The moment map on symplectic vector
space and oscillator representation

Takashi Hashimoto

Abstract Let G denote Sp(n,R), U(p, q), or O*(2n). The main aim of this article is to
show that the canonical quantization of the moment map on a symplectic G-vector space
(W, w) naturally gives rise to the oscillator (or Segal-Shale—Weil) representation of g :=
Lie(G) ® C. More precisely, after taking a complex Lagrangian subspace V' of the com-
plexification of W, we assign an element of the Weyl algebra for V to (u, X) for each
X € g, which we denote by (fi, X). Then we show that the map X — i(z, X) gives a rep-
resentation of g. With a suitable choice of V' in each case, the representation coincides
with the oscillator representation of g.

1. Introduction

Let (W,w) be a symplectic vector space, and let Sp(IW) be the group of linear
symplectic isomorphisms of W. Then it is well known that each component of the
moment map, that is, the Hamiltonian function Hx on W, is quadratic in the
coordinate functions for any X € sp(W) (see, e.g., [2]). Therefore, taking account
of the fact that the commutators among the quantized operators corresponding
to the coordinate functions are central, one can see that the canonical quanti-
zation gives a representation of sp(W), since the map X — Hx is a Lie algebra
homomorphism from sp(W) into C°°(W), where the latter is regarded as a Lie
algebra of infinite dimension with respect to the Poisson bracket.

The main aim of this article is to show that, for real reductive Lie groups
G =Sp(n,R), U(p, q), and O*(2n), the canonical quantization of the moment map
on the real symplectic G-vector space (W, w) gives rise to the oscillator (or Segal—
Shale-Weil) representation of the complexified Lie algebra g of gg := Lie (G) in a
natural way. Here, we understand that the canonical quantization is to construct
a mapping from the space of smooth functions on W into the ring of polyno-
mial coefficient differential operators on a complex Lagrangian subspace V of
the complexification W of W, the so-called Weyl algebra for V', that induces
a Lie algebra homomorphism from g into the Weyl algebra. We remark that a
different choice of a Lagrangian subspace results in a different quantization and,
hence, a different representation of the Lie algebra. In fact, when G = U(p,q)
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and O*(2n), we will find in Sections 3-5 that one choice of a Lagrangian sub-
space produces finite-dimensional irreducible representations of g, while another
produces infinite-dimensional ones (i.e., the oscillator representations).

The oscillator representations have been extensively studied in relation to
the Howe duality and the minimal representations. Note that each Lie group G
we consider in this article is a counterpart of Howe’s reductive dual pair (G,G’)
with G’ compact, that is, G and G’ are centralizers of each other in a symplectic
group Sp(V,R) for some N. One can obtain the oscillator representations by
embedding G into Sp(N,R) for G =U(p,q) and O*(2n) (see [13], [4], [10], [11],
[9], [3], etc.).

As another approach to a construction of the oscillator representations, we
should mention Hilgert, Kobayashi, Mollers, and @rsted [8], in which they con-
struct the oscillator representations via Jordan algebras when G is an arbitrary
Hermitian Lie group of tube type.

It was shown in [6] that, for the classical Hermitian symmetric pairs (G, K) =
(SU(p,q),S(U(p) x U(q))), (Sp(n,R),U(n)), and (SO*(2n),U(n)), one obtains
generating functions of the principal symbols of Kc-invariant differential opera-
tors on G/K in terms of the determinant or Pfaffian of a certain g-valued matrix
whose entries are the total symbols of the differential operators corresponding
to the holomorphic discrete series representations realized via Borel-Weil the-
ory, where K¢ denotes a complexification of K. We note that the Kc-invariant
differential operators play a prominent role in the Capelli identity (see [12]).
Moreover, the author [6] also clarified that the g-valued matrix mentioned above
can be regarded as the twisted moment map py on the cotangent bundle of G/ K
which reduces to the moment map p on the cotangent bundle when A — 0, where
A is an element of g*, the dual space of g, that parameterizes the representations.
In summary, one can say that the moment map relates noncommutative objects
(representation operators which are realized as differential operators) to commu-
tative ones (symbols of the differential operators). Now in this article, we will
proceed in the reverse direction: from commutative objects to noncommutative
ones.

In the remainder of this section, we briefly review a few relevant notions
from symplectic geometry, and we state our main result. Let (M,w) be a real
symplectic manifold. For f € C>°(M), the space of smooth R-valued functions
on M, let {; denote the vector field on M satisfying ¢(&)w = df, where ¢ stands
for the contraction. Then we define the Poisson bracket by

(1.1) {f,9} =w(&. &) (f,9€C=(M)),

which we extend to the space of smooth C-valued functions by linearity. If
we denote the quantum observable corresponding to a classical observable f €
C*(M) by f, then the quantization principles require in particular that

(1.2) if {f1,f2} = fs, then [f1, fa] = —ihfs,

where £ is the Planck constant (see, e.g., [1], [16]); we set =1 for simplicity in
what follows.
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Suppose that a Lie group G acts on M symplectically, that is, g*w = w for
all g € G. A smooth map p: M — gfj is called the moment map if the following
conditions hold: u is G-equivariant, and it satisfies

(1.3) d(p, X) =o(Xpr)w for all X € g,

where g§ is the dual space of go and Xs denotes the vector field on M defined
by

d
=— —tX). M).
) dt‘t:Oexp( )p (peM)
We often identify g§ with go via the nondegenerate symmetric invariant bilinear
form B defined by

1 i — *
B(X,v) =142 tr(XY) if go =sp(n,R) or 0*(2n),
tr(XY)  if go =u(p,q),

(1.4) Xn(p

(1.5)

which extends to the one on g = sp,,, 02,4, or gl,,,, the complexification of
go = sp(n,R), 0*(2n), or u(p,q). If there is no risk of confusion, we denote the
composition of p and the isomorphism g§ =~ go also by p. Our symplectic G-
manifold (M,w) will be a real symplectic G-vector space.

The main result of this article is the following, which we prove case by case.

THEOREM
Let G =Sp(n,R), U(p,q), and O*(2n), and let (W,w) be the real symplectic G-
vector spaces W =R?*", (CPH9)g, and (C*")g equipped with w given by

by Jpw if W =R,
w(v,w) = Im(v*, qw) if W= (CPH)g,
Im(v*I, nw) if W= (C?")g

forv,we W, where J, =[_ " andI,, = i _1,1- Then, with a certain choice
of the complex Lagrangian subspace of the complexification W of W, the canoni-
cal quantization of the moment map p: W — g§ given by (2.9), (5.7), and (4.19)
below yields the oscillator representations of g = sp,,, gL, ., and 02,, respectively.
The rest of this article is organized as follows. In Section 2, we consider the case
where G = Sp(n, R), which is the most fundamental case in this article in the sense
that a choice of a complex Lagrangian subspace is the key to obtain the oscilla-
tor representation. The original motivation for this project started from this case
with n = 1. In Section 3, we turn to the case where G = U(p,¢) and show that
the canonical quantization of the moment map with a certain choice of a com-
plex Lagrangian subspace yields irreducible finite-dimensional representations of
gl,,,. We postpone showing that another choice leads to the oscillator repre-

sentations of gl . until Section 5. In Section 4, we treat the case G = O*(2n),

p+q
in which the moment map can be expressed in two ways due to the fact that

the quaternionic vector space H" is C-isomorphic to C?" and to Mat, x2(C). In
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Section 5, we take complex Lagrangian subspaces different from the ones con-
sidered in Sections 3 and 4 in the cases of U(p,q) and O*(2n): one leading to
finite-dimensional irreducible representations when g = 09, and one leading to
the oscillator representation when g = gl,, . Finally, we note a relation between
the moment map and the associated variety of the corresponding irreducible g-
modules occurring in the irreducible decomposition of the space of polynomials
on the Lagrangian subspace under the joint action of the dual pairs (g, G’).

