On the doubly Feller property of resolvent
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Abstract Inthisarticle, we show the stability of the doubly Feller property of the resol-
vent for Markov processes, generalizing a work by Kai-Lai Chung on the stability of the
doubly Feller property of a semigroup with multiplicative functionals. The stability of
the doubly Feller property of the resolvent under time change is also presented.

. Introduction

Let (E,d) be a locally compact separable metric space, Fy:= F U {0} its one-
point compactification, B(FE) its Borel o-field on E, and B(FEjy) its Borel o-field
on Ey. It is well known that B(Ey) = B(E)U{BU{0} | B € B(E)}. Any function
f defined on F is extended to Ejy by setting f(9) = 0. Denote by B(E) (resp., by
Cy(E)) the family of bounded Borel functions on F (resp., the family of bounded
continuous functions on F), and denote by Cy(F) (resp., by Coo(E)) the family of
continuous functions on E with compact support (resp., the family of continuous
functions on E vanishing at infinity).

We consider a Hunt process X = (Q, F, Foo, X1, (, Py )uep, defined on Ey
and denote by (P;)¢>o (resp., (Ra)a>0) its transition semigroup (resp., its resol-
vent kernel), that is, P, f(x) = = [, f( P, (dw) (resp., Ry f(z) =
JoS e P f(z)dt) for f € Bb(Ea) Here ¢:= mf{t > O | X; = 0} is the lifetime
of X and 0 is a cemetery point of X, that is, X; =9 for all t > ¢ under P, for
x € E. The transition semigroup (P;);>¢ of X is said to have the Feller property
if the following two conditions are satisfied.

(i) For each t >0 and f € C(E), we have P, f € Co(E).
(ii) For each f € Coo(E) and x € E, we have lim;_,o P, f(z) = f(z).

The resolvent (Rq)a>0 of X is said to have the Feller property if the following
two conditions are satisfied.

(i)’ For each >0 and f € C(E), we have R, f € Coo(E).
(ii)" For each f € Cx(E) and z € E, we have lim,_, oo @Ro f(2) = f(x).

It is known that (i) and (ii) together imply the following.
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(iii) For each f € Coo(E), we have lim;_,q [|Prf — f]loo = 0.

Since

Rpf = / e PP, fdt
0
and

P = Jim e S CEEER S S CxlD)

hold in (Coo (E), || - ||eo), the condition (i) is equivalent to (i)’. It is easy to see
that (ii) implies (ii)’. Conversely, the conditions (i)’ and (ii)’ imply (ii). Indeed,
it is known that these conditions together imply the following.

(iii)’ For each f € Coo(E), we have lims_,o0 [ BR5f — flloo = 0.
From (iii)’, we have
|Pif(x) = f(2)| < |Pif(x) = BRg P f(x)| + |BRs P f (x) — f(x))|
<2|BRsf = fllso

00 t
+ﬁ‘(eﬂt - 1)/ e PP, f(x)ds — / e*’BSPSf(x)ds‘.
t 0

Hence, lim;_o |Pif(z) — f(x)] < 2||BRsf — flloo — 0 as B — oo. Consequently,
the Feller property of (P;):>o is equivalent to the Feller property of (Rq)a>o0-
So we can say that X has the Feller property if (i) and (ii) or (i)’ and (i)
hold.

The semigroup (P;);>0 is said to have the strong Feller property if

(iv) for each f € By(E) and t >0, we have P,f € Cp(E).
The resolvent (Rq)as0 is said to have the strong Feller property if
(iv)" for each f € Byp(E) and o> 0, we have R, f € Cp(E).

When E is compact, 0 is an isolated point of Ey; hence, any function f on Fy with
f(9) =0, which is continuous on E, belongs to Cx(F). In this case, the strong
Feller property of the semigroup (resp., the resolvent) implies (i) (resp., (i)’).

REMARK 1.1

It is well known that the strong Feller property of (P;);>o implies the strong Feller
property of (Rq)a>0, but the converse assertion is not true. Indeed, the following
semigroups are not strong Feller, but their resolvents enjoy strong Feller.

(1) The shift semigroup (P;);>o on R defined by P, f(x) := f(z +tf), z € R,
¢ € R\ {0}, does not enjoy the strong Feller property, but the resolvent enjoys the

strong Feller property in view of R, f(z) = ¢ [° e~ f(y)dy (resp., Ry f(z) =

x

e [T e”F f(y) dy) for f € By(R) and £>0 (vesp., £<0).

—4 J—0o0
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(2) The semigroup (P;);>o of space-time Brownian motion (By,t) under
P, = PV 2P for (x,7) € R? defined by

Pif(z,7) =B [f(Be.t)] =BV @ EP [f(B,1)], f € By(R?),

does not enjoy the strong Feller property, but the resolvent enjoys the strong
Feller property. Here chl) is the law for 1-dimensional Brownian motion starting
from z and P(TQ) is the law for uniform motion to the right starting from 7 with
speed 1, that is, E{? [g(t)] = g(7 +t). More generally, the product semigroup of
a strong Feller semigroup and the semigroup of uniform motion to the right is
not a strong Feller semigroup, but its resolvent enjoys the strong Feller property.

