote the jth row of py,. The length of (py, ) is (pg,);. We distinguish

(po,); from (py,,);
Decomposing each py, into rows, consider the set of the rows of P:

. even if they have the same length (i.e., if (ps,); = (ps,, );)-

rOWS(P) = {(pel)T’ SRRE) (p91)7(p91)7 RN (pel)T7 EEER) (pal)zk(pgl)}'

When (1.8) is applied to g € & (T) decomposed as (1.9), Q= (QC)CE? and J =
(J¢)cer are partitions of

01 01 6 0

{qi )7""q£(03) ...,qg l),...,qfn(lez)} and
01) 01 6 01)

{g( 5 ( ((31) ~ag§ l), -39 fnl(el }7

respectively. It is immediate that there exists a bijective correspondence between
(1.10) partition (Q,J) < map :rows(P) —s 7.

In other words, partition (Q, J) is equivalent to giving the rows of P a T -labeling.
Since 7 (where A = (/\C)CET
subgroup Hy, =T" x [[ 7 &)x¢| of &, (T), x*(g) is nonzero only if g is conjugate
to an element of H,,. This condition for g is rephrased in terms of conjugacy class
Cp containing g as: there exists a map 7 : rows(P) — T such that

(1.11) S (e SN el

(po;);r((po;))=¢

€ Y,(T)) is given as an induced representation from

(Namely, the sum of the length of the rows labeled by ¢ does not exceed |A¢]
for any ¢.) In the case of n =k, (1.11) is equivalent to the condition with =
replacing <. The Young diagram consisting of the rows in r~1({) is denoted by
the same notation r~1(¢). Similarly, the Young diagram consisting of the rows
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both in 771(¢) and py is denoted by r~1(¢) N pp. Under the correspondence of
(1.10), we have

~

(|0j|)jeJC U (1@4‘) =r7'((), (eT.

Furthermore, we have, for ¢ € f,

-1
(T x€t) (T X (2o t2)) = TT (i@,
qEQ¢ JE€J¢ 0€(T)
AS o AS
(loilies u(1‘*<‘_2j“< 7l Xr—1uansi-ir=ton:
NARN] <

Here a character is denoted by the notation x with the upper and lower indices
expressing the labels of a UR and a conjugacy class, respectively. Namely, Xg is
the value at 6 of the irreducible character x¢ = tr7¢ of T'. In (1.8), we can assume
that |Q| + >2;c;|oj| =k by putting elements of the form &, = (er,(q)) in the
standard decomposition of g € & (T) if necessary (see the note following (1.8)).
For P = (pg)oerr) € Yi([T]), let us glue n — k 1-box rows to pge,1, the diagram
at the {er}-entry of P, and let ¢, 1 (P) denote the resulting element of Y,,([T7]),
that is, Ln,k(P) = (ﬁg)ge[jp], where

ﬁaz{an 97&{6T}a
Plery U (1n7k)7 0={er}.

Then, we have that C, , (py N &(T) = Cp under the inclusion &(T) C &,(T)
by tn,i. After these preparations, we get an alternative expression of (1.8) as

(n—k)!

A

XLn, (P) - ~ Cl — |p—1 |

’ r satisfying (1.11) HCGT(P‘ | == OD!

(1.12) X H{(dimg)m—wl(c)l
ceT
CNI(r—?t S
y (H (x§)!¢ “)“”9))xr_l(g)u(mﬂ—lr—l«ﬂ)}
0€[T)

for P € Yx([T]) and A € Y,,(T) with k <n. If k=n, (1.12) has a simpler expres-
sion since r satisfying (1.11) (necessarily = instead of <) yields |\S| = [r~1(¢)]
for any (e T.

1.7. Infinite wreath product
Here, G, denotes the infinite symmetric group, the set of all finite permutations
of N, and &, acts on the restricted direct product of T’

(113)  Deo(T) ={t = (t1,t2,...) €T | t; = e except finitely many j’s}
canonically by

(114) U(t):(to-—l(l),to-—l(g),...), O’EGOO,tEDOO(T).
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The semidirect product Do (T") X & generated by this action is called the wreath
product of T with G4, and is denoted by &, (T). The canonical inclusion ¢, :
G (T) — 6o (T) satisfies ¢y, 0Ly ) =ty for k < n. Under this inclusion map, we
regard G (1) as |J,—, S, (T). Since the standard decomposition (1.1) is stable
for n’s large enough, we get the standard decomposition into basic elements for
each element in G, (7). The conjugacy classes of G (T') are then parameterized
by

(1.15) Y ([T1) = {P = (po)ociry | po € Y, m1(pgery) =0}

In (1.15), the trivial cycles are omitted; for example, the trivial conjugacy class
{e} of 6 (T) corresponds to P = (pg) with py = @ for any 0 € [T] (instead of
Piert = (1°)). Note that & satisfies m(@) = 0.

1.8. Branching graph
Considering Y,,(T) in (1.5), set

(116) (@) = | | Ya(D).
n=0

where Yo (T) is by definition the singleton set {@}. Note that Yy (T) = 7. Among
the vertices Y(f), let us define the edge structure by taking the branching rule
(1.6) into account. Namely, A € Y,,(T) and M € Y,,1(T) are joined by an edge
if and only if A 7 M. Moreover, we put multiplicity

(1.17) K(A,M) =dimp M
on the edge A 7M.

EXAMPLE 1.1

Let T be &3, the symmetric group of degree 3; é\g consists of (7 (equal to 1),
(2 (equal to sgn), and (3 where dim (3 = 2. According to this order, an element
of Y(&3) is expressed as (A1, A2,A%) with A\ € Y. The very beginning of the
branching graph Y((/‘S\d) is as drawn in Figure 1.

(M, 2, 2)
(0,2, 9) 0,0, 2)
(2,2,2) (2,0, 2) o,
(o,d,2)
(o, 2,0) (2,00,00)
(2,2,1)

Figure 1. Branching graph Y(/G\g)
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1.9. Harmonic function
Let us give the precise definition of (0.2). A C-valued function ¢ on Y(T') is said
to be harmonic if

(1.18) p(M)= > K(AM)pM), AeY(T),
M:A M

holds. If (@) =1 holds, then ¢ is said to be normalized. Since (1.18) reflects
directly the branching rule (1.6), or equivalently,

(1.19) ndg" "t = @ [dimCa ™,

M:A_ M
defining harmonicity through (1.18) is canonical from the viewpoint of repre-
sentation theory. On the other hand, (1.18) seems to be noncanonical from the
viewpoint of probability theory or (discrete) potential theory since harmonicity
is usually defined by using a transition probability as

(1.20) p(A) = 37 p(A, M)p(M),
M

where p(A,M) 2 0 and ), p(A, M) = 1. For example, a constant function is not
harmonic according to (1.18). We review basic definitions and necessary proper-
ties of the Martin boundary in Appendix A. As noted there, Martin boundary
theories are equivalent based on either (1.18) or (1.20) by virtue of what is called
the ‘h-transform’ method. Let us proceed with (1.18).

1.10. Dimension function

On the branching graph Y(T'), a path u joining A € Y;(T') to M € Y,,,(T'), where
[ <m, is expressed as

u=(u(l) Sfu(l+1) /- Su(m—1) Su(m)), u(l)=Au(m)=M.
We set

m—1

(1.21) wy = [ ] #(uli),ui+1)),

i=l
and we call w,, the weight of path u. Set also
(1.22) d(A,M) = > Wy,
path w:A 7--- M

which means the number of weighted paths from A to M. In particular, set
(1.23) d(A) =d(2,A) =dim7™, AecY(T).
The second equality of (1.23) follows from iterating (1.6) and then using (1.22).

The functions d in (1.22) and (1.23) are called dimension functions on Y(T).
Although dimension functions are defined on a general branching through weights
of paths as (1.22), we see that, in the case of branching graph Y(7T) for wreath

product groups, weight w, in (1.21) depends only on the initial A = (A¢) and
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terminal M = (1), and is expressed as

(1.24) Wy = I_I(dimC)IHCI—\ACI7
ceT

which is directly seen from the branching rule (1.6). Hence (1.22) is reduced to
the case of a simple (i.e., multiplicity-free) branching graph. Boyer [2] pointed
out this phenomenon and applied it to develop character theory of the infinite
wreath product of a finite group. According to the cardinality |T'| of compact

group T, set
(1.25) T~ {T (torus = §1), || = o,

Z/pZ, IT|=p < co.

