Duality theorems and topological
structures of groups

Nobuhiko Tatsuuma

Abstract We introduce four different notions of weak Tannaka-type duality theorems,
and we define three categories of topological groups, called T-type groups, strongly T-
type groups, and NOS-groups.

We call a one-parameter subgroup a nontrivial homomorphic image of the additive
group R of real numbers into a topological group G. When G does not contain any one-
parameter subgroup, we call G a NOS-group.

The aim of this paper is to show the following relations. In the table below, the symbol
<= means that for a given topological group G the duality theorem on the left-hand side
holds if and only if G is of type cited on the right-hand side:

(1
(2
(3
(4

u-duality <= T-type,

i-duality <= strongly T-type,
b-duality <= locally compact,
c-duality <= locally compact NOS.

NSO NI

We give in the last section some examples which show the actual differences among

(1)~(4).

0. Introduction

Four types of weak Tannaka-type duality theorems for topological groups are
stated as follows.

We take the set Q= {D = (HP, TgD )} of all unitary representations of given
topological group G, dimensions of which are bounded by max(Rg, #G). Then
there exist relations between elements of ) as

(1) unitary equivalence: Dy ~y Do (W: intertwining operator),
(2) direct sum: Dy @ Da,

(3) tensor product: D1 ® Do,

(4) contragradient: D — D.

We consider an operator field A = {AP} pcq on Q satisfying the following:

(B-0) for each D € Q, AP is an operator in a certain category on the repre-
sentation Hilbert space HP:
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(B ].) Dl ~W D2 — WADIW 1 ADZ,
(B 2) AP @ AD2 — AD1€DD2’
(B- 3) AD1 @ ADz = AD18Dz,
(B-

In the condition (B-0), for the terminology certain category we consider four
cases as follows.
At first, we take the unitarity property, that is,

(B-01) for each D € Q, AP is a unitary operator on the representation
Hilbert space HP.

We shall call such an operator field which satisfies (B-01)—(B-4) simply a
birepresentation of G and write U for the set of all birepresentations.
Secondly, we take isometricity, that is,

(B-02) for each D € Q, AP is an isometric operator on the representation
Hilbert space HP.

We shall call such an operator field which satisfies (B-02), (B-1), (B-2),
(B-3), and (B-4) an isobirepresentation of G and write J for the set of all iso-
birepresentations.

Thirdly, we take nonzero and uniform boundedness, that is,

(B-03) for each D € 2, AP is a nonzero bounded operator such that [|AP|| <1
on the representation Hilbert space HP.

We shall call such an operator field which satisfies (B-03), (B-1), (B-2), (B-3),
(B-4) a bd-birepresentation of G and write B the set of all bd-birepresentations.

Lastly, we take the property nonzero closed with a common fized domain DP
dense in HP and range in the same subspace for each D.

(B-04) For each D € 2, AP is a nonzero closed operator on HP with domain
and range a fized dense subspace DP in common.

But in this case, we must assume relations for subspaces DP as

(B-041) DPt ~yy DP2 — WDP1 = DDz,
(B-042) DP @ DD2  DP1&D2
_ Dy D»> D1®D2
(B-043) DP* & DP* €D
(B-044) D” = DP.

We shall call such an operator field that satisfies (B-04), (B-1), (B-2), (B-3),
(B-4) a cl-birepresentation of G and write C for the set of all cl-birepresentations.

Of course, a birepresentation is an isobirepresentation, an isobirepresentation
is a bd-birepresentation, and a bd-birepresentation is a cl-birepresentation.
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PROPOSITION 0.1
We have

ucgchbcc.

On the space B, we give a topology which is the product of weak topologies
7P on each spaces BP of bounded operators on Hilbert spaces HP. We write this
topology on B as 7. The topologies on U, T are the restriction of T onto each of
the spaces.

In the case of cl-birepresentations, we must consider for CP the space of
closed operators with domain DP at each component D, the topology which is
the weakest topology & making continuous all matriz elements (APvP uPl)

(WP, uP € DP), and give the product topology Tc on the space C.

PROPOSITION 0.2
Topology T is the restriction of T¢ to the space B from C.

Proof
For any fixed D and v”,u” in DP, <ADUD,uD> is a continuous function of AP
with respect to the weak topology 7 on the space BP.

Therefore it is sufficient to show for any v2 ul (||oP| = ||[uP| =1) in HP,
that the function (APvP uP) is continuous with respect to 72 |zp.

The common fixed domain DP is dense in HP for each D, and we assumed
by (B-03) that the components of BP are bounded by 1. So for any € >0 as in
(B-03), there exist vP,u (|[vf] = [|[uf| =1) in DP such that
(0

1) [v? vl <e,  lu® -

ul| <e.
This shows for any AP bounded as [|AP| <1,
(AP, uP) — (AP )
< |(APWP — APD uP)| + (AP P — )|
(0.2) DD D D
< APVP — APR || x [[uP|| + [|AP g | x [[u® = ug|
<NAP| < [l = o ||+ [|AP]] % [[u® —u'[| <e.

Therefore on B the function (APv”,uP) is continuous with respect to &’

as a limit of uniform convergence of continuous functions (APvP, ul). O

For any g € G the operator field T, = {Tf}peg gives a birepresentation.
Our weak Tannaka-type duality theorems assert the converses, which are
separated into the set theoretical part and the topological part.

SET PART OF U-DUALITY’S ASSERTION

For any birepresentation U = {UP} peq, there exists a unique g € G such that
Ub = TD (YD e Q).
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SET PART OF I-DUALITY’S ASSERTION

For any isobirepresentation J = {JP} peq, there exists a unique g € G such that
JP sz (YD e Q).

SET PART OF B-DUALITY’S ASSERTION

For any bd-birepresentation B = { BP} peq, there exists a unique g € G such that
BP zTgD (VD eQ).

SET PART OF C-DUALITY’S ASSERTION

For any cl-birepresentation C = {CP}peq, there exists a unique g € G such that
ch :TgD (VD eQ).

TOPOLOGICAL ASSERTION OF THESE DUALITIES
Moreover, the topologies given above coincide with the original topology of G
under the correspondence g — T.