Indeed, for z, =z, 7, = 7, f € By(R?), we see that

’Raf<xn;7—n) - Rozf(va)’

<l = e [ B0 [ FI(Bar, )] ds

/ e ““Ez, .0 [f(Bs_m, s)] ds —/

T

oo

+ 7 e “Ez,0) [f(Bs_T, s)] ds‘

<|e®™ = e[| flloo/x

+eoT / T e 1y (9P, (700 ) () — Ly ()P (£ 5)) ()] ds

Here we use that the strong Feller property of the semigroup (Pt(l))tzo of 1-
dimensional Brownian motion implies the continuity of ]0,00[ xR > (¢,z) —
Pt(l)g(x) for any g € Bp(R). On the other hand, P, f(z,7) = Pt(l)fl(l')fQ(T + )
for f = f1® fa, fi € By(R) (i =1,2), does not enjoy P.f € Cy(R?) for fo ¢ Cp(R).

Under (iv)’, we see that R11 € Coo(E) implies (i)’. Moreover, under (iv), R11 €
Coo(E) implies (i) (see [1, Proposition 1]). The semigroup (P;)¢>0 or X is said
to have the doubly Feller property if it enjoys both the Feller property and the
strong Feller property. The Hunt process X is said to have the doubly resolvent
Feller property if its resolvent enjoys both the Feller property and the strong
Feller property. X is said to be a Feller process (resp., strong Feller process,
doubly Feller process) if it enjoys the Feller property (resp., strong Feller property,
doubly Feller property). X is said to be a resolvent strong Feller process (resp.,
doubly resolvent Feller process) if it enjoys the resolvent strong Feller property
(resp., doubly resolvent Feller property).

In [4], the stability of the doubly Feller property of a semigroup (of a part
process) with multiplicative functionals was proved. In [2], another criterion for
the stability was presented, and its stability was discussed under Feynman—Kac
and Girsanov transformations. In this article, we show that the same conditions
as in [4] also remain valid for the stability of the doubly Feller property of the
resolvent of a part process (see Section 3), and with multiplicative functionals
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(see Sections 4, 5). The same conditions as in [2] also remain valid for the stability
of the doubly Feller property of the resolvent of a part process with multiplicative
functionals (see Section 6). Moreover, we prove that the stability of the (doubly)
Feller property of the resolvent under time change holds in the framework of
symmetric Markov processes (see Section 7).

We close this section with the following convention: for a,b € R, a VvV b:=
max{a,b} and a A b:=min{a,b}.

2. Preliminary lemmas

For each B € B(E), denote by o the hitting time to B, op :=inf{t > 0| X, € B},
and denote by 7p the first exit time from B, 7p:=inf{t > 0| X, ¢ B}. Note
that 75 = og\p A ¢. It is known that, for each ¢t >0, {op <t} € F}, and the
function = — P, (op < t) is universally measurable and is denoted by B*(FE).
The following lemma is a counterpart of [4, Lemma 1] and its proof is similar to
that of [4, Lemma 1].

LEMMA 2.1 (CF. [4, LEMMA 1])

If X has the resolvent strong Feller property, then for each f € Bf(E) and o> 0,
we have Ry f € Cy(E).

The following result is proved in [4, Lemma 2] (see [5] or see [3, p. 73, Exercise 2]).
Though the treatment of the first exit time 7p in [4] is slightly different from
ours, its proof remains valid.

LEMMA 2.2 (SEE [4, LEMMA 2])

Let X be a Feller process. For each nonempty open subset B of E and its compact
subset K of B, we have

lim sup P, (75 <t) =0; in particular, lim sup P, (¢ <t)=0.
t—0 pe )¢ t=0,cK

Proof

Since 7 = o\ p A ¢ and limy o sup, ¢ Py (O’E\B <t) =0 holds for any compact
subset K of B by [5, (2.5) Lemmal, it suffices to prove only the latter assertion.
By the Feller property of (P;)o, for each f € Co(F) and e > 0, there exists
to > 0 such that

(2.1) sup [|Pf — fllo <e.
t<to

Choose f € Cy(E) with 0< f<1on E and f=1on K. Since P.f <1, (2.1)
yields

(2.2) inf inf P f(z)>1—e.

t<toz€K

By (2.2), we have 1 —e < E,[f(X4,) : to < (] < Py(to < (); hence, sup, ¢ P, ({ <
t0)<€. |
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The following lemma is a counterpart of [4, Lemma 3].

LEMMA 2.3 (CF. [4, LEMMA 3])
Suppose that X enjoys the strong Feller property of the resolvent. Then for each
BeB(Ey) and a >0, z— E, [fOGB e~ t dt] is upper semicontinuous on E.

Proof
It follows that

oB
oE, [/ eat dt}
0

_ {1 — a1 limpro BR 100 () if0¢ B,
1 +allimgre BRp+a (0% (0) — ¢%)(2) — agR(9) if 0€ B,

where ¢ (z) :=E,| f;; et dt] is a bounded universally measurable function on
Ey. Note that 0 ¢ B (resp., 0 € B) implies ¢%(0) = 0 (resp., ¢%(0) =
Es[[, e dt]=1). If 9 € B, then ¢%(9) — ¢% is a bounded nonnegative uni-
versally measurable function on E vanishing at infinity. Then we can obtain the

assertion by Lemma 2.1. (|
The following theorem seems to be unknown.

