Hamiltonian C’-continuity of Lagrangian
capacity on the cotangent bundle

Yong-Geun Oh

Abstract Partially motivated by the study of topological Hamiltonian dynamics, we
prove the following C°-continuity of the Lagrangian capacity function ~'28:

V28 (¢} (o)) := p'*E(H; 1) — p'*8 (H; [pt]#) — 0,

as d)}l — id, provided the H’s satisfy supp Xg C D (T*N) \ op for some R > 0 and a
closed subset B C N with nonempty interior. We also provide an estimate of the capacity
in terms of the C°-distance of dgo (¢1;,id) and the subset B C N relative to T*N.

1. Introduction

We always assume that the ambient manifolds M and N are connected through-
out the entire article.

1.1. Weak Hamiltonian topology of Ham (M, w)

The author and Miiller [14] introduced the notion of Hamiltonian topology on
the subset of the space P(Homeo(M),id) of continuous paths on Homeo(M)
consisting of Hamiltonian paths A : [0,1] = Symp(M,w) with A(t) = ¢%; for some
time-dependent Hamiltonian H. We denote this subset by

plam (Symp(M7 w), id) .

We would like to emphasize that we do not assume that H is normalized unless
otherwise stated explicitly. This is because we need to consider both compactly
supported and mean-normalized Hamiltonians and suitably transform one to the
other in the course of the proofs of the various theorems of this article.

In this section, we first recall the definition from [14] of the Hamiltonian
topology mostly restricted on the open manifold 7* N. While [14] considers strong
Hamiltonian topology, except in [14, Remark 3.27], the more relevant topology
in the present article will be the weak Hamiltonian topology. We first recall its
definition.
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614 Yong-Geun Oh

For a given continuous function h: M — R, we denote
osc(h) = max h — min h.
We define the C%-distance d on Homeo(M) by the symmetrized C°-distance
d(¢, ) =dco(,9) +deo(¢~ 07 1)
and the C%-distance on P(Homeo(M),id), again denoted by d, by

d(\ p) = tren[gﬁ]ﬁ(k(t),u(t))

This induces the corresponding C°-distance on PH™ (Symp(M,w),id). The Hofer
length of the Hamiltonian path A = ¢ is defined by

1
leng(\) = / osc(H,) dt = || H]|.
0

Following the notation of [14], we denote by ¢ the Hamiltonian path
bt Py [0,1] = Ham(M,w).

DEFINITION 1.1

Let (M,w) be an open symplectic manifold. Let A, u be smooth Hamiltonian
paths with compact support in Int M. The weak Hamiltonian topology is the
metric topology induced by the metric

(1.1) ditam (0 1) = (ML), (1)) + leng (A~ ).
1.2. Hamiltonian C°-topology on Jsoz(on;T*N)

Let N be a closed smooth manifold. We equip the cotangent bundle T*N with
the Liouville one-form 6 defined by

0.(€2) =p(dn(&y)), x=(q,p) €T*N.

The canonical symplectic form wg on T*N is defined by

n
(1.2) wO:—dGZquk/\dpk,
k=1
where (¢,...,¢",p1,...,pn) are the canonical coordinates of T* N associated to

the coordinates (q!,...,q") of N.

Consider the Hamiltonian H = H(t,z) such that H; is asymptotically con-
stant, that is, the one whose Hamiltonian vector field X g is compactly supported.
We define

SUPDPaec H =supp Xy 1= U supp X, -
teo0,1]

For each given K, R € R, we define
(1.3) PCRy={HeC>®([0,1] x T*N,R) | supp,,. H C D*(T*N), |H|| < K}
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which provides a natural filtration of the space C°°([0,1] x T*N,R). We also
denote

(1.4) PCy = |J PCxri,  PCx.=|]PCF.
KeRry R>0

By definition, each element H; is independent of z = (¢,p) if |p| is sufficiently
large and so carries a smooth function ce : [0,1] = R defined by

Coo(t) = H(t,00).
Therefore, we have the natural evaluation map
Too : PChse — C*°([0,1], R).
For each given smooth function ¢: [0,1] — R, we denote

(1.5) PC. =7 e).

asc;c o0

We then introduce the space of Hamiltonian deformations of the zero section and
denote

Jso(on; T*N) = {¢}(on) | HE PCE.},
following the terminology of [22], and
Jso(on; DH(T*N)) = {¢y(on) | H e PCF },
(1.6) Js0™ (on; DH(T*N)) = {¢}(on) | H € PCF i }.
Now we equip a topology with Jso(on;T*N). One needs to pay some atten-
tion in finding the correct definition of the topology suitable for the study of the
Hamiltonian geometry of the set Jso(on;T*N). For this purpose, we introduce

the following measurement of the C°-fluctuation of the Hamiltonian diffeomor-
phism of ¢} along the zero section oy C T*N:

oscen (ki on) = max{ max d(0h (), ), max d((6}) @), )}

Using this measurement, we introduce the following restricted C°-distance.

DEFINITION 1.2
Let Lo, Ly € Jso(on; T*N) with Lo = ¢0(on), L1 = ¢4 (on). We define the dis-
tance function

dHam L 7L — 3 f 5 1 —1.1 1 7 s
Ham( Lo, Ly) {H;d)}{l(rl%o):[/ﬁmaX{ObCCO((¢F1) P Ppo;ON)

(1.7) oscco ((950) " (o) " dpison) }

on JﬁoK(oN; DE(T*N)), which induces the metric topology theorem. We equip
with Jso(on;T*N) the direct limit topology of Jso™ (ox; DF(T*N)) as R, K —
oo and call it the Hamiltonian C°-topology of Jso(on;T*N).