1.1. Notation
(i) Throughout the article, we fix a Cartan involution 6 to be given by X =
—X*. Let gg =ty ® po denote the Cartan decomposition for gg, and let g=€D p
denote the corresponding complexified Cartan decomposition for g =go ® C.
For a given basis {X4}o for go (resp., g), let us denote by {XY} its dual
basis with respect to B, that is, the basis for gy (resp., g) satisfying
B(Xa,Xﬁv) =0a,8:
where 0 g is Kronecker’s delta, that is, is equal to 1 if o= and 0 otherwise.
(ii) For a positive integer i, we set
B n+1v if g=sp,, or ooy,
1=
pti ifg=gl,,,
where sp,,, 02,,, and gl , denote the complexified Lie algebras of sp(n, R), 0*(2n),
and u(p, q), respectively.

2. Reductive dual pair (sp(n,R), Oy)

In this section, let G denote the symplectic group Sp(n,R) of rank n over R
which we realize as

Sp(n,R) = {g € GL2n(R); g Jng = Jn }
with J, =[_, 2], Set go = sp(n,R), the Lie algebra of G, and take a basis for
go as
X, =E;;j—E;; (1<i,j<n),
(2.1) X =Ei;+Ej; (1<i<j<n),
X, =k +E,; (1<i<j<n),

where E; ; denotes the matrix unit of size 2n x 2n, that is, its (4, 7)th entry is 1
and all other entries are 0. Note that they also form a basis for g = sp,,.

2.1.
Let W =R?", which is equipped with the canonical symplectic form w given by
(2.2) wv,w)="vJw  (v,weW).

Obviously, the natural left action of G on W defined by v — gv (matrix mul-
tiplication) for v € W and g € G is symplectic, that is, g*w =w for all g € G.
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If we identify the canonical base vectors e; :=t(0,...,0, “ih,O, ...,0) with 9,, for
i=1,2,...,n and with 8, , for i=1,2,...,n, then it is written as
n
(2.3) w= Z dz; A dy;
i=1

at v:t(xl,...,xn,y1,~~-ayn> GW

LEMMA 2.1
The vector fields on W generated by the basis (2.1) for go =sp(n,R) in the sense
of (1.4) are given by

(Xio,j)W = —2;0y, +yzayj (1<i,j<n),
(2.4) (XD )w == (Y00, +yi0a,) (1<i<j<n),
(X )w =—(2;0y, +1;0,;) (1<i<j<n)
Proof
It is an easy exercise to show these formulae. (I

Note that the orthogonal group O(1) = {£1} also acts on W symplectically on
the right.

PROPOSITION 2.2
Let (W,w) be as above and G = Sp(n,R). Then the moment map p: W — g ~ go
s given by

(25) R

forv="x1,..., %0, Y1, Yn) EW with x ="(x1,...,2,) and y="(y1,-..,Yn)-
In particular, p is G-equivariant and is O(1)-invariant.

Proof
To make this article self-contained, we include the proof (see, however, e.g., [2,
Proposition 1.4.6]). It follows from Lemma 2.1 that

d</’(‘szQ,j> = L((X?,j)w)w
n
= 1(—2;0z, +:i0y,;) dek A dyg
k=1
= 7$j dyl —Yi d.’ﬂj = 7d(y1$])
Hence, one obtains that

<N7X2j> = —YiZy.
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Similar calculations yield
</$7X1Tj> = —YiY; and <N7X > Lilj.
Therefore,

)= 3 (1 X DV (X OV (X (XY

1<j 1<j

= Z(_yixj)(Ej,i 7.7) + Z —yiy;)27°9 (Bi; + Ejq)
0,J

1<j
+ Y wiw;2 " (B + Ej)

i<j

= > (—ww; Eij +viw; By g — yiy; Brj + yix; Er 5)

.9

for v="(x1,...,yn) with z ="(z1,...,2,) and y ="(y1,...,Yn)-
Now the O(1)-invariance of y is trivial, and the G-equivariance can be verified
as

p(gv) = gv*(gv)J, = gv'v'gJn = gv'vJng~" = Ad(g)u(v),
since ‘gJ,, = J,g~ ! for g € G. This completes the proof. O

It follows from the definitions of the Poisson bracket (1.1) and the symplectic
form (2.3) that

(2.6) {wi,y;} = =iy, {zi, x5} ={yi,y;} =0,

fori,j=1,...,n. In view of (2.6), we quantize the classical observables by assign-
ing

(2.7) Z; = multiplication by x;, Yi = —10,,,

so that [Z;,y;] =10; ;, as required. In what follows, we simply denote the mul-
tiplication operator by a function f by the same letter f if there is no risk of

confusion.
Note that the quantization (2.7) corresponds to taking a Lagrangian sub-
space of W spanned by eq,...,e,. However, to obtain a representation of the

complex Lie algebra g =sp,,, we will take a complex Lagrangian subspace of the
complexification W defined by

(2.8) Vi={e1,...,en)c.

Therefore, the classical observables x;, j =1,...,n, are now the complex coordi-
nates on V with respect to this basis.
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Now, we quantize the moment map p according to (2.7) and define the
quantized moment map by [ as

=)
I

%
~ ~ I .
(xh"'ayn)Jn: [ 9 ] (txvfltaz)Jn
—id,

(2.9) LUn
[izt0, zte
10,10, —10,'x
with z ="(z1,...,2,) and 8, ="(0z,,...,04,)-

Let P(V) denote the space of complex coefficient polynomial functions on
V; that is, P(V) = Clx1,...,zy], and let PD(V) denote the ring of polynomial

coefficient differential operators on V. Thus, each entry of i is an element of
PD(V).

THEOREM 2.3
For X e g=sp,,, set m(X)=1i(i,X). Then the map

m:g— PD(V)
is a Lie algebra homomorphism. In terms of the basis (2.1), it is given by
—3 (20, + 0y, i) if X =X7,
Proof
Of course, one can verify that the commutation relations among the explicit form
(2.10), which can be easily deduced from (2.9), coincide with those of the basis
{X};} for g. However, we will give another proof in the following.

The moment map p induces a Lie algebra homomorphism from gg to C*°(W);
that is, if we write Hx := (u, X) for X € go, then we have

(2.11) {Hx,Hy}=Hixy) (X,Y €go)

Taking account of the fact that both the Poisson bracket and commutator are
derivations, one sees that the relation (2.11) implies that

[ff)o ﬁY] = —iﬁ[x,y]

as required in (1.2), since each function Hx is quadratic in the coordinate func-
tions x;,y; for any X € go (see [2]) and the commutators among 7; and ¥; are in
the center of PD(V) for i,j =1,...,n. Hence, it follows from 7(X)=iHx that

[7(X), (V)] =7([X,Y]) (X,Y €go).

Now, extend the result to the complexification by linearity. (Il
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REMARK 2.4
By (2.9), one can rewrite 7(X) =i(u, X), X € g, as

(X)) = %tr(ﬁX) - %tr ([—faj (‘a, —itéx)JnX)

i,0 x
= 5(1 O, )X {i@m] )
where the last equality follows from the fact that X is a member of g. Namely,
our quantized moment map [i is essentially identical to the homomorphism ¢ :
U(g) — A given by Knapp—Vogan [14, Chapter I, Section 6, p. 98, Example],
where U(g) denotes the universal enveloping algebra of g and A denotes the
Weyl algebra corresponding to our PD(V') with n = 1. This observation was the
original motivation for the present work.

It is well known that the irreducible decomposition of the representation (7, P(V))
of g is given by P(V)=P(V)1 & P(V)_, where P(V); and P(V)_ are the sub-
spaces consisting of even polynomials f(z) satisfying f(—x) = f(z) and of odd
polynomials f(x) satisfying f(—z) = —f(z), respectively. It is also well known
that this phenomena can be explained by the type of representations of O(1)
which acts on V on the right.