THEOREM 2.1

Let X be a Hunt process that has the doubly resolvent Feller property. Then
for each nonempty open subset B of E and a >0, z+— E;le”*"5] and x
E, e ®75\5] belong to Cy(B), and z+ E,[e™*¢] belongs to Cy(E).

Proof
It suffices to prove ¢ :=E.[e"*"8] € C},(B). The proofs for the other cases are
similar. First we prove that for each compact subset K of E

(2.3) lim sup % (z) = 0.

B—o0 ge K

Indeed, by Lemma 2.2 and
¢g(a:) =E,[e ??|=E, [/ Be= Pt dt} = ﬂ/ e PP, (1 < t)dL,
TB 0

we have (2.3). From (2.3) and

oo

B
PRt (@) = 0B, | / eMe ™ gt + nE, | / ]
0 B

= ¢%($) - %+n($) +nE,; |:/ efntefa(tJrTBOGt) dt:| ,

B



642 Kurniawaty, Kuwae, and Tsuchida

we have
oo
sup W%(m) — anJraw%(x)’ < sup w%Jr”(a:) + sup nE, [/ e MemalttTBo0) gy
rzeK reK zeK B
< sup T (x) + sup YR(z) =0 asn— oco.
reK rzeK
Therefore, we obtain the assertion by Lemma 2.1. O

3. Resolvent strong Feller property of the part of processes

Let B be an open subset of E with B # E, and let By := BU{9}. Define

XtB;: Xt ift<TB,
8 iftZTB.

The process XZ = (Q, XP,P,) is called “the process X killed outside B” or “the
part of X on B.” Its state space is By, and its transition semigroup (PtB)tZO is
given by
(3.1) PP(z,A):=P, (X, € A,t<7p) ifze€Band AcB(E),

' PP(z,{0}):=1— PP(x,E) if x e B,PP(,{0}):=1.
If X is a Hunt process, it can be verified that X? is also a Hunt process. We

denote by B(B), B;(B), Cp(B) the indicated classes of functions restricted to B.
The following theorem is the main result of this section.

THEOREM 3.1 (CF. [4, THEOREM 1])
Suppose that the Hunt process X has the doubly resolvent Feller property. Let B
be a nonempty proper open subset of E. Then XB has the resolvent strong Feller

property.

Proof
It suffices to prove that, for f € B (B), ¢%(z) == aEgg[ff;D e~ f(X;)dt] belongs
to Cyp(B). The proofs for other cases are similar. From (2.3) and

B o0
nRy1 600G (x) = naE, [/ e_”t/ e" (X)) du dt}
0 B

+nakE, [/oo e—"t/oo e—a"f(Xu)dudt]

B t+71pob:

= 3@ —aB, [ [ emrx,) aul

B

+naE, [/ e*"t/ e f(Xy)du dt],
B t+71B00:

we have for each compact set K of B
sup ’q[)%(x) — an+a</>%(x)| < 2| flloo sup ¥ (z) =0 as n— oco.
zeK rzeK

Therefore, we obtain the assertion by Theorem 2.1. |
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4. Doubly resolvent Feller property of the part of processes

Let 0*B be the boundary of B in Ejy. Note that 0*B = 9B U {0} holds; in partic-
ular, 9B = 9*BN E, where OB := B\ B is the usual boundary of B in E. When
f is defined only on B, we extend it to Fy by setting it to be zero outside B.
We set Coo(B) :={f € C(B) | limy_,c9+5 f(x) =0}. The open set B is said to
be regular if, for each z € 9*BN E, we have P_(0p\p =0) = 1.

The third main result of this article is the following.

THEOREM 4.1 (CF. [4, THEOREM 1])
Suppose that the Hunt process X has the doubly resolvent Feller property. Let B
be a nonempty proper regular open subset of E. Then XP also has the doubly

resolvent Feller property. If further B is relatively compact, then for each o >0
and f € By(B), we have RE f € O (B).

Proof
Define R% f(x) :=E, [, ” e~ f(X,) dt] for f € By(B). It suffices to prove RZ f €
Coo(B) for f € Coo(B) and aRZ f(z) — f(z) asa — oo for f € O (B) and z € B.
Since 0*B may contain 0, let us first consider this case. We then have, as x € B,
x— 0,

RZ|f|(z) < Ral fl(z) =0,
since f € Cx(B) can be regarded as a function in C(E). On the other hand, if
xr— 2z €0*BNFE, then we have by Lemma 2.3 and the regularity assumption

B B
(41)  Tm RP1(z)=TmE, [/0 e‘atdt} <E, {/0 e—atdt} —0,

rT—z Tr—z

and consequently, as x € B, © — z, |RE f(2)| < || f||Ex[[; * €' dt] — 0. Thus,
we have RZ f € C,(B) by Theorem 3.1. Since P, (75 > 0) =1 for x € B, we have
that for z € B

aRuf(@) ~ aREf(@)] < aB. [ | el x| a

<E;[e ]| flloc >0 as a— cc.