Here, d* denotes the dimension function on the branching graph for &, (7%)’s.
Putting (1.24) into (1.22), we have

d(A,M) = [ (dim ¢)l1=1* 3 1

(1 26) Cef path w:A_7--- M
. = H(dim()'“q")‘('d”(A,M).
ceT
1.11. Martin kernel
We set
d(A,M ~
(1.27) K(A,M) = El(l’\/l))’ AMeY(T),

under the convention that d(A, M) = 0 if there are no paths from A to M on Y (7).
The equation in (1.27) agrees with a common terminology in Markov chain theory
in which a Martin kernel is defined as a ratio of potential kernels (see Appen-
dix A). Letting K denote the Martin kernel in accordance with (1.25) and (1.26)
yields

(1.28) K(AM) =[] —

ceT (dim )1

K%(A,M).

~

We introduce a distance on Y(7T') by
DAM)= > Cx([K(N,A) = K(N,M)| +[dx.a —xul),

NeY(T)
(1.29) R
AMeY(T),

where Cy is an appropriately chosen positive coefficient. Then, as noted in
Appendix A, the following conditions (i) and (ii) are equivalent for the sequence

{M(") — (M(H)C)Cef}nel\l

in Y(f)
(i)

{M(™1}, oy is a Cauchy sequence with respect to D.
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(i) Either there exists M € Y(7)) such that

(1.30) M™ =M for sufficiently large n,
or else
(M| = (n)¢
(1.31)  |M™)| Zm | ——cc  and
CeT

(1.32) {K(A,M("))} cn 18 a Cauchy sequence in R for any A € Y(f)

We obtain the Martin compactification Y( T) by taking the completion of Y(T)
with respect to the distance D. As seen from (1.30) and (1.31), Y(T) is an open

subset of Y(f) on which the relative topology is discrete.

1.12. Martin boundary on(A)

The compact set Y(T') \ Y(T) is called the Martin boundary of Y(T) and is
denoted by OY(T) in this paper. The Martin kernel K in (1.27) is extended as a

continuous function on Y(T') x Y(T):

.

(1.33) K(Aw) = lim K(AM®), (A,w)eV(T)x Y(T),

along with M™ € Y(T) —— w € Y(f) which is again called a Martin kernel.

n—oo
We have

(1.34) K(o,w)=1, K(A,w) 20.

Consider the minimal Martin boundary of Y(f)

8, Y(T) = {wedY(T) |
(1.35) _
K(-,w) is a minimal harmonic function on Y(T)}.

Note that the Martin kernel K(-,w) is not necessarily harmonic on Y (T ) for
we 8Y(f) as we actually see later in the case of continuous 7'. Here a nonnegative
harmonic function ¢ is said to be minimal if harmonic v such that 0 <y S ¢ is
necessarily a constant multiple of ¢. Under the definition of (0.2), ¢ € H(Y ( 1))
is extremal if and only if it is minimal. In fact, extremality of ¢ implies

0SYSp— p=(@) s+ (1-9@) T2
— o= s = U@

Conversely, minimality of ¢ implies that
p=ati+(1-aps, 0SasliyyseH(Y(D))
= )1 = const - p, (1 —a)ys =const - p

=Y =1Yr=¢
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Comparing (0.2) and (1.35), we hence have that
{K(w)|wed,Y(T } C the extremal points of H(Y(T ))

Actually, we will see that the equality holds (see Theorem 3.3).

2. Computation of the Martin boundary of Y(f)

In order to compute the Martin boundary of Y(f), we need a formula for the
Martin kernel K (A, M) from which its asymptotic behavior can be read out effi-
ciently. Let us set some further notation on characters of &,,. The normalized irre-
ducible character of &,, corresponding to A € Y,, is denoted by ¥* = x*/dim \.
For p,A €Y, set

LplgA <
(2.1) ¥,(\) = Al pX(p,1w—\p|)a lpl = AL
0, ol > A,

where n*k =n(n—1)---(n—k+1) is a descending power for n,k € N, k <n. We
use a conventional notation

(2.2) Z,= Himi(ﬁ)mi<p)!7 p= (17"'1(/0)27"2(/’) .. ) €Y.

THEOREM 2.1
Let k,n €N, and let k <n. For A = (\ )eer € Yi(T T) and M= (1 )Cef eY,(T),
the Martin kernel is expressed as

1 ¢ 1
(2.3)  K(AM)= an{ dlmg)lm > S 1)}

EY‘/\C‘

Proof

Note that the right-hand side of (2.3) is actually a finite product since \¢ = @
holds except for a finite number of {’s. If no paths connect A to M, there exists
¢ €T such that [AS| > |u¢|. Then, ¥,(u¢) =0 holds for any p € Y|y by (2.1),
and hence both sides of (2.3) are 0. Assuming that |A¢| < |u¢| holds for any ¢ € T,
we deduce (2.3) by combining the character formula for & (7") and the Fourier
inversion on & (7). Recall (1.28) with (1.25). Then, it suffices to show (2.3) for
the case of T%:

A¢ ]. ¢
nuc H( Z _Xp |,\<\EP(“ )>'
ceTn PEY ¢ “

In this proof below, we write T, d, k instead of T%, df, K for simplicity. For the
basic element (¢,0) = to, where o = (iyig - -i;), and ¢ € T(=T%), we simply write

Since T'(=T*%) is commutative, the order of the product of t;;’s is not involved.
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Step 1. Using

1
ot

d(NaM) N
&u(T) 2 oy X
NeYy(T)

and the complete orthonormality of the irreducible characters with respect to
the normalized Haar measure dg on &(T'), we have that

d(A, M) B 1
TM) = /Gk ) me(Q)XA(g) dg

= Z k' /de M(to)xA(to) dt,

where t = (t1,...,t;), dt =dt; ~~dtk, and dt is the normalized Haar measure
on T. Let 0 € &, be fixed (until the end of Step 3) to have cycle decomposition
o0 =01---07. Decompose t € T* as t = tot;---t; so that suppt; =suppo; (j =

(2.4)

1,...,1) and suppto ={1,...,k}\ |_|3,=1 suppt;. If o =eg,, we simply set tg=t.
Letting to,t1,...,t; vary independently, we compute the integral over T* for each
fixed 0 € &, in (2.4).

Step 2. Applying (1.8) to A = (X\%) € Yk(f) and g = to, we have

CeT

(2.5) ZH{(H C(tq )(H <t ) <|a]\>JeJ<u<1‘Q<‘>}

QT ¢ceT a€Qc

where (Q, J) satisfies
(2.6) X[ =1Qcl+ Y loyl, ¢eT.
JjeJ¢
Note that partitions Q of @ and J of J vary independently of ¢ in (2.5). This
ensures that integration in ¢ over 7% and summation in Q, 7 commute. Applying

(1.8) (with the note following the equation) again to M = (”C)Cef €Y, (T), we
have

(n—k)!
Hlewnt9) = 2 Ta = [ - Sy ol
(2.7)
XH{(H« )(HC )R P
Cef“ q€Q¢ (lUJDJEJ u(1 ¢ )
where (Q, J) satisfies
(2.8) 12 1Qel+ > loyl, ¢eT.

jede
The (Q,J)’s in (2.5) and (2.7) are partitions of the same object determined by
o with constraints of (2.6) and (2.8), respectively. Since |[A¢| < |p¢| for any ¢ € T,

(2.6) is stronger. Combining (2.5) with (2.7) and taking integration over T*, we
write
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/T XM (o)X (to) dt
(n—k)!
- QZJQ;' H<€T (Inel = Qcl— ZjeJ< o ])!
(2.9) T " |
(et <|a;\>]eJ<u<1“‘ =iesc 1951 Ml ) ey 01196
< . TT{(TT ) (T €00)(IT ) (T €6)

Step 3. We verify that the integral on the right-hand side of (2.9), temporarily
labeled by () here, is equal to (g, ) (o’,77)- Recall that we are considering a
partition induced by o. Both Q and Q' give T -labeling to the singleton blocks,
while J and J' give T-labeling to the other blocks. If Q # Q', then there exists
a block {q} given distinct labels, say, ¢; and (3, by Q and Q’, respectively. When
we compute (*) by using Fubini’s theorem, we find

| atp@tman. e
inside the integral, which vanishes by the orthogonality of (irreducible) characters
of T. If J # J', then there exists a block {i1,%2,...,i,} with distinct T-labeling
by J and J'. Letting o = (i1iz---i,) and dt; = dt;, - - dt;,, we have
Gu(t;)G(ty)dt;, G # G,
Tp
inside the integral, which vanishes also. If (Q,J) =(Q’,J’), then we get

=TI{TT (] ceactan) TT ([, cncpan) =1

ceT 9€Q¢

Moreover, (2.6) with (Q', J") yields
NI =1Q + Y losl =1Qcl + > ol

JEJL J€J¢
Hence (2.9) now implies that
M (t0) XA (o) dt =
/. 2 T (T~ )
(2.10)

X ne /\C
X(|ﬂ7\)7e]<u(1‘Q<‘)u(1w<| IA¢T) (\UJD]EJCHW%)«
CeT

Step 4. Combine (2.4) and (2.10) with
!