For the main theorem proved in the present article, we will also need to consider
the following subset of Hamiltonian functions H. Let B C N be a given closed
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subset, and let og C on be the corresponding subset of the zero section. Denote
by T' an open neighborhood of og in T*N. We define

(1.8) PCos.p={H € C>®([0,1] x T*N,R) | supp Xy C (I""N \ B) is compact}.
We have the filtration
P g:c;B = U U ,PCI%O,T
TOB R>0

over the set of open neighborhoods 7" of B and the positive numbers R > 0, where
(1.9) PCF ={H e PCx.p| ¢y =idon T}

Here we would like to emphasize that the support condition on 7" D op is imposed
only for the time-one map ¢};, but not for the whole path ¢g. This shows the
relevance of the following discussion to the weak Hamiltonian topology described
above.

In a way similar to PCF - above, we define PC¥ .. We define Jsop (on;
T*N) to be the subset

Jsop(on;T*N) = {d)}{(oN) ] He PC;’;’C;B}.
This has the filtration
Jsop(on;T*N) = | | 3807 (on; T*N; T),
K>0T>B

where

Jso (on; DF(T*N)) = {¢};(on) | H € PCF i }-

DEFINITION 1.3

Equip with 350¥(ON; T*N) the subspace topology of the Hamiltonian C°-topol-
ogy of Jso(on; T*N). We then put on Jsopg(on; T*N) the direct limit topology of
JsoX (on; T*N) over T D op and K > 0. We call this topology the Hamiltonian
C-topology of Jsog(on;T*N).

Unraveling the definition, we can rephrase the meaning of the convergence L; — L
in Jsog(on;T*N) into the existence of R, K >0, T D o, and a sequence H; such
that L; = ¢ (L) and

1) ||H;|| < K for all 1,

2) supp X, C DE(T*N)\ op for all 4,
3) ¢y, =id on T for all 4,

4) d83™(L;, L) — 0 as i — oco.

P,

REMARK 1.4 (1) We refer to the proof of Lemma 3.6 and Remark 3.7 for the
reason for using support hypotheses (2) and (3) imposed in our definition of the
Hamiltonian C°-topology of Jsog(on;T*N). This topology may be regarded as
the Lagrangian analogue to the above-mentioned weak Hamiltonian topology and
seems to be the weakest possible topology with respect to which one can prove
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the C-continuity of spectral capacity ¥'*8 which is stated in Main Theorem
below.

(2) In the Lagrangianization Graph ¢} of Hamiltonian F :[0,1] x M — R
with suppF' C M \ B, there exists an open neighborhood U D B such that
supp F' D M\ U. Therefore, provided the C%-distance of d(¢r,id) =: € is so small
that its graph is contained in a Weinstein neighborhood of the diagonal, such a
graph will automatically satisfy

¢i(on,) CTe,  F(t,x):=F(t,z), x=(z,y),

where T, is the e-neighborhood of oa, in T*A and, hence, is automatically
contained in Jso,,  (0a,T*A).

1.3. Statement of main results
By considering the moduli space of solutions of the perturbed Cauchy—Riemann
equation

u(7,0),u(r,1) € o,

and applying a chain-level Floer mini-max theory to the classical action func-
tional

A= [vo- [ H(aw)a
on the set
P(I*N;on)={v:[0,1] - T*N | 7(0),7(1) €on },

the author [9] defined a homologically essential critical value, denoted by p(H;a),
associated to each cohomology class a € H*(N).

REMARK 1.5

A similar construction using the generating function method was earlier given
by Viterbo [20], and it is shown in [5] and [6] that both invariants coincide mod-
ulo a mormalization constant. Indeed, it may be worthwhile to mention that for
the construction of Viterbo’s [20] invariant c¢(u, L) for the cohomology class u,
this normalization should be fixed uniformly over v € H*(X). This was implic-
itly done in [20] by assuming the associated Lagrangian submanifold L C T*X
coincides with the zero section of T*X on its nonempty open subset as in the
condition required above in Definition 1.3. All the main applications of these
invariants to symplectic topology carried out in [20] occur on R?" through the
one-point compactification S?" = R?" U {oo} of compactly supported Hamilton-
ian flows on R?™ and Lagrangianization of the graphs of such Hamiltonian flows.
Such a graph then as a Lagrangian submanifold of T*S?" automatically satisfies
the above-mentioned hypothesis.

The number p(H;a) depends on H, not just on Ly = ¢k (on).



618 Yong-Geun Oh

We are particularly interested in two spectral invariants p'2&(F;1), pa&(F;
[pt]#) and their difference p'2&(F;1) — p'a&(F;[pt]#). This difference does not
depend on the choice of normalization mentioned above. Therefore, we can define
a function

78 Jso(on; T*N) = R
unambiguously by setting
(L.11) VE(L;on) = p8(F; 1) — p(F; [pt]*)

for L = ¢} (on). We call this function the spectral capacity of L (relative to the
zero section oy; see [20], [9]).

We denote by ﬁ;‘g the restriction of 428 to the subset Jsop(on;T*N). The
following Hamiltonian C-continuity result is the Lagrangian analogue to Sey-
faddini’s result [18, Corollary 1.2].

MAIN THEOREM (THEOREM 3.9)

Let N be a closed manifold. Then the function 'y?g is continuous on Jsop(on;
T*N) with respect to the Hamiltonian C°-topology defined above.

The following is a very interesting open question on the Hamiltonian C°-topology.