The Feller property of X implies lim,—, oo @Ry f(2) = f(2); hence,
lim aRZ f(x) = f(z).
a—r 00

Finally, R21 € C(B) under the relative compactness of B is already shown
n (4.1). In this case, 0 ¢ 0*B = 0B. From RZ1 € O, (B) and Theorem 3.1, we
obtain REf € C.(B) for f € By(B) under the relative compactness of B. O

Let (£,F) be a regular symmetric Dirichlet form on L?(E;m), where m is a
positive Radon measure with full topological support. Let B be an open subset
of E. The part space (€p,Fp), defined by Fp:={ue F|u=0q.e.on E\ B}
and Ep(u,v) := E(u,v) for u,v € Fp, is a regular Dirichlet form on L?(B;m).
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COROLLARY 4.1

Suppose that X is an m-symmetric Hunt process associated to a reqular Dirichlet
form (€,F) on L*(E;m) and that it has the doubly resolvent Feller property.
Let B be a nonempty reqular open proper subset of E, which is connected and
relatively compact. Then, the embedding Fg in L*>(B;m) is compact; equivalently,
the semigroup (TB)i>o associated to (Ep,Fp) on L*(B;m) is a compact operator
on L*(B;m).

For the proof of Corollary 4.1, we need the following lemma.

LEMMA 4.1

Suppose that X is an m-symmetric Hunt process associated to a reqular Dirichlet
form (£,F) on L?>(E;m), and suppose it has the resolvent strong Feller property.
Here m is a positive Radon measure with full topological support. Assume E is
connected. Then X is m-irreducible, that is, any invariant set B satisfies m(B) =
0 orm(E\ B)=0.

Proof

Suppose that B is invariant in the sense that R,1gu = 1gR,u m-a.e. for u €
L?(E;m) and o > 0. By taking a bounded strictly positive u € L?(E;m), 15 has
a bounded continuous m-version f. Since m has full topological support, we get
f?=f. Then the set O :={x € E| f(x) =1} is an open and closed set which is
an m-version of B. Owing to the connectedness of E, we see O =0 or O = E,
implying m(B) =0 or m(E \ B) =0. O

Proof of Corollary 4.1

Let B be a regular open proper subset of E which is connected and relatively com-
pact. By Theorem 4.1, the m-symmetric Hunt process X associated to (€p, F5)
on L?(B;m) is a doubly resolvent Feller process satisfying RZ1 € C(B). By
Lemma 4.1, X? is m-irreducible. Thus, XZ belongs to the class (T) in [12]. Here
a symmetric Markov process X is said to be in class (T) if it is an m-irreducible
resolvent strong Feller process and satisfies R,1 € Coo (F). Applying [12, Theo-
rem 4.4 and Corollary 4.1], we obtain the conclusion. O

5. Doubly resolvent Feller property with multiplicative functionals, |

Let (Z;)1>0 be a multiplicative functional associated with X. Namely, for each
r€FE Pyas., Zp=1,0<7Z; <00, Zy € F; for t >0, and

(5.1) Ziys=2Zs-(Zyobs), forall t,s>0.
We now impose a set of special conditions on (Z;);>¢ as follows.
(a) For some t >0, a; :=Sup, ¢ SUP,co, Ex[Z;] < o0

It follows from this, condition (5.1), and the Markov property that (a;)¢>o is
submultiplicative, that is, a;4s < a; - as for t,s € [0, 00[. Indeed, since (a;);>0 is



On doubly Feller property of resolvent 645

increasing and a; > E.[Zp] =1 for any t > 0,

arys =sup sup Eg[Z,]=sup sup E.[Z,]Vsup sup E.[Z,]
r€FE uel0,t+s] z€EFE uel0,s] TEE u€ls,t+s]

=a,Vsup sup E,[Ex, [Z,)Z] <asV(as-a) < as-a.
z€E uel0,t]
Hence, by induction, (a) is in fact true for all (finite) ¢ > 0. The submultiplicativ-

/

ity of (at¢)¢>0 implies that t — log a% " is decreasing and a; < a%t” for any t > tg

with any given ty > 0. Hence, for a > ag := infse]o,oo[logai/s >0 and taking

to >0 with o > log aio/to, we see that

[e%s} to [e%s}
/ e a, dt < / e, dt —|—/ e_ataiétg dt < o0.
0 0 to

(b) For each ¢ > 0, there exists a number p = p(¢t) > 1 such that
sup,cp Ex[Z}] < 0.
(¢)™ For each compact subset K of E, we have

}E%E&I;Ew [|Zt — 1\] =0.
(c)® limyosup,ep Ez[|Z; —1]) =0.

REMARK 5.1

(1) The condition (c)® is stronger than (c)™.

(2) The condition (c)® implies (a). Indeed, under (c)®, for any given € >
0, there exists § > 0 such that sup,¢jg 518upzep Ez[|Z: — 1]] < e. Then we have
SUPye(0,5) SUPze g Ex[|Zt]] <& + 1 < oo, which shows (a).