. n: . ~
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We write Q7, J7 for partitions in (2.10) since they depend on o. Then, we see
that

| N
K(AM) = k'nik > > H{ #<|M |)\<|

ceG Q°, JU A

1 ¢ ¢
XH o X)\ a }

X
dim p¢ (\aj\)jejgu(1‘Qc hu(alesi=1x¢y (|aj\)jejgu(1‘Qc‘)

(2.11)

Note that » 5. 7o+ in (2.11) actually depends only on the conjugacy class
of 0. We hence continue (2.11) as

k! C||
w0 =gz 5 3 T e

¢
PEY ) ZP Q, ja A /j/ |
(2.12)

1 RS A<
8 dimuCX(\ojmgguu‘%‘)u(lw—w)x(lajngguu‘Q%")}
where, in the inner sum for each p € Yy, o is a fixed representative in the conju-
gacy class C, C &j,. Recall (2.2) for z,.

Step 5. Let {\%,..., A%} be the set of nontrivial (i.e., not equal to @) entries
of A. We have >0, |)\<1 = k. Considering the cycles (including trivial ones) of
representative o in conjugacy class C, labeled by (1,...,(, € T (where the cycles
are all distinguished), we associate to each (; Young diagram

(2.13) e Y|xe;| such that P U U p® = p.

Namely, labeling which destroys (2.13) is not allowed because of (2.6). Set ¢ :
Ylhcl\ X e X Y\)\cp‘ —)Yk by

¢(p(1),...7p(p)) =pMy...up®.

It suffices to collect p’s belonging to the range of ¢ in the sum }° _y, in (2.12).
The inner sum > 5, 7, in (2.12) is divided into partial sums according to the
points of fiber ¢$~1(p), where it is obvious that different points in fiber ¢p=1(p)
never admit a common partition (Q7,J7). Rearranging the right-hand side of
(2.12), we have

(2.14) Z > o > > (rxx),

peYy, P Qo 7o (p<1>,...,p<m)eyugl‘x..-xyw‘ (Q,7):(x%)

where the range () over which partition (Q, 7) runs depends on (p™),..., p®)).
On the other hand, (x* %) does not depend on (Q, J) in (x*) once (p™), ... p(P))
is chosen, which is equal to
1
[T, 77 @m0 (o, (o) £ 4 1, (o)

(2.15)

H{ |/1/Cl|' 1 XHCi )\CL }
(JuSe | — [AS])! dim S p@i(aluci1=1a%1) Xp(
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The cardinality of the range (xx) for a given (p(M),..., p() is

] (male®) oo s

(216) o)y ()

j=1
since the cycles of length j admit labeling by (i,...,(, in the jth factor ways in
(2.16).
Step 6. Combining (2.12) with (2.14)—(2.16), we have

1 1
K@M = > .

z - Z
(P, p®NEY ¢ X-oxY ptt) P

IACL] [ASP|

|MCL|' 1 ui )\CL
% H{ (|| — [XSi])! dim pSe Xty (1 1uSi 1=1a¢ 1y Xpli )}

then, by using the notation of (2.1) and noting that k=>_"_, [\%
(2.17) as

P .
> LT )
= : @
ntk 2y ez 2G| Xp
(pM),.... o)) EY p T Ep@ Gyt

(2.17)

, we continue

PUTR PO
1% o (1%) )\qi 3¢ Sp(pd)
nikl—[( > )= H( > o).
i=1 p€Y, ¢, “r ceT PEY ¢ “»

This completes the proof of (2.3). O

We investigate the asymptotic behavior of (2.3) with k=[A|=3 7 IAS] fixed
asn=|M|=3 7 |€| tends to co. A suitable framework for the analysis of the
function n")‘C‘EP(uC) is given by the Kerov—Olshanski algebra A consisting of
polynomial functions of Young diagrams, which we briefly review now.

We set the Frobenius coordinates of = (1 2 o 2---) €Y by

1 1
(2.18) () =ps =i+ g, () =pi—itg, i=1.dp),
where d = d(p) is the d1agonal length (number of boxes) of u, and write them
as = (a;(p) | bi(1))i=1,....q. For k € N, the (supersymmetric) power sum in px is
defined by

d
(2.19) pr=pr() =Y ai(w)* + (=D (), pey,

i=1

and by
(2.20) Po = Pp(1t) = Py (1)Pp, (11) -+ Ppi (1), p €Y,

for arbitrary p € Y with I =1(p). Power sums {pi}ren, regarded as functions
in p, are algebraically independent over R. The algebra generated by {p}ren
is called the Kerov—Olshanski algebra and is denoted by A. Declaring p; to be
homogeneous of degree k, written as degpr =k, we equip A with the canonical
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filtration. The canonical degree of any element f € A is also denoted by deg f.
For example, degp, = p1 +---+ p1 =|p| for p € Y. We have that 3, in (2.1) also
belongs to A. It is related to a power sum as follows.

PROPOSITION 2.2

For any p €Y, there exists R, € A such that

(2.21) X,=p,+R,, deg R, < |p|
hold in A.

We refer to [10, Sections 3 and 4] for the proof of Proposition 2.2.

The expressions from (2.21) combined with (2.19) and (2.20) suggest that
the convergence of K(A,M) in (2.3) as n =|M| — oo is characterized by the
asymptotics of rescaled Frobenius coordinates

(1 (e _
ai(p ), biln ), ceT,ieN.
n n

We are thus in a position to get a concrete expression of the Martin boundary
and the Martin kernels (1.33) of the branching graph Y(T'). Set

= {(@.8,0) [ @ = (ac) et ser B = Bei)cersersc = (c)cers

(2.22) aci12aca2--20,0c120c22-20,¢020,
Z(O&gvi + Bei) Sec for V¢ € T\; Z cc £ 1}
i=1 Cef
and
(2.23) AZ{(O&,B,C)EA’ZCC:1}.
ceT
We have
(2.24) AG A cCB((NT xN))* x B((N(T)),

where B(+) denotes the closed unit ball with center 0 in an ¢!-space. The closed
unit balls in the rightmost set of (2.24) are compact with respect to the weak*
topologies o (¢!, cy), where cq consists of the sequences converging to 0 at infinity.
In this case, the product of the weak™ topologles is equlvalent to the topology of
pointwise converging on (T x N) LU (T x N)UT. Since A is closed with respect to
this pointwise converging topology as directly seen from the definition (2.22), Ais
a compact set. On the other hand, we should note that A of (2.23) is not closed in
A with respect to the given topology if T is an infinite set. As (supersymmetric)
power sums and Schur functions on A let us set

Sy (of + (=) 1BE), k=2,keN,

(2:25) pi(af, >—{CC7 -

(226) pp( ﬁ7 ) ppl( 6? ) ppl( 67 )? P:(Plzzpl>ey7
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with p%(a,ﬂ,c) =1, and

1
¢ _ A
(227) S)\(Oéaﬂac)* Z Zprg(O‘7ﬂ7c)a AEY?
PEY x|
for Cef and (a, 8,¢) € A
The definition of (2.27) obviously comes from the well-known relation (or

Frobenius character formula) between Schur functions and power sums. Note
that

o0
pi(enB,0) # Y (aci+Be)
i=1
in general.
LEMMA 2.3

(a) Let T be finite.
(1) p,c € C(A;R (= {R-valued continuous functions on A})). Hence pg,sg\

C(A;R) also.

(2) {pk | ¢ €T,k €N} separates two arbitrary points in A.

(b) Let T be infinite. Then, (1) and (2) above hold with A replacing A.

Proof
(a.1) The continuity of pi with respect to the pointwise converging topology on
A is easy to see, which is similar to the well-known argument on the Thoma
simplex (i.e., A for T ={e}). (See also [9, Lemma 4.6].)

(a.2) This separation property is also similar to the case of the Thoma sim-
plex. Let (a, 8,¢), (o, 5, ") € A satisty

pi(a, B0) =pi(a’, B, ¢), ¢eT,keN.