QUESTION 1.6
Is the full function 7'%8 : Jso(on;T*N) — R continuous (without restricting to
Jsop(on;T*N) with B having nonempty interior)?

The question seems to be an important matter to understand in C°-symplectic
topology. Indeed, the affirmative answer to the question is a key ingredient in
relation to Viterbo’s [21] symplectic homogenization program. The question is
sometimes called Viterbo’s conjecture. We refer to Theorem 3.9 for a more precise
statement on the relationship between the Hamiltonian C°-distance dg%m and
the spectral capacity ng(qb},(oN)) and support conditions (2) and (3) of the
Hamiltonian path ¢ given in Definition 1.3.

The research performed in this article is partially motivated by the study of
topological Hamiltonian dynamics and its applications to the problem of simple-
ness on the area-preserving homeomorphism group of the 2-disk. We anticipate
that these studies will play some important role in the study of the homotopy
invariance of the Hamiltonian spectral invariant function ¢p — p(F;a) for a
topological Hamiltonian path ¢ in the sense of [14] and [12] on any closed sym-
plectic manifolds (M,w). It should also be regarded as a natural continuation of
the author’s study of Lagrangian spectral invariants performed in [8] and [9].

The content of the current article is extracted from the preprint [13], which
has been circulated since the year 2012 under the title “Geometry of generating
functions and Lagrangian spectral invariants.”
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Notation and conventions

We follow the conventions of [11] and [12] for the definitions of Hamiltonian vector
fields, action functional, and others appearing in the Hamiltonian Floer theory
and in the construction of spectral invariants on a general closed symplectic
manifold. They are different from, for example, those used in [16] and [1] one
way or the other, but coincide with those used in [18].

(1) We usually use the letter M to denote a symplectic manifold and N to
denote a general smooth manifold.

(2) The Hamiltonian vector field X g is defined by dH = w(Xg,-).

(3) The flow of Xy is denoted by ¢y : t — ¢4, and its time-one map is
denoted by ¢}, € Ham(M,w).

(4) We denote by z%,(t) = ¢! (¢) the Hamiltonian trajectory associated to
the initial point q.

(5) We denote by 2 (t) = ¢t ((¢};) "1 (x)) the Hamiltonian trajectory asso-
ciated to the final point z.

(6) H(t,x) =—H(t,¢% (z)) is the Hamiltonian generating the inverse path
(6h) .

(7) The canonical symplectic form on the cotangent bundle 7* N is denoted
by wy = —df, where 6 is the Liouville one-form which is given by 6 =Y, p; dq’
in the canonical coordinates (¢*,...,¢",p1,.--,Pn)-

(8) The classical Hamilton’s action functional on the space of paths in T*N
is given by

«4?1(7)=/7*9—/0 H(t,~(t)) dt.

(9) We denote by on the zero section of T*N.

(10) We denote by p'*8(H;a) the Lagrangian spectral invariant on T*N (rel-
ative to the zero section oy ) defined in [8] for an asymptotically constant Hamil-
tonian H on T*N.

(11) We denote by fg the basic phase function and denote its associated
Lagrangian selector by op : N — T*N, which is given by on(q) = dfu(q) at
which dfg(q) exists.

2. Lagrangian Floer homology and Lagrangian spectral invariants

In this section, we first briefly recall the construction of Lagrangian spectral
invariants p'#8(H;a) for Ly = ¢} (on) performed by the author [9]. A priori,
this invariant may depend on H, not just on Ly itself. The author [9] proves
that

(2.1) p8(H;a) = p*5(F;a)

for all a € H*(N;Z) if Ly = Lp, but modulo the addition of a constant and
then by using a somewhat ad hoc normalization to remove this ambiguity of the
constant.
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2.1. Definition of Lagrangian spectral invariants
For any given time-dependent Hamiltonian H = H (¢, x), the classical action func-
tional on the space

P(T*N):=C>([0,1],T*N)
is defined by

AG(y) = /7*0 - /01 H(t,y(t)) dt.
We define the subset P(T%N;on) by
P(T*N;on)={v:[0,1] = T*N | v(0) € on'}.

The assignment v — 7(y(1)) defines a fibration

P(T*N;on) = on =N
with fiber at ¢ € NV given by

P(T*N;on, TyN):={v:[0,1] = T*N | 7(0) € on,¥(1) € T; N }.

For given x € Ly, we denote the Hamiltonian trajectory

2! (t) = o ((61) " (2)),
which is a Hamiltonian trajectory such that, by definition,
(2.2) 2(0) € o, (1) =

We denote Ly = ¢}, (on) and denote by iy : Ly < T*N the inclusion map.
Motivated by Weinstein’s observation that the action functional

A% P(T*N;oy) —R

can be interpreted as the canonical generating function of Ly, the author in
[8] and [9] constructed a family of spectral invariants of Ly by performing a
mini-max theory via the chain-level Floer homology theory. Indeed, the function
defined by

(2.3) hi(x) = A (27)
is a canonical generating function of Ly in that
(2.4) iy0=dhgy.

We call hy the basic generating function of Ly. As a function on N not on
Ly, it is a multivalued function. Similarly, one may regard N — ¢k (on) as a
multivalued section of T*N.

Consider the zero section oy and the space

P(0N7ON) = {7 : [Oa 1] —T'N | 7(0)77(1) € ON}'
The set of generators of CF(H;on,on) is that of solutions

,é’:XH(t,Z(t)), Z(O),Z(].)EON7
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and its Floer differential is defined by counting the number of solutions of

{2—2+J(%—z — Xpr(u)) =0,

(2:5) u(7,0),u(r,1) € on.