Now we proceed to extend the results in the previous section to a process with
multiplicative functionals. We begin by defining (Q):>0 as follows: for f € By(E),

By means of (5.1), we can verify that (Q¢);>0 forms a semigroup, not necessarily
sub-Markovian. But we have, for each ¢ > 0,

1Q¢flloc < (sup B [Ze]) || flloc < acllfllo
z€EE

by (a), so that each Q; maps B, (F) into By(E). For a > o := infse]o,w[loga;/s

and f € By(F), we set

Suf(x):=E, [/OOO e‘“tth(Xt)dt]

and call (Sa)a>a, the resolvent of the transformed process from X by the mul-
tiplicative functional (Z;);>o.

THEOREM 5.1 (CF. [4, THEOREM 2])

Suppose that X has the resolvent strong Feller property and that conditions (a)
and (c)* hold. Then, for f € By(E) and o> g, Sof € Cp(E).
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Proof
Fix a compact set K, and take x € K. Since

‘Saf(x) - BRﬂJraSaf(x”
< |Saf (@) = BSpraSaf(®)| + |BSstaSaf () — BRe1aSaf (2)|

<[o [ (Suf@) - Bufe 280 FX.)])
BB [ 01z, 118,11, d]

< 5/00 e 5|8, f(z) —E, [/oo e—atztf(Xt)dt} ( ds

+B/ e BR[| Z, — 1] ds - | Saf oo
<5/ e PE, / *atZt|f|(Xt)dt} ds

+ B/ e~ TS qup E, [|Z, — 1] ds(/ e ay dt) [1f1lo0
0 zeK 0

<o [ e ([ ettad)as- il

+B/ supE (12, — 1] ds(/ooo e, dt)|\f||oo,

we have that under (c)* and [~ e™*"a; dt < oo for a> ay

su}13|5af(m) — BRg1aSaf(z)] =0 as B— oo.
S
This implies the assertion. (|

COROLLARY 5.1 (CF.[2, COROLLARY 1.2])

Suppose that X has the resolvent strong Feller property and that condition (c¢)*
holds. Then, for f € By(E) and a > ag, Sof € Cp(E).

THEOREM 5.2 (CF. [4, THEOREM 2])

Suppose that X has the doubly resolvent Feller property, and suppose conditions
(a), (b), and (c)* hold. Then, for f € Coo(E) and o> ag, Sof € C(E) and
limy 00 So f(x) = f(x) for f € Cx(E) and z € E.

Proof

Under the Feller property of X, we can show that lim, .o Q:f(z) =0, for f €
C(FE) and t > 0, holds under (b) and that lim;_,0 Q¢ f (z) = f(z), for f € Co(E),
holds under (c)™. Since Q¢|f|(z) < at|| f|loo for z € Ey and f € Co(F) and since
e~ %a, is integrable on [0, oo[ for a > g, we can apply the dominated convergence
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theorem so that
o0 o0
lim S,|f|(x) = lim / e~ Qq| f|(z) dt =/ e~ lim Qq|f|(x) dt = 0.
x—0 z—0 0 0 z—0

Then we conclude that S, f € C(FE) for a > a9 by Theorem 5.1. Next we show
the latter assertion. For ¢ > 0, there is § > 0 such that |Q.f(z) — f(z)| < ¢ for

any t € [0,0]. Then, for a > log aé/d we have

s
050 (@)~ f@)] = a [ e"|Quf @) = s (o)
+oz/6 67Qt|Qtf(:E) ff(x)’dt
<£+a/;oe_o‘t(at+1)dt- 1f oo

< e+a/ e (ag® +1)dt - ||f]l
5

ef(aflogai/s)ﬁ e—ad
=c+af o+ ) Iflle.
a—logag «a
Thus, we obtain limg o |Sa f(z) — f(z)| <e. O

COROLLARY 5.2

Suppose that X has the doubly resolvent Feller property, and suppose condi-
tions (b) and (c)® hold. Then, for f € Co(E) and o> o, Sof € Coo(E) and
limy o0 aSo f(z) = f(x) for f € Cx(E) and z € E.

Combining Theorems 4.1 and 5.2, we obtain the following result.

THEOREM 5.3 (CF. [4, THEOREM 3])

Let X be a doubly resolvent Feller process, let B be as in Theorem 4.1, and let
(Zt)t>0 be as in Theorem 5.2. Define for x € E, a> o, and f € Byp(B)

SBf(z):=E, [/0 e"‘tth(Xt)dt]

Then we have SBf € Cy(B) for f € By(B), and we have SBf € Coo(B) and
limy 00 SZ f(z) = f(x) for f € Cx(B) and x € B. Moreover, if B is relatively
compact, then SB f € Coo(B) for a> ag, f € By(B).

6. Doubly resolvent Feller property with multiplicative functionals, I

Let (Z;)1>0 be as in the previous section. In this section, we will give another
criterion on the doubly resolvent Feller property. Throughout this section, we fix
a nonempty open set B. The following conditions are dependent on B.

(a)p For some ¢t >0, aP :=sup,cp SUP o, Bx[Zs 1 s < 78] < oo0.
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(a)}; There exists p > 1 such that

aB(p):=sup sup E,[ZF:s<7p]<oo for some t > 0.
z€B s€(0,t]
As shown in the previous section, we can deduce that t — af is submultiplica-
tive under (a) 5. This implies that ¢ — log(af)/* is decreasing, af < (aP)!/* for
all t >ty with given tg > 0, and for any a > of := infse]o,m[log(af)l/s >0,
JoS e *aP dt < co. Under (a)}, we have a similar statement including o >
ab(p) = infse]om[log(af(p))l/s >0, fooo e~ *aB(p)dt < cc.