Setting k=1, we have that (c¢).cq = (¢¢) ez For each ¢ € T, {pk(oz B,¢)| ke
N} completely determines (a¢,;)ien and (B¢ ;)ien through the equality

exp{z:p’C (2,5,) }—exp{zz af  + (1) 'BE,) k}

k=21=1
= eXp{— Z(O&Cyi + 54"1)2} H ﬁ
i=1 i=1 o
The proof in the case of (b) is quite similar. O

LEMMA 2.4

Let X be a compact set, and let {hq}aca C C(X;R) separate two arbitrary points
in X. Then, the topology on X determined by pointwise converging on A through
z(a) = ho(x) coincides with the original one on X.
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Proof

The assertion is immediate from the compactness of X, the continuity of A, and
the fact that the pointwise converging topology is Hausdorff. (I
THEOREM 2.5

A homeomorphic characterization of the Martin boundary 8Y(T) of the branching
graph Y(T) is given by the following:

(a) if T is finite, then 6Y(f) =A;

(b) if T is infinite, then GY(f) = A.

The Martin kernel is expressed by using Schur functions (2.27) as

(2.28) K(A,w):H(dlmlowsgg( W), A=) ep € V(D) = (0, B,c),
CeT

where w € A for finite T and w € A for infinite T.

Proof
The right-hand side of (2.28) is actually a finite product by the definitions (2.25)—
(2.27).

Step 1. A point in the Martin boundary QY(f) is given by an equivalence
class of Cauchy sequences {M(™}, cy satisfying (1.31) and (1.32). With k € N
and A € Y(T) being fixed, let K(A,M™) converge with m = [M™| - oo as
n — oo, where M) = (,u(")c)cef € Ym(f). In order to simplify the notation,
however, we omit the superscript (™ of M(™ and p(™¢, and consider the limit
with m=[M[=3_ 7 |¢| — oo. Theorem 2.1 yields that

(2.29) IT{ > 0 D)

CET peYuC\

converges with m — co. We verify that the expression obtained by replacing X,
by p, in (2.29) also converges as m — co. Take R, € A satisfying (2.21) for each
p €Y, and consider

)H{ Z iX;\C . (pp(ﬂc)+Rp(Nc))}

et PV e P i
(2.30)
a1 ¢
’H{ Z PR e Pe(H )H
ceT PEY |

We have that n*|>‘<‘|p,,(u<)| =1 for p€ Y|y For a fixed k € N, the range of
|A¢| and p € Y| ¢/ is a finite set because of k= [A] = docet |A¢|. Additionally, R,
is a linear combination of p,’s with |o| < |p| = |A¢|. Hence there exists ¢, > 0,
independent of { € f, such that

1 ,¢ 1 . 1
| X 0 e Sdimx¢ 3T =<

PGYMQ peYP\Cl



796 Akihito Hora and Takeshi Hirai

1 ¢ 1 dim XS 1 Ck

> 0 e Rl)| £ > e R £
p m m Z,m

PEY ¢ PEY|\¢)

Taking a constant Cy > 0 depending only on k, we have that
1

2.31 2.30) £ —C%.

(231) (230) £ -G

This together with (2.29) implies that
(2.32) H{ Z X )\g‘pp(ﬂc)}
ceT peYuc‘

converges with m = |[M| — oo.
Step 2. Since (2.32) converges with m — oo for any k € N and any A =
(%) cer € Yi(T T), we have, equivalently, the convergence of

1 1%
L) = L

m m

e = S () (B

with m = |M| — co. Or, in terms of pk in (2.25),

pi(<ai§§n)>n,i7 (bi(:bn))nf (“;nj)")

converges for any ¢ € T and any k € N. Lemmas 2.3 and 2.4 then ensure that

a;(us i ¢
(2.33) ((#)g,/ (%)C,i’ (H;n_|)4)

converges in A (resp., A) for infinite (resp., finite) T with m = [M| — co. Set its
limit as ((ac ), (Be.i), (cc)) € A (resp., A). We thus obtain a map from 0Y(7T)
into A (resp., A) which is homeomorphlc again by Lemmas 2.3 and 2.4.

Step 3. We show that the map OY(T ) — A (resp., A) defined in Step 2
is surjective. By virtue of Lemmas 2.3 and 2.4, it suffices to verify that, given
(o, B,¢) € A (resp., A) where o = (O‘C i), B=(Bc,i), and ¢ = (c¢), there exists a
), Me Y, (T ) satisfying

sequence (M = (u¢ )eet

a; (6 (S ¢
(2.34) nh~>n;o(< (TIl; )><,i’ (b (5 ))g,i’ (“:T|>g> = (@,5,0).

For simplicity of expressions, we omit precise estimates of the effects caused by
taking integer parts. First, according to c¢, assign nc¢ (though it is |nce| with

precision) boxes to each ¢ € T to construct Young diagram puS. If T is finite,
then it is easy to handle the noninteger part nce — |nc¢]. If T' is infinite, there
may remain boxes of order n because of > cem C¢ < 1. To deal with the remain-
ing boxes, assign /n order number of boxes to y/n order number of (’s. Then,
we have |u|/n — c¢ as n — oo. For determining a;(u¢) and b;(1°) to construct
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uS, we assign nac,; and nfB¢,, respectively, to ((,i) € T x N by using [nce |
boxes assigned to ¢ € T above. This can be done since Sooo(aci + Bei) S ¢
holds. The possible number of remaining boxes at ¢ € T is at most of order n.
Again, we consume the remainders by assigning /n order boxes to \/ﬁ order ¢’s.
The construction immediately yields the convergence of (2.34) in A (resp , A).
This completes the proof of dY(T) = A for finite T and dY(T) = A for infi-
nite 7.

Step 4. We deduce (2.28) from (2.3). Since we established a homeomorphic
characterization of dY(T), it suffices to show that, for A = ()‘C)CET € Yi(T)

and w = (a, B,¢) (€ A for finite T and € A for infinite T'), (2.32) converges to
[eer sg\((a,ﬁ,c) under the convergence of (2.34) as m=|M|=3_ 7 |uS| — oo.
Recall that

Ly =1L

i=1
As in the argument in Lemma 2.3(a), (2.34) yields

1 ~
ka(/’bc)%pk< ﬁ7 )7 kEN7<€T

Since the (’s with |[A¢| > 0 are finite, the desired convergence then follows from
the definition of sg\ in (2.27). O

REMARK 2.6

If T is a trivial group {er}, then A of (2.23) reduces to the Thoma simplex, which
is homeomorphic to the Martin boundary of the usual Young graph. Theorem 2.5
under the restriction of T'= {e} is of course consistent with the well-known result
for the Young graph.

As a standard fact, K (-,w) satisfies the following superharmonicity property.

LEMMA 2.7
The Martin kernel K(A,w) is superharmonic in A:

(2.35) K(Aw)Z > w(ANKNw), AeY(T)wedY(T).
N:A_ N

Proof
We have that

K(Aw)= lim K(AM), AeY(T),

m—o0

for an appropriate sequence such that M — w with m = M| — oco. Then,
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Y KANKN,w)= Y K(AN) lim K(N,M)

m—0o0
N:A N N:A N
< o e
< lim inf > K(AN)K(N,M) = limnf K (A, M)
N:A_ /N
= KA w). O
LEMMA 2.8
The Martin kernel K(-,w) is harmonic if and only if w € A.
Proof
Definitions (2.25)—(2.27) imply that
S@=ph =1 W =pw) =cc, w=(aB)e=(cc)cer
for ¢ € T Moreover, in a similar way to Pieri’s formula for Schur functions, we
have
(2.36) sWssw) = > s(w), AeY,

pneEY:X
for ¢ € T. First, setting A =@ in (2.28), we have that K(&,w) =1 and
Z k(9,N)K(N,w) = Z sfl)(w) = Z cc.
NeY(T):2 #N CeT ceT

Hence, the harmonicity of K(-,w) yields w € A in particular. More generally,
setting supp A = {( € T'| X # @} for A = (X°) 4 € Y(T), we see from (2.28)
and (2.36) that

> KA N)K(N,w)

N:A N
Z dim C (1)( ) ( )
¢¢supp A
. 3n (W) s5,(w)
+ 3 dimg( I 2w ) (Y A
¢€Esupp A (nesuppA\{C} (dlmn)”‘ I) (MIAC/M (d1m<)|ﬂ|)
= Z ccK(A,w)
C¢supp A
Sy (w)
+ A 55, (w)
Cegpf\ dlmC ‘/\CI (WESupl;[A\{C} (d1mn)|)‘ )u:;/‘# '
= Z ce K(Aw)+ Z CCK(A,w):K(A,w)<ZcC).
¢¢supp A ¢€Esupp A ceT

This yields the assertion. |
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The above characterization of the harmonicity of K (-,w) is used in the proof of
Theorem 3.3.

3. Martinintegralon A

In this section, we formulate and prove the Martin integral representation (0.4),
and then discuss some resulting facts. Let us begin with recalling the bijective
correspondence between (0.2) and (0.3). A cylindrical subset of ‘I(f ) (= the set
of infinite paths from @& on the branching graph Y(f)) is associated with the

finite path u = (u(O) /‘/‘u(n)) as
{tez )| t(k) =u(k),k=0,1,...,n}.