2.2,

Let us consider the vector space W :=W @ --- @ W, the direct sum of k copies
of W =R?", which can be identified with Mata, «x(R). It is a symplectic vector
space equipped with symplectic form wy given by

wr(v,w) = tr(tvJ,w)  (v,w e WH).

Let e; , denote the matrix unit of size 2n x k for i=1,...,n and a=1,...,k.
Under the identification e; , <+ 0., , and ez 4 <> 0y, ., We write v = e, ..., op,
Y1y Yn) € WF with @; = (2;1,...,2,%) and y; = (yi1,-..,¥i k) being row vec-
tors’ of size k for i =1,...,n. Then wy, is given by

(2.12) Wk = Z dz; o Adysq

1<i<n,1<a<k

at v ="'[z1,...,yn). Note that G = Sp(n,R) acts on W* = Mata, xx(R) on the
left, while the real orthogonal group O(k) acts on the right. Both actions are
symplectic.

For brevity, let us write x, -y, = 25:1 Ty,aYx,a, the standard inner product
between two row vectors T, = (x.1,...,Tx k) a0d Y = (Yx,1,--.,Yx k) Of size k in
what follows.

IMore precisely, one should write an element v € Wk = Mato, xx(R) as v = t[tzq,..., ey,
ty1,..., yn]; however, we will adopt this abbreviated notation in what follows.
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PROPOSITION 2.5

Let (WF wy) be the symplectic G-vector space. Then the moment map pu: WF —
96 = go 15 given by

(2.13a) p(v) =v'vJ,

—21 Y1 Ty o~ YnlTiom mome o0 T
—ZTo Y1 —T2-Y2 v T2 Yn|T2 T1 T2 T2 o T2 Tn
(2 13b) _ —TnYr —Tn- Y2 - —Tn " Yn|Tn - T1 Tn- T2 - In *Tn
' Y1y —Y1-Yy2 o Y1 Yn|Y1°T1 Y1-T2 - Y1 Tn
—Yo Y1 —Y2 Yz —YpUn|Y2 T1 Y2 Tz o Yo Tm
L—Yn "Y1 —Yn " Y2 —Yn " Yn|Yn - T1 Yn *+ T2 Yn + Tn

for v="t[x1, ..., 20, Y1, yn] € WF. In particular, p is G-equivariant and is

O(k)-invariant.

Proof

When z;, y;, Oz, and 0,, denote row vectors and the products stand for the inner
product of row vectors, a simple calculation shows that the vector fields on W*
generated by the basis (2.1) for go = sp(n,R) are given by the same formulae as
in Lemma 2.1, and thus, the same argument given in the proof of Proposition 2.2
produces the result. O

It follows from (2.12) that the Poisson brackets among the coordinate functions
TiaYia, t=1,...,m, a=1,... k, are given by

{Zia,¥j0} = —0i j0ap,
and all other brackets vanish. Therefore, we quantize them by assigning
Tia=Tia and  Yio=—i0y,,

fori=1,....nand a=1,... k.

Let V* denote the direct sum V @ --- @V (k copies) with V given in (2.8).
Since V¥ can be identified with Mat,,»x(C), the upper half of Wé“ = Matg, x1(C),
we write an element of V¥ as z = (Tia)i=1,. ma=1,. k- Let P(VEY = Clzi,q;
i=1,...,n,a=1,...,k] be the algebra of complex polynomial functions on V*,
and let PD(V*) be the ring of polynomial coefficient differential operators on
V¥ Note that the Zi,q’s are now complex variables and that the complex general
linear group GLj, acts on V* by matrix multiplication on the right and, thus, on
P(V*) by right translation:

(2.14) p(9)f(x):= f(zg) (g€ GLy, feP(VF)).

The right action of GLj on V¥ is the restriction of the one on W§.



562 Takashi Hashimoto
The quantized moment map [ in this case is also given by the same formula

as (2.9):
[z, iz
F= 0,10, —id,tz]”

In this case, however, x and 9, are (n x k)-matrices whose (i,a)th entries are

the multiplication operator x; , and the differential operator 9, , fori=1,...,n
and a =1,...,k, respectively.
LEMMA 2.6

For x = (acz a)i=1,....na=1,. k € VF and g € GLy, the following relations hold in
End(P(VF)):

(2.15) p(9) 0z, . P(9) = GabOa, ,»
b

(2'16) p(g J), ap Zg Li b,

where g = (gas) and g~ = (g°).

Proof
Since 0y, , is identified with e; , € Mat,,xx(C), one sees that

k
O p0) 1) @) = S| Fg+te009) =D g (ag)
T b=0 v

and hence,

(p(9) " 0n, . p(9)) f = igabi
- b=1 Ozip

for f € P(V*). Thus, one obtains (2.15).
On the other hand, since

(p(9) ™ @i f))( (ng) 97

one has
k

(p9) " iap(9)) £ = (32 9"wi) f

b=1
and (2.16). O

Let us abbreviate as p(g)ap(g) ™' =: Ad,(y) a for a € PD(V*) and g € GLj,. More-
over, for a given matrix A = (a;;) with a;; € PD(V*), let us denote by Ad,,)A4 =
(Ad,(g) a;j) the matrix whose (7, j)th entries are equal to Ad,y) a;;.
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COROLLARY 2.7
For X e g=sp,,, set m(X)=1i(u,X). Then the map

m:g— PD(VF)
is a Lie algebra homomorphism. In terms of the basis (2.1), it is given by

A (@040s, O, i) if X =X

0,50
(2.17) T(X)={iYF_ 0,0, if X=X},
IS iatia if X =X ;.

Moreover, m(X) commutes with the action of the complex orthogonal group” Oy;
that is, m(X) € PD(VF)Or for all X € sp,,.

Proof
The same argument as in the proof of Theorem 2.3 shows that 7 : g — PD(VF)
is a Lie algebra homomorphism and that (2.17) holds.

For the last statement, it follows from Lemma 2.6 that

Adp(g)fll'i :Ii971 and Adp(g)flaxi :amtg
with z; = (z4,1,...,Zix) and Oy, = (02, 1.+, 0, ) for g € GLy. Hence, if g € Oy,

then one has
Ad,gpw | | x|,
—iAd,,) 10| |-ia] 7

with z =[xq,...,2,] and 8 =*[0,,,...,0,,], since tg = g~!. Therefore,

~ _iAdp(g)—l(LL'taz) Adp(g)—l((Etl‘)

_Adp(g)—l (8mt8$) —iAdp(g)—l ((“)J:c)
_iAdp(g)_mt(Adp(g)_@I) Adp(g)—1xt(Adp(g)—1m)
_Adp(g)—laxt(Adp(g)—l 8$) —iAdp(g)—l 8It(Adp(g)—13;‘)

[ Ad -1 .
- _—iA(ﬁ(gg))laJ [(Ad,(g)-12), =i' (Ad,y(g)-182)] Jn

[z . .
This completes the proof. (Il

It is well known (see [13]) that the irreducible decomposition of P(V*) under the
joint action of (sp,,, Of) is given by

(2.18) P(VF) ~ > L(o) ® Vs,
o€04,L(0)#{0}

2We realize the complex orthogonal group as Oy = {g € GLy;'gg = 1;} in this section.
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where V, is a representative of the class o € 6;“ the set of all equivalence
classes of the finite-dimensional irreducible representation of Oy, and L(c) :=
Homo, (V,, P(VF)), which is an infinite-dimensional irreducible representation of
sp,,. Moreover, it is also known that the action 7 restricted to ¢ lifts to the dou-
ble cover K¢ of the complexification K¢ of the maximal compact subgroup K of
G = Sp(n,R), which implies that L(c) is an irreducible (g, K¢)-module.

Note that our realization of the representation 7 in this section is the
Schrodinger model of the oscillator representation of g = sp,,. We will need
another realization of the representation in Section 5, that is, the Fock model.