PROPOSITION 0.3

c-duality — b-duality —> i-duality —> u-duality.

Proof

From Proposition 0.1, the set part of this implication is valid. Proposition 0.2
shows that the topological part is also satisfied. O
NOTATION

For a representation D = {HP 7TgD } of G, we take its cyclic subrepresentation
on the closed subspace (H”) of HP spanned by {TPvP}gcq for a fixed vP €
HP, [[oP ]| = 1. We express it as (D) = {(#"),T,”,v"}.

Hereafter, for two cyclic representations D; = {H7,T gj It G = 1,2, we
denote cyclic subrepresentations contained in Dy @ Dy and Dy ® D», respectively,
as

(D1 ® Do) = {(H' & M), T, & T. v v},
(D1® D) ={(H'®@H?),T, @ T2 v' @ v*}.

In Section 1 of this paper, we give the notion of an SSUR of G, and “com-
plete” and “b-complete” properties for G, after [8, Section 2]. Using these con-
cepts, we define categories of T-type and strongly T-type groups for topological
groups.

Section 2 is devoted to proving the condition (W-3’) in [8, Section 8], for
topological groups G to have an SSUR. This shows that a T-type group is a
well-behaved group, and a strongly T-type group is strongly well behaved as is
stated in [8, Sections 7, 8].
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We show in Section 3 that a T-type group satisfies weak, Tannaka-type
i-duality.

Since strongly T-type deduces T-type, this gives also the following.

(1) A T-type group satisfies u-duality.

(2) A strongly-T-type group satisfies i-duality.

The converse problems for T-type groups and strongly T-type groups are
solved in Section 4. And we obtain the following:

(3) if a topological group G satisfies u-duality, then G is T-type;

(4) if a topological group G satisfies i-duality, then G is strongly T-type.

We discuss in Section 5 the similar problems for locally compact groups and
locally compact NOS groups.

Summarizing the above results, we state the main theorem in Section 6.
We give in the same section several examples of groups of each type.

1. Separating systems of unitary representations: T-type groups and strongly
T-type groups

We consider a Hausdorff (i.e., T5-) topological group G.

DEFINITION 1.1
We say that a set Qg ={D, = {’HDa,TgDa,UDa}}aeA of cyclic unitary represen-
tations of G gives a separating system of unitary representations (SSUR) if for

any neighborhood V' of the unit e in G, there exist a positive definite function
nP(g) = (TPvP,0P) (D €Qq, [[vP] =1) and & > 0 such that

(1.1) F(D,E)E{geG‘ll—nD(g)‘<5}CV.

For any given cyclic unitary representation D = {’HD7T;D,UD (|oP|| = 1), and

the trivial representation I = {C, I, v} of G, we define a unitary representation
D,=1¢D® D and its cyclic part (D,), whose representation space is spanned
by the vector

vp = (272w @ (1/2) (0P @ 0P).

Here D = {’HE, Tg5 , vﬁ} is the contragradient representation of D and vD is the

vector in the space HP corresponding to v”. We showed in our previous paper
(see [8, Corollaries 1-2-1, 1-2-2]) that

(1.2) 1> (T.P7vp,vp) > 0.
For any D in Q we write n”(g) = (I;Pv",v”) and
F(D,e)={geG|[1-n"(g9)| <e};
then
(1.3) 1>Ve>0,30>0, F((Dy),0)CF(D,e).
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Using (1.3), if a topological group G has an SSUR Qy = {Dg}aca, then
we can select a new SSUR Q1 = {(Da.p)aca}, for which any (D,.p) = {(HP»),
TgD“’P ,vPar»} € O has a nonnegative-valued positive definite function nP«»(g) =
(TP ?yPaw yPas),

For a given Hilbert space H, we denote by B(H) the space of all bounded
operators on H, by U(H) the space of all unitary operators on H, and by J(H)
the space of all isometric operators on H. Put the weak topologies on each of the
spaces.

For any isometric operator J on a Hilbert space H, we get

|Tv = v]|* = [|Tv]* + Jo]|* — 2R(Jv,v)
=2((v,v) = R((Jv,v))) =2R((v — Jv,v)).

This shows that on J(#), and so on U(#) too, the weak topology coincides with
the strong topology.

Moreover, U(H) becomes a topological group with the multiplication of oper-
ators and this topology. As a group topology, this topology gives a uniform struc-
ture on U(H).

For a topological group G, let D = {HP, TgD } be any unitary representation.
Then the map G 3 g —T,” € U(HP) C J(HP) is continuous for each D.

Construct U(Q) =[] pean U(HD) CJ(Q) =[Ipeq J(HP) with natural prod-
uct topologies. The maps

(1.4)

(1.5) G359 (TP)pea €U (c [ v =U(Q)>,
DeQ
(1.6) G3g+— (T )peacUcgc [ JHP)=3(Q)
DeQ)

are into-homomorphisms as topological groups.

When G is a Ty-topological group with an SSUR [7, Lemma 1.4] shows
that the map (1.5) is an into-isomorphism, so by this map, G is embedded as a
topological group in J(2).

We denote by Gy the image of G under the map (1.6) into J(2).

LEMMA 1.1
Let G be a Ty-topological group with an SSUR.

(1) The weak Tannaka-type u-duality theorem is valid for G, if and only if
Gj=U and the map (1.5) is an isomorphism between G and its image Gy in
U(Q) as topological groups.

(2) The weak Tannaka-type i-duality theorem is valid for G, if and only if
Gj;=J and the map (1.6) is an isomorphism between G and its image Gy in
J(Q) as topological spaces. In this case, Gy =U=T.

Proof
It is obvious from the definitions. O
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In [8, Section 2, Definition 2.1], we defined the notions of I-Cauchy and b-Cauchy
properties for a filter base as follows.

DEFINITION 1.2

A filter base F = {F,}acr on G, where T' is a partially ordered set, is called
I-Cauchy (hereafter simply Cauchy), if for any neighborhood V of e € G, there
exists an o € I' such that

VB,y=a (B,yeT), Fy'E,CV.