Consider the Borel o-field 8 generated by the cylindrical subsets of T(T' ) Let
P(‘I(T )) denote the set of probabilities on measurable space (T(T),B), and M €
P(T(T)) is said to be central (as already anticipated in (0.3)) if it satisfies

(3.1 M(Cy)/wy = M(Cy)/w,

for arbitrary finite paths u and v from @ whenever they share a common ter-
minating vertex. Recall (1.21) for the definition of weight w,. In the case of a
branching graph for wreath product groups, since (1.24) yields w,, = w, for these
u and v, (3.1) simply reduces to

M(C,)=M(C,).
Let M(Z(T)) denote the set of central probabilities on (T(T),B) (see (0.3)).

Then, the bijective correspondence between ¢ € H(Y(T)) and M € M(T(T)) is
given by the equation

(3.2) p(A) = ;o ou=(a /- A,

Wy

We refer to [9, Section 2.2] for central probabilities and their correspondence to
harmonic functions on a general branching graph. As noted there, the centrality
of M € P(T(T)) is characterized by a certain invariance of M with respect to a
transformation group on ‘E(f) Then, the ergodicity of M is naturally considered
with respect to the transformation group,’ and M is ergodic if and only if an
invariant subset of T(T) with respect to the transformation group is either @
or T(T) up to M-measure 0. By a standard argument in measure theory, this is
equivalent to the extremality of M in the set of the central probabilities on (7))
(see [9, Section 2.2]).

T Allow us to make a correction to [9, Section 2.2] here. In [9, pp. 1200-1201], the transforma-

tion group on (T ) mentioned above should be written as (&g (4) | @ € G), the group generated
by &g(q)’s, instead of Uace Sx(q) since the inclusion &g (,) C G5(g) does not hold even if

a e SR
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We have that M € M(T(T)) yields the nth marginal distribution M on
Yo (T): for AeY,(T),

(3.3)  M"W(A)=M({teS(T)|t(n)=A})
= Z M(Cy) = Zwu‘P(A) =d(A)p(A)

finite path w:u(n)=A

~

by recalling (3.2) and (1.22). Consider the injective map +™ : Y, (T) — A
defined through the rescaled Frobenius coordinates by

(34) A=) 5 e Yal) o ((af“ﬂ)cyi, (’%‘W)m, (ﬁ)g) en.

n n n

Recall that 4+1/2 is added in (2.18), which ensures that the image of (™) is
included in A.

THEOREM 3.1

Any p € H(Y(f)) yields an integral representation

(35) o) = [ Kaw)Q(), Aev(E)
A

Here kernel K(A,w) is given by (2.28), and Q € P(A) is uniquely determined
by ¢. Taking M € M(Z(T)) corresponding to ¢ through (3.2), we have that
(3.6) Q= lim VA

n—oo

as a weakly converging limit in P(A).

REMARK 3.2

We have that A is equipped with the metrizable topology of the product of the
pointwise converging one mentioned after (2.24), which is separable, and also with
the associated Borel structure. Additionally, A is a Borel subset of A. Recall that
if S is a separable metric space, then P(.9) is equipped with a separable metrizable
topology characterized by weak convergence of a sequence of probabilities:

iim [ F(salds) = [ F(s)utas)

n— oo S

for any bounded continuous function f on S. The procedure of (3.6) taking a
weak limit after pushing forward the marginal distribution to the boundary seems
to be analogous to the classical radial limit for a harmonic function on the unit
disk.

Proof

Step 1. First we show the uniqueness of Q € P(A) in (3.5). Let S be the set
of R-linear combinations of {K(A,-) | A € Y(T)} in (2.28). We verify that S is
dense in C(A;R) for finite 7' and in C(A;R) for infinite 7' by using the Stone—
Weierstrass theorem. In fact, S contains the constant 1, which corresponds to
A = @. Lemma 2.3 ensures that the p;’s and hence the s3’s also separate two arbi-
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trary points in A or A. By (2.27), the R-linear combinations of {Sg\}xey coincide

with those of {p$} ,ev, the latter clearly forming an algebra. Hence K (A, -)K(M, )

for A,M € Y(f) is linearized and belongs to S. This completes the proof of the

density of S. Then, integration on S determines that on the whole C(A;R) or

C(A;R). Thus, Q € P(A) or P(A) is uniquely determined. Note that if T is infi-

nite, then an element of P(A) supported by A is identified with that of P(A).
Step 2. We show that if there exists a limit

Qo = lim WM ()
n—oo
in P(A) for finite T or in P(A) for infinite T, then ¢ is expressed as
BT W= [ KAwQ) o e = [ K@)
A A
for A e Y(f ). Let T be infinite, since the case of finite T is treated in the same
way. Combining
= Y dANeN)= > KANM™M(N),

NeY,, (1) NeY,, (T)

which is seen from (3.3), and

/~ KA MM (dw)= Y K(AMIN)MO(N),
A

NeY,(T)
we write
/K w)Qo( dw)‘
§ —/AK(A,w)LSﬁ)M(")(dw)‘
(3.8) +’ /A K (A, w)il™ MM (dw) — /A K(A,W)Qo(dw)’

< > KA w) = KA N)[MM(N)

NeY,.(T)

+ ’/~ K(A,f.u)u(k ") (duw) — / K(A,w)Qo dw)’
A
Comparing (2.3) with
1
(MN) = -
K(A,l'"N) = H (dimC)‘/\q Sx¢
T

a; (VS (VS V¢
_H dlmC ‘)‘<| Z ixﬁpi(( <n )>ci’(b (n ))gz’<%>c)

CeT PEY | \¢,

_ 1 1,1 ¢
= Hi(dimC)‘/\cl Z gxpmpp(v )
ceT

PEY | \¢|

(N)
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and using the estimate of (2.31), we have
1
’K(A,N)—K(A,L(H)N)’ gﬁcky AEYk( ) NEYH(T)

Hence the first term on the rightmost side of (3.8) is bounded by C}/n. The sec-
ond term converges to 0 as n — oo since K (A, -) € C(A;R). We thus obtain (3.7).

Step 3. Since P(A) for finite T and P(A) for infinite T are compact (and
metrizable) with respect to the topology of weak convergence, {Lin)M(”)}neN
contains a converging subsequence. The argument in Step 2 implies that its limit
Qo satisfies (3.7) and hence is unique. Hence the whole sequence {LSL)M (™), en
converges as n — oo. This completes the proof in the case of finite T. If T is
infinite, then we have

Q= lim [MM™ in P(A) and @(A):/NK(A,w)Q(dw).
A

n—oo
Using the harmonicity of ¢, we have

0=¢(A) — Z x(A,N)p(N)

N:A_ N

:/AK(A,w)Q(dw)— 3 n(A,N)/AK(N,w)Q(dw)

N:A N
:[(K(A,w)— 3 n(A,N)K(N,w))Q(dw).
A N:A_N
The superharmonicity of K (-,w) (Lemma 2.7) then yields
(3.9) KA w) = > kANKNw), Qae w
N:A_N

Taking a common exceptional set of Q-measure 0 for A € Y(T) in (3.9), we ver-
ify that K(-,w) is harmonic on Y(T)) for almost every w. In other words, @Q is
supported by A and regarded as an element of P(A). We note that

Q= lim {"M™ inPA) and UMM QeP(A)
n—oo
imply the convergence in P(A), which is seen, for example, from the character-

ization of weak convergence of probabilities in terms of the convergence on any
Borel set with boundary of probability 0. ]

Recall that the minimal Martin boundary is defined in (1.35) as

Om Y {w IS GY ‘ K(-,w) is minimal harmonic}.

For w € 8Y(T), K(@,w) =1 and K(A,w) = 0 hold. Letting exC' denote the set
of extremal points of convex set C, we always have

(3.10) (K(\w) |wed Y(T)} CexH(Y(T)).

On the other hand, the Martin integral representation (Theorem 3.1) ensures
that
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(3.11) ex’H(Y(f)) C{K(,w)|weA}.

Actually, we have equalities in (3.10) and (3.11) as follows.

THEOREM 3.3

An extremal point of H(Y(T)) is exactly a Martin kernel K(-,w) for w € A. The
minimal Martin boundary 6mY(1A“) of the branching graph Y(f) is homeomor-
phically isomorphic to A for any T.

Proof
Let w € A. By Lemma 2.8, K(-,w) is harmonic. If it is expressed as a convex

~

combination in H(Y(T)), then
K(w)=co1+(1—c)p2, 1,900 € H(Y(T)),0S < 1.