3. Reductive dual pair (u(p, q), GLg)
Let G denote the indefinite unitary group defined by

U(p,q) = {9 € GLu(C);9" Ip g9 = Ipyq}

with I, , = [1” _1q], and put n = p + ¢ only in this section for brevity. Set gg =
u(p, q), the Lie algebra of G, and take a basis for gg as

Xi;j=Ei;j—Ej; (1<i<j<porp+1<i<j<n),
Y =i(Eij+Ej:) (1<i<j<porp+1<i<j<n),

(3.1) . .
X! =Ei;+E;; (1<i<p1<j<q),
Vi =i(Ei;—E) (1<i<pl<j<q),

where E; ; denotes the matrix unit of size n x n. Note that the E; ;,4,7=1,...,n,

form a basis for g = gl,,, the complexified Lie algebra of go = u(p, q).

n?

3.1.
Let W = (C™)g, the underlying real vector space of the complex vector space C",
and let H : C™ x C™ — C be the indefinite Hermitian form given by

H(z,w):=2"I, ,w (z,weC").

We regard W as a symplectic manifold with symplectic form w =Im H, where
Im H stands for the imaginary part of H. Under the identification e; <> 9,; and
iej <> 0y, for j=1,...,n, it is explicitly given by

(3.2) w :Zej dz; A dy;
j=1
at 2=z +iye W with x =%(z1,...,2,),y = (y1,--.,yn) € R", where
1 (G=1,....p),
(3.3) €= (] P)
-1 (=p+1,...,n).

Then (W,w) is a symplectic G-manifold since the natural action of G on C”
preserves the Hermitian form H.
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LEMMA 3.1

565

The vector fields on W generated by the basis (5.1) for go =u(p,q) in the sense

of (1.4) are given by

(X ,])W - —.’L'] T; yjayz + ‘riamj + yiayj7
(54) (YZCJ)W = — 20y, + YiOz; — Ti0y,,
3.4

(X, )W = — T axJ yjayi - yiaij

(}/17 )W yj T; xjayi - yiawj + xlayj

Note that the unitary group U(1) also acts on W symplectically on the right.

PROPOSITION 3.2

Let (W,w) be as above, and let G =U(p,q). Then the moment map pn: W — g§ ~

go 1s given by

i

(3.5) p(z) = _522*1—%(1
for z=x+iye W with x =%(x1,...,2,),y = (y1,...,yn) € R™. In particular, p
is G-equivariant and U(1)-invariant.
Proof
It follows from Lemma 3.1 that
€i(wiyy —xyy;) i X = X7,
€(xix: +yy;) if X = Yf,
(36) (. 3) = § L i) .
TiY5 — T7Yi it X=X,
%5+ YilYy if X = ang»

which can be rewritten in terms of the complex coordinates defined by z;

xj+1iy; (j=1,...,n) and their complex conjugates as
%Q(Zzéj—zjz-) if X = chj,
(37) (o) = | €T 2z XY,
%(Z _jfzjél) if X = X;nj,
5(ziz+52) X =Y
Hence,

p(z) = (n,X

1<j

+> (X
i,

1<j

1<i,j<p

VY YE(YE)Y
VY (Y)Y
,J
i _ i _
75 Z ZleEl,j =+ 5 Z ZngE{J

1<i,5<q
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+ % Z Ziszi,j — % Z ZngEg’j

1<i<p,1<j<q 1<i<q,1<j<p
= f%zz*lpvq,

with 2 ="(z1,...,2,).

The U(1)-invariance of y is obvious, and the G-equivariance can be verified
as

i * i * ok
wgz) = —5(92)(92)" Lp.g = = 59227 9" Ip,e = Ad(g)u(2),

since g*I,, g = I, 497" for g € U(p,q). |

It follows from (3.2) that the Poisson brackets among the real coordinate func-
tions x;,¥y;, i =1,...,n, are given by

(38) {37“%}:_6151,] (7/,]:1,2,,71),

and all other brackets vanish. In terms of the complex coordinates z; = z; + iy;,
j=1,2,...,n,and their conjugates, it follows from (3.8) that the Poisson brackets
among z; and z; are given by

(3.9) {zi,2;} = 2i€;0; 5, {#i,2;} ={%,%;} =0,
fori,j=1,2,...,n. In view of (3.9) we quantize z; and z; by assigning

(3.10) 2=z,  2i=—260.,,

so that they satisfy

(3.11) i,z =26i6i5,  [2%]=12:,%] =0,

for i,7 =1,2,...,n. Therefore, we quantize the moment map u and define the

quantized moment map by i as
21 21

(3.12) pi=—= || G2 pg=1i| | (0s,...,05,) =12"0,
Zn Zn

with 2 ="(z1,...,2,) and 9, =%(.,,...,0,,). Note that the quantization (3.10)
corresponds to taking a complex Lagrangian subspace V' given by

1 . 1 .
(3.13) V= <§(el —iley),..., §(en — 116”)>(C c We,

where I denotes the complex structure on W defined by e; — ie;, iej — —e;
for j =1,...,n. The classical observables z; = x; +iy; can be regarded as the
coordinates on V' with respect to this basis under the identification e; <+ 05,
and iej <+ 9,,, j=1,...,n, and V' is naturally identified with C". Let P(V”)
denote the algebra of complex coefficient polynomial functions on V', that is,
P(V')=Clz,...,2n], and let PD(V’) denote the ring of polynomial coefficient
differential operators on V.
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THEOREM 3.3
For X eg=gl,, set n(X)=1i(11, X). Then the map

m:g—PDV')

n’

is a Lie algebra homomorphism. In terms of the basis {E; ;} for g, it is given by
(3.14) W(Ei,j) = —zﬂzi

fori,j=1,....,n.

Proof
The same argument as in Theorem 2.3 shows that 7 is a Lie algebra homomor-
phism, and (3.14) follows immediately from (3.12). O

It is clear from (3.14) that m(X) € PD(V")SM1 for all X € g, where GL; acts on
V'’ on the right.

3.2

Now let us consider W, the direct sum of k copies of W = (C")g, which is
identified with the underlying real vector space of Mat,xx(C). It is equipped
with a symplectic form wy given by

wi(z,w) =Imtr(z* I, ,w)  (2,w € WF)

and is still acted on by G = U(p,q) symplectically by matrix multiplication on
the left. Under the identification of e;, <+ 0, , and ie;, <> 0y, ,, we write an

element of W* as z ="%[21,...,2,], where z; = 2; + iy; are complex row vectors
with @; = (x;1,...,2n k) and y; = (¥i1,...,¥i k) being real row vectors of size k
for i=1,...,n. Then wy is given by

(3.15) Wg = Z € dl’i,a AN dyi,a

1<i<n,1<a<k

at z="*[z1,...,2,] € W*. Note that U(p,q) acts on W on the left, while U(k)
acts on it on the right, and both actions are symplectic.

PROPOSITION 3.4
Let (WF, wy,) be the symplectic G-vector space as above. Then the moment map
w: Wk — g ~gq is given by the same formula as (3.5)
i *
p=—52z I, 4

with z € W* = Mat,, «1(C). In particular, ju is G-equivariant and U(k)-invariant.

Proof

As in the proof of Proposition 2.5, if we regard x;,v;, 0,,0,, as row vectors and
the products as the inner product on the space of row vectors, then a similar
argument to that for Proposition 3.2 shows that the moment map p: Wk — gg is
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given by (3.5), with the understanding that z € Maty, xx(C). The U(k)-invariance
is obvious, and the G-equivariance is verified as in Proposition 3.2. |

It follows from (3.15) that the Poisson brackets among the real coordinate func-
tions %44, Yia, t=1,...,n, a=1,...,k are given by

(316) {xi’a,yj,b}:—eiéi,jéa’b (i,j:1,...,n,a,b:1,...,k)7

and all other brackets vanish. It follows from (3.16) that the Poisson brackets
among the complex coordinates z; , = 2, 4 +iy;,, and their conjugates are given
by

(3.17) {Zi,m Ej’b} = 2iei6i’j6a,b

for i,5=1,...,n, a,b=1,...,k, and all other brackets vanish. Therefore, we
quantize z; , and Zz; , by assigning

(318) 21'7@ = Zi,m Ei,a = —261'82“1,

so that the nontrivial commutators are given by
(319) [fz},a,fz_\jvb] = 261'51'7]'5(1717.