(b)% For each ¢t > 0 and any compact subset K of B, there exists a number
p=p(K,t) > 1 such that sup ¢ x E;[Z}] < 0.

(b)% For each ¢ > 0, there exists a number p = p(t) > 1 such that
sup,ep Ex[Z}] < 0.

(¢)' For any relatively compact open subset D of B, we have

}gl%iggExHZt —1|:t<7p]=0.
()5 limiosup,ep EL[|Z: — 1] :t < 7] =0.

REMARK 6.1

(1) The condition (b)% (resp., (¢)%) is stronger than (b)% (resp., (¢)%).

(2) The condition (c)% implies the condition (a)p. Indeed, under (c)%, for
any given € > 0, there exists § > 0 such that sup,co 5 5upsep Exl|Zs — 1] 1t <
7p] < &. Then we have sup,¢(g 5 SUPe g Ex[|Z¢] : t < 7] < e+1 < oo, which shows

(a)B.

THEOREM 6.1 (CF. [2, THEOREM 1.4])

Let X be a doubly resolvent Feller process, and let B be an open subset of E.
Under (a)p, (b)%, and ()%, for any a > of :zinfse]O’oo[log(asB)l/s >0,58f¢
Co(B) for | € By(B).

REMARK 6.2

In [2, Theorem 1.4], condition (a)p is missing from the strong Feller property of
(QP)i>0, and it should be added.

Proof of Theorem 6.1

Let D be a relatively compact open subset of B. The resolvent strong Feller
property of the part process X holds under the doubly resolvent Feller property
of X by Theorem 3.1. By applying Corollary 5.1 and (c)% to X, the resolvent
(S2)asap defined by SPf(x) := E.[f,” e ' Z,f(Xy)dt], f € By(D), has the
strong Feller property. Take g € By(B). Let {D,,} be an increasing sequence of
relatively compact open sets converging to B. Then the quasileft continuity of X
yields P, (lim,, o 7p, = 75) =1 for any x € B. Take a compact subset K of B.
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Then there exists an ng € N so that K C D,, for all n > ng and

o0
sup| S, g(x) — 85" g(z)| < ”g”oo/ e sup B, [Z 1 7p, <t <7p]dt.
zeK 0 zeK
Since sup,cx Ez[Zy : 7p, <t <7p] <af and [;° e *af dt < oo for o> of, it
suffices to show that, for each ¢t >0, lim,, oo SUp,c g Ez[Z: : Tp, <t < 7] =0.
By (b)% and
supE,[Z;:7p, <t <7p] < sup Ex[Zf]% -sup P (7p, <t< TB)%,
zeK zeK reK
we can obtain SZg € Cy(B) for a > aof, because lim,, oo sup,c x Po(mp, <t <
75) =0 is proved in [2, Theorem 1.4]. O

A positive additive functional (PAF) B, in the classical sense is said to be in the
Kato class of X if lim;_,gsup,cp E5[B:] =0. A PAF B, in the classical sense is
said to be in the local Kato class if, for any relatively compact open subset G of
E, (1g* B);:= fot 1¢(X,) dBs is of Kato class (see [2, Section 2] for the PAF of
(local) Kato class).

COROLLARY 6.1 (CF. [2, THEOREM 2.5])

Let X be a doubly resolvent Feller process. Let By be a PAF of local Kato class.
Then the subprocess killed by e~ Bt enjoys the doubly Feller property of the resol-
vent.

Proof

First we prove the strong Feller property of the resolvent of the subprocess. By
definition, 14 * B is of Kato class for any relatively compact open subset G of E.
Set Z; := e~ B¢, Then Z, satisfies the conditions (a)g with aff =0, (b)%,, and (c)%
for such G. Hence, S¢¢ € Cy,(G) for ¢ € By(E) and a > 0 by Theorem 6.1. Letting
G 1 E, we see the lower semicontinuity of x — S, ¢(x) for nonnegative ¢ € By (E).
On the other hand, we know the continuity of z +— Eg[f;~ e~ (axBip(X,) dt]
for nonnegative ¢ € By(F) from Corollary 5.1, because (1 * B); is of Kato
class. Letting G 1 E, we see the upper semicontinuity of S, for nonnegative
» € Byp(E). Therefore, we obtain the continuity of S, for nonnegative ¢ € By(E)
and, hence, for general ¢ € By(FE). The Feller property of the subprocess easily
follows from 0 < S, < Ry for nonnegative . ]

THEOREM 6.2 (CF. [2, THEOREM 1.4])

Let X be a doubly resolvent Feller process, and let B be an open subset of E.
Suppose that B is regular. Under (a)p, (b)%, and (c)y, for any a > of =
infselo)oo[log(aSB)l/S >0, we have SEf € C.o(B) and lim,_,o, @SB f(x) = f(x)
for f € Cxo(B) and x € B. Suppose further that B is relatively compact, and
assume (a)y or that there exists an open set C with B C C such that (c)&, holds.
Then SB f € Coo(B) for f € By(B).
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Proof

By Theorem 6.1, we already know that SZ f € Cy(B) for f € Cx(B) and a > of.
Recall the boundary 9*B of B in Ejy. Since X? is also a Feller process on B by
Theorem 4.1, we then have that by (b)%

QLI f|(x )<supE (2Pt <77 (PP|f|77 (a ))pT?—w as B>z — 2 € 0*B.