Theorem 3.1 applied to 1 and g yields
KA w)= c/ K(A,w)Qq(dw')+ (1 — c)/ K(A,wQa(dw'), AeY(T),
A A
for Q1,Q2 € P(A). The uniqueness part of Theorem 3.1 implies that

0w =cQ1+ (1 —-¢c)Q2

holds in P(A), which is possible only when ¢ =0 or ¢ =1 or @1 = Q2. This shows
the extremality (= minimality) of K(-,w) in H(Y(T)); in other words,

(3.12) (K(w)|weA} c{K(.w)|wed,Y(T)}.
Combining (3.12) with (3.10) and (3.11), we have equality between them. The
homeomorphic property is already shown in Theorem 2.5. O

Combining Theorems 2.5 and 3.3, we can translate the obtained results into
those for the other objects in (a.2)—(a.4) described in the introduction. Recall
the bijective correspondence

FEeK(6x(T)) +— o e H(Y(T))
given by

(3.13) flowmy = Y eMx*, keN.
AEY(T)

An extremal point of K(G4(T)) is simply called a character of S (T). It is
known that a character of &, (T) is factorizable (or multiplicative) with respect
to the standard decomposition (1.1) into basic elements. After showing such a
factorizability, (3.14) of Theorem 3.4 for a character of & (T") was first obtained
by the second author and E. Hirai (see [4] and [5]). In this paper, however, we
compute a character of G (T) directly by using (2.28) under the correspondence
of Theorem 3.3 without knowing a priori the factorizability. The structure of the
conjugacy classes of G (T') is given by (1.15).
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THEOREM 3.4

Let f be a character of S, (T), and let w € A be the corresponding parameter in
Theorem 3.3. The value of f = f,, at an element in the conjugacy class of S0 (T')
corresponding to P = (pe)geir) € Y([T]), denoted by fu(P), is given by

(3.14) =TI T (S szl )””("").

Jj= 19€[T CeT

In particular, f is factorizable.

Proof
Take x € Cp C 6(T), and then take k € N such that « € &, (T'). Let suppP =
{61,02,...,0;}, where supp P denotes the set of 6’s with nontrivial py’s. For com-

puting f,,(P) through (3.13), we have formulas for p(A) = K(A,w) in (2.28) and
for x* in (1.12) (in the case of k = n). Noting that the condition (1.11) reduces to

(3.15) > (po,); =1X], CeT,
(po; )5 ((po;);)=¢C
we have

fu(P) = Z Z H{ dlm( YAl

AEY (T) r satisfying (3.15) ceT
(3.16) *

1
X 8§< (W) (H(Xgi)l(r (O, )) 1(()}
i=1
In (3.16), let A= (’\C)cef range over Yy, (T) in two stages. First, take the finite

subset F of T as supp A, that is, the ¢’s with nontrivial X\¢’s, and then take
n¢ €N for ¢ € F as n¢ =|\¢|. We necessarily have that docer n¢ = k. Next, for

each (F,(n%)cer), let A € Y«(T) range under the constraint of
(3.17) suppA =F and IAS| =nS.

For fixed (F, (n®)cer), note that the sum in A in the above second stage and the
sum ) in (3.16) commute. Setting the condition

(3.18) > (po.);j =n¢, C€T,
(po;);:m((po;)})=C
instead of (3.15), we hence continue (3.16) as
o= S 3 ¥ H{ dlmC
(F,(n%)¢cer)r: (3.18) A : (3.17)CEF

l

(3819)  x (TTO6) O )0 sk @) |

i=1

l

E S e ()

(Fy(nS)¢cer) T : (3.18)CEF
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7). Let us verify that this expression is equal to

(2.2
= m;(pe,)
I1 (pr dnig) ) ) '

1j=1 ¢eT

by using the inversion of

l
(3.20) H

In (3.20), since two kinds of products are finite ones and the infinite sum in ¢
converges absolutely, no problems occur in changing the terms. Let n¢ be the
degree of the factors labeled by ¢ in each term of the development of (3.20),
where pg- (w) is regarded to have degree j. We have

l fe%e) l
dont =22 imilpe) =3 lpo| =

ceT i=1 j=1

For a term in the development of (3.20), let F' be the (’s which actually appear,
and let (n%)cer be the set of degrees labeled by (. Given (F, (n)cer), the cor-
responding terms in (3.20) are counted by the maps r satisfying (3.18). We then
observe that the term corresponding to (F, (n¢)¢cr,7) is expressed in a product
form seen in the rightmost side of (3.19). This completes the proof of (3.14). O

THEOREM 3.5
Any f € K(6oo(T)) yields an integral representation

(3.21) /fw Qdw), PeY(T)).

Here the character f,, is given by (3.14), and Q € P(A) is the same as that of
Theorem 5.1 under the correspondence f € K(Go(T)) ¢+ ¢ € H(Y(T)) through

(3.13).

Proof

For given P € Y([T]), take z € Cp C & (T), and then take k € N such that = €
G, (T). The integral representation for an element of ’H(Y(T\)) (see Theorem 3.1)
is easily transformed to the one for the corresponding element of K(S(T)).
More precisely, we have

o= Y et = Y ([ K@) @)

AEY,(T) Aevi(F) T8

- [ (T Kewont@)ae)

AEeY,(T)

=Am®Qm

where changing the sum and integral is justified by

> /A|K(A (2)|Qdw) < > d(A

AEYL(T) AeYk(T) U
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4. Characters, harmonic functions, and central probabilities associated with an
inductive system of compact groups

We note bijective correspondences between the spaces of (0.1)—(0.3) for an induc-
tive system of compact groups instead of restricting to wreath products &, (T).
Let us consider a sequence of compact groups

{e}=GocGyC---CGp1CGC---

in which the embedding G,,—1 C G, is a continuous homomorphism for any n € N.
Set Goo = limy, oo G, = UZO:O G, (inductive limit group). Letting (A?n denote
the set of equivalence classes of IURs of G,,, we have a branching graph with
G= |_|Z°=O (A?n as the vertex set by introducing edge o 8 and its multiplicity
k(a, B) for a € Gn_1 and B e Gn through the irreducible decomposition

Resg:;l V= @ w(a,B)r, 7 ep.
ae@nflia/‘ﬁ
The case of G,, = &,,(T") was treated in Section 1.8.
Until the end of the proof of Proposition 4.2, we stop assuming that @n is
countable.
Equipping G with the inductive limit topology, set

K(Go) ={f:Gx — C|
f is continuous, positive definite, and central, f(e) = 1}.
We modify (0.2) by adding “countably supported” and set
H(G)={p:G—C ’ © is harmonic and nonnegative, p(&) =1,

(4.2)

supp ¢ is an at most countable set}.

Here the harmonicity of ¢ is defined by

pla)= Y r(a,B)p(B), a€G,
Bia "B

similarly to (1.18). If a graph consisting of the subset G’ C G and the edges
inherited from G satisfies that, for any 3 € G°, all vertices lying on the finite
paths from @ to 3 belong to G, then we refer to G° simply as a subgraph of G.
It is immediate that supp ¢ is a subgraph of G for harmonic and nonnegative .
Let T(G) denote the set of all infinite paths t = (¢(0) /1 t(1) ~t(2) /---), t(n) €
ém on branching graph G; ¥(G) is equipped with the o-field generated by its
cylindrical subsets. We consider T(G°) also for the subgraph G° C G, where
t(n) e GY =G"n Gy We modify (0.3) to set
M(Z(G)) = {M € P(Z(G)) | M is central and supported by T(G")

(4.3)
for some countable subgraph G° G}.

Here the centrality of M is defined similarly to (3.1) by
M(Cy)/wy = M(Cy)/w,
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for finite paths u and v from @ terminating at a common vertex, where w, is
the weight of path u defined by (1.21) and C,, is the cylindrical set associated
with u. Note that (G ), H(G), and M(Z(G)) are all convex sets.

PROPOSITION 4.1

There exist bijective affine maps between K(Gs), H(G), and M(Z(G)). In par-
ticular, their extremal points have bijective correspondences.

Proof

Recall that the function a: C; — Cs, where C7 and Cy are convex sets, is said
to be affine if it satisfies a(sz + (1 — s)y) = sa(z) + (1 — s)a(y) for any z,y € C;
and 0 < s < 1. A bijection between H(G) and M(Z(G)) is given in the same way
with (3.2): for ¢ € H(G) and M € M(Z(G)),

(4.4) p(a)=M(Cy)/wy, a€G,

where « is the terminal vertex of finite path u. This fact is fully shown in [9,
Lemma 2.9] for a general branching graph.