Let V'* denote the direct sum of k copies of V', with V' as in (3.13).
Since V'* can be identified with Mat,«x(C), we write an element of V'* as
2z =(Zi,a)i=1,...nia=1,....k- Note then that GLj; acts on V'F by matrix multiplica-
tion on the right and, hence, acts on P(V’*) by right regular representation, which
we denote also by p as in (2.14). Let P(V'*) =Clz; 431 =1,...,n,a=1,...,k] be
the algebra of complex polynomial functions on V¥ and let PD(V'*) be the ring
of polynomial coefficient differential operators on V’*.

The quantized moment map i is also given by the same formula as (3.12),
namely,

n=iz'o..
In this case, however, z and 9, are (n X k)-matrices whose (4, a)th entries are the
multiplication operator z; , and the differential operator ., , for i =1,...,n and
a=1,...,k, respectively.
COROLLARY 3.5

For X e g=gl,,, set 7(X)=1i(u, X). Then the map
g — PDVF)

is a Lie algebra homomorphism. In terms of the basis {E; ;} for g, it is given by

k
(3.20) m(Eij) ==Y 20,
a=1
fori,j=1,...,n. Moreover, m(X) commutes with the action of the complex gen-

eral linear group GLy, that is, 7(X) € PD(V'*)CLlx for all X € g.
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Proof

The first statement that 7 is a Lie algebra homomorphism can be shown as in
the proof of Theorem 2.3. It remains to show that i commutes with the action
of GLj, which can be done in the following way. By Lemma 2.6, one obtains that

Adp(g)flz:zg_l and Ad, )10 =0.'g,
from which it follows that
Adp(g)—l (Ztaz) = (Adp(g)—lz)t(Adp(g)—laZ) = Zg_lgtaz =2'0,.

This completes the proof. O

Similarly to the case of Sp(n,R), it is well known (see, e.g., [10], [5]) that the
irreducible decomposition of P(V*) under the joint action of (gl,,, GLy) is given
by

(3.21) P(V'F) ~ > L(o) @ V,,

oE€GLy,L(0)#{0}

where V, is a representative of the class o € éfk, the set of all equivalence
classes of the finite-dimensional irreducible representation of GLj, and L(o) :=
Homgr, (V,, P(V'%)), which is a finite-dimensional irreducible representation of
gl,,. It is also well known that the action 7 restricted to ¢ lifts to the complexi-

fication K¢ of the maximal compact subgroup K of G = U(p, q), which implies
that L(o) is an irreducible (g, K¢)-module.

4. Reductive dual pair (0*(2n),Sp;,)

In this section, let G denote the linear Lie group defined by
0*(2n) = {g € U(n,n);'gSg =S}

= {g € GL2n(C)7g*In,ng = In,nvtgsg = 5}7

1,1,]

(4.1)

where S denotes the nondegenerate symmetric matrix | of size 2n x 2n. Set

1,
go = 0*(2n), the Lie algebra of G, and take a basis for go as

X¢,=E;;—Ej;+E;-E; (1<i<j<n),

Y =i(Bij+ Eji— Ery— Ejz) (1<i<j<n),
2 X' =Ei;—Ej:—Ej+E;; (1<i<j<n),

Y =i(Ei;—Eji+Ej—FEji) (1<i<j<n),

where F; ; denotes the matrix unit of size 2n x 2n. The complexified Lie algebra
02, of go = 0*(2n) is realized as

(4.3) 030 = { X € Maty,(C);' XS + SX =0}
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in this section, which we will denote by g below. It has a basis
XD =Ei;— By (1<i,j<n),

(4.4) XN =Ei;—Ej; (1<i<j<n),

g
Xijj =FE;,— Eq; (1<i<j<n).
4.1.
Let W = (C?")g and w =Im H, where H : C?>" x C?" — C is the Hermitian form
given by

H(u,v) =u"I, v (u,v€C?™).

Namely, we consider the case we have discussed in Section 3 with p = ¢ =n. Note
in particular that w can be written as

n
(4.5) w= Z(dx]— Ady; — da; A dy;)
j=1
at v=1x +iy € W with o =%(z1,...,22,),y = (y1,- .-, Y2n) € R*". Then (W,w)
is a symplectic G-vector space, as above.

REMARKS 4.1
(i) There is another realization of the Lie group O*(2n) as a group consisting of
the complex orthogonal matrices; namely,

O*(2n) = {g S GL2n§tgg = 17thng = Jn}'

We temporarily denote this realization of O*(2n) by G7, because the former
realization G is isomorphic to G7 by the correspondence G 3 g~ ygy~ ! € G
with v = 5[ 1] € U(2n) (cf. 7).

Let us consider the quaternionic vector space

H" :={v="(vy,...,vn);0, €H (i=1,...,n)},

where H = {a + bi + ¢j + dk;a,b,c,d € R} denotes the skew field of quaternions.
We regard H" as a right H-vector space. If we identify i € H with i € C, then H"
is isomorphic to C2" by the map

,U/

(4.6) ¢1:H" — C?", vzv'—i—j@”ﬁ[} (v, 0" eCm),

UH

which is in fact a C-isomorphism. Then G” is characterized as the group con-
sisting of H-linear transformations on H" that preserve the quaternionic skew-
Hermitian form C given by (see [5] for details)

(4.7 Cu,v) :==u"ju (u,veH").

(ii) There is another identification of H™ with a C-vector space. Namely,
there is an isomorphism of H” onto Mat,, x2(C) given by

(4.8) ¢ : H" — Mat,, «2(C), v=0"+0"j— [V, 0"].
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In this case, however, H" is regarded as a left H-vector space, and the map ¢ is
a C-isomorphism in this sense. Since jv” = ©"'j for v”” € C", one sees that

(49) @oot) (|0]) =7

Note that ¢9 o qbl_l is an R-isomorphism from C?" onto Mat,,x2(C).

More generally, let us consider (H")*, the direct sum of k copies of H",
which we regard as a left H-vector space as above. Then the multiplication on
(H™)* on the right by an element of Maty(H), say, a + bj with a,b € Mat;,(C),
corresponds to the multiplication on Mat,, x2x(C) on the right by the complex
(2k x 2k)-matrix [ % °].

LEMMA 4.2
The vector fields on W generated by the basis (4.2) for go = 0*(2n) in the sense
of (1.4) are given by
(ch )W = _xjali - yjayi + xlaﬁ + ylayj - 'rjali - yjayi + 'rial'j + yiayy’?
(Y555)
(Xip)w = =270z, + 230z, + 200, — 2i0n; — Y30y, + 4:0y; + 0y, — yi0y,,
)

(Y;

(4.10) w =Y;0x, + yzax, Y70, — yiaxy — 20y, — miayj + 270y, + xiayw
Nl

w = yj 5 yia:cj + yjamz - yiamj - miayi + xfayj - xjayf + xiayi'

For a given v = [ 7,] € C*" with v/,v” € C", we set v4. := (¢2 067 ') (v) =[v/,0"] €
Mat,, »x2(C) for brevity. By Remark 4.1(ii), Sp(1) acts on W on the right via the
R-isomorphism ¢s o gbfl

PROPOSITION 4.3
Let (W,w) be as above, and let G =0*(2n) as in (4.1). Then the moment map
w:W —gh~go is given by

i

(4.11a) w(v) = —3 (vv* Iy 5 — SH (V0" 1, ) S)
(4.11b) I R
' 2 —17+J1Uj;_ —17+tU+

forv=z+iye W with x =*(z1,...,22,),y = (Y1, -, y2n) € R*™. In particular,
u is G-equivariant and Sp(1)-invariant.