An element o € CF(H;on,0n) is expressed as a finite sum
a= Z alz], a.€Z.
z€Chord(H;on,0N)

We define the level of the chain a by
(2.6) Au(@) = max {A5(z)}.

ZESupp «
For a given nonzero cohomology class a € H*(N,Z), we counsider its Poincaré
dual [a]’ := PD(a) € H,(N,Z) and its image under the canonical isomorphism
(see [2], [3], [8] for the construction of this isomorphism)

®:H,(N,Z)— HF,.(H,J;on,0N).

DEFINITION 2.1
Let (H,J) be a Floer regular pair relative to (on,on), and let (CF(H),dx, s))
be its associated Floer complex. For any 0# a € H*(N,Z), we define

(2.7) pP8(H;a) = aeig(fab){AHm)}

One important result is the following basic property, called spectrality in [11],
which is not explicitly stated in [8] but can be easily derived by a compactness
argument (see the proof in [11] given in the Hamiltonian context).

PROPOSITION 2.2

Let H = H(t,z) be any (not necessarily nondegenerate) smooth Hamiltonian.

Then for any 0+# a € H*(N,Z), there exists a point x € Ly Noy such that
Ap(z31) = p*8(H; a).

In particular, p'*¢(H;a) € Spec(H; N).

2.2. Triangle inequality for Lagrangian spectral invariants
We recall from [17] and [11] that the triangle inequality of the Hamiltonian
spectral invariants

pHam(H#F; a- b) S pHam(H; (1) + pHam<F; b)

for the product Hamiltonian H#F' relies on the homotopy invariance property
of spectral invariants, which in turn relies on the existence of the canonical nor-
malization procedure of Hamiltonians on closed (M, w), which is nothing but the
mean normalization. On the other hand, one can directly prove

P (H % Fia-b) < pHla™(H;a) + pM*™(F;b)
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more easily for the concatenated Hamiltonian (see, e.g., [4] for the proof). Once
we have the latter inequality, we can derive the former from the latter again by
the homotopy invariance property of pHa™(-;a) for the mean-normalized Hamil-
tonians.

When one attempts to assign an invariant of the Lagrangian submanifold
#}; (on) itself out of the spectral invariant p'2(H;a), one has to choose a normal-
ization of the Hamiltonian relative to the Lagrangian submanifold. Since there is
no canonical normalization, unlike the Hamiltonian case, the invariance property
of Lagrangian spectral invariants, and thus the triangle inequality, is somewhat
more nontrivial than the case of Hamiltonian spectral invariants. In this section,
we clarify these issues of the invariance property and of the triangle inequality.

The following parameterization independence follows immediately from the
construction of Lagrangian spectral invariants and the L(}°)-continuity of H —
pe(H;a).

LEMMA 2.3

Let H = H(t,x) be any, not necessarily nondegenerate, smooth Hamiltonian, and
let x :[0,1] = [0,1] be a reparameterization function with x(0) =0 and x(1) = 1.
Then

PE(Hsa) = p8(HX; ),
where HX(t,z) = x'(t)H (x(t), x).
We first recall the following triangle inequality, which was essentially proved in
[9, Theorem 6.4 and Lemma 6.5]. In [9], the cohomological version of the Floer

complex was considered, and hence, the opposite inequality is stated. Other than
that, the same proof can be applied here.

PROPOSITION 2.4
Let H,F € PC.(T*N;R), and assume that F is autonomous. Then we have
(2.8) P8 (H#F;ab) < p*¥(H;a) + p8(F;b).

Monzner, Vichery, and Zapolsky [7] proved the following form of the triangle
inequality, which uses the concatenated Hamiltonian H * F" instead of the product
Hamiltonian H#F'.

PROPOSITION 2.5 ([7, PROPOSITION 2.4])

Let H, K be compactly supported. Suppose that H(1,z) = F(0,z), and let H x F
be the concatenated Hamiltonian. Then

(2.9) P8 (H + F;ab) < p*®(H;a) + p*8(F;b)
for all a,b e H*(N).
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In particular, this proposition applies to all pairs (H,F) which are compactly
supported and boundary flat.

REMARK 2.6
We suspect that (2.8) holds even for the nonautonomous F' as in the Hamiltonian
case, but we did not check this, since it is not needed in the present article.

2.3. Assigning spectral invariants to Lagrangian submanifolds
In this section, we identify a class, denoted by PCFJ.}@)’ of Hamiltonians H among
those satisfying ¢k (on) = ¢%(on) such that the equality
p*8(H;a) = p8(F:a)

holds for all H,F € PC, . As the notation suggests, the class depends on the
subset B C N.

We start with the following proposition. The proof closely follows that of
[7, Lemma 2.6], which uses Proposition 2.5 in a significant way. We need to

modify their proof to obtain a somewhat stronger statement, which replaces the

condition “¢k = ¢L.” used in [7] by the conditions put in this proposition.

PROPOSITION 2.7 (CF. [7, LEMMA 2.6])
Let H F € PCX.(T*N;R) be boundary flat. Suppose in addition that H, F' satisfy

asc

the following:

(1) éj(on) =dp(on),
(2) H=c(t), F=d(t) on a tubular neighborhood T D B in T*N of a closed
ball B C oy, where c(t), d(t) are independent of x € T, and

(3) they satisfy
1 1
/0 o(t) dt = /O d(t) dt.

Then p'*&(H;a) = p'*8(F;a) holds for all a € H*(N,Z) without the ambiguity of
a constant.