Moreover, |Qt f@)] < |Ifllal and [Te *afdt < oo imply SFf(z) =
JoSe QP f(x)dt — 0 as B>z — z € 9*B. Next, we prove limg o aSE f(z) =
f(z) for f € Co(B) and x € B. Owing to (c)%, for any € > 0, there is § > 0 such
that sup,c(g 5 SUPzep Ex[|Z: — 1 1t < 75] <e. Then

|08 f(z) — aRP f(2)] < ||l / T, [|Z, — 1]t < 75]
0

< ellflloe + 11 locr / e (sup By[Zy £ < 5] + 1) dt
) rEB

<[l + 1l [ € (@) 4 1)t
5

In the same way as in the proof of Theorem 5.2, we have lim, o [@SZ f(x) —
aRP f(x)| < €| f|loo- Therefore, we obtain the conclusion by Theorem 4.1. Finally
we suppose the relative compactness of B. If (c)¢ holds for an open set C' D
B, then S{¢ € Cy(C) for any ¢ € By(C) and a > af by Corollary 5.1. Then
SB1(z) = ST1(x)— 1 limp00 BSE, 50% ¢ (x) yields the upper semicontinuity of
C 3z SP1(x), where ¢F o (x) := E,[ [ e”*'Z; dt]; in particular,

B1(y) < SB _ c
mjirgaBS 1(z) <SJ1(z) =0 for a>ag

If (a)% holds, then for a > of (p) with some p > 1,

(6.1) m  SB1(z) < (/Oooe_atatB(p)do%(Rfl(z))p”l:0,

r—2€0B

where we use the upper semicontinuity of z — RZ1(z) by Lemma 2.3. In view of
the resolvent equation for (Sf)a>a13, we have lim,_,.cop S21(z) =0 for a > of.
Consequently, |SE f(z)| < ||fHOOSf (r)—»0as Box—z2€0Bfora>af. O

7. Doubly resolvent Feller property of time-changed process

In this section, we assume that X is an m-symmetric Markov process on E
whose Dirichlet form (€, F) on L?*(E;m) is regular. We assume that X satisfies
the absolute continuity condition (AC): P;(x,dy) < m(dy) for each x € E and
t > 0. Under (AC), we always have the a-order resolvent kernel R, (x,y) (0-order
resolvent or Green kernel R(xz,y) provided X is transient).

Let S1(X) be the family of positive smooth measures in the strict sense; that
is, any v € S1(X) is a Revuz measure of a positive continuous additive functional
(PCAF) By in the strict sense (see [7, Theorem 5.1.7]):
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/f dlemE/f }

A measure v € S1(X) is said to be in the Kato class of X if
limy o0 SUP e g Rav(z) =0 and v € S1(X) is said to be in the local Kato class
of X if 1gv is of Kato class for any relatively compact open set GG. Denote by
S3-(X) (resp., St (X)) the family of measures of Kato class (resp., local Kato
class).

For v € $;(X) and its associated PCAF B in the strict sense, let (X,v)
be the time-changed process defined by (X,v) := (2, X5,,Py), ey, where 7 :=
inf{s > 0| B, >t} is the right continuous inverse of the PCAF B; and Y is the
fine support of v defined by Y := {z € E|P,(R=0) =1} with R:=inf{t > 0|
B, > 0}. It is known that (X,v) is a v-symmetric right process on Y, and it can
be realized as a Hunt process on Y :=supp|v] (consequently on Y) (see [7], [10]).

The following is proved in [9, Lemma 4.1] provided X is transient, but the
proof can be done without transience.

LEMMA 7.1 (CF. [9, LEMMA 4.1])

Suppose that X enjoys the strong Feller property of the resolvent. Let v be a
nonnegative smooth measure such that v € S}, (X). Then the time-changed process
(X,V) enjoys the strong Feller property of the resolvent. More strongly,

Ropla) =B.[ [ e "Po(X,) dB|
0
satisfies Rap € Cy(E) for ¢ € By(E) and 5> 0.
Our main result in this section is the following.

THEOREM 7.1

Suppose that X enjoys the doubly Feller property of the resolvent. Assume v €
St (X). Then the time-changed process (X,v) enjoys the doubly Feller property
of the resolvent. More strongly, we have Rgp € Cy(E) (resp., Rgp € Coo(E)) for
© € By(E) (resp., ¢ € Bp(E) having compact support) and 5> 0.