We say that F is b-Cauchy (both Cauchy) when both of 7 and F~1 = {F, '} er
are Cauchy at the same time.

If any Cauchy (resp., b-Cauchy) filter base has limit points in G, we say that
G is complete (resp., b-complete).

Evidently a b-Cauchy filter base is also Cauchy, so a complete group is
b-complete too.

If a filter base F converges to a point go in G, then F~! converges to gal.

We consider the topological group G =U(Q) =[] pcq U(HP) and a Cauchy
(resp., b-Cauchy) filter base F = {F,} on G. Projection image FP = {FP =
Projy o F, } for any D € Q gives a Cauchy (resp., b-Cauchy) filter base on U (HP).

Conversely, for a filter base F = {F,}aer on U(Q) to be Cauchy (resp.,
b-Cauchy), it is enough that, for any D in Q, FP are Cauchy (resp., b-Cauchy).

Since on U(Q) the weak topology is equivalent to the strong topology, we
can consider these Cauchy or b-Cauchy properties in the sense of strong topology
on U(0).

Let F = {F,}aer be a Cauchy filter base on U(£2).

For any v € HP for a fixed D, a Cauchy filter base {FPv},er converges to a
vector u(v) in the Hilbert space HP, that is, for any UL € FP and any v € HP,
strong-lim, UPv = u(v). Then, for any a,b € C,

(L7) MU (v +bes) = au(or) +bu(s), — [Juv)]| = lim [UDo] = [lo]]

Therefore the map HP 3 v — u(v) € HP is linear and isometric. Thus there exists
an isometric operator B such that u(v) = BPv.

LEMMA 1.2
Any Cauchy filter base on U(2) =[] peq U(HP) converges to a B = (BP)peq €
J(Q) = HDGQ J(HD), where BP are isometric operators.

For a topological group G, any filter base F on it is mapped to a filter base F;
in Gy. And if F is Cauchy (resp., b-Cauchy), then F; in U(f) is also Cauchy
(resp., b-Cauchy).

LEMMA 1.3

(1) A Cauchy filter base Fy on a group Gy converges to an element B =
(BP)peq in J().
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(2) If Fy is b-Cauchy, then Fj converges to an element in U(Q).

Proof

(1) The result is deduced directly from Lemma 1.2.

(2) If F; is b-Cauchy, then F; and ]-71 are both Cauchy. So by Lemma 1.2,
Fy converges to a B = (BP)pecq € J(Q) and ]-71 converges to a C = (CP)peq €
J (), where BP and CP are isometric operators. This means that for each D € €,
the component F2 = {FP} of F; converges to BP and (F~1)? = {(FP)~1} of
]-';1 converges to C'P under the strong topology of J(HP), so that, for any
neighborhood VP of I'P (the identity operator in J(HP)), BP € FPVP and
cPevP(EP)-L

For given neighborhood WP of I? in J(HP), take VP as (VP)2 c WP, and
take a as F,'F, C VP. Then CPBP e VPF'F, VP c (VP)3 c WP, that is,
CPBP ¢ WP, here WP runs any neighborhood of I?.

We get CPBP =[P,

But CP is an isometric operator having the range the full space H” and
therefore is a unitary operator on HP>.

Therefore we have

(1.8) vDeQ, BP=(CP)™.
Thus BP must be a unitary operator, and B = (BP)peq € U(Q). O
DEFINITION 1.3

(1) We say that a topological group G is T-type if

(T-1) G has an SSUR (separating condition), and

(T-2) G is b-complete.

(2) We say that a topological group G is strongly T-type if
(T-1) G has an SSUR (separating condition), and

(T-2') G is complete.

Since a complete group is b-complete, so a strongly T-type group is a T-type
group.

REMARK

The conditions (T-1), (T-2), and (T-2’) above are just the same as the conditions
(W-1), (W-2), and (W-2') defined in [8, Sections 7, 8], respectively.

In the succeeding sections, we shall discuss relations between groups of this type
and two types of weak Tannaka-type dualities.

We showed in [8, Lemma 7.1] that any locally compact groups and any closed-
type inductive limits of such groups are strongly T-type, therefore of T-type.
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2. Birepresentation and isobirepresentation of G

Now we discuss some elementary properties of isobirepresentations on G with an
SSUR. Since any birepresentation is also an isobirepresentation, these properties
are valid for it too.

The following arguments in Lemma 2.1 and its corollaries are just similar to
those of [7, Section 6]. The only difference is to change the letter U to J; we will
repeat it to confirm.

The condition (B-4) assures that for any isobirepresentation J = {J?},

(2.1) JP = (JDP).

LEMMA 2.1
For D°= D & D, the matriz element (JP° (u®),v &) is real valued.

Proof
(JP" (u 1), v &) = (JPu,v) + (JPu,0) = (JPu,v) + (JPu),) = (JPu,v) +
(JPu,v) € R. O

COROLLARY 2.1.1
Put D, =I1®D®D. Take vectors wy € H,w € HP such that 2'/2||wy || = 2||w|| =
1, and put v, =wo ®w S W. Then the matriz element

(2.2) (JPPvy,,v,) = (JP? (wo & w & W), wo Bw S W) > 0.
Proof
We have
(TP, 0,) = ((Twp) ® (JPw) & (JPW), wo © w )
= (wo, wo) + (JPw,w) + (JPw,w)
— Jwoll? + 2R(TPw, w)
=271 L 2R(JPw, w).

But [(JPw,w)| < ||w||? =272, So —271 < 2R(JPw,w) < 27!, whence
(JPraw,, wy) > 0. O
COROLLARY 2.1.2
As in the case of Corollary 2.1.1, for Dp=1® D @D,

(2.3) Vg € G, (TgD"JDPvp,vp>20 (vp=wo BwBW).
Proof

For any isobirepresentations J = {J”} and T, ={T,”},T,J ={TPJP} is also
an isobirepresentation. So we can apply the result of Corollary 2.1.1. (]
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Let D = {HP, Tf, vP} be a cyclic unitary representation of G. Denote by n”(g) =

<TgD vP vP) the positive definite function to which D belongs, and put

KP(g)= (TP JPvP vP).