Proof
We consider the Hamiltonian path ¢¢ : ¢ — ¢k, with G = F « H with F(t,z) =
—F(1 —t,z). This defines a loop of a Lagrangian submanifold
t—=oglon), d&(on)=on

and satisfies ¢%,|p =id and

—e(1-2t) 0<t<1/2,

Gt =4 U2 /

d2t—1) 1/2<t<1,

for all ¢ € B C T by the definition G = F  H.

We claim that p'8(G;a) =0 for all 0 # @ € H*(N). This will be an immediate
consequence of the following lemma and the spectrality of numbers p'*8(G;a).
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LEMMA 2.8
The value AS(2) does not depend on the Hamiltonian chord z € Chord(G;on,
on). In particular, AS(2) = 0.

Proof
Recall that any Hamiltonian chord in Chord(G;on,on) has the form

2(t) = 24(1)
for some ¢ € o. Here we use the hypothesis ¢ (on) = on. Consider any smooth
path a: [0,1] = oy with a(0) =¢, (1) =¢'. Then
AG () — AG (=) = / " e) du
Recall the definition of the classical action functional
A= [0 /

on the space P(T*N) of paths v :[0,1] = T*N, and recall its first variation
formula

1
dAG()(E) = / W= Xe (ty(8).£(1)) dt
(2.10) —(0((0)),£(0)) + (B(4(1)). £(1)).

Using this, a straightforward calculation shows that

—Ad( o) = <97 5%(¢G(06(U)))> — <9, %(a(u))> =0-0=0,

since ¢ (a(u)),a(u) € on.
For the second statement, we only have to consider the constant path z =
cq € B for which

1/2 1
Al(cy) = / G(t,q dt—/ c(1 —2t)dt — d(2t —1)dt

1/2
/ £y di /d

This proves the lemma. O

Once we have the lemma, we can apply the triangle inequality (2.9)

e (H;a) < p8(Fia) + p*5(G31) = p*%(Fa)
for any given a € H*(N). By changing the role of H and F in the proof of
the above lemma, we also obtain p'#8(G;1) =0 and then obtain p'#8(F;a) <

p'%8(H;a) by the triangle inequality. This finishes the proof of the proposition.
|

This proposition motivates us to introduce the following definitions.
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DEFINITION 2.9
For each given B C N, we define

Jsop(on;T*N) = {L € Jso(on;T*N)|onNLDog}.
When a function c:[0,1] — R is given in addition, we define

H; =c(t) on a neighborhood of op in T*N

asc

and /01 c(t)dt = e}.

With these definitions, the proposition enables us to unambiguously define the
following spectral invariant attached to L.

PCl = { H € PC

DEFINITION 2.10
Suppose L € Jsopg(on;T*N), and let e € R be given. For each such e, we define
a spectral invariant of L € Jso(p;.)(on;T*N) by

p P (L;a) := p'*8(H;a), L=dy(on)
for any H e PCp.,.

With this definition, we have the following obvious lemma.

LEMMA 2.11

Let H € PCy,,,. Then H,H € PCT, ).

Then we prove the following duality statement of p(53€).

PROPOSITION 2.12
Let H e PC.,), and let L= ¢} (on). We denote L= gb%«(oN) = d)lﬁ(oN), Then

(2.11) p B (Li 1) = —p P (L [pt]#).
Proof N N
By the above lemma, H € PC7; _ ., and so pBi=e)(L;1) is given by
pP(Li1) = 8 (H; 1)
by definition. But it was proven in [20], [8], and [9] that
(2.12) P8 (H; 1) = —p& (H; [pt]#),
which follows from the Poincaré duality argument, by studying the time-reversal
flow @ of the Floer equation (2.5) which is defined by @(7,t) = u(—7,1—1t). The
map u satisfies the equation
% 4 J(%8 — X7 (@) =0,
u(r,0),u(r,1) € on.
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Furthermore, this equation is compatible with the involution of the path space
t:Qon,0on) = Q(on,0N)
defined by ¢(7)(t) =7(t) with ¥(t) =~(1 —¢) and the action functional identity
AL ) = A5 ()
We refer to [9] for the details of the duality argument in the Floer theory used

in the derivation of (2.12).
On the other hand, by definition,

P8 (H; [pt]*) = p'%) (L; [pt] ¥)
since H € ’PC&’]’;;S). This finishes the proof. ]

The following special case with e = 0 is worthwhile to separately mention in
that it alerts readers to the importance of the normalization condition H =0
on a neighborhood of B in T*N in the construction of spectral invariants if one
would like to make this kind of duality statement hold in terms of Lagrangian
submanifolds ¢}, (ox) rather than in terms of the associated Hamiltonian H.

COROLLARY 2.13

Let L and L be as in Proposition 2.12. Consider the spectral invariants
1
PE(Ls-) 1= pUBO)(L;-). Then

la, la,
PEE(L1) = —pl® (Ls [pt]#).

3. A Hamiltonian C°-continuity of spectral Lagrangian capacity
We first recall the definition of the function 'y?g :Jsopg(on; T*N) — R defined by
YEE(L) = pi? (H; 1) — plg® (H; [pt] )

for L= ¢k (on) with H € P
In this section, we prove the following Hamiltonian C°-continuity result of
the function which is the Lagrangian analogue to [18, Theorem 1].

asc B

THEOREM 3.1
The function 'ylgg :Jsop(on;T*N) — R is continuous with respect to the Hamil-
tonian C°-topology in the sense of Definition 1.2.