Proof

It follows from Lemma 4.2 that
TilY; — TY; — Ty ayyp if X = chw
(4.12) (1, X) = vy +xx;+yiy; +yey; X =Y,
Ty — Ty + Ty — wgys i X =X,

Ty — X% — Yy +yiyy; X =Y
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which can be rewritten in terms of complex coordinates defined by z; := x; + iy;,
i=1,...,2n, and their complex conjugates as

iz = > 5 c
—5(Zizj — Zjzi — Zozg + Zyz)  if X = X

0,70
1/= _ _ _
(Zizj + 221 + Zizs + Zr2 it X=Y°,
(4.13) <MaX> — 2(' J J J J ) ]
—5(Zizy —Zim + iz — Zpz) if X = X7
5(Zizg—zZjm— mzy + ) X =Y
Thus, setting v’ :=(z1,...,2,) and v" :=%(z1,..., 25), one obtains that
p(v) = D 0 XEN(XE)Y + D (Vi) (Vi)
1<y 1<j
+) (X VY (Y,
i<j 1<j

. n
i o _ i}
=—3 > (2% + ) Bij — (525 + z0%) Bn
ij=1

— (22 — Zaz) Bi y — (Ziz5 — z%) B )

i [ oty + "ty V' "ty
= D) [ oty + "ty —gty — ,U//tvl/:|
: ’ =1
1 v _ _ v
— ” t(U’,*U”)#’ , t(vll’irul)
2\ |v -0

Rewriting (4.11a), one obtains the second expression (4.11b).
The Sp(1)-invariance of p immediately follows from (4.11b), and the G-
equivariance can be verified in the following way. If g € G, then

i * ok * %
u(gv) = 75(91”} g Inym — St(gvv g Inv")S)

i * — * —
__5(97”} Inng 1—St(gvv n,ng 1)5),

since g*I,n = Inn,g~!. The second term in the parentheses on the right-hand
side equals

St~ (vv* I, )9S = gS* (vv*I,,.,)Sg ™,
since ‘gS = S¢g—!. Thus,
i * —1 t * —1
ilgv) = =5 (9o lnng ™" = g5 (V0" n,0)Sg™") = Ad(g)p(v).

This completes the proof. (|
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It follows from (4.5) that the Poisson brackets among x;,y;, i =1,...,2n, are
given by

(4.14) {zoyit =—=0i5  {onu5} =iy,

for i,7=1,...,n, and all other brackets vanish. In terms of complex coordinates

zj =x; +1iy; for j=1,...,2n and their conjugates, it follows from (4.14) that
the Poisson brackets among them are given by

(4.15) {Zi,fj} = {25,2’]-} = 2i(5i,j

for i,5=1,...,n, and all other brackets vanish, as in (3.9). In view of (4.15), we
quantize them by assigning

%\i:Z% 21':_262,”
(4.16) .
Zy = Zzs 2y = —20z,,
for i =1,...,n, so that the nontrivial commutators among the quantized opera-
tors are given by
(4.17) (i, 2] = [Z1, 23] = 20, 4

fori,j=1,...,n.

Let I denote a complex structure on W defined by e; — ie; and ie; — —e;
for j=1,...,2n. Under the identification e; <+ 0., and ie; <+ 9,,, the classical
observables z; and z; introduced above can be regarded as the coordinate func-
tions on W with respect to the basis 1 (e; —ile;) and 1 (e; +ile;), respectively,
for j=1,...,2n. Note that z; is no longer the complex conjugate of z;, since z;
and y; are now complex functions. Then the quantization (4.16) corresponds to

taking a complex Lagrangian subspace V given by

1 1
(4.18) V= <5(ej —ile;), 5 (e; +iles);j= 17...,n>(c.
For simplicity, we set w; :=Z2;, j =1,...,n, and we write an element of V =
Mat,,«2(C) as [z,w] with 2 ="1(z1,...,2,) and w = (w1, ...,w,) in what follows.

Now, we quantize the moment map p according to (4.16) by using its first
expression (4.11a) and define the quantized moment map by f as

[ [= %
(419a)  p:= —% G2 o — SIun | 2 | (B1,.0,20)S
Zn Zn
_ ! Z t =20, | 4 ot
9 (|:_28w:| ( 2 8z, w)ln,n SIn,n |: w :| ( z,—2 aw)S)
— 240, +w' 0y %(ztw —wtz)
(4.19b) = {2(8;81” — 0,,10,) _(awtw+a tz) s
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where z = Y(21,...,2,), w = Y(wy,...,wy), 0, = Y0s,...,0,, ), and 0, =
Dy s« -+, 0w, ). The quantization of the second expression (4.11b), that is,

i vty oty
419 - — = ~ ~ ~ ~ 5
( C) H 2 71_)+J1t’l_)+ 71_)+t1}+
produces the same result as (4.19b), where 7y = [z, w] and v, = [~20., —20,].

Let P(V) denote the algebra of complex coefficient polynomials on V', that
is, P(V)=Clz1,...,2n,w1,...,wy], and let PD(V) denote the ring of polynomial
coefficient differential operators on V. Note that the complex symplectic group
of rank one

Spy = {9 € GLa;'gJig=J1}

acts on V' by matrix multiplication on the right and, hence, on P(V') by right
regular representation, which we denote by p, as in (2.14). The right action of
Sp; on V coincides with the one on Mat,, «2(C) mentioned in Remark 4.1(ii).

THEOREM 4.4
For X € g=09,, set n(X)=1i{, X). Then the map

m:g— PD(V)
is a Lie algebra homomorphism. In terms of the basis (4.4) for g, it is given by
—(Zjazi + wj(?wi + 6i,j) if X = ng,
%(zjwi—wjzi) ’L'fX:XZTj.

Moreover, n(X) commutes with the action of Spy; that is, 7(X) € PD(V)SP1 for
al X eg.

Proof
It suffices to prove that 7(X) commutes with the right action of Sp,. For this,
we use the second expression (4.19¢) of fi. It follows from Lemma 2.6 that

AdP(Q)_lﬁJr = ﬁ+g_1 and Adp(g)—15+ = E)_\+tg
for g € GLy. Therefore, if g € Sp;, then one obtains

Ad,,) 1ﬁ——i { vyg (4 g) _i}\+g_1J1t(i}\+g_1):|
14%2 -

By =t ts ot =t ot ,—1

2 |-vght(vy'g) —vilgt(UhgT)
I B PR T L N

2 —/’17;+J1t/’l;)\+ —5+ti)\+ ,U,

since *gJ1g = J;. This completes the proof. O
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4.2,

Now let us consider W*, the direct sum of k copies of W = (C?")g, which we

identify with Mata,«x(C). It is equipped with a symplectic form given by
wi(u,v) =Imtr(u* I, ,v)  (u,v € W)

and is still acted on by G = O*(2n) symplectically by matrix multiplication on
the left. Under the identification of e;, <+ 0y, , and ie;, <> 0y, ,, we write an

element of W* as v = t[vl, ..., U2p], where v; = x; + iy; are complex row vectors
with z; = (z;1,...,2i%) and y; = (Yi1,- .., ¥ix) being real row vectors of size k
fori=1,...,2n. Then wy is given by

(4.21) Wy = Z (dwi,a A dyi,a — d2z,a A dyra)

1<i<n,1<a<k

at v="[v1,...,v2,] € Mata,xx(C). Moreover, the isomorphisms ¢; and ¢ defined
by (4.6) and (4.8), respectively, naturally extend to the one between (H")* and
Mata, xx(C) and the one between (H™)* and Mat,, x2r(C), respectively, which
we denote by the same symbols. Then Sp(k) acts on W* on the right via the
R-isomorphism ¢2 o ¢f17 as above.