LEMMA 2.2
Let J be an isobirepresentation. Then, for any D = {HP TP vP} (|[vP]|=1)
in €,

(2.4) sup’KD(gﬂ =1.
geG

Proof
Since ||[v”]| =1 and JD,TQD are isometric, |KP(g)| < 1.

Now consider the family § = {¢”(g) = (T u,w)} of matrix elements. Here
D runs over , and u, w are any unit vectors in H”. For two (P1(g),(P2(g),

(2.5) ¢Plg)=¢P(g),
(2.6) ¢Pr(g) +¢P2(g) = PP (g),
(2.7) ¢Prg) x ¢P2(g) = (PP (g).

Therefore § is a *-algebra contained in the *-algebra C®(G) of all bounded
continuous functions on G.

Define norm [|¢P || =sup,c [¢P(g)] on §. Consider the completion F of §
with respect to this norm. Then as a set of uniform limits of continuous functions
of §, ¢ becomes a C*-algebra of continuous functions on G.

Applying the Gelfand representation theorem, there exists a locally compact
space X, and § is isomorphic to the space C?(X) of all bounded continuous
functions on X under the correspondence §¢ > f — f~ € C®(X). A point x of
X is considered as a homomorphic map such that

(2.8) P*:C(X) — C,

(2.9) V() =p(a) (pec®(X)).
For any element g in G and f in §°,

(2.10) f— f(9)

gives a homomorphic map from §¢ to C. So there exits a unique element Tg4 in
X as

(2.11) flg) = F"(xg)-

The existence of an SSUR assures us that the map g+—— x4 is one-to-one.
So by this map, G is embedded into X. But C’(X) is given as the space of
{f~| f €T} and ¢ C C(G). From this we conclude that the image of G is
dense in X. That is, for any € X, § >0, and f~(x) € ¢, there exists gy € G
such that

(2.12) £~ (g0) — £~ (@)] <.
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For a given isobirepresentation J = {J”} pecq, consider the map
(2.13) (Plg) = (T, 0P ul) — (TP TP0P uP) = 05(¢P)(9)-

By analogous consideration as in (2.5)—(2.7), we get

03CP(g) = (TP JPvD uPy = (TP JPvP uP) = (TP JPvP, uP)
=03(¢P)(g),
03(CP)(9) +05(¢P2)(g) = (T TProPr uP) (T2 TP2 072, uP2)
< TD1JD1 D1y @TDZJDQ DQ) ( D; @UD2)>
= 05(¢PeP)(g),
03(CP1)(9) x 05(¢P2)(g) = (T TPt uPr) x (T2 TP20P2, uP2)
= < TD1JD1 Dy ®TD2JD2,UD2) ( D, ®UD2)>
= 05(¢P1#P2)(g).

Consider the case ¥ (Tg TvPi uPi) =0 as a function on G for some countable
set {D;} C Q and {vPi uPi € HPi} such that ;vPi %, %;]uli || < cc.
Put D= Z?Dj,v = E?va,u = E?qu; then
for any g,h € G, (va,TEu) =0,

that is, {T,°v| g€ G} L{TPu|heG}].
The condition (B-2) shows that the operator JP of isobirepresentation J =

{JP}peq keeps invariant subspaces; therefore [{T,°v|g € G}] L JPu. This con-
cludes

(2.14) 0=(T v, JPu) =S (T 0P, JPiuls).
Therefore the map (2.13) generates a *-algebra homomorphism
(2.15) [7(g) — 05(f7)(e) = [ (2y)

of the space §, and of ¢ to C; that is, it gives an element z; € X.
Put f~(g) = <TDUD JPvP), and apply (2.12). We obtain

’fN(gO) } _ | TD D JD D> <JD'UD,JD’UD>|
=|[(TRo", JPvP) =1 =1 - K(gy )| <.
This proves (2.4). O

(2.16)

In [7, Sections 7, 8], we give the following conditions to a topological group G:

(W-3) For any cyclic unitary representation

D={H" TP v"} (0" =1),

and any birepresentation U = {UP}p, there holds
sup|<TgDUDvD,vD>| =1,
geG
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(W-3") For any cyclic unitary representation

D={HP TP v"} (0" =1),

and any isobirepresentation J = {J”}p, there holds

sup’(TgDJDvD,vDM =1
geG
After the above argument, we obtain the following lemma.

LEMMA 2.3
If a topological group G has an SSUR, then (W-3') holds for G, and so does
(W-3).

We defined well-behaved group as a topological group which satisfies the con-
ditions (T-1), (T-2) ((W-1), (W-2) in [8]), and (W-3), and we defined strongly
well-behaved group as a topological group which satisfies the conditions (T-1),
(T-2") (W-1), (W-2') in [7]), and (W-3'). Therefore we ge the following.

COROLLARY 2.3.1
(1) A T-type group is a well-behaved group.
(2) A strongly T-type group is a strongly well-behaved group.

As in Section 2, for representations of type (D)), the set {(D,)}p gives an SSUR
of G, and also

(2.17) igg(l — KPr(g))=0.

We denote by €, the set of all cyclic representations D = (’HD7TgD,vD)
(|lvP]] = 1) satisfying
KEP(g) = (T, TPvP0P) >0 (9€Q).

As was shown, {24 contains cyclic representations of type (D,).
Introduce a subset of G,

(2.18) F(D,e)={g|1-K"(g7") <e}
for e > 0,D €, and consider the family of subsets
(2.19) 2={F(D.e)} peg, o0
LEMMA 2.4

Let G be a topological group with SSUR, and let J be an isobirepresentation of G.
Then Z gives a Cauchy filter base on G by the order of sets inclusion.

If a given J is a birepresentation U = {UP}p, that is, for any D, JP(=UP)
is a unitary operator, then Z is b-Cauchy.
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Proof
The arguments are almost the same as in [8, Sections 7, 8]. So we will trace the
argument there shortly.

Lemma 2.2 shows that for any D € Q4 and € >0, F(D,¢) is not empty:

(2.20) g1>e3 = F(D,e1) D F(D,e9).
And for D° = (D' ® D?), we obtain

(2.21) 1-KP (g7 >1- KD (g7Y), 1- K (g7Y).
Therefore

(2.22) F(D'e)N F(D?¢) D F(D%¢) # ¢.