The triangle inequality of '8 stated in Section 2.2 implies the inequalities
|’71&g 1) — ldg(Lz)‘ < maX{’Yldg (675 (01 (on))), V5 58 (071 (¢rr2(0n))) }-
We also note that for L = (ka (on) € Isop(on;T*N) for k=1,2
max{dco (@20m1 oy sioy ), deo (S Or2lon s ion) } = 0
for the inclusion map i,, : oy — T*N if and only if

ma'X{dCO <¢H1 |ON7¢H2|ON>7dCO(¢E]i |0N;¢]7-I]é|ON)} — 0)
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provided we assume that supp ¢+ is compact and so supp ¢« C DE(T*N)\ T,
k=1,2, for some R >0 and T D B. The latter assumption is already embedded
in the definition of Hamiltonian topology given in Definition 1.2. Therefore, to
prove the above theorem, it is enough to prove the continuity of 'ygg at the zero
section oy in Jsog(on;T*N).

By unravelling the definition of the Hamiltonian C°-topology on Jsog(ox;
T*N) given in Definition 1.2, we now rephrase the continuity statement at the
zero section oy more explicitly. For this purpose, we introduce the notation

oscoo (S5 0n) = max{max d(¢y (v),x), max d((¢) " (), z) }.

Then it is easy to see that this continuity at oy is equivalent to the following.

THEOREM 3.2
Let i = ¢, where H; € PCL. is a sequence such that

asc

(1) H; € POF ¢ for some R, K >0 for all i and s € [0,1];

(2) there exists a closed ball B C N such that ¢4 =id on B for all t € [0,1]
and for all i;

(3) there exists a uniform neighborhood T' D op in T*N such that qﬁ}q =1d
on T for all i;

(4) lim;_,o0 05cco (¢ 50n) = 0.

Then
lim (plag(Hi; 1) — plag (Hi; [pt]#)) =0.

1—00

The proof of this theorem is an adaptation to the Lagrangian context of the
one used by Seyfaddini in his proof of [18, Theorem 1 (or rather Corollary 1.3)].
The proof is also a variation of Ostrover’s [15] scheme and is an adaptation
thereof. In our proof, however, we use the Lagrangian analogue to the notion of
“e-shiftability” introduced by Seyfaddini [18], instead of the notion of “displace-
ability” used in [15] and in other literature such as [1] and [19]. In the Lagrangian
context here, the e-shiftable domain is realized as the graph of df of a function f
having no critical points on the corresponding domain. In this regard, it appears
to the author that the notion of e-shiftability becomes more geometric and intu-
itive in the Lagrangian context than in the Hamiltonian context.

3.1. e-Shifting of the zero section by the differential of the function
Fix a Riemannian metric g and the Levi-Civita connection on N. They natu-
rally induce a metric via the splitting T(T*N) = TN & T*N, sometimes called
a Sasakian metric, on T*N. Denote the latter metric on T*N by g, and denote
the corresponding distance function by c?(x,y) for x,y € T*N. We denote by
D™(T*N) the disk bundle of T*N of radius r.

The following are well-known facts on this metric g, which can be easily

checked, so we omit the proofs.
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LEMMA 3.3
The metric g carries the following properties.

(1) g is invariant under the reflection (q,p) — (q, —p), and in particular, oy
is totally geodesic.

(2) There exists a sufficiently small r =r(N,g) >0 depending only on (N, g)
such that

(a) for all d(q,q') <r, d(0q70q )=d(q,q),
(b) for all x € D"(T*N), which we denote x = (q(z),p(x)),

(3.1) d(0g(z), ) = max{[p(x)],d(q,9(=)) } > [p(x)
where |p(x)| is the norm on T \N.

From now on, we will drop the tilde from d and just denote it by d even for the
distance function of g on T* N, which should not confuse readers.
Consider the subset

C3(N;B)={f € C*(N) | Crit f C Int B}.

crit
The set C35,(N;B) C C’OC(N) has the filtration
Crlt U crlt N B T
where C25, (N; B,T) is the subset of C33, (N; B) that consists of the f’s satisfying
(3.2) Graph(df|g) C T.
It is easy to check that C%, (N; B, T) # 0 for any such T D op by considering A f

for a sufficiently small A > 0 for any given Morse function f with Crit f C Int B.

We now introduce the collection, denoted by 7(p;), of the pairs (T, f) con-
sisting of a tubular neighborhood T D op in T*N and a Morse function f €
C%:(N; B, T) such that

(3.3) Graphdf C D"(T*N)

for the constant r = (N, g) given in Lemma 3.3. By the choice of the pair (T, f) €
T(Br), we have

mln{ mln ’df | du(N \ B,Crit f) }>0
where dy (N \ B, Crit f) is the Hausdorff distance.

DEFINITION 3.4
We define a positive constant

(3.4) Ci:B1) = min{pg\}{LB’df(p)

(N'\ B, Crit f)}.

By the definition of C(s.5 1y, if ¢ € N\ B, we have
(3.5) |df ()|, d(q,Crit f) > C(s.5,1) > 0.
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LEMMA 3.5
For any f € C

rit

(N;B,T),

CsrB) = pg}vigB!d(éf)(p)\

whenever 6 > 0 is so small that

min [d(0)(p)] < du(N\T.B).

In particular, for such § >0,

(3.6) ACsr:B.1) = Csf:B.T)
for any A <1.

Proof
First note that the distance dg (N \ B, Crit(df)) does not depend on ¢ and that

,min [5df(p)] =6 min |df(p)] 0

as d — 0. Therefore, the minimum in the definition
Cisp:p,ry =min{ min_|d(0f)(p)|,du(N\ B,Crit(6f))}
pEN\B

is realized by min,en\ g |d(d f)(p)| for all sufficiently small § > 0. Then the lemma
follows. 0

Now we consider the Hamiltonians H adapted to the triple (f;B,T) as in the
definition of the Hamiltonian C°-topology of Jsog(on;T*N).