PROPOSITION 4.5

Let (Wk, wy,) be the symplectic G-vector space as above. Then the moment map
w: Wk — gb ~go is given by the same formulae as (/.11). Namely, for v =
to' 0" € WE with v',v" € Mat,«1(C),

i

.u(U) = 75 (UU*In,n - St(UU*Invn)S)
4.22
(4.22) IR T S I /L
2 |04 vt —vytoy

where vy = (¢g 0 71 )(v) € Maty,xox(C). In particular, u is G-equivariant and
Sp(k)-invariant.

Proof

The vector fields on W* generated by the basis for gy are given by the same
formulae as (4.10) in Lemma 4.2, with the understanding that x;,y;,0x,,0,, are
row vectors and the products stand for the inner product of row vectors. Now,
exactly the same argument as in Proposition 4.3 implies the proposition. O

It follows from (4.21) that the Poisson brackets among the real coordinate func-
tions x; 4, Y;,q are given by
(4.23) {#ia:yint = —=0i30ap, (@10 Ypp} =0i300p

and all other brackets vanish. Hence, the nontrivial ones among the complex
coordinate functions are given by

(4.24) {#ia: Zjp} = {Zi,0: 27,0} = 210;,j0a b
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fori,j=1,...,nand a,b=1,..., k. Therefore, we quantize z; , and %; , by assign-
ing

Zia = %i,a, Zia= _2821',(1’
(4.25) R

27,0 = Z7,a» 27,0 = —20;

so that the nontrivial commutators among the quantized operators are given by
(4.26) [ias Z3.0] = (220 236] = 201,500

fori,j=1,...,nand a,b=1,... k.

Let V* denote the direct sum of k copies of V, with V as in (4.18). Since V¥
can be identified with Mat,x2x(C), we write an element of V¥ as [z,w], where
z= (%) and w = (w; ) are elements of Mat,,«x(C), and we set w; , = Z; for
i=1,...,n and a=1,...,k for simplicity, as above. Let P(V¥) = C[z; 4, wi.q;
i=1,...,n,a=1,...,k] be the algebra of complex polynomial functions on V*,
and let PD(V*) be the ring of polynomial coefficient differential operators on V'*.
Then the complex symplectic group Spj acts on V* by matrix multiplication on
the right and, hence, on P(V*) by right regular representation, which we denote
by p, as usual.

The quantized moment map [ is given by the same formula as (4.19b):

Sy 210, + w'o, 3(z'w —w'z)
H 20,0, - 0,10.)  — (0w +0.t2)
Here, z (resp., w) and 9, (resp., d,,) now denote (n x k)-matrices whose (i,a)th

entries are the multiplication operator z; , (resp., w; o) and the differential oper-
ator 0

Zia

(resp., O, ,) fori=1,...,nand a=1,... k.

COROLLARY 4.6
For X € g=09,, set 7(X)=1i(ii, X). Then the map
g — PD(VF)

is a Lie algebra homomorphism. In terms of the basis (4./) for g, it is given by

— (2500, + WjaOu,, + KO y) if X = X0,
k .
(427)  w(X) =250 (0,00, — O, 0sy) if X = X35,
% 22:1(25]',(1101',(1 - wj,azi,a) if X = Xz_j
Moreover, m(X) commutes with the action of the complex symplectic group Spy,
that is, T(X) € PD(VF)SPr for all X € g.

Proof
The proof is essentially the same as that of Theorem 4.4. |

Similarly to the cases discussed above, it is well known (see, e.g., [10], [5]) that
the irreducible decomposition of P(V*) under the joint action of (02,,Sp;) is
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given by

(4.28) PVF) ~ > L(o)®V,,
7€8p;, L(0)A{0}

where V, is a representative of the class o € §1\)k, the set of all equivalence
classes of the finite-dimensional irreducible representation of Sp;, and L(o) :=
Homgy, (V,, P(V*)), which is an infinite-dimensional irreducible representation
of 0g,. It is also well known that the action 7 restricted to ¢ lifts to the complex-
ification K¢ of the maximal compact subgroup K of G = O*(2n), which implies
that L(o) is an irreducible (g, K¢)-module.

5. Lagrangian subspace

In this section, we take complex Lagrangian subspaces of W different from the
ones considered in the previous sections in the cases where G = O*(2n) and
U(p,q), and we quantize the moment map to obtain finite-dimensional repre-
sentations of 0y, and the oscillator representation of u(p,q). Finally, we make
an observation that the image of the Lagrangian subspace coincides with the
associated variety of the corresponding irreducible (g, K¢) (or (g, Kc))-modules
occurring in the irreducible decomposition of the space consisting of polynomial
functions on the Lagrangian subspace under the joint action of (g, G’).

5.1.

Let G =0*(2n), and let (W,w) be the symplectic G-vector space we discussed
in Section 4, that is, W = (C?")g and w is given by (4.5). Let us now consider
another complex Lagrangian subspace V' C W¢ defined by

1 1
(5.1) V= <§(e1 —iler),...,5(e2n = uegn)>(C
and the corresponding quantization
(5.2) Zi = 2, Zi = —2¢;0.,,

for i =1,...,2n as in Section 3, which also satisfy (4.26). Here I denotes the
complex structure on W mentioned in Section 4. Then the quantized moment
map, which we denote by the same symbol 7, is given by
. /Z\l 21
~ 1 . ~ ~ . ~ ~
u:fi G Za) g =S | | (Z1-.4,28)S
(5.3) Zn Zn
. _Z/tazl + azutzl/ —thazw + 8Z”tzl
_Z//taz, —i—azftz” _Z//taz,, _,'_(c)z/tzl

with 2/ = ¥(21,...,2,), 2" = t(21,...,28), O = Y0,,,...,0.,), and O,n =
Y4y, 0s,). Therefore, in terms of the basis (4.4) for g = 02, 7(X) :=i(f, X)
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is given by
2j0;, — 20, if X = XZ-OJ-,
(54) W(X) = Zjazi — z;@zj if X = Xj:]’

0., — 20, if X =X, .

Since each 7(X) preserves the degree of a homogeneous polynomial f € P(V') =
Clz1,...,22,] for X € g, any irreducible representation occurring in the irre-
ducible decomposition of P(V’) is finite-dimensional.

5.2.

On the contrary, we will apply the quantization procedure introduced in Section 4
to the case discussed in Section 3. Namely, let G =U(p, q), and let (W, w) be the
symplectic G-vector space, that is, W = (CPT%)g and w is given by (3.2). Now
we quantize the complex coordinate functions z; = x; +iy; and z; = z; —iy; in
the following way (cf. (4.16)):

~

/Z\Z':Zi, 212_28% (221771))7
(5.5) _ R '
ZJ—:ZJ—, ij—zazj (]:175q>7
which also satisfy (3.11). This quantization corresponds to taking a complex
Lagrangian subspace V' C W¢ defined by

1 . 1 . . .
(5.6) V= <§(ei —ile;), 5(6]——!—1.765);2: 1,....p,7= 1,...,q>(C7
where I denotes the complex structure on W mentioned in Section 3. For sim-
plicity, we will write w; := 23, j =1,...,q, as in the previous section, and write

an element of V as [7] with z € CP and w € CY. Then the quantized moment
map, which we denote by the same symbol 1, is given by

. /Zl\l .
~ 1 . ~ ~ 1 z
== (zl,...,zn)lp,q:—§ {—23w] (—2'0,, —'w)
(5.7) Zn
i 20, %ztw
20,10, —0,tw

with z = “(z1,...,2), 0. = "(0,...,0:,), w = “(wi,...,wg), and 0 =
“(Ouwys-- -+ Ouw,). In terms of the basis {E; ;} for g=gl,,, n(X) :=i(f, X) is given
by

—zj(’)zi ifX:Ei,

7 i7j:1a"',p>7

(
(5.8) 7(X) = 20,00, fX=E;@{i=1,....,p;j=1,...,9),
—izw UX=E;(i=1,...,¢j=1,...,p),

aw].wi le:EfJ (l,j:1,7q)

Let us now consider the k direct sum W and its subspace V¥ with V' given
n (5.6), which is identified with Mat,, x%(C). Then GLj, acts on V¥ on the right



Moment map and oscillator representation 579

by

-1

for g € GLg, with z = (2;4) € Matyxx(C) and w = (wj,4) € Maty«x(C) and,
hence, on P(V*) by right regular representation, which we denote by p, as usual.
Note that (5.9) is the holomorphic extension of the standard right action of U(k)
on Mat,«x(C) given by Z +— Zg for Z € Mat,,«x(C) and g € U(k). Then, under-
standing that z and 0, (resp., w and 0,,) in (5.7) stand for (p x k)-matrices (z; q)
and (0., ,) (resp., (¢ x k)-matrices (w;q) and (Jy, ,)) as in the previous sections,
one obtains the following.