As noted in (3.13), a bijection between K(Go) and H(G) is given by using
Fourier expansion on each compact group Gg: for f € K(G) and ¢ € H(G),

(4.5) flaw =Y ela)x®, keN,

aeék
where x® denotes the irreducible character for «; x®(x) = tr7*(z). This fact is
shown in [9, Theorem 4.2] for G,, = &,(T) with an arbitrary compact group 7.
No modification is needed in its proof to apply it to general G,,. Either bijection
given by (4.4) or (4.5) is clearly affine. |

The set of extremal elements in (G ) is denoted by £(G ), whose elements are
called characters of G,. Any character of G, is approximated by the irreducible
characters of G,, as will be seen in Proposition 4.2. This implies that not only
the extremal elements of (G ) but also the ones of H(G) and M(Z(G)) have
approximations by the objects at finite level n.

PROPOSITION 4.2
Let f be a character of G, and let M be the corresponding probability in
ex M(Z(G)) determined in Proposition 4.1. For M-almost sure path t € T(G),
the convergence of the normalized irreducible characters

lim y' =f

n—,oo

holds uniformly on each Gy, k € N.

Proof

This fact is shown in [9, Theorem 4.3] for G = & (T') with an arbitrary compact
group 7. No modification is needed in its proof to apply it to general G;. With
© € exH(G) being taken correspondingly, the proof is based on the M-almost
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sure convergence
p(a) = lim K(a,t(n)), a € supp ¢ (subgraph of G),
n— o0

which is shown via the martingale convergence theorem in [9, Theorem 3.2]. O

Let us look at the topologies given the convex sets (4.1), (4.2), and (4.3). Hereafter
again, we assume that each C:'n is at most countable for technical conveniences.
Generally speaking, we consider compact-open topology for a space of functions
and weak convergence topology for a space of probabilities. To deal with K(G),
recall that any compact set K of G, which is given the inductive limit topology,
is included in G, for sufficiently large n. (See [8, Section 6.3] for this fact and other
properties of an inductive limit topology.) Hence the compact-open topology, or
topology of uniform convergence on every compact set, on K(Gs) admits

{{9€K(Go) [ max|f(x) = g(x)| <ex} |n.k €N}

as a fundamental system of neighborhoods of f, where ¢ > 0 and ¢, (0 as
k — oc. Since G =| |77, G is discrete, the compact-open topology on H(G) is
just the one of pointwise converging on G. The path space T(G) is equipped
with the relative topology of [[)~, G (having the product (or weak) topology
of discrete ones on @n). Since T(G) is a separable metric space, by virtue of the
countability assumption for G,’s, so is P(T(G)) with respect to the topology
of weak convergence of a sequence of probabilities. (Recall Remark 3.2.) The
topology on T(G) is also generated by cylindrical sets {C, | u : finite path on G}.

LEMMA 4.3
Assume that én is at most countable for any n € N. The bijective map
(4.6) M(Z(G)) — H(G)

induced by the correspondence through (/.4) between M € M(Z(G)) and ¢ €
H(G) is a homeomorphism.

Proof

Note that a cylindrical set C,, is open and closed. Then, since 1¢, is a bounded
continuous function on T(G), the weak convergence of { M, }nen to M in P(T(G))
implies convergence on every cylindrical set.

To show continuity of the inverse map H(G) — M(T(G)), let a sequence
{¢n} converge to ¢ in H(G). Take M, € M(Z(G)) and M € M(Z(G)) cor-
responding to ¢, and ¢, respectively. Recall the well-known fact that {M,}
converges weakly to M in M(Z(G)) if and only if
(4.7) M(O) £ liminf M, (O)

n—oo
holds for any open subset O of T(G). The topology on T(G) yields that, for any

open O C T(G), there exists a disjoint family of cylindrical sets {O;} such that
o=|] F O;. Note that there are only a countable number of cylindrical sets. We
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have M(O;) = lim, o, M,,(O;) for j by the assumption of convergence of ¢,
to ¢. Then, (4.7) follows from

M(0)=> M(O;)=>_ lim M, (0;) < liminf > M, (0;) =liminf M, (O).

n—0o0 n—oo

This completes the proof of continuity. O

REMARK 4.4

The argument in the first paragraph of the above proof yields also that M(T(G))
is a closed subset of P(T(G)).

LEMMA 4.5
Assume that (A}’n is at most countable for any n € N. The bijective map
(4.8) K(Gso) — H(G)

given by the correspondence through (/.5) between f € K(Gs) and p € H(G) is
a homeomorphism.

Proof
Let a sequence { f,} converge to f in K(Gw). Here, (4.5) implies that
(4.9) pla)= | f@)x*@)dr, a€Gy,

G

and also a similar equality for f,, and the corresponding ¢,,. Then we have for
any k € N and any « € G,

[Pn(0) — ()| g/ [ fu(@) — F(@)|[x*(@)] da
(4.10) G
<dima- m%ﬂfn(a:) — f(z)| ——0.

xre n—00

This means convergence of {¢,} to ¢ in H(G).

To show continuity of the inverse map, let a sequence {¢, } converge to ¢ in
H(G), noting that H(G) obviously enjoys the first countability since G has only
a countable number of finite subsets. Let k € N be fixed, and take an arbitrary
e > 0. Since

Y d(@)p(a) = p(@) = fe) =1
aEék
holds, there exists a finite subset K7 C @k such that
05 > d)p(a)<e
aeGp\K1
Moreover, since we have

Y d@pa(@)=1- " d(a)pa(a)

aE@k\Kl acK,

—— 1= ) d@pl@= Y da)p(a),

n— 00 =
a€Ky aeGR\ K1
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there exists n1 € N such that
n>n, = Z d(a)pn(o) <e.
aEék\Kl

Then, letting f,, f € K(Gx) correspond to ¢, ¢, respectively, we have for z € G,
and n > nq,

| ful@) = £(@)]
<| Y wnenc@|+] X wleant@)
aeGp\ K1 aeGr\ K,
(A1) 4] Y (pula) = pla)x* (@)
acKq
< Y dlapa(@+ DY dla)p(a)+ Y da)|en(e) - pla)|
aeGp\K1 ael\K; €K,
<26+Zd }(pn - (a)’
ac K,

which yields

lim sup max|fn — f(z)| £ 2e.

n—oo TEG

Since € > 0 is arbitrary, we have uniform convergence of f, to f on Gj. Since
k € N is arbitrary, we have that lim, . fr, = f in K(Gwo). a

Let us now return to the case of G,, = 6,(T), the wreath product of compact
group T" with at most countable T

THEOREM 4.6

We have that exH(Y(T)), ex M(Z(T)), and exK(So(T)) are all homeomor-
phically isomorphic to A of (2.23). In particular, they are not compact if T is
infinite.

Proof

We showed in Lemmas 4.3 and 4.5 that the bijective maps between H(Y(T)),
M(Z(T)), and K(So(T)) are all homeomorphisms. Since these maps are affine,
they give homeomorphic isomorphisms between the sets of extremal points. By
Theorem 3.3 we already know a bijective correspondence between exH(Y(T))
and A. Its homeomorphic property is read out through the explicit formula (2.28)
for K(A,w) in a similar argument to Step 2 of the proof of Theorem 2.5. ]

In contrast with Proposition 4.2, we consider the following question.
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QUESTION 4.7
Let the convergence of the normalized irreducible characters
(4.12) lim v = f

n—oo

hold compact-uniformly on G, along a sequence (Oé(n))n:()’l’g’m? alm e @n
Then, is the limit function f a character of G,?

Note that the limit on the left-hand side of (4.12) is well defined since every
compact subset of G, is included in all sufficiently large G,,’s. In the following
statement, the Martin distance on G is given in a similar way to (1.29). (See also
(A.16) in Appendix A.)

LEMMA 4.8
Assume that @n 18 at most countable for anyn € N. For a sequence (a("))nzo’lﬁgw ,
o™ € G, the following (a) and (b) are equivalent.

(a) There exists w € OG such that

. ™ converges to w as n — oo,
- K(-,w) is harmonic on G.

(b) The normalized irreducible character )Z“(n) converges compact-uniformly
on G as n— 00.

Proof
To deduce (b) from (a), we begin with
~a(™ n o

(4.13) X |Gk = Z K(O‘7O‘( ))X :

()LGék
The harmonicity of K (-,w) ensures that f € (G ) is well defined by
(4.14) fla, =Y Kla,w)x®.

aGék

In (4.13) and (4.14), (a) implies that lim,, . K (a,a(™) = K(a,w) exists for any
a € G. Then, we estimate the supremum norm || f — )Z“(n) | in the same way as
(4.11). This yields (b).