LEMMA 3.6
Let T Dop in T*N and H € PO, p satisfy
(3.7 oy =id
on T'. Then we have
LiNoy =¢x(Ly)Noy
whenever H satisfies
(3.8) oscoo(¢;0n) < C(y.m.1)-

In particular, all the Hamiltonian trajectories of H#(f o m) are constants that
are equal to o, for some point p € Crit f for such a Hamiltonian H.

Proof

In the proof, we will denote p € N and denote the corresponding point in the
zero section of T*N by o, for notational consistency. Obviously we have Crit f =
LyNnopC (b}lq(Lf) Non, since we assume that ¢l =id on a neighborhood T of
op D Crit f. We will now prove the opposite inclusion ¢},(Ls) Noy C Ly Nog.
Suppose o, € ¢1; (L) Noy. Then we have (¢};,) " (0,) € L.
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Consider first the case p € B. In this case since we assume that ¢, =id on a
neighborhood of op, it in particular implies o, = (¢};) "' (0p) for all i and, hence,
op €opNLy=Crit f.

Now we will show that p cannot lie in N \ B. Suppose p € N \ B to the
contrary, and write

(61)™" (0p) = df ()
for some p’ € N. Therefore,
d(op, df (p')) = d(0p, (911) " (0p)) < 0800 (d3130n)-
Furthermore, we also have |df (p')| < d(op,df (p")) by Lemma 3.3 since Graphdf C
D" (T*N). Therefore, we have shown
(3.9) |df (p)] < osceo(d1r508) < Cigi,1)-

This in particular implies that (¢};)~!(0,) = df (p') must lie in Graphdf|g C T,
because otherwise |df (p')| > C(y,p,r) by the definition of C(s,z 1), which would
contradict (3.9).

This in turn implies (¢};)~1(0,) € T. But ¢}, is assumed to be the identity
map on 1" and, hence, follows

0p = (¢1) " (0p) = df (1)

In particular, df (p’) € on, so p’ € Crit f and, hence, o,y = df (p’). This implies p =
p’ and so d(p, Crit f) = 0, that is, p € Crit f C B, a contradiction to the hypothesis
p € N\ B. Therefore, p cannot lie in N\ B, and this proves o, € og N Ly = Crit f
for any o, € ¢ (L) Nox. This then finishes the proof of the first statement

(3.10) Linoyn=¢y(Ls)Non.

To prove the second statement, the first statement of the lemma implies that
all the Hamiltonian trajectories of H# f o7 ending at a point in ¢}, (L) Non
have the form

zf#fmr (t)= QS?I#fOﬂ ((¢}1#f0“)71(0p))

for some intersection point o, € oY (L) Nony = L¢Non. By definition, we have
ZH#fOTF(l) =0
P p:
But we also have df (p) =0 and (¢};)~!(0p) = 0,, since

0p € (L) Non = LyNoyx CopNCrit f
and ¢}; = id near p. Therefore,
(Dbt or) ™ (0p) = (DFor) ™ (01) ™ (0p) = 0p.
Therefore,
Zf#fow(t) = ¢3—I#fo7r((¢}{#fow)71(op)) = ‘f’%#fm(op)
= 01 (9for(0p)) = Sl (0) = 0y,
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since df (p) =0 and ¢%;(0,) = 0, for all ¢ € [0,1]. The last statement follows since
we assume that supp ¢y Nog = 0. By the compactness of supp ¢z and the close-
ness of B, supp ¢y Nop =) implies ¢%; =id for all ¢ € [0,1] on a neighborhood
T’ D opg in T*N. This finishes the proof. O

REMARK 3.7

We would like to mention that, in the above proof, the choice of the neighborhood
T’ D B is allowed to vary depending on the H’s. This is because our Hamiltonian
CP-topology requires only supp ¢4, Nop = for ¢ € [0,1], not the existence of a
uniform neighborhood T D op independent of H. It only requires the existence
of such a uniform neighborhood for the time-one map ¢L;.

REMARK 3.8

In fact, all the discussion in this section can be generalized by replacing the
differential df by any closed one-form « and replacing Crit f by the zero set of a.
But we restrict to the exact case since the discussion in the next section seems
to require the exactness of the form.

3.2. Lagrangian capacity versus Hamiltonian C°-fluctuation
In fact, Theorem 3.2 is an immediate consequence of the following comparison
result between the Lagrangian capacity v32(L) = p8(H; 1) — p*&(H; [pt]#) and
the Hamiltonian C°-fluctuation oscoo (g5 0n) for L= ¢y (on) for H € PCS, 5,
which itself has some independent interest in its own right.

THEOREM 3.9
Let BC N be a closed ball, and let (T, f) € Tp;ry. Consider the set of Hamilto-
nians H satisfying supp ¢y Nog =0, and assume that

0SCco (gf)}{, ON) < C(f;B,T)~
Then we have
lay
BEL) _ 2osef

3.11
(3.11) osceo(dy50n) — Cryipr

for L= ¢ (on).

We would like to mention that the right-hand side of (3.11) does not depend on
the scale change of f to df for § > 0.

The following question is interesting in regard to the precise estimate of the
upper bound in this theorem and Question 1.6.