THEOREM 5.1
For X eg=gl,,, set n(X):=1i(u, X). Then the map

m:g— PD(VF)
is a Lie algebra homomorphism. Moreover, m(X) commutes with the action of

GLy, on V¥, that is, m(X) € PD(VF)CGLk for all X € g.

Proof
We only show that 7(X) € PD(VF)GLr for X € g. It follows from Lemma 2.6
that

Adp(g)az:zg_l, Adp(g)flw:wtg,
Adp(g)—laz = 8ztg, Adp(g)—law = wg_l
for g € GLy. Hence, one obtains that
if Adp(g)—lz

Adp(g)f1ﬁ:7§ _—2Adp(g)1aw:| [72t(AdP(g)7laz)’t(Adp(g)—lw)]
ST -1
_ 1 zg ot t
=-3 __zawg_l} [~24"0;,g"w]
771 I ~1 1 _otg t,1_ o
=3 __2810}9 9[-2"0., w] = p.
This completes the proof. O

Therefore, the irreducible decomposition of P(V*) is given by

(5.10) P(VF) ~ > L(o)®V,,
o€GLy,L(0)#{0}

where V, is a representative of the class o € éik, the set of all equivalence
classes of the finite-dimensional irreducible representation of GLy, and L(o) :=
Homgr, (Vo,P(VF*)) (see [13]). It is also known that L(o) is an irreducible (g, K¢ )-
module of infinite dimension for any o € GLj, such that L(o) # {0}, where
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g=gl,,, and Kc is the complexification of the maximal compact subgroup K

of G=U(p,q).

5.3.

One can uniquely extend the moment map p: W — go to the map from W into
g, which we denote by pc. Then the images by uc of the complex Lagrangian
subspaces that have been considered in this and previous sections are all equal to
the associated varieties of the corresponding representations, which we will see
below case by case.

5.8.1.

First we consider the cases where G =U(p,q) and O*(2n). Let K¢ be the com-
plexification of the maximal compact group K of G. Then it is well known that
K¢ acts on p with the irreducible decomposition p = p™ @ p~ and that the orbit
space decomposition of p* under K¢ is given by

(5.11) pt= |_| OJKC (r:=R-rankG),
=0
where
(5.12) OJKC — { |:g g] : Iifkl\éaip;Q(C)v} for G = U(p, q),

t _
(5.13) 0K = { {0 C] € € Maty(C),'C +C =0,

O O] rankC =2j } for G =0%(2n).

Moreover, if we denote the closure of an orbit O by O, then (see [15])
(5.14) ofe=| |ofe.

i<j
Therefore, in view of the explicit formulae (3.5) and (4.11), one finds that
(5.15) pe(V*)=0f ={0}  and  pc(VF)=05°

with m = min(k,r). Since the associated varieties of the finite-dimensional rep-
resentations and those of the irreducible representations L(o) occurring in (5.10)

and (4.28) are equal to {0} and OKC, respectively (cf. [3]), one concludes that
the image of the complex Lagrangian subspace V* or V'* by uc coincides with
the associated variety corresponding to the irreducible representations occurring
in P(Vk) or in P(V'F).

5.8.2.
To see that this is the case for G = Sp(n,R), we realize the symplectic group over
R as its Cayley transform:

G7:={v97 19 € G} =Sp,NU(n,n),
11
—11
G, and use the same symbols to denote the Cayley transforms of subgroups, Lie

with v =3[ % 1]. In the rest of this section, however, let us denote G7 just by
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algebras, and so on as those of the corresponding objects by abuse of notation if
there is no risk of confusion.

One can also obtain the so-called Fock model of the oscillator representa-
tion by the canonical quantization of the moment map in the following way:
let us denote by I the complex structure on W = R?" defined by e; — e; and
ez —e; for i=1,...,n, and introduce complex coordinates z; := x; + iy; and
their conjugates z; := x; —iy;, i = 1,...,n. Namely, we regard W = R?" as (C")g;
more precisely, let us define an R-vector space W, by W, ={[%];z € C"} and an
R-isomorphism from W, onto W by

o [f-3La)
for 2 ="%(21,...,2,) and z="(z,...,z,) € C". The Cayley transform G acts on
W, by v+ gv (matrix multiplication) for g € G and v € W,, with respect to
which ¢, is equivariant. Moreover, one sees that ¢Jw = %2?21 dz; Adz; and
that the moment map u: W, — g¢ is given by

i i[—2tz 2z
5.16 = _vhu, ==
(5.16) o) = gotud =3 |57 4
for v="(z1,...,2n,21,---,2n) € W,.
REMARK 5.2

If we temporarily distinguish the Cayley transform g/ from go only in this remark,
it is easily verified that the following diagram is commutative:

(5.17) o l T Ad()

where the upper horizontal map denotes the moment map given by (5.16), while
the lower horizontal one is given by (2.5).

The Poisson brackets among z; and z; are given by (3.9) with all ¢; = 1. Therefore,
we quantize z; and Z; by assigning
(5.18) Zi=2z,  Z2i=-20,,

so that they satisfy (3.11) with all ¢; = 1. This quantization corresponds to the
choice of the complex Lagrangian subspace V of W¢ = C?" given by

(5.19) V:<%(el—iei),...,%(en—ieﬁ)>c.
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Then the quantized moment map, which we denote by i as always, is given by

. /2:\1 .
PO B N R ~ 1 z ¢ :
=—|: =- -2
M 2 R (zla 7Zn>Jn 2 |:_28z:| ( Z, az)Jn
(5.20) Zn
| 2to. 32tz
=1
—20,'0, -0,z

with 2 ="(21,...,2,), 0; ="(0z,,-..,0:,). In terms of the basis {X};} for g =
sp,,, 7(X):=1i(, X) is given by

—1(2j0., + 0.,2j) if X=X

2,77
(5.21) n(X) =1 20..0., if X = X7,
Y i X = X,

Now let us take the k direct sum W§ and its subspace V¥, with V as in
(5.19). When V¥ is identified with Mat,,x(C), GLy acts on V¥ on the right and,
hence, on P(V*) by right regular representation. Then, if one understands that z
and 9, in (5.20) stand for (n x k)-matrices (z;,,) and (9., , ), respectively, and sets
7(X)=i(ji, X) for X € g =sp,,, then one can show that the map 7 : g — PD(VF)
is a Lie algebra homomorphism and that 7(X) € PD(V*)Ox for all X € g. The
irreducible decomposition of P(V*) under the joint action of (sp,,, Ox) is of course
the same as (2.18).

It is known that the orbit space decomposition under K¢ of p* is given by
the same formula as (5.11) with

{ {o c} '€ Mat,xn(C),'C =C, } |

K¢ _
0 O O|’rankC =}

i =

and its closure Of‘c is given by the same formula as (5.14) (see [15]). Therefore,
in view of (5.16), one finds that

(5.22) nc(V*) = 0ke

with m = min(k,r). Hence, the image of the complex Lagrangian subspace V*
by pc coincides with the associated variety corresponding to the irreducible rep-
resentations occurring in P(V*), as in the previous cases.
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