This shows that Z is a filter base.
To show that Z is Cauchy, we showed in [8, (7.8)] that the condition 1 —
KP(g71) < ¢ leads to

(2.23) [UPvP — TPuP | < (26)1/2.

Using this relation we get for any g,h € F(D,¢),
(2.24) IT P — TPVP | = | TR P — vP|| < 2(2)'/2.

For an arbitrary given neighborhood V of e in G, if we take the above D in
Q. as

{gGG‘ |<TgDvD—vD,vD)| <5} cV,

then 4e < § leads to
(2.25) F(D,e)"'F(D,e) CV,

that is, Z is -Cauchy.

Next we consider the case where a given isobirepresentation J is a birepre-
sentation U ={UP}p.

We will show that the family of subsets

(2.26) z7'= {F(Dvg)il}DeQ%z»O

gives a Cauchy filter base. In the above arguments, we proved that Z = {F(D,¢)}
gives a filter base, so Z~1 = {F(D,e) "'} is also a filter base. Hence it is sufficient
to see that Z~! is Cauchy.

For an arbitrary given neighborhood Vj of e in G and § > 0, take D € Q0
and a normalized vector w in HP as

{gEG||<wa—w,w>|<5}CV0.

Since UP is unitary, we can take v” = (U”)"lw and ¢ > 0 as € < 4.
Consider KP(g) = (TPUPvP,vP) >0 (g € G), and consider F(D,¢) as
above.
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As in (2.23), the relation 1 — KP (g~ 1) < ¢ gives that for any g € F(D,¢),
D Dy—1, || _ D (77Dy—1

B N e AR

= |UPvP — TP < (2¢)/2.

Consequently we see that for any g,h € F(D,¢),
|1 Tg-1w — wl| = 12w — T
< || TP vw— (UP) || + [(UP) w — TP wl| < 2(20)V2.
By analogous arguments as after (2.24) or in the proof of [8, Section 7,
Lemma 7.4], this leads to hg~! € V;. Therefore
F(D,e)F(D,e)™ c 1%.
This shows that {F(D,e)~!} gives a Cauchy filter, and Z is b-Cauchy. O

3. Proof of a Tannaka-type weak duality theorem for T-type groups and
strongly T-type groups

PROPOSITION 3.1
(1) For a T-type group G, a weak Tannaka-type u-duality theorem is valid.
(2) For a strongly-T-type group G, a weak Tannaka-type i-duality theorem
is valid.

Proof
We fix an isobirepresentation J = {JP} and show that there exists a unique g in
G such that

(3.1) {JPy={T]}.

Lemma 2.4 shows that for T-type (also for strongly T-type) group G and J
as above, Z={F(D,¢)} peq, >0 gives a Cauchy filter base.

Especially in the case that J is a birepresentation, Z give a b-Cauchy filter
base.

Therefore if G is T-type and J is a birepresentation, or G is strongly-T-type
and J is an isobirepresentation, Z converges to a point in G.

In both cases we write this limit point as (g3)~!. Then,

(3:2) N FD.e) = {(s2)'}.
(D;e)

So 1= (T(g’J),lJDvD,UD>, and

(3.3) VDeQy, JPuP =T v,

For a general cyclic representation D, consider (D,) € 21 as in Section 1;
then we obtain from JPrv, = TgDJ” Up,

(3.4) Twy & JPw® JPT = Twy & Tw & TPw.
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So for any D in Q, we get JPw :Tg’gw.
This concludes the proof of the assertion. O

4. Converse of duality theorems for T-type or strongly T-type groups

PROPOSITION 4.1

For a Ty-topological group G, if a weak Tannaka-type u-duality theorem holds,
then G has an SSUR; that is, the condition (T-1) in Definition 1.3 is satisfied.

Proof

By Lemma 1.1, the inverse map of (1.5) must be continuous. A fundamental
system of neighborhoods V' of e in the image G; of G in U is given as the
collection of

(4.1) Vi= () {T, = (T )peq |l = T, vll* <5}
1<j<n
for a finite set {(Dj,vj,¢;)}, where D; € Q and v; € HPi (|lu;]| =1), €5 >0
(j=1,2,...,n).
Consider the representations Dy = E?Dj and vy = n*(l/z)E?vj, g =
Min; €;; then

(4.2) V1 2 VQ(EQ) = {Tg = (Tg[))Deﬂ ’ Hvo — TgDOU0||2 < 60}.

The evaluation
(4.3) v — T °wo|* = 2(1 = R((T,°vo, vo)))
' < 2|1 — (TPowg, vo)|

shows that, if we take § < 271eq, then

(4.4) Va(20) D Vs = {Ty= (T )pea | |1 — (T vo, v0)| <4}

Since the inverse map of (1.5) is continuous, for any neighborhood V of e
in G, there exist V, Vi, Va(ep), and Vs such that

This shows the separating condition (T-1) in Definition 1.3. O

As is shown in Proposition 0.3, u-duality follows from i-duality. Then we have
the following.

COROLLARY 4.1.1

For a topological group G, if the weak Tannaka-type i-duality theorem holds, then
the condition (T-1) is satisfied.

Now we discuss about the conditions (T-2) and (T-2').
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PROPOSITION 4.2
Let G be a Ty-topological group.

(1) For the weak Tannaka-type i-duality theorem to hold, G must be com-
plete; that is, the condition (T-2') should hold.

(2) For the weak Tannaka-type u-duality theorem to hold, G must be b-
complete; that is, the condition (T-2) should hold.

Proof
The map (1.6) is isomorphic. We consider the image G; in U(Q2) C J(2).

Lemma 1.3 asserts that a Cauchy filter base F; on G ; has a limit B = (B?)p
in J(2). And if F is a b-Cauchy filter base, then B is in U(Q).

Obviously any element of G satisfies the conditions (B-1)-(B-4) of birep-
resentation and isobirepresentation in Section 0. And these conditions are valid
for its limit point B = (BP)p of these elements too.