QUESTION 3.10

For given H satisfying the condition in Theorem 3.9, what is an optimal estimate

2o0sc f

of the constant Conr in terms of B, T, and H? For example, can we obtain

an upper bound indei)endent of BorT?
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The rest of the section is occupied by the proof of Theorem 3.9. The following
proposition is a crucial ingredient of the proof, which is a variation of [15, Propo-
sition 2.6], [1, Proposition 3.3], [19, Proposition 3.1], and [18, Proposition 2.3].

PROPOSITION 3.11
Let He PC22, in T*N be such that

asc

(3.12) supp ¢y Nog = 0.

Take any f € C5,(N; B) such that (3.8) holds. Then
(3.13) pE(H; 1) — p'8 (H; [pt]#) < 20sc f.
Proof

Denote Ly := Graphdf, L; = ¢'; (L) = ¢';(Graphdf). Note that the condition
(3.12) implies

(3.14) Hilgp=cp(t)

for a function c¢g = ¢p(t) depending only on ¢ but not on = € B.
The following lemma is the analogue of [15, Lemma 5.1].

LEMMA 3.12
We have that

(3.15) PRE(HH#f:1) — 8 (H#f;[pt]") < osc f.

Proof
By the spectrality of p'#(-, 1) in general, we have

pPE(HHf om;1) = Afjry ror (2 #1°7),
PR (H#S 0w [p]*) = Afhry pom (2,717,
for some p+ € Ly Noy. Using the second statement of Lemma 3.6, we compute

1 H oT 1 H o
At omy (2py T°T) = Alhrg pom) (577°7)

1 1
- / (H#f om)(tps) dt + / (H#f om)(t,p_) dt
0 0

1 1
:7/ cB(t)dt—f(p+)+/ cp(t)dt+ f(p-)
0 0

=—f(py)+ f(p_) <max f —min f = osc f.

Here for the equality in the penultimate line, we use the identity

(H#f om)(t,px) = H(t,ps) + f (&4 (p+)) = cB(t) + f(px).
This finishes the proof. ]
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On the other hand, we have

¢H Lf (¢fo7r ON ) ¢}-I#fo7r(oN)?
and so by the triangle inequality (Proposition 2.4),

PUE(H#(f om)i1) = p8(H31) — p*(—fom; 1),
P8 (H#(f o m); [pt]*) < p8 (H; [pt]F) + p*8(f o5 1),

(One can also use Proposition 2.5 with the concatenation H * (f o ) instead.
Here f o7 is not boundary flat, which is required in Proposition 2.5, but one
can always reparameterize the flow ¢+ (b}oﬂ by multiplying x/(¢) to fom so
that the perturbation is as small as we want in the L(:°°)-topology, which in
turn perturbs p slightly. See [10, Lemma 5.2] and [7, Remark 2.5] for a precise
statement on this approximation procedure. This enables us to apply the triangle
inequality from Proposition 2.5 in the current context.)

Therefore, subtracting the second inequality from the first and using the
identity (see [9] for its proof)

P(~foml)=maxf,  p*(foml)=—minf,
we obtain
P8 (H#(f om); 1) — p*& (H#(f o m); [pt]#)
> %8 (H; 1) — o (H; [pt]#) — (max f — min f),
which in turn gives rise to
pE(H; 1) — p8 (H; [pt]#) < p"¢ (H#(f o w);1) — p8 (H#(f o m); [pt]#)
+ (max f — min f)
< 2oscf.

We have finished the proof of the proposition. O

We now go back to the proof of Theorem 3.9.
Let H € PCg..p and T D op be such that ¢j; =id on T, and assume (3.8). If

oscco(¢h;0on) =0, we have ¢} (o) = on and so p'a8(H; 1) — p'*&(H; [pt]#) =0
for which (3.13) obviously holds. Therefore, we assume that oscco(¢l;0n) # 0.
Recall from Lemma 3.6 that the choice of f depends only on the ball B and

the neighborhood T' D op in T*N. Then we choose A > 0 such that
oscco(¢pr;on) = AC(.8.1);
that is,

- 0SCEo (gb}q; ON)

<1.
Cit:8,1)

Obviously we have

oscco(¢yion) < (A+e)Ciy.p.1)
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for all € > 0. We note that both dig (N \ B, Crit(6f)) and the ratio Ci%ﬁ’;) do not
depend on the choice of § > 0. o

Therefore, we can replace f by 6 f for a sufficiently small § > 0, if necessary,
so that

(3.16) pg\i}r\lB‘d()\(éf))(pﬂ <dy(N\ B,Crit(f)),

which in turn implies

ACsgm,m) = Cxag;B,m)

by Lemma 3.5. From now on, we assume that
(3.17) min_|d(Af)(p)| < du(N \ B,Crit f)
pEN\B

without loss of generality.
Lemma 3.5 also implies that
(A +e)Cs8,1) = Clrte) £58.7)
for all small € > 0 such that A +¢ <1 and
min_|(A+¢)df(p)| <d(N \ B,Crit f).
pEN\B

For example, we can choose any € > 0 so that
d(N \ B, Crit f)
min,e v\ g |df (p)|

Since (3.13) holds for any pair (H, f) that satisfy (3.12) and (3.8), applying
it to the pair (H,(A+¢)f) for T D B chosen above independently of the i’s, we
derive

(3.18) 0<e<

P8 (H;1) — plag(H; [pt]#) < 20sc((A+¢)f) =2(A+¢e)osc f

_ 2(%%01@ +5> osc f.
Cis:B,1)

Since this holds for all € > 0 satisfying (3.18), it follows that
osc f
Ciy:8,1)

letting € — 0. This finishes the proof of Theorem 3.9.

(3.19) 0< p8(H; 1) — p8 (H; [pt]#) < 2( ) oscoo (¢ 0N ),
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