Assuming (b), we have

lim ¥ = f € K(Goo).

n— oo

Take ¢ € H(G) corresponding to f via Proposition 4.1. Taking Fourier coefficient
(4.9) and following (4.10), we see that

(4.15) K(a,a™) —— p(a), aeG.

n—oo

Hence (a(”)) converges to a point in the Martin boundary of G, denoted by
w € 0G. Furthermore, K(-,w) = ¢ is harmonic. O
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REMARK 4.9

In Lemma 4.8, if the normalized irreducible characters %a(") are assumed to
converge pointwise on G, instead of compact-uniformly, the limit function f
is still positive definite, central, and normalized. If we assume further that f is
continuous, then the convergence actually proves to be compact-uniform. Indeed,
taking ¢ € H(G) corresponding to f € K(G ), considering the Fourier coefficient
as in (4.9), and then applying Lebesgue’s convergence theorem, we have (4.15).
It remains to repeat the estimate of (4.11) as in the first half of the proof of
Lemma 4.8.

The answer to Question 4.7 is affirmative for our wreath product case.

PROPOSITION 4.10
In the case of G, = G, (T), Lemma /.8(a) is equivalent to the following.

(a)' There exists w € 8, Y(T) such that o™ converges to w asn— oo (with

~

respect to the Martin distance (1.29) on Y(T)).
Under (a), (a)', and/or (b), the limit function

RPN C))
f= lim x¢
n—oo

is a character of Goo(T'). The correspondence f +— w is the one given in Theo-
rems 3.5 and /J.0.

Proof

We check that (a)’ follows from apparently weak (a). Under (a), Lemma 2.8
ensures that w € A. Then, w € 9,,,Y(T) follows by Theorem 3.3. O
REMARK 4.11

The answer to Question 4.7 is affirmative in the case of the infinite-dimensional
unitary group U(co) = lim, 0o U(n). (See [15, Proposition 10.9] and the ref-
erences therein.) On the other hand, let each G,, be a finite group in G, =
lim,, o0 Gp. In Lemma 4.8(a), the harmonicity of the Martin kernel K(-,w)
then follows automatically from the other convergence condition. In [13, Sec-
tion 1.5, Chapter 0], it is suggested that the K (-,w) obtained here is not neces-
sarily extremal. This implies that the corresponding element in X(G«,), which is
the limit function of )za(n) in Lemma 4.8(b), need not be a character of G..

Appendix A: Markov chain and Martin boundary

This appendix is devoted to a brief review on the Martin boundary associated
with a Markov chain. Such a review is supplied because the definition (1.18) of
harmonicity might seem to be strange from probabilistic viewpoints. As a main
reference, we use [16], which is well written and most suitable for our purpose.
Let S be a countable set. A transition probability on .S is by definition a function
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p(z,y) on S x S satisfying p(z,y) 20 (z,y € S) and > op(z,y) =1 (z €5).
Any transition probability induces a random motion on S, called a (temporally
homogeneous) Markov chain on state space S, in which p(z,y) is interpreted as
the probability that the chain moves from = to y by one unit time. We have the
transition matrix P = [p(x,y)]s.yes by giving S a total order. For n € NU {0}
and z,y € S, set

(A]-) pn(x,y) = (Pn)ac,y = Z p(x’zl)p(zlsz) o 'p(znflay)a

Z1,..y2n—1E€S
(A2)  Gplz,y) =D pulz,y).
n=0

The subscript p indicates dependence on the transition probability p(z,y). Prob-
ability P on S governing the Markov chain (X, )n=01,2,... is constructed via a
well-known extension theorem so that

pn(z,y) =P(X, =y | Xo=2)

holds. With E denoting the expectation with respect to P,

Gp(x,y) = E[Z 1{Xn:y}
n=0

ngm}

is the expected number for the chain to visit y starting from x. Let us assume
that a reference vertex o is fixed and that

(A.3) Gplo,y) >0, yes.

This is the case if the chain starting from o can visit any vertex with positive
probability. Set

Gp(z,y)
A4 Ky(z,y) ==L gz yeSs,
( ) P( y) GP(O, y) Y
and call it a Martin kernel. We define a distance on S by
(A-5) Dp(x,y) = ZC(Z)(|KP(Za33) - Kp(z,y)‘ + |5z,z - 5z,y|)a x,y €5,
zeS

where C(z) is a positive coefficient for the sake of uniform convergence of the
series in x and y. In more detail, since we easily see that

A6 K)(z,2) £ —, z,x€S5,
(46) 0= 06
by using p;(0,z) > 0 for some [, we only have to take C(z) > 0 such that
C 1) <oo.
Z (Z)(pl(o,z) * ) >

z€S

We can then conclude that a sequence {z,}nen in S is Cauchy if and only if
either of the following holds:

(A7)  x, =z €S for sufficiently large n,
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(A.8) x, — oo and, for any z € S, {K,(z,2,,)} _. is a Cauchy sequence in R.

neN
Moreover, any sequence in S contains a Cauchy subsequence with respect to D,
as seen from property (A.6) and the so-called diagonal argument. This implies
that S is totally bounded. The completion of S with respect to D, is hence
compact, which is called the Martin compactification of S and is denoted by S.
The construction based on (A.5) ensures that S is an open subset of S and that
the restriction of the topology on S to S is discrete. The compact set S\ S =S
is the Martin boundary of S. Martin kernel (A.4) is extended as a continuous
function K,(z,w) on S x S.

Let us now assume that the nonnegative function ¢(z,y) on S x § is
given instead of a transition probability. Provided that there exists a positive
g-harmonic function h on S, that is,

(A.9) h(z) >0, h(x)=> q(z,y)h(y), €S,
yes
we set a transition probability on S by
1
A.10 z,y) = ——q(z,y)h(y), z,y€S.
(A.10) p(z,y) h(x)q( yh(y), .y
Consider the analogue of (A.1) and (A.2) for g(z,y):
Qn(mvy) = Z (J(%Zl)Q(zl,Zz)"‘Q(anhy)a

21,320 —1E€S

(A.11) N
Go(x,y) = anlz,y).
n=0

Comparing (A.11) with (A.2), we have

1
(A.12) Gp(z,y)= %Gq(x,y)h(y), x,y €S.
In particular, (A.3) is equivalent to the analogous condition
(A.13) Gy(0,y) >0, yes.

Furthermore, defining a Martin kernel by

Gq(xay)

(A.14) Ky (z,y)= G0’ z,y €85,

we have

(A.15) Ky(z,y) = h(O)K (z,y), =z, yeSs.
’ h(z) ¢

Set now as in (A.5)
(A16) Dy(z,y)= ZC"(z)(U@(z,x) — Kq(z,y)’ + 1020 — 6z7y\), r,y €8S,
z€S

with positive factor C’(z) so that the series can converge uniformly in z,y. Obvi-
ously, (A.15) yields that the Cauchy property of a sequence in S is equivalent
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with respect to either D, or D,. We thus arrive at the same Martin boundary
theory starting from transition probability p(z,y) or (nontransition probability)
q(z,y) related as (A.10). Note that the function ¢ on S is p-harmonic if and only
if hy is g-harmonic.

~

Let us turn to the branching graph Y(T'). Based on (nontransition probabil-
ity)

k(A M) if A M, _

(A.17) q(A, M) = { AM e Y(T),

0 otherwise,

the Martin boundary of Y(T) is constructed as above. In particular, taking @ as
the reference vertex o, we have G4(@,M) =d(M) >0 as (A.13). An example of
a g-harmonic function in (A.9) is given by the special case of w = (0,0,¢) € A in
(2.28), namely,

¢
clc)‘ | dim \¢

(A.18) h) =] (dim O)PTACI

ceT

= (A9 ceq € Y(T).

It is straightforward to verify the g-harmonicity of (A.18) with respect to ¢

defined by (A.17), with ¢, > 0 satisfying Zcef ¢¢c = 1. In the special case where

T is trivial, (A.18) reduces to

_dim A
AL

and hence agrees with the harmonic function on Y corresponding to the Plancherel

measure as well as the regular character of G.,. Applying (A.10) and (A.17) to
(A.19), we have

(A.19) h(\) AEY,

1 dimp
T n+1dim\’
This induces a chain called the Plancherel growth process. If we take h in (A.9) to
be minimal g-harmonic (as is the case of (A.18) under (A.17)), then a bounded
nonnegative p-harmonic function with respect to p in (A.10) is necessarily con-
stant, which follows from the minimality of h as a g-harmonic function.

Martin kernel (A.14) is denoted by K in (1.27). A straightforward translation
of the discussion in this appendix leads to (1.29)—(1.34).

P(Aa,u) )\EY,L/‘,UEYTL+1.
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