Consequently, we see that B is an isobirepresentation. If B is in U(Q), it is
a birepresentation too.

If the weak Tannaka-type i-duality theorem holds for G, then B € G ;. This
shows that any Cauchy filter base F on G ; converges to a point in G ;; that is,
G is complete. Equivalently G must be complete; that is, G is strongly T-type.

In the case where the weak Tannaka-type u-duality theorem holds for G, a
b-Cauchy filter base F must converge to a point B in U(Q2). That is, B turns to
be a birepresentation. So the assumption that the weak Tannaka-type u-duality
is valid for G induces the assertion that G is b-complete. Hence, in this case, G
is a T-type group. O

5. Case of locally compact groups and NOS-groups

We consider the case of locally compact groups. Here we quote the papers [3]-[5],
and [8].

In [3] and [4], we have shown that, for locally compact groups, the b-duality
theorem is valid. And in [5] and [8], it is shown that b-duality is false if the group
is not locally compact.

Altogether we showed

b-duality <= locally compact.

And it is remarkable that for locally compact groups to prove the weak
duality theorem we do not need the condition (B-4) in the definition of birepre-
sentations (cf. [3], [4]).

Next we consider the case where c-duality is false for a locally compact
group G.

In [4], we introduced so-called Katz—Takesaki operator Wy on the regular
representation R = (9, R,),$ = L*(G) of a given locally compact group G. W
is a unitary operator defined on the space $® $. And Wy gives an intertwining
operator from R @ R to PR (a multiple of R). Wi is written for any fixed
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CONS {®,}, in $ as
(Wor(f1 ® f2))(9) = {(Rgf2, Pa) [1(9) },, €ZH (L@ f2E€HDH)
(cf. [4]).

The group G satisfies the b-duality theorem, so G is identified as
(5.1) GrGr={U|Wx(UaU)=(IoU)Wx #0} CU®H).

To extend the discussion to the case of c-duality, we must extend G to the
space
(5.2) GE={C|Wx(C®C)=(IRC)Wn#0} CC(H).

Here C($) is the space of closed operators C on $) with a common domain
Dr satisfying (B-041)—(B-044) for the case

D; =Dy =1A.

An element C of Gg is called an admissible operator. It is a closed operator with
domain Dg and range in the same Dp satisfying

(5.3) W (C® C) = (I © C)Way.

We must show the following proposition which is an extension of [3, Lem-
ma 2.4].

PROPOSITION 5.1
For any cl-birepresentation C = {CP}peq, its component C™* on the regular
representation R is an admissible operator. For two cl-birepresentations C1 and

CQ: Zf
(5.4) or=cp,
then Cy = Ca, that is, the same CP = CP for any D in .

Proof

The proof is done similarly to the argument in [3]. It was shown that D ® R
is unitary equivalent to Zgaim pA with an intertwining operator Wp. So, for a
cl-birepresentation C = {CP},

(5.5) Wp(CP @ C™) = (I o C™Wp.

When D =R, this shows that the operator C* is an admissible operator.
For two C; = (CP)peq (i=1,2),

(5.6) Wp(CP @ C™) = (I C™YWp =Wp(CP o C™);
that is,
(5.7) CPu® C%v=CPuw C™v,

for any u in PP and v in D®. The nonzero assumption of cl-birepresentation
leads CPu = CPu for any u in DV, that is,
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(5.8) cp=cp
for any D in . O

After Proposition 5.1, to show c-duality, it is sufficient to show that for any
admissible operator C, there exists an element g in G such that C'= R,.

PROPOSITION 5.2
Let C1 and Cy be two admissible operators; then their product C1Cy is also an
admissible operator.

Proof
WR(C]CQ & 0102) = Wm(cl & C])(CQ ® 02) = (I ® C1)Wm(02 & Cg)
PROPOSITION 5.3
For an admissible operator C, its conjugate operator C is an admissible operator
too.
Proof
We have
59) Wn(CeC)=(CoC)Wx=(CoC)Wy'

=Wi'I®0)=Wx(IeC)= (I C)Wx. 0

COROLLARY 5.3.1
For an admissible operator C, the positive definite operator CC (i.e., Cp) is an
admissible operator too; that is,

(5.10) Wan(Cp@Cp)= (I ®Cp)Wx.

Proof

From Propositions 5.2 and 5.3, the result is direct. ]
COROLLARY 5.3.2

For an admissible operator C, the positive definite operator (Cp)t = (CCO)t (t €
R) is an admissible operator too.

Proof

For positive definite operators Cp, we can define uniquely t-power (Cp)*:
(5.11) (Cp)'® (Cp) = (Cp @ Cp)t = (Wg' (I® Cp)Wx)'
' = Wi (I © Cp) W = Wi (1® (Cp)') W

This shows that (Cp)! is an admissible operator. O
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PROPOSITION 5.4
Take the spectral decomposition

©r)' = [ xaE)

in Corollary 5.3.2, and consider the self-adjoint operator

L (=logChp) E/m(log)\) dE(N);
0
then
(5.12) Wr(LQI+I®L)=(I® L)Wg.
Proof

For v and u in Dpg, take derivatives with respect to ¢ of the both sides of (5.11)
in the strong sense, and put ¢t = 0 as shown below:

(/OO AAEO) ® /Oo At dE()\)) (u®v) = (Cp)' & (Cp) (u®@wv)

0 0
=Wy (I®(Cp)" ) Wx(u®v)

=W (I ® /Ooo At dE(/\))Wm(u ®v).

Then

(5.13) (d)dt)(Cp) oo = /0 " log(\) dE(\u = Lu,

(5.14) (d/dt)(Cp) (u®v)|i=0 = (Lu) @ v+ u® (Lv)
=LI+I®L)(u®v),

and combining these results, we get

(5.15) Wr(LRII+IRL)(u®v)=(IQL)Wx(u®wv). d

PROPOSITION 5.5
For a nonunitary admissible operator C, there exists a one-parameter subgroup
{(Cp)*™ (te R)} of admissible unitary operators.