Proof

Assume v € S}, (X) and the doubly resolvent Feller property of X. First we
prove that Rgp € Cy(E) for ¢ € By(E). Let X be the subprocess of X killed
by e BBt Then XA also enjoys the doubly Feller property of the resolvent by
Corollary 6.1. Denote by R?” the a-order resolvent of X#¥. We then see that

¢ n¢
BRPv(x) = BE, [/ e Mt—BB dBt] =E, [1 — e BB _ / e PBume=tdt
0 0

uniformly converges to zero on each compact set K as n — oo, because x —
nE, [fOC e BBremt dt] (resp., x + E,[e”"]) is continuous by the doubly Feller
property of the resolvent for X#¥ (resp., by Theorem 2.1) and increasingly con-
vergent to 1 (resp., decreasingly convergent to zero) pointwise as n — co. Set
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gl =n(I - anLil)R?y(gpu). Then R (ov) — RV gPv = Rfiil((py) uniformly
converges to zero on each compact set K, which implies R} (pv) € Cy(E). Owing
to the generalized resolvent equation (see [11, Lemma 4.1.1]), we conclude that
Rpp = R (ov) = RP (o) + R (RP¥ (pv)) € Cy(E) for general ¢ € By(E). Next
we prove the Feller property of X. For ¢ € Cy(E) and x € E, we see for « € F that

|BRao(2) — ¢(2)| <E, [Exa? {/OOO e o(Xs,,,) — ¢(Xo)| dt” =0 asf— oo.

So it suffices to prove Rgp € Coo(E) for ¢ € By(E) having compact support for
the Feller property of (X,v), because Cy(FE) is uniformly dense in Co(E). Fix
© € By(FE) having compact support K := supp|p]. We may assume that v is non-
trivial. Let Y be the fine support of By, and set C:= {x € E | P, (03 < 00) > 0}.
Then C is a Borel measurable (1});>o-invariant set such that C' is finely open
and finely closed (see [7, (4.6.16)]). As seen in the proof of Lemma 4.1, 1¢ has
a bounded continuous m-version f by virtue of the strong Feller property of the
resolvent. Since both f and 1¢ are finely continuous and m has full fine sup-
port, 1¢ coincides with f, which means that C' is open and closed. Moreover,
[7, (4.6.9), (4.6.10)] hold for x € F, and the same equations hold with C' being
replaced by E \ C. Therefore, C' is X-invariant in the sense of [7]. Note that the
restriction X% to C of X is a part process on C. Hence, X is a doubly resolvent
Feller process in view of Theorem 4.1. It is proved in [7, Lemma 6.2.6(ii) with
Theorem 6.1.1] that the subprocess XA¥+1lcem) Lilled by e~ 8(Bet/o Lo (Xa)ds)
is transient. Replacing the state space F with C, we may always assume that
the subprocess X killed by e #5¢ is transient. Then there exists a strictly
positive bounded function g € L*(E;m) such that R?g € B,(E) (see [8]), where
RP is the 0-order resolvent of X". Let A; := fot 9(Xs)ds be a PCAF associated
to the measure gm. Let X#*+29™ he the subprocess killed by e~*4:=#B: By
Corollary 6.1, XP»+29™ is a doubly resolvent Feller process. Let
||R§V+agm||L(coc(E)) = sup sup|R§”+agmf(x)|
FEC<(E),||fllo=12€E

be the operator norm of RE"T9™ : O (E) — Coo(E). If [|aRE" 9™ || Lo (5)) =
1, then there exist f € Coo(E) with ||f|lec =1 and x,, € E such that 1 — 1 <
aRPv+a9m| f|(x,) < 1. Taking a subsequence if necessary, we may assume x,, —
r € Ey. So aRPvTa9m|f|(x) = 1, because RV+o9m|f| € C(E); consequently,
z#0. Then a [j° e ™E,[1 — e~ *A=FB| f|(X,)]dt = 0, which yields a contra-
diction from || f|ls = 1. Thus, we have ||aRE" ™|/, o (g)) < 1. This yields

(7.1) RATOIL e = N “(aRGTOIMMREVTOIM ¢ € O (E).

n=0
Since v € 51 (X), we see that 1xv € S (XPrTe9m) Here Sp (XPrto9m) js
the class of Green-tight measures of Kato class with respect to X *+9™ (see [6]
or [9, Definition 4.1(2)] for the definition of Green-tight measures of Kato class).
Then one can apply [6, Lemma 2.3(5)] with (7.1) to XA¥*@9™ so that for any
¢ € By(E)
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(7.2) RAvegmp1 ey =B, [/Oo e BB (X )1 (X)) dBy | € Coo(E).
0

Though [6, Lemma 2.3(5)] is proved under the doubly Feller property of X, its
proof remains valid for the doubly resolvent Feller property of X. For ¢ € B (E),
we define Vj’g () == B[y~ e~ FB1¢(X;) dB;]. Owing to the generalized
resolvent equation (see [11, Lemma 4.1.1]) V;{:g¢ - Vﬁ’g =(a— W)VBﬁijX”]gqb
(o, 8,7 >0), we have

Rop=Viho +aVESVhe = R T ol gv + aR O™ (VG o).

From this,

oo
- _ _ « v
Rolel() B, [ [ ¢4 B (30) a1 -l + G ol | 0

Letting z — 0 with (7.2) and o — 0, we obtain lim,_,5 Rgp(z) = 0. This proves

Rpp € Coo(E). O
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