Proof
Since the operator C is not unitary, the above Cp is not I, so L is not zero,
{(Cp)" =exp(itL) (t € R)} is a group of unitary operators, and

(Cp)* @ (Cp)™ = exp(itL) @ exp(itL)
=exp(it(L®I+1®L))
= Wy exp(it(I ® L)) W
=Wy (I®(Cp)™")Wa.

Therefore (Cp)™ is an admissible operator. O
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PROPOSITION 5.6
A locally compact NOS-group G satisfies c-duality.

Proof

If c-duality is not valid for G, there exists a nontrivial cl-birepresentation C =
(CP)peq of G, which is not a birepresentation. Let C™ be its component on the
regular representation fA.

By Proposition 5.1, C™ is nonzero. If C™ is unitary, the b-duality theorem
for locally compact groups asserts that C™* must be an element of Gr. So by
Proposition 5.1, C must be a birepresentation.

Consequently, C™ is nonzero and nonunitary.

Thus, using Proposition 5.5, we get a one-parameter subgroup of admissible
unitary operators. Again by the b-duality theorem, G must have a one-parameter
subgroup. This contradicts our assumption that G is an NOS-group. |

Next we consider the case where the c-duality theorem is valid for a topological
group G.

PROPOSITION 5.7
If G has a one-parameter subgroup, then the c-duality theorem is false for G.

Proof
Let K = {g:}+ be a one-parameter subgroup of G. Then {T£ }+ is a one-parameter
subgroup in U(HP) for any D in . Especially for the regular representation,
{Ry,}+ is a one-parameter subgroup in U(L*(G)).

For a C°°-function f with compact support on R, we define

(5.16) T.Dz/f(t)Tgfjdt.

Then, for any v” in HP, TvaD is a C*°-vector with respect to the parame-
ter t.

By Stone’s theorem, there exists a self-adjoint operator AP on the space HP,
and {TvaD |vP € HP | f € C°(R)} spans the domain of AP and

(5.17) T) =exp(iAPt) (VteR) = / eMAEP ().
Here
(5.18) AP ://\dED()\)

is the spectral decomposition of A.
Since T} satisfies (B-1)(B-3),

(5.19) exp(iAP1t) @ exp(iAP?t) = exp(iAP19P21).

For the case where Dy is a regular representation,
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(5.20) exp(iAP1t) @ exp(iA™t) = WD (I ®exp(iA™t))Wp,.

Here Wp, is the intertwining operator corresponding to the equivalence relation
of

(521) Dion ~Wp, Eflainl(Dl)m'
Moreover, when D is fR,
(5.22) exp(iA”'t) @ exp(iA”t) = Wy ' (I ® exp(iA™t)) Win.
In the cases (5.19) and (5.20), we differentiate with respect to ¢ both sides
and put ¢ = 0; then we obtain
APY @ Iy + Ip, @ A™ =W, (Ip @ A™)Wp,,
AT @ Iy + Iy @ AW = W' (I @ AT) Wi,

For the spectral decomposition (5.18) of AP and for any a,b € R, take the pro-
jection operator

b
PRy = / dEP(N).

The subspace DY = Uras) PopyHP is dense in HP and contained in the
domain of AP.
Put for any v € DY,

oo

(5.23) Cyv=exp(AP)v=">"(k!)

k=0
The right-hand side converges in the norm sense. C¥ is closable, and its closure

CP is a positive definite operator.
Moreover, for any v? € DP and v* € D,

(CP o ™) (vP @ ™)
= (CPvP ® C™™)

= (2017”0 (ka7

k=0
(5.24) =) (k)M AP @ I; + Ip @ A7) (0P @ 0™)
:=0

(Z YIp® A™) )WD(’UD@’Um)

k=0

o0

Wy (ID ® (Z(k!)*l(Am)’“»WD(vD ® v™)

k=0

W5 Ip @ CHYWp (P @ ™),
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(C* @ C™H T @vd)
= (C™]' @ T}
()M @ (SR AT 07 o)
k= k=0

= (0N AR T+ Tn © A7) (o @ o)
k=0

(=)

(5.25)

= W (IR ® (i(k!)’l(/lm)k»W%(U? ®vy')

k=0
=Wy (Ir @ CT)Wx (0] @ 13)).
This equality is valid on dense sets of domains of operators in both sides,
so taking the closure of operators, we get that C™ is a nonzero, nonunitary
admissible operator, and C = {CP} gives a cl-birepresentation not belonging

to GJ.
This shows that c-duality is false for G. |

6. Main theorem and examples

Summarizing the results in Sections 3—-5, we obtain the following.

MAIN THEOREM
Let G be a Ty-topological group.

(1) For G, the weak Tannaka-type u-duality theorem holds if and only if G
is a T-type group.

(2) For G, the weak Tannaka-type i-duality theorem holds if and only if G
is a strongly T-type group.

(3) For G, the weak Tannaka-type b-duality theorem holds if and only if G
is a locally compact group.

(4) For G, the weak Tannaka-type c-duality theorem holds if and only if G
is a locally compact NOS-group.

EXAMPLE 1

Let H be a Hilbert space of infinite dimension, and let G = U(H) be the group
of all unitary operators on H with the weak (resp., strong) topology of operator
space.

LEMMA 6.1
The group G =U(H) is a topological group and has an SSUR.
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Proof
G is a topological group by the strong topology, and this topology is equivalent
to the weak one. Consider the identical representation Do = {H, Ty},

(6.1) GoaU—Ty (=U)eU(H).

Evidently this representation is cyclic with cyclic vector v, which is any
normalized vector in H. We denote this cyclic representation as D, = {H, Ty, v}
and take the family Q¢ = {D,},. We show that this family gives an SSUR of G.

A fundamental system of neighborhoods of e (= 1) is given by the family of
sets

V={V(v,e)={UeG||Uv—v| <e}|veH,|v]|=1e>0}

For any D, in Qo, [[Uv — o[ = 2(1 = R({Uv,v)) and [1 = (Tyv,v)]* =1 -
R((Tuv,0) [+ [S(Tyv,0)[?, so

(6.2) |1 = (Tyv,v)| > |1 = R(Tyv,v)| = (1/2)|Uv — v||*.

As in Section 1, we put n(g) = (Tyv,v) and F(D,e) ={g€ G||1—n(g)| < d}.
This means that for § <27 1g?

(6.3) F(D,§) CV(v,e);
that is, Qg gives an SSUR for G. O
LEMMA 6.2

The group G=U(H) is b-complete but not complete.

Proof
Lemma 1.3(1) shows that any Cauchy filter base on G; converges to an element
in J(Q), and Lemma 1.3(2) shows that any b-Cauchy filter base converges to an
element in U(Q).

The map G=U(H) 2 U — U € U(H) gives a unitary representation of G.
As a component of G5, U(H) = G is b-complete.

In H, we take a countable infinite orthonormal system L = {v1,v2,...} and
the closed subspace H( spanned by L. We consider the unitary operator U,, which
is identity on (Ho)* and is defined on H as follows:

(6.4) (Z a]vj) =a,v1 + Z a;vjy1 + Z a;v;.

j=n+1

Then UM (32, ajvy) = X015 ajvj—1 +a1vm+372 1 ajv;. Therefore, for n <m,

~1U,) <Z ajfuj) Zajvj + Z Gj+1V5 + AUy + Z a;vj,
J Jj=1 =

(6.5) Jmm

1 n)(Z ajvj) — (Z ajvj> mz_: a1 — i+ (@ — Q) U,
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However,

H Z (@41 —a;)vj+ (an — am)va

j=n

m—1 m—1
S HZ aj+1vj+anvm’H + HZ ajvj+amvm"
I=n I=n

m—1 m—1 oo
) 1/2 1/2 1/2
< (Dl +lanf?) "+ (D Jai2+laml?) T <2(D lasf?)
This shows that {U,}, is a Cauchy sequence, and

Un<Zajvj> Zajvj+1_anv1+ Z —aj-1)v;
J

j=n-+1

converges to zero as n — 00. So {Up, }, strongly (equivalently, weakly) converges

P(Z ajvj) = Z ;U541
J J

which is valued in the subspace {v;}+ of H. So P is not unitary.
This concludes that G is not complete. O

to the operator

PROPOSITION 6.1
The group of unitary operators G = U(H) is a T-type group and not strongly
T-type; therefore it satisfies u-duality but not i-duality.

EXAMPLE 2
Let Go ={U,} be a group of unitary operators on some Hilbert space H. Intro-
duce the strong (resp., weak) topology on Gp; then Gy becomes a topological
group.

Take b-completion G of Gg in J(H). Lemma 1.3(2) shows that G C U(H).
Therefore G is a b-complete topological group.

A similar argument as for Lemma 6.1 leads to the fact that this G has an
SSUR.

Therefore G is a T-type group and satisfies the weak Tannaka-type u-duality.

EXAMPLE 3
We consider a sequence of topological groups as
(6.6) GOG1DGy D DGy D+, ﬂGn:{e}.

Here for each n, GG, is a closed normal subgroup of G and the factor group
G™ =@G/G,, is a locally compact topological group.
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We give the topology on G the projective limit topology of {G(™}, that is,
the weakest topology for which the canonical map

(6.7) on: G — GM

is continuous and open.
We call such a G a projective limit group of {G(™} and write

(6.8) G = Proj-lim{G™}.

Under such a situation, for any neighborhood V of e in G, there exists an n
and a neighborhood V,, of e in G such that

(‘Pn)il(vn) cV.

Any locally compact group has an SSUR, and any unitary representation
of G gives naturally a unitary representation of G through the canonical
map ¢n. So G has an SSUR too.

Any element g in G corresponds to a sequence {g(™ (€ G(™)},, such that

9™ =pn(9),

and, for any Cauchy filter base F = {F,} on G, F, = {¢n(Fa)} gives also a
Cauchy filter base on a locally compact group G(™ which is complete. So F
converges in G and G is complete.

Thus we get the following.

PROPOSITION 6.2
The limit group G = Proj-lim,{G"} is strongly-T-type; therefore it satisfics
i-duality.

EXAMPLE 4
In the papers [7] and [8], we have shown that inductive limit groups G =
lim,, .~ G, where each G,, is locally compact and G,, is embedded as a closed
subgroup into G,1 but not locally homeomorphic, satisfies the i-duality theo-
rem. In this situation, G is not locally compact.

So, this group gives an example which satisfies i-duality but not b-duality.

EXAMPLE 5
C. Chevalley gave a complexification of compact Lie groups in his book [1] using
Tannaka duality for compact groups.

His argument is as follows. He gives a lemma for compact Lie groups.

LEMMA 6.3
A compact group is a Lie group if and only if it has a faithful finite-dimensional
unstary representation D ={H,T,}.
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By this lemma, G is imbedded isomorphically into GL(d,C). We will write it
as Go. He considered the algebra § of functions generated by all matrix elements
§={{Tyu,v), (Tyu,v) (v,v € H)}. That is, the same as § is a *-algebra of func-
tions generated by matrix elements of unitary representations through tensor
products and direct sums of representations.

He considered the set (Gy)€ = Hom(J, C) and showed that (G)€ must be
an algebraic subgroup of GL(d, C) topologically isomorphic to G x RI™¢&,

We can extend any irreducible representation w of G to a representation
w={H*Ty} of (Go)C. But it may not be a unitary representation of (G)<.

Any unitary representation D of G is decomposable to a discrete direct sum
as D ~ ZS W, and according to this decomposition, we can consider D~ Z;e Wey-

~On the space HP = S P 94wa the operator (fﬁ)o =39 Tooe is cli)sable and

{(T2)0} goe(co)c gives a representation of (Go)©. Take the closure T2 of each
(fg%)o on HP; then TP = {ng}goe(Go)C is also a representation of (G)€.

Moreover, the relations of elements of the algebra § shows that these repre-
sentations of (Gg)€ satisfy (B-1)—(B-4) in Section 1.

Consequently, we see that Ty, = {fg% }peq gives a cl-birepresentation.

This complexification of a compact Lie group is an example of a group for
which b-duality is valid but c-duality is not valid.

EXAMPLE 6
A totally disconnected locally compact group gives an example for which c-
duality is valid, since it is a locally compact NOS-group.
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